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ABSTRACT

Analytical solution scores the highest degree of importance in structural analysis. But the
existing mathematical models for analytical solutions are still inadequate. Neither the beam
theory nor the stress function approach can address the guided deep beam appropriately.
Though, in many cases, the numerical techniques can well approximate the response, if

analytical solution is possible, that remains as the highly desirable one.

An ideal mathematical model called displacement potential formulation is used to develop a
new scheme for analyzing guided simply-supported deep beam of isotropic as well as
orthotropic materials with different loading and support arrangements. The results are then
analyzed and the effect of fiber reinforcement and beam aspect-ratio on the distributions of
displacement and stresses in the beam are investigated. Besides, taking into account the
effect of Saint Venant’s principle, a new analytical scheme is developed to generate the
solution of an unguided simply supported deep beam, in which the guided beam solution is
considered as the limiting case of the unguided one.

Solutions of the guided isotropic and orthotropic deep beams are obtained satisfying all the
physical conditions of the beam appropriately. In the investigation of solutions, the guided
ends of the beam are identified to be the most critical section in terms of stresses. The
bending stress distribution is found highly non-linear near the guides. The shearing stress
distributions assume the standard parabolic pattern. The stresses at the load transition

section are found to be different from other sections of the beam.

Finally, comparative studies are carried out to ascertain the reliability and credibility of the
present displacement potential solutions with those of classical beam theory, standard
theory of elasticity as well as numerical method. Here the numerical solution is obtained
using the standard finite element method. The study reveals that the displacement potential
approach is the most appropriate way to deal with the guided deep beams analytically.
Results of the present analysis are claimed to be highly reliable and accurate, and thus will
provide a reliable design guideline for deep composite beams with/without guides.



LIST OF SYMBOLS

X,Y,Z Coordinates in Cartesian system

Ex Elastic modulus along x-axis

Ey Elastic modulus along y-axis

E; Elastic modulus along z-axis

Gyy Shear modulus in xy plane

Gy Shear modulus in yz plane

Gx Shear modulus in zx plane

Hxy Poison’s ratio towards x-axis with respect to y-axis

Hyx Poison’s ratio towards y-axis with respect to x-axis

E: Elastic modulus towards fibre of orthotropic material

E, Elastic modulus perpendicular to fibre of orthotropic material
G2 Shear modulus for on-axis fibre orientation plane

U12 Poison’s ratio towards fibre with respect to perpendicular axis
E Elastic modulus of isotropic material

G Shear modulus of isotropic material

u Poison’s ratio of isotropic material

Uy Displacement component in x-direction (Axial displacement)
Uy Displacement component in y-direction (Lateral displacement)
U, Displacement component in z-direction

*xx Strain component in x-direction

vy Strain component in y-direction

°2 Strain component in z-direction

*yy Shear strain component in Xy plane

*vz Shear strain component in yz plane



*2x Shear strain component in zx plane

® xx Normal stress component in x-direction
* vy Normal stress component in y-direction
* Normal stress component in z-direction
* Shear stress component in xy plane

* v Shear stress component in yz plane

* Shear stress component in zx plane

°y Intensity of uniform loading on the beam

Fx, Fy, Fz  Components of body force in x, y and z directions, respectively

. Displacement potential function
. Airy’s stress function

L Length of the beam

W Width/thickness of the beam

D Depth of the beam

Xi



LIST OF FIGURES

Fig. 2.1 Elementary Cubic Body
Fig. 2.2 Stress components on a plane
Fig. 2.3 Stress components on a composite plane

Fig. 3.1 Geometry and loading of a simply supported deep beam: (a) Unguided simply
supported beam, (b) Guided simply supported beam

Fig. 3.2 Analytical model of a guided simply supported beam subjected to uniform loading

Fig. 3.3 Normalized axial displacement, L/D = 3. (a) distribution over longitudinal
sections, (b) distribution over transverse sections from left guide to mid of span

Fig. 3.4 Normalized lateral displacement distribution, L/D = 3: (a) over longitudinal
sections (b) over transverse sections from left guide to mid of span

Fig. 3.5 Deformed shape of the guided isotropic deep beam, L/D = 3 (magnification factor
x500)

Fig. 3.6 Distribution of bending stress of the guided isotropic deep beam, L/D=3: (a) over
longitudinal sections, (b) over transverse sections

Fig. 3.7 Normalized lateral stress distribution of the guided isotropic deep beam, L/D=3:
(a) over longitudinal sections, (b) over transverse sections

Fig. 3.8 Shear stress distribution of the guided isotropic deep beam for L/D=3: (a) over
longitudinal sections, (b) over transverse sections

Fig. 3.9 Normalized maximum principal stress contour of guided isotropic beam, L/D=3
Fig. 3.10 FEM meshing (20 x 20) and loading arrangement of steel beam, L/D=3

Fig. 3.11.1 Comparison of w-solution with those of beam theory and FEM: (a) lateral
displacement [y/D=0.5], (b) bending stress [x/L=0.0], (c) bending stress [x/L=0.5],
(d) bending stress [x/L=0.1]

Fig. 3.11.2 Comparison of wy-solution with those of classical beam theory and FEM:

(a) lateral stress [x/L=0.1], (b) lateral stress [x/L=0.5], (c) shear stress [x/L=0.1],
(d) shear stress [x/L=0.25]

Xii



Fig. 3.12  Effect of beam aspect ratio on normalized bending stress at (a) x/L=0.0,
(b) x/L=0.1, (c) x/L=0.2, (d) x/L=0.3, (e) x/L=0.4, (f) x/L=0.5

Fig. 3.13  Effect of beam aspect ratio on normalized lateral stress at: (a) /L=0.0,
(b) x/L=0.1, (c) x/L=0.2, (d) x/L=0.3, (e) x/L=0.4, (f) x/L=0.5

Fig. 3.14  Effect of beam aspect ratio on normalized shear stress at: (a) x/L=0.1,
(b) x/L=0.2, (c) x/L=0.3, (d) x/L=0.4

Fig. 3.15 Geometry and loading of guided isotropic beam with parabolic reaction

Fig. 3.16 Axial displacements of the guided steel beam, L/D = 3: (a) uniform support
reaction (b) parabolic support reaction

Fig. 3.17 Lateral displacements of the guided steel beam, L/D = 3: (a) uniform support
reaction (b) parabolic support reaction

Fig. 3.18 Bending stress of the guided steel beam, L/D = 3: (a) uniform support reaction
(b) parabolic support reaction

Fig. 3.19 Lateral stress of the guided steel beam, L/D = 3: (a) uniform support reaction
(b) parabolic support reaction

Fig. 3.20 Shear stress of the guided steel beam, L/D = 3: (a) uniform support reaction
(b) parabolic support reaction

Fig. 3.21 Geometry and loading of an unguided simply supported beam
Fig. 3.22 Geometry and loading of model for analytical solution of unguided beam

Fig. 3.23 Axial displacement of unguided beam, L/D=2: (a) over longitudinal sections,
(b) over transverse sections

Fig. 3.24 Lateral displacement of unguided beam, L/D=2: (a) over longitudinal sections,
(b) over transverse sections

Fig. 3.25 Distribution of bending stress for unguided consideration, L/D = 2: (a) over
longitudinal, (b) over transverse sections

Fig. 3.26 Distribution of lateral stress for unguided consideration, L/D = 2: (a) over
longitudinal, (b) over transverse sections

Fig. 3.27 Shear stress distribution for unguided consideration, L/D = 2: (a) over
longitudinal, (b) over transverse sections

Fig. 3.28 Configuration of unguided beam for stress function solution
Fig. 3.29 Comparison of bending stress amongst e -solutions with those of stress function

and FEM, L/D=2: (a) at x/L=0.25, (b) at x/L=0.5

Xiii



Fig. 3.30 Comparison of lateral stress amongst ¢ -solutions with those of stress  function
and FEM, L/D=2: (a) at x/L=0.25, (b) at x/L=0.5

Fig. 3.31 Shear stress comparison amongst e -solutions with stress function and FEM,
L/D=2: (a) at x/L=0.0, (b) at x/L=0.25

Fig. 3.32 Comparison of lateral displacement amongst e -solutions with the solution of
stress function and FEM [y/D=0.5]

Fig. 4.1 Analytical model of an orthotropic guided beam

Fig. 4.2 Normalized axial displacement for the Glass-Epoxy guided beam, L/D = 3:
(a) over longitudinal sections, (b) over transverse sections
Fig. 4.3 Normalized lateral displacement for the Glass-Epoxy guided beam, L/D = 3:

(a) over longitudinal sections, (b) over transverse sections
Fig. 4.4 Deformed shape of the Glass-Epoxy beam, L/D = 3 (magnification factor x500)

Fig. 45 Normalized bending stress for the Glass-Epoxy guided beam, L/D = 3:
(a) over longitudinal sections, (b) over transverse sections

Fig. 4.6 Normalized lateral stress for the Glass-Epoxy guided beam, L/D = 3:
(a) over longitudinal sections, (b) over transverse sections

Fig. 4.7 Normalized shearing stress for the Glass-Epoxy guided beam, L/D = 3:
(a) over longitudinal sections, (b) over transverse sections

Fig. 4.8 Comparison of lateral deflection at y/D=0.5 of Glass-Epoxy deep beam, L/D=3

Fig. 4.9 Comparison of bending stress of Glass-Epoxy deep beam, L/D=3: (a) at x/L=0.0
(b) at x/L=0.5

Fig. 4.10 Comparison of lateral stress of Glass-Epoxy deep beam, L/D=3: (a) at x/L=0.0
(b) at x/L=0.1

Fig. 4.11 Comparison of shear stress of Glass-Epoxy deep beam, L/D=3: (a) at x/L=0.1
(b) at x/L=0.25

Fig. 4.12 Bending stress distribution of the Glass-Epoxy beam for different aspect ratio:
(@) at x/L=0.0, (b) at x/L=0.5

Fig. 4.13 Lateral stress distribution of the Glass-Epoxy beam for different aspect ratio:
(a) at x/L=0.0, (b) at x/L=0.5

Fig. 4.14 Shearing stress distribution of glass epoxy beam for different aspect ratio, L/D=1
to 4: (a) at x/L=0.1, (b) at x/L=0.4

Fig. 4.15 Contour of maximum principal stress distribution of the orthotropic beam of glass
epoxy material: (a) for L/D=1, (b) for L/D=2, (c) for L/D=3

Xiv



Fig. 4.16 Displacement of the beam (L/D=3) for glass-epoxy, boron-epoxy and graphite-
epoxy materials : (a) axial at x/L=0.25, (b) lateral at x/L=0.5

Fig. 4.17 Bending stress of the beam (L/D=3) for glass-epoxy, boron-epoxy and graphite-
epoxy materials: (a) at x/L=0.0, (b) at x/L=0.5

Fig. 4.18 Shear stress of the beam (L/D=3) for glass-epoxy, boron-epoxy and graphite-
epoxy materials: (a) at x/L=0.1, (b) at x/L=0.25

Fig. 4.19 Lateral displacement of the glass-epoxy beam, L/D=3 (at y/D=0.5):
(a) displacement potential solution, (b) classical beam theory

Fig. 4.20 Bending stress distribution of the glass-epoxy beam, L/D=3 (at x/L=0.5):
(a) displacement potential solution, (b) classical beam theory

Fig. 4.21 Shear stress distribution of the glass-epoxy beam, L/D=3 at x/L=0.1 and 0.4
Fig. 5.1 Geometry and loading (symmetric) of orthotropic beam for three point bending

Fig. 5.2 Normalized axial displacement for three point bending, L/D = 3: (a) over
longitudinal sections, (b) transverse sections

Fig. 5.3 Normalized lateral displacement distribution for three point bending, L/D = 3:
(a) over longitudinal sections, (b) transverse sections

Fig. 5.4 Deformation under three point bending, L/D = 3 (magnification factor x500)

Fig. 5.5 Distribution of bending stress of a glass epoxy beam for three point bending,
L/D=3: (a) over longitudinal sections, (b) over transverse sections

Fig. 5.6 Distribution of lateral stress of a glass epoxy beam for three point bending, L/D=3:
(a) over longitudinal sections, (b) over transverse sections

Fig. 5.7 Distribution of shearing stress of a glass epoxy beam for three point bending,
L/D=3: (a) over longitudinal sections, (b) over transverse sections

Fig. 5.8 Geometry and loading (asymmetric) of orthotropic beam

Fig. 5.9 Normalized axial displacement glass-epoxy beam with asymmetric point loading,
L/D = 3: (a) over longitudinal sections, (b) over transverse sections

Fig. 5.10 Normalized lateral displacement glass-epoxy beam with asymmetric point
loading, L/D = 3: (a) over longitudinal sections, (b) over transverse sections

Fig. 5.11 Deformed shape of the glass-epoxy beam with asymmetric three point bending,
L/D = 3 (magnification factor x500)

Fig. 5.12 Distribution of bending stress of a glass epoxy beam under asymmetric three
point loading, L/D=3: (a) over longitudinal sections, (b) over transverse sections

XV



Fig. 5.13 Distribution of lateral stress of a glass epoxy beam under asymmetric three point
loading, L/D=3: (a) over longitudinal sections, (b) over transverse sections

Fig. 5.14 Distribution of shearing stress of a glass epoxy beam under asymmetric three
point loading, L/D=3: (a) over longitudinal sections, (b) over transverse sections

Fig. 5.15 Comparison of distribution of stresses of glass-epoxy beam for three point
bending, L/D=3: (a) bending stress at x/L=0.5, (b) lateral stress at x/L=0.0, (c) shearing
stress at x/L=0.25

Fig. 5.16 Comparison of distribution of stresses of steel beam for three point bending,
L/D=3: (a) bending stress at x/L=0.5, (b) shearing stress at x/L=0.25

XVi



LIST OF TABLES

Table 2.1 Number of Elastic Constants

Table 3.1 Maximum Normalized Bending Stress at x/L=0.0 and 0.5

Table 3.2 Maximum Normalized Lateral Stress at x/L=0.0, 0.1 and 0.25

Table 3.3 Maximum Normalized Shearing Stress at x/L=0.1 and x/L=0.25

Table 3.4 Bending Stress Comparison for Unguided Beam at x/L=0.25 and x/L=0.5

Table 3.5 Lateral Stress Comparison for Unguided Beam at x/L=0.25 and x/L=0.5

Table 3.6 Shear Stress Comparison for Unguided Beam at x/L=0.0 and x/L=0.25

Table 4.1 Properties of Composites Used for Study

Table 4.2 Comparison of Maximum Normalized Bending Stress for composites at x/L=0.5
Table 4.3 Comparison of Maximum Lateral Stress for Composites at x/L=0.0 and x/L=0.5

Table 4.4 Comparison of Shear Stress for Composites at x/L=0.1 and x/L=0.25

XVil



CHAPTER 1

INTRODUCTION

1.1 Preamble

Structural analysis comprises the set of physical laws and mathematics required to study and
predicts the behavior of structures under load. It is such an engineering artifact whose
integrity is judged largely based upon the ability to withstand loads on building, bridge,
ship, submarine, aircraft etc. From theoretical perspective, the primary goal of structural
analysis is the computation of deformations, internal forces and stresses. In practice,
structural analysis can be viewed more abstractly as a method to drive the engineering
design process or to prove the soundness of a design without a dependence on directly
testing it. Engineering subjects which deal with the matter are namely the mechanics of

materials (also known as strength of materials) and the theory of elasticity.

The classical tools of Mechanics of Materials are derived from mathematical physics and in
many cases they are not sufficient to describe the stress distribution in engineering
structures. They are also inadequate to give information regarding local stress near the loads
and near the supports of beams. Among the great number of problems conforming this field
of science, there is necessity of profound investigation of the properties of elastic materials
and the construction of a mathematical theory, which would permit studying as completely
as possible the internal forces occurring in an elastic body under the action of external
forces as well as the deformation of a body i.e., the change of its shape. This led to the
emergence of a special trend in physics, i.e. the Theory of Elasticity to apply to elastic
solids [1-3]. Individual members such as beams, columns, shafts, plates, shells etc may be
modeled using either of the classical or the elasticity based mathematical approach.

However, each process has got some of its own advantages as well as limitations.

The equations of theory of elasticity are a system of partial differential equations. Due to the
nature of the mathematics involved in solving such equations, manual solutions have been
only developed for relatively simple geometries. For complex geometries, computation

using a modern computer is considered more suitable for better solution.



1.2 Literature Review

The foundation of the classical theory of elastic beam was laid down in the 18" century
(1705-1750) by Leonhard Paul Euler and Daniel Bernoulli. It was then Claude-Louis
Navier, who gave the details of the relation between the cross-section and the bending
stiffness parameter in 1819. This theory has remained as an exact solution of the equations
of three-dimensional elasticity in the case of homogenous bending, i.e. for a beam with
constant bending moment. Since then the elementary methods of strength of materials were
the primary tools of the practicing engineers for handling the engineering problems of
structural elements for long time. However these methods are often found inadequate to
furnish satisfactory information regarding local stresses near the loads and near the supports
of the structures. The elementary theory gives no means of investigating stresses in regions
of sharp variation in cross section of beams or shafts. Stresses in screw threads, around
various shapes of holes in structures, near contact points on gear teeth, rollers and balls of
bearings, have all remained beyond the scope of elementary theories. It is thus obvious that,
for the designers of modern machines, recourse to the more powerful methods of the Theory

of Elasticity is the necessity of time.

Considerable progress could have been made in solving important practical problems of
stress analysis using the methods of theory of elasticity. In cases where a rigorous solution
could not be obtained, approximate methods have been developed. In other cases, where
even approximate methods could not be developed, solutions have been obtained by using
experimental methods. Photoelastic methods, soap-film methods, application of strain
gages, moiré fringe etc. are some of these experimental methods applied in the study of
stress concentration at points of sharp variation of cross-sectional dimension and at sharp
fillets of re-entrant corners. These results have considerably influenced the modern design
of machine parts and helped in many cases to improve the construction by eliminating weak

spots through which crack may switch on and thereby propagate.

The field of elasticity deals mainly with deformation parameters and stress parameters for
the solution of two dimensional problems since most of the three-dimensional problems
may be resolved to a two dimensional one. If it remains beyond the extent of analytical

studies anyway, the problem has to be handled experimentally as a particular case.



Although the theories of elasticity had been established long before, the solutions of
practical problems started mainly after the introduction of a stress function by George
Biddell Airy, a British astrologer and mathematician, in 1862 [1]. The Airy’s stress function
is governed by a fourth order partial deferential equation and stress components are related
to it through its various second order derivatives. The stress function solutions were initially
sought taking polynomial expressions of various degrees and suitably adjusting their
coefficients. By this way, a number of practically important problems of long rectangular
strips could be solved [2-3]. But the success of this approach was very limited. Using these
polynomial expressions, an elementary derivation of the effect of the shearing force on the
curvature of the deflection curve of beams were made by Rankine [4] and by Grashof [5].
The problem of stresses in masonry dams is of great practical interest and has been
attempted for solution using polynomial expressions for the stress functions [6-7]. But the
solutions obtained do not satisfy the conditions at the bottom of the dam where it is

connected with the foundation.

Thereafter the use of trigonometric series is considered more fruitful in producing results
instead of polynomial expressions. The first application of trigonometric series in the
solution of elastic problems using stress function method was given by Ribiere in his thesis
[8]. Further progress in the application of these solutions was made by Filon [9]. Several

particular examples were worked by Bleich [10].

Then the use of Fourier series has come into being for the structural analysis. Beyer [11]
solved the problem of a continuous beam on equidistant supports under gravity loading
using Fourier series. Stress function technique has also been used by Ribiere [12] for
analyzing the stresses around a circular hole in plate, by Flamant [13] for stresses around a
concentrated load on a straight boundary and by Stokes [14] for stresses around a
concentrated load on a beam. A number of works are found with the stress function in this
regard [15- 18]. Even tough the stress analysis problems are bearing enumerable

shortcomings to be addressed yet.

The stumbling block of obtaining exact solution using stress function is the inability of
managing the physical conditions imposed on them, i.e., management of boundary
conditions of practical problems. Boundary restraints specified in terms of the displacement
components cannot be satisfactorily imposed on the stress function. Since most of the

practical problems in elasticity are of mixed boundary conditions, the approach fails to



provide any explicit understanding of the state of stresses at the critical regions of supports
and loadings. Moreover, the famous Saint Venant’s principle is still applied and its merit is
evaluated in solving problems of solid mechanics in which full boundary effects could not
be taken into account satisfactorily in the process of solution [19-21]. For complex shapes
of boundary, the difficulties of obtaining analytical solutions become formidable. These
difficulties were partially avoided by renovating to experimental methods, such as
extensometers, strain gauges or photoelastic methods. Using Photoelasticity, Hetengi
investigated the stresses in the threads of a bolt and nut fastening. Most of the experimental
investigations of elastic problems are reported in the “handbook of Experimental Stress
Analysis” [22] and in “Photoelasticity” by Frocht [23]. Even now, photoelastic studies are
being carried out for classical problems like uniformly loaded beams on two supports
mainly because the boundary effects could not be taken into account fully in the analytical

method of solutions.

The drawback of Airy’s stress function and the difficulties of experimental works led to
works for finding ways to solve the engineering problems where boundary conditions are
set in terms of displacements. Thus the displacement formulation was introduced for those
problems where boundary restraints exist [24]. This process involves finding of two
displacement functions simultaneously from the two second-order elliptic partial differential
equations of equilibrium, which is extremely difficult and the problem becomes more
serious when the boundary conditions are mixed. The difficulties involved in trying to
solve practical stress problems using the existing models have been pointed out by Durelli
and Ranganayakamma [25]. The complications for solution beams especially short/deep
beams were also brought to light by Rehfield and Murthy [26], Murty [27], Suzuki [28], and
Hardy [ 29].

Since neither the stress function nor the displacement formulation is suitable for solving
problems of mixed-boundary conditions, a new mathematical model called displacement
potential formulation is used to solve the elastic problems [30-37]. The current modelling
approach reduces the two dimensional problem to the solution of a single differential
equations of equilibrium and also enables the mixed mode of the boundary conditions to be
managed appropriately. It is worth mentioning that a number of researchers worked on the
advancement of displacement potential approach to handle the beam and column like

structures with different loading and supporting conditions. Ahmed et. al. have developed



numerical solution of both ends fixed deep beams based on displacement potential
formulation [30]. Ahmed et. al. [31] have carried out investigation of stresses at the fixed
end of deep cantilever beams. Akanda et. al. have carried out stress analysis of gear teeth
using displacement potential function and finite differences [32]. The potential of the
formulation has also been investigated by Ahmed et. al. [33] to design optimum shapes of
tire-treads for avoiding lateral slippage between tires and roads. Recently, Ahmed et. al.
[34] have proposed a general mathematical formulation for finite-difference solution of
mixed-boundary-value problems of anisotropic materials. Further, Debnath et. al. have
carried out analytical solution of short stiffened flat composite bars under axial loadings
[35], and stiffened orthotropic composite panels under uniaxial tensile load [37]. All these
solutions are mainly applicable for rigid boundaries; none of them is applicable to a guided
beam under bending. As such the solution for guided structural element is yet to be

developed.

1.3 Analysis of Deep Beam

A beam may be considered as one of the most commonly used structural elements in
engineering applications. A beam is said to be a deep beam when the depth is comparable to
its span. Design of deep beams based on classical Euler bending theory can be seriously
erroneous, since the simple theory of flexure takes no account of the effect of normal
pressures on the top and bottom edges of the beam caused by the loads and reactions [16].
The effect of normal pressures on the stress distribution in deep beams is such that the
distribution of bending stresses on vertical sections is not linear and the distribution of shear
stresses is not parabolic. Consequently, a plane transverse section does not remain plane
after bending, and the neutral axis does not lie at the mid-depth, which eventually causes the
basis of classical theory to be violated. In an attempt to make up the limitation, different

theories as well as methods of solution have been reported in the literature [15-17, 27-28].

However, each solution possesses certain limitations, and eventually none of the solutions
are found to conform to all the physical characteristics of the problem for deep beam
appropriately. Even, photoelastic studies [24], finite element analysis [29] and finite
difference solutions [30-34] have also been carried out for deep beams on two supports,
mainly because all the physical conditions imposed on the beam could not be fully taken

into account in the analytical methods of solution. Among the existing mathematical models
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of elasticity for the plane boundary-value problems, the stress function approach and the
displacement formulation are noticeable. The stress function approach accepts boundary
conditions in terms of loading only; boundary restraints cannot be satisfactorily imposed on
it. On the other hand, the displacement formulation involves extreme difficulty especially
when the boundary conditions are a mixture of restraints and stresses. As a consequence,
serious attempts had hardly been made in the past for stress analysis using this formulation.
As such, neither of the existing formulations is suitable for solving problems of mixed

boundary conditions.

Further, the use of standard structures, like beams, columns, etc. with guides on part or full
of their bounding surfaces is receiving increased importance in order to satisfy precise and
strict design criteria in many of the engineering applications. Guided boundaries usually
help in reducing the level of deformation in the structural elements, which eventually resist
the change of the original shape of the bounding surfaces under loading. But structures with
guided boundaries always remain away from the scope of analytical solutions, because the
physical conditions of guided boundaries need to be mathematically modelled in terms of a

mixed mode of boundary conditions.

Again the use of fibre-reinforced composites is found to increase extensively in almost all
the areas of structural applications, mainly because of their specific characteristics of light-
weight and high-strength. As a result, the analysis of composite structures has now become
a key subject in the field of solid mechanics. These analyses are mainly handled by
approximate numerical techniques, as, in most cases, the available mathematical models are

found to be inadequate to provide exact analytical solutions for them.

Since the exact analytical solution of mixed-boundary-value elastic problems, especially
with fibre reinforced composite materials is beyond the scope of existing mathematical
models of elasticity, the use of a new mathematical formulation will be investigated to
analyze the elastic behaviour of a guided deep beam of fibre reinforced composites under
different loading and support arrangements. It would be worth mentioning that, as far as the
reporting in the literature is concerned, the author has not come across any reliable study of
the present problem, either theoretical or experimental. Therefore, the analytical solution for
a guided deep beam of orthotropic composite materials is yet to be developed at various

loading conditions.



1.4 Objectives

The present study is an attempt to extend the capability of the displacement potential

formulation in order to address the structural analysis of orthotropic composites and

isotropic materials having mixed boundary conditions. The main objectives of the present

research work are summarized as follows:

o

To develop a suitable scheme for obtaining analytical solution of the plane elastic

field of a guided simply-supported deep beam of isotropic material under bending.

To extend the analytical scheme to obtain solutions for the deep beam with different
fibre reinforced composites as well as with different loading and support

arrangements.

To extend the scheme developed for the guided beam to obtain analytical solutions

for the unguided simply supported deep beams.

To analyze the deformed shape as well as the distributions of different displacement

and stress components of interest in the perspectives of beam depth and span.

To investigate the effect of fibre reinforcement and beam aspect-ratio on the

distributions of displacement and stresses in the beam.

To obtain numerical solution of the present composite beam and then compare with
the corresponding results of analytical solutions obtained using displacement

potential function.

Results of the present analysis are expected to provide a reliable design guide for deep

composite beams of the present kind, which will be of significant help for their improved

and economic design. More importantly, the present analytical solution will remain as a

standard guide for checking reliability and accuracy of approximate solutions of the

problem. The study would be particularly important for machine parts under bending,

supported on two supports which are placed/inserted in a position that allows no axial

deformation of the structural member.



1.5 Study Procedure

In the present study, the elastic behaviour of guided deep beams of composite materials are
investigated under bending through an analytical procedure based on displacement potential
formulation [30-32], which is also suitable for mixed-boundary-value elastic problems of
composite materials. In the displacement potential boundary modelling approach, the plane
elastic problem is formulated in terms of a single function of space variables, called as
displacement potential function and defined in terms of displacements components, which
has to satisfy a single fourth-order partial differential equation of equilibrium. The relevant
displacement and stress components are derived into infinite series using Fourier integral
with coincided boundary conditions along with the physical boundary conditions. The beam
is assumed to be simply supported on two supports at the bottom, and the two opposing
lateral edges are guided for which any change in the axial displacement is restrained. The
fibres of the composite materials are assumed to be situated along the beam length. Both
orthotropic and isotropic cases are taken into consideration for the study and the
respective materials in this regard are steel and glass epoxy. However, some other
materials may also be taken into consideration if required at the instance. The numerical
solution of the composite beam is obtained by finite element method with the help of

standard commercial software.

1.6  Significance of Present Study

The present study has the significance in regard to academic concept, design
reference and manufacturing engineering. The study is going to present the
application of a new concept, 1.e., displacement potential approach for the analysis of
stress and displacement in structures for both isotropic and orthotropic materials
under mixed mode of boundary conditions. It is expected to find out some additional
aspects to the theory of elasticity, which in turn may encourage academicians and
researchers to explore the concept further and eliminate the lack of suitable method
for dealing with mixed boundary value problems of complex geometries. In this
study a number of problems of guided elements are solved by using the present

analytical methods and results are presented in the form of graphs. The results may



be used as a database and may be helpful to the designers working in the industries
of aerospace, shipbuilding and automobile, where numerous composite structures are
used. The study of guided beam analysis on structural point of view is very pertinent for

those machine parts where expansion in one dimension i.e. either longitudinal or lateral

cannot be allowed.



CHAPTER 2

THEORETICAL OUTLINE AND FORMULATION

2.1 Preamble

The theory of elasticity sets forth the solution of problem in determining internal forces in a
solid elastic body. The internal forces represent interaction between molecules; they insure
the external forces applied to body. Under the action of external forces the body deforms,
the mutual position of molecules changes and so do the distance between them. The action
of external forces that produce deformation gives rise to additional internal forces causing

the stress of the body.

Thus structural analysis necessitates the requirements to investigate the state of stresses,
strains and displacements at any point due to given body forces and given conditions at the
boundary of the body. Most of the cases the requirement is to find the stress distribution in
an elastic body. In some cases, it is also required to find the strain distribution of the body.
The state of stress, strains and displacement are termed as the elastic field. A complete
description of the elastic fields requires specification of forces acting on the elementary

body and its surface orientation.

2.2 Equilibrium and Compatibility Conditions

Let us take an infinitesimal cubic element from an elastic body with sides parallel to the
coordinate axes. To ensure the equilibrium of the element, six forces will act on the six
different faces of the element. The forces acting on each face may be resolved into two
types i.e. one perpendicular to the plane of the face and the other parallel to the face. The
stress component acting perpendicular to the face is the normal stress and the two stress

components acting parallel of the face are the shearing stress as illustrated in fig. 2.1.
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Fig. 2.1 Elementary Cubic Body.

In order to provide compete information of an elastic field, it is necessary to determine nine

stress components (o,,,0,,,0_,0,,0,,0,.,0_,0,_ and 0, ) and six strain components

(Ens&ypsEacs ViV, and y_ ). Instead of strain components, sometimes the displacement
components (#,u, and u_) are determined. It is worthy to mention that the components of

strain and displacement can be determined from each other and each set provide the similar
information. Therefore, either the components of strain or displacement are sufficient for a

particular purpose.

According to general conventions, the normal stress is taken positive when producing
tension and negative when producing compression. On any side the direction of the positive
shearing stress coincides with the positive direction of the axis if the outward normal of this
side has the positive direction of the corresponding axis. If the outward normal has a
direction opposite to positive axis the positive shearing stress will also have the opposite
direction of the corresponding axis. The first subscript of the symbol indicates the direction

of the normal of the plane on which the stress acting and the second subscript indicates the

11



direction of stress. By a simple consideration of the equilibrium of the element shown in fig.

2.1, it can be shown that 0, =0, 0, =0, and o, =0o,, Thus, the nine components of

x> zx

stress are reduced to six o, 0, 0., 0,,, 0, and o_, [1-2].

xx2 o zz 9 xy?

From the consideration of an infinitesimal cubic element surrounding a given point in a
body, it is found that the static equilibrium of forces requires at this point is to satisfy the

followings equations:

0
oo, + D +ao-” +F =0 )
ox Oy 0z |

0 oo, 0O
Ow L% [ T%: g > (2.1

These equations are known as the equations of equilibrium, where F, F, and F. are the

components of the body force in x, y and z directions respectively [2].

The six stress components satisfy the above mentioned three equations of equilibrium; but it
1S not practicable to obtain six stress components solving three equations. As such
consideration of more relations is the option to have equity in number of variables as well as
equations. In this regard, following six relations are defining the three strain components in

terms of the three displacement components through partial differentiation [2].

ou, ou, Ou,
gxx:_’g :_’gzz: >
ox 7 oy Oz
(2.2)
ou, N ou, Ou, | Ou, _Ou_  Ou,

Yo =0y Tax T T e ey T x| 6z

In addition, the six stress-strain relations are also there. Thus one can have altogether 15
unknowns and 15 equations. This system of equations is generally sufficient for the solution

of an elasticity problem.
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By differentiation and simple manipulation of Eq. (2.2), the following set of differential

equations can be obtained.

2

;CX + > - ; 2 XX —
oy ox OxOy 0yoz  Ox

828 0 8yy 827@ 628 i(_ ayyz N a}/xz + a}/xy
oy

ox

0z

828y,v azgzz — 82}/),2 . 2 628}&‘ :i 67/yz _ 67/xz + ayx,v
oz’ o> oyoz ox0z oy\ ox Oy 0z

62822 az‘gxx _ 82}/xz . 2 az':C"zz _i 87/)’2 + a7/xz _ aj/x)’
ot ozt oz xdy oz\ ox oy oz

|

(2.3)

These differential relations are called the conditions of compatibility. The solution of an

elasticity problem must satisfy the equilibrium i.e. Eq (2.1) and the compatibility conditions

1.e. Eq (2.3) along with the boundary conditions.

2.3 Hooke’s Law

In the simplest approximation the relation between stress and strain is taken to be linear and

called Hooke’s law named after the 17™ century British physicist Robert Hooke. The most

general form of linear stress-strain relationship for anisotropic material is given by the

following expression [38].

e €1 € C3 Cy G5 Cg €y Cg Cg ||

Oy Cy Cp €y Gy Cy5 Cy Cp Gy Cpo [

Oz Gy Gy G5 Gy G5 Gq Gy Gy Gy |92z

O, Cy Cyp Cy3 Cay Cys Cyg Cyp Cag Cyo ||7)z

O, (=|C1 Csp Cs3 Csy Cs5 Cs6 Cs3 Csg Csg [\ (2.4)

Oy Co1 Coo Co3 Coa Cos Cos Co1 Cos  Coo ||V

O, Cn € Gz O G5 G G Cg Cpo ||y,

o, Coi O Cgz Cga Cgs Cgs Cxr Cgg Cyo ||y

o [Co1 Coo Co3 Coqy Cg5 Cgq Cg7 Co3  Coyy | 7
Where the 81 coefficients ¢,,,......... , Cqo are called elastic coefficients or stiffness. For the
equilibrium condition it is found thato, =0, y,=y,. As such o, =0,,0, =0_,

Gyz zazy’ yxy:yyx’ 7zx=7/zz and yyzzyzy'
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Therefore, the stress—strain relation becomes as follows

O Gy Cp €3 €y Cs Cg |6
Oy Cyi Cyp Cpy Cy G5 Oy |[Eny
O | |G1 Cn G5 Gy Gs G ||&
o Cut Ca Cuz Cuy Cys Cys||7): (2:5)
O Cs1 Csp Cs3 G5y Css Csg |17
O, L% S Cs Ca Cs Coo |V

From the consideration of strain energy density, it can be shown that €;; = C;

Therefore,
Cp = Gy C3= G315 Cyu = C45 CG5= G55, Cg= Cg
Cp = €3, Cyp= Cp, Cs= Cs, Cq= Cgy C3y= Cy

Gs= Ga Gg= Gozp Gs= Gy Gg= Ggpp Cg= Ggs

Thus, the 36 coefficients of the stiffness matrix in Eq. (2.5) come down to 21 and the

stiffness matrix turns to a symmetric matrix as follows.

Ci3 €y C33 Gy C35 Cyg
[Cj] (2.6)

Materials having symmetry with respect to one plane is referred to as monoclinic materials.

For such case of material, transformation of axis can be done and found that
Cly= C5= Cy = Cp= Cy3= Cy5=0Cy =C5 =0 and then the number of elastic
coefficient becomes 13 only.

Thus, the stiffness matrix of Eq. (2.6) further reduces to

TS U
Cp €y G 00 ¢y
[C-j]: ¢y €y €3 0 0 cy

’ 0 0 0 ¢, cy O (2.7)

0 0 0 c¢;50¢5 O

Cls Cr C3 0 O 0_
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Again an orthotropic material has at least two orthogonal planes of symmetry, where
material properties are independent of direction within each plane. Normally the reference
system of coordinates is selected along the principal planes of material symmetry. Examples
of an orthogonal material include a single lamina of continuous fibre composite arranged in

a rectangular array, a wooden bar and rolled steel. For such case ¢,y =c¢,, =c3 =c,5 =0

and then this type of materials require 9 independent variables as elastic constants in their

stiffness matrix as follows.

¢, ¢, ¢; 0 0 0
C, €y Cpy 0 0 O
c c c 0O 0 O

C.. \Orthotropic)=| " = 33

e, vie)=| 0" g cu 00 2.8)
0 0 0 0 ¢ O
_O 0 0O 0 O Ces |

Where

_ l_luyzluzy . ﬂxy—i_ﬂzyﬂxz
Y A A EEV
y oz xz
luxz +/Uzyluyz _ ]‘_ﬂxwuzx

Cy=——"""—"; C
" EEV ? EEV

Rt R s N
®» EEV ' P EEV
C44 = Gyz’ CSS = sz; C66 = ny

Rl L T T R T ) T Ty T
E.EE.

\%

The reciprocal relations are given by.

By _Foy i,
E' E"’ 9 b

! J

Most metallic alloys and thermoset polymers are considered isotropic material, where by

definition the mechanical properties are independent of direction. In this case there are
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infinite planes of symmetry. Such materials have only two independent variables i.e. elastic

constants in their stiffness matrix as

¢, €, Cp 0 0 0 i
Cn € Cp 0
Cn Cn Cn
Ci —Cn
[C p klsotropic) -0 0 0 B 0 0 (2.9)
0 0 0 0 =
0 0 0 0 0 uCw
L 2 J
These constants are given by
c. = E(l_/u) C e = HE < and Su"%n _ E
(7 (B M (B ) (B 2 21+2p)1-24)

The summarised form of independent elastic constants for general anisotropic, anisotropic
with symmetric stress and strain components or with energy consideration, orthotropic and

isotropic materials can be thus presented in table 2.1 as follows.

Table 2.1 Number of Elastic Constants

Serial | Material Condition No of constant

1 Anisotropic | General form 81

2 Anisotropic | Equilibrium condition 36

3 Anisotropic | Stain energy consideration 21

4 Monoclinic | Symmetric to a plane 13

5 Orthotropic | Having mutually perpendicular 09
planes of symmetry

6 Isotropic Same elastic properties in all 02
directions (having infinite
perpendicular planes of symmetry)
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2.4 Two - Dimensionalization of the Problem

Although the elastic analysis in general form is of three dimensional, orthotropic and
isotropic materials can be analyzed using two dimensions on the consideration of symmetry
of planes. For such simplification there are two options i.e. (i) plane stress condition and (i1)

plane strain condition.

Plane stress condition is considered to be a state of stress in which the normal stress ¢,, and
the shear stresses oy, and oy, directed perpendicular to the plane are assumed to be zero (but
not the strain). Generally, members that are thin (those with a small z dimension compared
to the in-plane x and y dimensions) and whose loads act only in the x-y plane can be
considered to be under plane stress. Thus, a state of plane stress exists in a thin object
loaded in the plane of its largest dimensions. The non-zero stresses Gy, Oyy, and Gxy lie in
the x-y plane and do not vary in the z direction. A thin beam loaded in its plane and a spur

gear tooth are good examples of plane stress problems.

On the other hand plane strain is said to be a state of strain in which the strain normal to the
x-y plane &,, and the shear strains 7, and Yy- are assumed to be zero. The assumptions of the
plane strain are realistic for long bodies (saying in the z direction) with constant cross-
sectional area subjected to loads that act only in the x and/or y directions and do not vary in

the z direction.

The option (1) i.e. the plane stress condition has been followed in the present study. Thus

0.=0,0,=0,0,.=0 (2.10)

At this condition, the equilibrium equation (2.1) having no body force reduces to

8
90, , %% _ 2.11a)
ox oy
bo. 8
Do L9 2.11b)
oy ox
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The stresses for a two dimensional element at plane stress condition are shown in fig. 2.2.

Gy |

_’ny

GXX
GXX

Fig. 2.2 Stress components on a plane

The two equilibrium equations (2.11) contain three unknown stress components. Thus, one
more equation is required to obtain an exclusive solution of three unknowns. The third
equation is the mathematical formulation of the condition for compatibility, which can be
obtained from the strain displacement relations. For two dimensional cases, these relations

arc:

(2.12)

Differentiating the first equation of (2.12) twice with respective to y, the second twice with
respect to x and the third once with respect to x and once with respect to y, the expression

for condition of compatibility in term of strain then becomes as follows:

628 - + azg)y _ azyxy

XX

oy* ot Ox0y

(2.13)

But there would have been the necessity of one more equation in terms of stresses; which
can be obtained using stiffness matrix in Eq. (2.13). For orthotropic material, while the
stiffness matrix is given by Eq (2.8), the stress-strain relations in the case of plane stress can

be reduced to:

xx Kll K12 0 gxx
o, =K, K 0 |e, (2.14)
GV 0 0 K66 j/xy
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It can be noted that the symbols of elastic constants (c) are replaced conveniently by the

symbols K’s for the case of plane stress condition so that they can be identified easily,

where
E, Mo E My E
Kn:l ’ K12:1 — 1 -
- ﬂxyﬂyx _lleylLlyx _lleylLlyx
E
Ky=——""—; Ky =G, (2.15)
l_ﬂxyﬂyx

From the elastic constant K, of Eq. (2.15) the reciprocal relations can be reduced as:

Hy My (2.16)

Making use of Egs. (2.13), (2.14), (2.15) and (2.16), the differential equation for

compatibility condition in terms of stresses can be as follows:

[Lﬁzaxx _{_Laza}’}’]_’uw(aza}’y +azaxx]_ 1 azdxy (2 17)
E. oy’ E, ox’ E | o’ ox’ G, Oxdy

Now Eq.(2.11) and (2.17) are to be solved to obtain elastic fields satisfying the boundary

conditions.

2.5 Usual Method for Solution

As per existing mathematical methods, the analytical solution of three simultaneous partial
differential equations given by Eq (2.11) and (2.17) is fairly impossible. However, these
equations may be solved numerically. The numerical solution procedure is even
complicated and cumbersome for this type of equations. Moreover, it gives only
approximate results. As such it continues to remain a challenging job for the researchers to
obtain the solution of elastic fields analytically for a composite structural element under
mixed mode boundary conditions using traditional formulation. In this study, attention is
paid to the theoretical enhancement of suitable and reliable formulation for the solution for
elastic fields of orthotropic as well as isotropic composite beams under mixed mode of
boundary conditions. The principal viewpoint in this regard is summarized in subsequent

paragraphs.
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There are mathematical concepts on the reduction in number of unknowns by assuming
intermediate functions, which in turn reduces the number of equations for solution. It is
noticed that the number of partial differential equations (Eq. 2.11 and 2.17) and the
unknown terms can be reduced to two when the stress components of these equations are
replaced by displacement components. Using equations (2.12), (2.14) and (2.15) it is

possible to get three expressions for three stresses in terms of two displacement components

as follows:
0
PSS (2.18a)
1 - /u Xy /u X a'x ay
E ou
o, = - S L, o, (2.18b)
L-pp,. | Oy Ox
ou ou
o. =G Ty — 2.18¢
xy xy|: ay /uyx ax :| ( )

Substituting Eq. (2.16) and (2.18) in to equilibrium equations (2.11) the following two
elliptical partial differential equations are obtained.

E2 62 XE\tE azuv 62
[ x2 J uzx +[ /uy «2 y +nyJ ) _I_ny u;c =0 (2193)
E —uyE, ) " \E —p,E, oxdy oy
E E 82u ﬂ E E aZu aZu
XY y xy T x Ty ¥ vy
[E ~ Uy E ]ayz +(E —u E +nyJax6y+ny ox? =0 (2.19b)
x Xy oy x xy 'y

2.6 Stress Function Approach

It may be noted that in the analytical approach stress function is being used for long
time, since it was introduced by George Biddell Airy, a British astrologer and
mathematician, in 1862. Airy’s stress function @(x,y) is defined in terms of stresses as a

function of x and y for which following conditions are met [1-2]:

0%¢ 0% s . 09

ay 5 wo ax2 5 Xy axay (220)

20



Stress function satisfies the equilibrium equations and compatibility conditions. After
applying the above relations of stresses in terms of @(x,y) in Eq. (2.17) following

expression is obtained.
L@_Zﬂ +L o> (o°¢ _Hy 0> (o0°¢ +82 ¢\ 1 & _82¢
E oy’\oy' ) E,ox’ | ox? E. |oy’\ox? ) ox’\ oy G,, oxoy| oOxdy

4 2 4 4
Lo (L 2] 0% 10 (2.21)
E, " |G, E. )ox’oy’ E 0Oy

xy

or,

This expression is the bi-harmonic partial differential equation for Airy’s stress function.
Now Eq. (2.21) is to be solved satisfying the boundary conditions to obtain stress
components using Eq. (2.20) and then Hooke’s law as well as strain displacement

relations are used to obtain the displacement components.

For orthotropic case [Fig. 2.3] the young’s moduli E, and E, may be replaced by E; and E,
where they are used to denote the Young’s modulus in the fibre direction and in
perpendicular to the fibre direction respectively. Further Gy is replaced by Gi, to denote the

shear modulus for on-axis orientation.

? - Gy Fiber
Oy

Ty

Fig. 2.3 Stress components on a composite plane

In such case the bi-harmonic governing differential equation orthotropic composites on the

basis of stress function @(x,y) i.e. Eq. (2.21) becomes:

4 4 4
iM{Gl -2glzjai;2+iaf:o (2.22)
12 1 X0y E, Oy
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For an isotropic elastic materials under the condition of plane stress Ex= E, = E,
_E
2(1+ )

mathematical model for the isotropic condition is found as:

d,=p,=u and G =G= Substituting these relations in Eq. (2.21) the

o'¢ o'¢ o'¢
2 =0
ox* " ox’oy’ " oy’ (2.23)

Egs. (2.22) and (2.23) developed basing on Airy’s stress function can handle elastic
problems of orthotropic and isotropic materials, whose boundary conditions are in
terms of stress or load only. Thus attention is obviously necessary towards the
solution of the two elliptical partial differential equations for those problems where the
boundary restrains are to be satisfied. Again it is not even easy task to obtain the values of
displacement components by the solution of equations (2.19). Consequently, further

simplification of the solution method is the necessity.

2.7 Displacement Potential Formulation

Considering the difficulty of solving equations (2.19), a single function l//(x, y) is taken
into consideration [30-33], which has to satisfy a single partial differential equation of
equilibrium, somewhat similar in concept to that of Eq.(2.21). It is named as displacement
potential function and defined as a function i,//(x, y) of space variables x and y, where the

displacement components are expressed as follows:

v 4 4
u =o +a +a 2.24a
x 1 x2 2 axay 3 ayz ( )
2 2 2
uy:a48y/+a581//+a68w (2.24b)

Here, o's are unknown material constants.
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Using the expressions of Eq. (2.24) in Eq (2.19a) following equation is obtained.

E2 2 2 2 2 x%EvE
E—Xza—z(alavzl+azaw+a38v2/J+ H '2y +ny
T HLE, ) ox Ox Ox0y oy E, —p E,

2 2 2 2 2 2 2 2
0 [a4f;§//+a55‘//+a65‘//j+G 6_[a16w+a 6W+a3awj:0

oxdy x? oxdy oy o2l tax? 7 axdy oy’

or,

E} o o o wEE
[ = ][al l’/4l+a2 ;// +a, 21//2 | Lo ——+G,,
E, —u,E, ox Ox”0y Ox~0y E, —u,E,

4 4 4 4 4 4
a, 831// + o, (321//2+056 0 W3 +G,| 62t//2+a2 0 l//3+a3al/4/ =0
ox’ 0y ox*oy 0x0y U axoy Ox0y oy

E2 4 E2 . EXE 4
- ala l/4/+ = a, + Hy — +G,, |a, _831// +
E —p E, Ox E —pu E, E —p E, Ox” 0y
E2 . EXE 4
{ . J%{ B E, | nyJa5+ nyal} G (2.25)
E —u,E, E —u,E, Ox“0y

E E 4 4
{”Y—/+ ny]aG + nyaz}—a Vo Ga, %Y <0
E —pu E, ox0y oy

The material constants a’s are chosen in such a way that the equation (2.25) is automatically
satisfied under all circumstances. This will happen when all of its coefficients are

independently zero. In that situation,
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Therefore,

N\
a,=0;=0;=0
-Ela,
= x 2.26
“ {fuxyExEy + ny (Ex - 'uiyEy )} > ( :
a, = _ny(Ex_'uxzyEy E
{/’lxyExEy + ny (Ex - /’lxyEy )}
J

Again from the second equation of (2.19) and Eq (2.24 ) it is found that

EE 2 2 2 2 EE
(—x o J@_Z(a48y2/+a561//+a681/2/]+{ s —— +ny]
E . —p E, oy Ox Ox0y oy E, —p E,

2 2 2 2 2 2 2 2
0 alayj+azal/l+a3al/z JrGWa—2 a481//+a581//+a681// =0
ox0y ox Ox0y oy = ox ox

EE o'y o'y o'y uy EE,
Ry (a4azaz+asaa3+“°a4 e g
Or, X /’lxy v X y X y y X /’lxy y

4 4 4 4 4 4
a, 631// +a, 62W2+a3 g V/3 +G, a4a W+a5 oy +a oy =0
Ox” 0y Ox~0y Oxoy

4 EE 4 EE.  E.E,
G,a, ch‘/‘/ +{m +G, ]al +G 0%1;3 +{E ¥ Z}E Ja4 J{Eﬂ e ; +ny]&2 +nya6}
Or, X _/’lxy y J x _:uxy y x _:uxy y (227)
4 EE EE. 4 EE, 4
621//2+ - L+ a ——+G,, aj v —+ 66714//:0
o'y’ |\E-rE, ) \E~1LE, Jaxay E~1E, | &
Now using Egs (2.26) and (2.27) it is found that

¢ E[E E, ¢ E[E ¢
nya4a—lﬁl+ —— o+ BBy +G,, o, +G, 0, 1 62 H— aéa—lﬁlz
o' |\E-i£E, )" \E~12E, [ax & |\ E—1E ) o

4 v
o ny ( /éyEy) +[EE0[4 {quyEE +G ( /éyEy)}%+G ( /lnyv)a] ‘ l// E 'y Gaayl//zo

_ Ezaz _ 641//
i = | e
or
’ E N2 ( /uny v)a
{EE{ K E, )} s salaip Gl #ZE% ~HE, )H

u,EE,+G.(E, 1, EE,+G.(E,

&y +EE{ G,\E~1E o }

oy u,EE, +G,(E.~i2E,)
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For non-zero values of «;,

_Ef v( /12 yEy)i +[ ijEy +{#XyExEy +G (E /lnyy )} xy( _/éyEy )2] af;gz _ExEnyy(Ex _/LéyEy

or,

& o'y
Ey]axz;2 ~E.E,G,(E~1Z.E,) Y =0

4

~E*G,(E.~12E )§+[—E2ExEy+{vaE +2G,(E, ~42.E, Ju E

Xy VY y

or,

84 64 84
EG, 5):/4/ +E,(E, —2ﬂxyc;xy)a 2(};’2 +E,G, ay"j 0 (2.28)

The above fourth order differential equation (2.28) is only one governing equation for the
solution of the displacement potential functiony . Once the displacement potential function
v is known, the components of displacement can be readily found from Eq. (2.24).

Thereafter, using the stress displacement relations of Eq. (2.18) can be used for obtaining

stress components.

Assuming the value of o unity, and taking the values of o, a3, au, a5 and o from
Eq.(2.26), one can obtain the components of displacement and stress using Egs. (2.24) and

(2.18) respectively as follows:

62
ux(x,y)= ax;; (2.29a)
-1 , Oy 2 2 \OW
= E G\E —u E 2.29b
uy(x,y) {luxyE E -|-ny (E _/unyy )H: ) 8x2 " xy( * quy y)ayz ( )

(2.29¢)

%(x,y)Z{ -t G

o’y
EE +G E a Rl
ﬂxy Xy Xy /J“} ) X ay 6.)/

w,EE, +ny E. ,uw y 6x28y oy

~Hy oxoy’

%(x,y):{ e }uxy BV G, aa‘ﬂ (2299)

ny(x,y)={ = G

3
v } (2.29¢)
u,EE +G, E ,ux‘ y
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2.7.1 Displacement Potential Formulation for Orthotropic Materials

For orthotropic materials the young’s moduli E, and E, may be replaced by E; and E; where
they are used to denote the Young’s modulus in fibre direction and in perpendicular to fiber
direction respectively. Further G 4y is replaced by Gi, to denote the shear modulus for on-
axis orientation. In such case the governing differential equation for the solution of two
dimensional orthotropic composite structures becomes:

o'y o'y o'y
ElGlzy-'_Ez(El _2/412G12)W+E2G12$ =0 (2.30)

Then the components of displacement and stress are:

u,(x,y)= aa;;; (2.31a)
u, (x,)= —ZLH[EE 8827"2’ + Gy, (E, - 13 E, )227'/2’} (2.31b)
o (x,y)=— Elzilz { E ai?gy .E, ‘;;ﬂ 231c)
o, (x,y)= —EZI—?{(%GIZ —E])ai?gy -G, a;ﬂ (2.31d)
o, (xy)= _EIZ—C:{EI 237‘/3’ — u,E, ;j—a‘/y’z} (2.31e)

where Z,, =u,EE,+G, (E1 _,U122E2)

2.7.2 Displacement Potential Formulation for Isotropic Materials

For an isotropic elastic solid under the condition of plane stress Ex= Ey=E, u , =p, =l

and G, =G = 5 (lE ) . Then the values of a’s of Eq. (2.24) are also obtained as follows:
+u
a=a,=a;=0; a,=1; a4:_—2; aézl_—# (2.32)
1+u 1+ u



Then the stress-displacement relations for the plane stress problems are obtained from the

Hook’s law as follows:

0
o= L %, (2.33a)
1—u ox oy
E Ou Ou,
= £+ 2.33b
T 11—’ {u Ox oy } ( )
ou
o, = E__|ou, o4 (2.33¢)
200+ )| dy  ox

When the displacement components in Eq. (2.19) are replaced by Eq. (2.24) having values
of a as in Eq. (2.32), the single governing equation of equilibrium in partial differential

form being satisfied by y(x, y) is found for isotropic materials as follows:

4 4 4
a‘f+2 82‘/’2+a‘f=0 (2.34)
ox ox"0y~ 0Oy
Combining Egs. (2.18), (2.33), and (2.34), the expressions of displacement and stress

components in terms of function y(x, y) are obtained as follows:

o*w
)= 2.35
u(x,y) -y (2.35a)
1 |,0° 0’

o (x.y)=— —u } (2.35¢)

E Oy 0’
O'yy(x,y):— (2+,u) LA l’”} (2.35d)

(2.35¢)
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2.8 Consideration of Boundary Conditions

The equilibrium equation (2.1) has to be satisfied at all points throughout the volume of the
solid elastic body. The components of stress may vary over the volume of the body, and at
the surface the stresses must be such as to be in equilibrium with external forces acting on
the boundary of the body. As such the external forces would have a contribution over the

internal stress distribution.

In practical situation, along the edge or boundary of a structure, there are two things to be
known, i.e. (i) displacements and (ii) loading or stress. Both the displacements and stresses
are identified by their respective components as follows:

a. Normal displacement

b. Tangential displacement

c. Normal stress

d. Tangential stress

The solution of the governing equation requires specific normal and tangential conditions.
At any point on the boundary, any 2 components out of 4 are known at a time. Thus there

are 6 types of following boundary conditions:

i.  Normal displacement + Tangential displacement

ii. Normal displacement + Normal stress

iii. Normal displacement + Tangential stress

iv. Tangential displacement + Normal stress

v. Tangential displacement + Tangential stress

vi. Normal stress + Tangential stress
While both the components are purely normal or purely tangential, the boundary conditions
do not practically exist. As such boundary conditions of (ii) and (v) are no longer required
to be considered and the remaining four boundary conditions would be considered for
solving the physical problems of elastic body. If the shape of the boundary surface is
rectangular, the structure may be oriented so that its edges are parallel to the co-ordinate
axes. In that case, the normal and the tangential components of displacement and stress at
the boundary are the corresponding coordinate components inside the structure. Out of the
above mentioned four possible boundaries, only the number (vi) is suitable for Airy,s stress
function; whereas all four boundary conditions can be dealt with using displacement

potential function ().

28



2.9 Solution Procedure Using Displacement Potential Approach

The concept of structural analysis consists of four essential matters like any engineering
system, such as, proper understanding of physical phenomena, derivation of governing
equation, proper application of boundary conditions, and development of routines for the
solution and finally the interpretation of solutions. Thus the solution procedure is the uniting

of physics and mathematics with a view to potential usefulness in practical problems.

The equilibrium problem is essentially one of describing the steady-state configuration of
the physical system. This can usually be achieved by specifying the magnitudes of state
variables like stresses, displacements, pressures, etc. at a finite number of points. In this
thesis work, boundary-value problems are dealt with having equilibrium state of affairs.
With this pretext a very powerful method of solving boundary-value problems is the so-

called trial function or trial solution method.

Attempt is made here to solve the fourth order homogeneous partial differential equations,
i.e., Eq.(2.30) for orthotropic and Eq. (2.34) for isotropic materials through utilization of
different trial functions for y/(x, y). Since the Airy’s stress function of similar pattern has
been solved using polynomials for quite long time, similar type of functions are considered
here at first as trial solutions. It is observed that pure polynomials do not actually help much
in this regard. Rather it is seen that various combinations of trigonometric and hyperbolic
functions offer suitable choices for analytical functions. If these functions can be expressed
as an infinite series, then construction of solutions of differential equations becomes more
accurate. In the light of the ubiquitous problems which display aspects of periodic and a
discontinuous nature, those infinite series known as Fourier series attain a place of special

importance.

The Fourier series is probably the most commonly used of all the series for the solution of
physical problems. It is a trigonometric series which can be used for the expansion of an
arbitrary function. The usefulness of the Fourier series is due to the fact that certain
functions which can not be expanded in power series form can still be represented by
Fourier series. The reason for this is that the coefficients of the power series contain
derivatives of the function; hence these derivatives must exist uniquely in order to obtain

the power series expansion. Many functions which are not differentiable, including certain
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types of discontinues function, can be expanded in Fourier series. Thus a much greater

degree of generality is attained by taking the function as Fourier series.

Taking all this in mind trial and error operations are done to reach to the possible best
displacement potential function to be assumed. In this assumption process, boundary
conditions of the two ends should be satisfied automatically. Then the solution can be
progressed further to make the boundary conditions of remaining two ends of the beam

satisfied.
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CHAPTER 33

SOLUTION TO ISOTROPIC DEEP BEAMS

3.1 Analytical Solution of Guided Isotropic Deep Beam

3.1.1 Problem Articulation

A simply supported deep beam of rectangular cross section subjected to a distributed load is
considered. The generalised form of such a beam is shown in Fig. 3.1a. While the two
opposing lateral ends of this beam are guided by some means, it can be considered as
guided simply supported beam. It is illustrated in Fig. 3.1b. The support at the bottom
surface is inserted over a certain portion of beam length. Beam length, depth and width are
denoted by L, D and W respectively. The loaded length can be taken as L' and the effective
length for each support is (L — L')/2.

Y D

%}% - N
|

| L

(a) Unguided simply supported beam

Y Distributed load, oyy (X)
A
g eIl g
Guide / %
S
D7
afxg
/ seen fe 001/
A 1 i
L’
L |‘\Support
|

(b) Guided simply supported beam

Fig. 3.1 Geometry and loading of a simply supported deep beam: (a) Unguided simply
supported beam, (b) Guided simply supported beam
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As a particular enunciation for the development of analytical solution, the load acting over
the top surface is considered as uniformly distributed with a magnitude of o, acting over the
length of 0.8L. The support of the beam is also considered as uniformly distributed and the
effective length for each support is assumed to be 0.1L. The plane stress is assumed here
taking unit thickness of the beam. Since the two opposing lateral ends of the beam are
guided, there is no allowance for the axial displacements, but the lateral displacements are

free to have any value [Fig. 3.2].

Uniformly distributed load, %o

y
Guide s 2R RN RARRRRRRRNRY) .

D‘:-:': Support

F .
2 oo
0.1IL— |« 0.8L l—o0.1L

\

Fig. 3.2 Analytical model of a guided simply supported beam subjected to uniform loading

3.1.2 Boundary Conditions

For the present problem with reference to Fig. 3.2 the physical conditions is to be satisfied
along the different boundaries of the beam. Due to the guides placed at both the ends, axial
displacement is restricted to be zero over there. At the same time there can be no shear
stress at those edges since the guide allows the beam to be free for lateral dislocation. So the
conditions at the guided boundaries are of mixed mode. The top and bottom boundaries do
not have conditions of displacements. On these surfaces the applied load and reactions are
related to the boundary conditions within their striking region. Again there is no shearing
effect over the top and bottom boundaries of the aforesaid beam. The boundary conditions
of guided beam considered for the present problem can be expressed mathematically as

follows:

(a) Guided end, EF: There is no axial displacement and shearing stress. Thus,

u,(0,y)=0 and o-xy(O,y)zo [0<y<D].

(b) Guided end, HG: There is no axial displacement and shearing stress. Thus,

ux(L,y)zo and axy(L,y)=O [0<y<D]
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(c) Loaded boundary, EH: There is no shearing stress. But lateral stresses are there in
the regions of applied loads, which is the function of load intensity. Thus,
axy(x,D)=0 [0<x<L]and O'yy(x,D)zO'O[O.ILSxSOSL]

(d) Supporting end, FG: This is the supporting boundary whose total reaction force is to
be the algebraic sum of reactions acting on both the supports and eventually same as
to the applied force at the opposite site for equilibrium condition. The uniform load
is distributed over 80% of beam length (from x/L= 0.1 to x/L=0.9) and support
reaction is distributed over 20% of beam length (x/L= 0.0 to 0.1 and x/L=0.9 to 1.0).
Therefore, o (x,0)=0 [0<x<L]; o, (x0)=40,[0<x<0.1L & 0.9L<x<L]and

o, (x,0)=0 [0.1L <x<0.9L]

3.1.3 Analytical Solution

For isotropic material in case plane stress the governing equation based on displacement

potential function y(x,y) is obtained from Eq. (2.34) as follows:

4 4 4
2‘/j+2aazg’2+g‘/j=o G.1)
X X y y

The expressions of displacement and stress components in terms of function y(x, y) are also

obtained from Egs. (2.35) as follows:

u,(x,y)= g:;’y (3.2a)
u,(x,)= —ﬁ{z ‘2;"2’ +(1- y)giﬂ (3.2b)
7aleoy)=- (1 +Eﬂ)2 :ai?gy o ?;ﬂ (29
o (v.y)=— i +Eﬂ)2 :(2 N ﬂ)ai i'gy + ‘Z;‘/: } (3.2d)
ou o)== +E,,)2 wa ‘”ai;l/ylz} (-2¢)

The potential function y(x, y) is first assumed in a way so that the physical conditions of the

two opposing guided ends are automatically satisfied. At the same time solution has to
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satisfy the 4™ order bi-harmonic partial differential governing equation. After a long trial
and error process, the solution of the governing equation (3.1) is thus approximated as

follows, which gives the result:

(. y) =3 Y, () cosar+ K 3 (3.3)

m=1

where, ¥ = f(»), a=(mn/L), Kis an arbitrary constantand m=1,2, 3, ........ 0.

Derivatives of equation (3.3) with respect to x and y are

oy < :
——=— E Y asinax
ax m=1 "

o’y N 2
=—>» Y a“cosax
Ox? mZ::l "

3
2—"/;: D> Y,a’sin ax
X

0
m=1

4 0
v ZYma4 cosax

7 =
ax m=1

2 )
oy =-> Y asinax
a‘xay m=l1

3 0
8_1//2 =-> Y asinax
Ox0Oy el

3 )
aTl// =-> Y, a’ cosax
ox“ oy o

4 0
82 v ~=-> Y, o’ cosax
ax ay m=1

v = ZYm cosax + 3Ky’
ay m=1

2 0
g 1/2/ =YY, cosax+6Ky

ay m=1

34



o’y

DY, cosax+6K
m=1

»

4 ©
0 l/: = ZYm coS ax
ay m=1

Substituting the expressions of above derivatives in Eq. (3.1) following equation is

obtained.

o0 o0 o0
Z‘Y,noz4 COS ax—2z Y a’ cosax + ZYm cosax =0
m=1

m=1 m=1

or, i [Ym -2a%Y, +a'y, ]cos ax =0

m=1
or, Y, =20V, +a'Y,=0 (3.4)

The solution of the above 4™ order ordinary differential equation with constant coefficients

[Eq. (3.4)] can normally be approximated as follows:
Y =A4,e" +B, ye* +C, e* +D, ye™ (3.5
But the ordinary differential equation (3.4) has the complementary function of repeated

roots. Thus 7 =7, =a and r, =r, =—a and the general solution of Eq. (3.4) can be
written as

Y, =(4, +B,y)” +(C, +D,y)e ™ (3.6)

where 4, , B, , C, and D, are arbitrary constants.

Differentiating equation (3.6) following expressions are found
=(4,0+B,ay+B, )e” +(-C,a—D,ay+D, Je®

= (Ama2 +Bma2y+2Bma)e“’” + (Cmo:2 +Dma2y—2Dma)e_“y

Y,
Y,
Y,,vl” (Ama3 +Bma3y+3Bma3)e“y +(— Cma3 _Dma3y+3Dma2)€—ay
Y,

= (Ama4 + Bma4y+4Bma3)e“y + (Cma4 +Dma4y—4Dma3)e_“y
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Now substituting the derivatives of ¥ and Y, in the expressions for displacement (3.2) and

stresses (3.3), following expressions are found.

o0
=—ZYmasin00c

m=1

=_i [(Ama+Bm05y+Bm)e“y (-C,a-D,ay+D,)e “ybsmax
m=1

= —i [Amae”y +B, (oqy + l)e’” -C,oe” -D, (oqy - l)e‘”y]rx sin ax (3.7a)

m=1

u,(x, ) =_(;{282_W+(1_”)82q

1+ )| ox? oy

— { { ZYa cosax}+(1—y){iY,;cosax+6KyH

(1 + /l) m=1 m=1

23 {4, +B,y)e” +(C, + D, )" cosax+(1- )

(1+ ) 5 (4,0° +B,a’y+2B,a)™ +

+6K(1-
“\(c,a®+D,a’y-2D,a)™ }Cosax (1=u)y

(—4 (1+ p)a’e™ +
~1 | & |B,(~ay—uay—2p+2)ae”
)| 2 |- 1+ plae +
D, (-ay—pay+2p-2)ae™

cosax + 6K(1 —,u)y (3.7b)

%(x,y)=( £ z{aw/ —ﬂyq

ox’ oy oy’

£ . H— i:Y,,'loz2 cos ax} — ,u{iYm cos ox + 6KH
+ ILI) m=1 m=1
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{(Ama +B,ay+B, )e” +(-C,a—D,ay+D, )e””y}ozz cos ax

s

|
|
i

(1+ u) +ﬂ2{<A a’+B,a’y+3B a )e‘”

(-C,a*-D,a’y+3D,a* ™ }COSOMWK

—E _i{ l+y)e +B (oqy+yay+3u+l)e“y

- a’cosax+6uK | (3.7¢)
1+,u) m=1 ) } :l

a(l+u)e™ + D, (-ay - pay +3pu+1)e™

-E 0’ 0’
o ()= {(zw) 'M—'ﬂ

ox*oy oy’

m=1 m=1

(H—ﬂ)z{(z + u K- i Y, a? cos ax} + {i Y, cos ax + 6KH

2+/U i{A OK-I—BmO{y_;-Bm)eay +(—Cm0(—DmO£y+Dm)e_ay}(2 cosax

(E; i{(/l o’ +B,a’y+3B,a” e +

(Ca—Day+3Da)e

m=1

}cosoax+6K

£ [a(4al-1-w)e® +B (—ay— uay—u+1)e”
= E2 > a1 p)e” 4B, (-~ ey~ e + *cosax+6K | (3.7d)
(1+u) |33 (C all+ w)e + D, (o + pay -+ 1)

_ -E |0y oy
T (x,y)— (l+y)2 {5)63 H oxoy’ }

—E|:2Ya sin ax — Iu{ iY;asinaxH

(1+,u) m=1 m=1

- (I;i)Z [il {(Am +Bmy)eay + (Cm +Dmy)e_ay}j(3 sin ax +

{(A o+ B,a’y+2B,ak” +
m= l

o sin ax |
(C a’+D,a’y— 2Dma)e‘“y

m

m=1

_ —E | &4, 0+ pee” + B, (ay+ pay +2p)e” a’sinax|  (3.7¢)
(1+ ) +C,,(1+ u)ae™ + D, oy + pay-2u)e™ |

37



Now, the reactions on the bottom boundary (y = 0) are acting over the two supports. It is
considered that the supports are located at x=0 to 0.1L and x=0.9L to L respectively. The
total length for reaction is 20 percent of beam length, where the load is over the 80 percent.
As a result the intensity of reaction is four times of the load intensity. Therefore, the

reactions over the beam at the supports can be taken as Fourier series in the following

manner:
o, (x,0)=40, = E, + ZEm cosax  forx=0to 0.1L and 0.9L to L (3.8)
m=1
Here
1 %0 L
E, =— '[ 4o ,dx + J-40'0a’x
Lo %y
L |10 10
4o,
= 3.9a
5 (3.92)
2 %O L
E =— j 40, cos axdx + .[40'0 cosaxdx
0 o
o L
_ 89 J‘cosaxdx + 80y J‘cosaxdx
L K L oL
_ 80, _sinax}%‘) 8oy {sinaxT
L] a | L a  Jo
= 8oy sin oL +sin(aL)—sin daL
al 10 10
= 80y sin| 2% +sin(m7z)—sin omz ; m=123,....0 (3.9b)
mr 10 10

The compressive load on the edge y = D acting over x=0.1L to 0.9L can also be given by a
Fourier series as follows

o, (x0)=0,=1,+> I, cosax  forx=0.1L to 0.9L (3.10)
m=l1
Here
1 9%0
I, =— J.aodx
Mo
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= (3.11a)

2 9%0
I, =—| |o,cosoxdx
L

_29% sin omz _sin| 2% ; m=123,........ o (3.11b)
mi 10 10

The loading considerations of equations (3.8a) and (3.9a) are to satisfy the boundary
conditions at the bottom and top boundaries of the beam. Using boundary condition

o, (x,O) =0 at the edge of y =0, it is found that

£ [i(A +C )0z3smax+y2{(A @’ +28, a>+}asinax}=0

(14 )" | 7 =l(c,a*-2D,a)

or, ﬁ[(Am +C,)e’ + (4,0 +2B,0)+(C,a® —2D,a ) ]=0
+ p
STnn )2 == [0+ u)aa, +2B,pa +(1+u)a’C, —2ua’D, |=0
- Ea’
or, (1+—y)2[(1+ wlad, +2uB, + (1 + u)aC, —2uD, =0 (3.12a)

Using boundary condition o, (x,D)=0 at the edge of y =D

i {4, +B,D)e” +(C, + D, D) jr* sin ax +
—E m=1
=0
© 2 2 abD
(1+p) ) {(Ama +B,a’D+2B,ak }asinax
Zl(c,a>+D,a’D-2D,a)
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{(Am +B,D)e” +(C, +D,D)e ™ }0{3 +

o, (I_E)z (Ama2+Bma2D+2Bma)e“D o =0
+
Sk (Cma2+Dma2D—2Dma)e‘“D

or,

By’ {Am(1+,u)ae“0 + B, (aD + paD + 2 u)e™ +} o (3.12b)

(I+u)y|C,(+u)ae™ +D, (aD + paD —2u)e™"

Using boundary condition o, (x,O) =40, atthe edge of y =0

2+,ui A,a+B,)+(-C,a+D, )’ cosax
_E prar -
=>» E cosax+E (3.13a)
1 s 5 5o,
(1+4) +Z( @3 a) cosax + 6K el
( C,a’+3D, az) ]
Therefore,

m

Ea? {(2+y){(Ama +B,)+(-C,a+D, )}}

(1+u) | -(4,2+3B,)-(-C,a+3D,)

—[4, 1+ wa+ B, (-1+ u)-C,(1+ u)a+ D, (-1+ u)|=E, (3.13b)

Using boundary condition o, (x,D) =0, atthe edge of y =D

I > ((4,a+B,aD+B, e |
—(2+y)2{( ner+B,aD+ B, 4;{D}azcosacx

(-C,a-D,aD+D,)e”

(4,0° + B,a’D+3B,2° e +
(-C,a*-D,a’D+3D,a )

NgE

I, cosax+1, (3.14a)

1

3
I

+z{

}cosax+6K

E [@+uf4,a+B,aD+B,)” +(-Coa-D,aD+D,)e e’ | [
(1+u)|-{4,0°+B,a’D+3B,a* ™ +(- C,o* =D, a’D+3D, 2 ™} "

— 3.14b
(1+u)|C,(1+u)ae™™ - D, (uaD +abD — u+1)e™ (.14b)

m

Ea’ {Am(ltu)ae‘w+Bm(,uaD+05D+/1—1)e“D—}_I
2 T m

40



and using Eq. (3.9a) and Eq. (3.13a) the arbitrary constant K can be obtained as follows:

-F L ¢k-E, - 4o,
(1+uy
—20,(1+ u)
or, K= Gfggﬂ) (3.15)

The simultaneous equations (3.12a), (3.12b). (3.13b) and (3.14b) can be realized in a
B ,C, and D, as

m? m?

simplified matrix form for the solution of unknown terms like 4

follows:

DD, DD, DD, DD, |4, 0
FF, FF, FF, FF,|B,| |0 G.16)
HH, HH, HH, HH,|C, | |E,
KK, KK, KK, KK,|D, | |I,

where
DD le(l+/u)
DD, =2uZ,,
DD Z“(l+,u)
DD, =-2uz,,
FF, :le(l+ )
FF, 2211{(l+ﬂ)aD+2ﬂ}
FF; :Zn( +/U)ae -
FF, :le{l+ﬂ)aD 2/’}

HH, :_le(_1+:u)
HH, =le(l+/,1)0(
HH :_le(_l"‘/u)

KK, =-Z, (1+ t)oe™
KK, =—Z, {1+ p)aD + u—1}e™
KK, =Z,(1+ p)ae™ ™
KK, =Z, {0+ u)aD -y +1}e™

—Ea?

A
o)
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Once the matrix Eq. (3.16) or four algebraic equations (3.12a), (3.12b). (3.13b) and (3.14b)
are solved simultaneously and the values of four unknowns, namely, 4,,, B,, C,, and D,,, are
obtained, equations of (3.7) are then used for subsequent finding of stress and displacement

components of the beam at various points.

3.1.4 Results of Displacement Potential Solution

The analytical solutions of displacement and stress components are obtained for various
aspect ratios (L/D) of the beam. At first the result of a guided steel beam (u = 0.3 and E =
209 GPa) having L/D = 3 and the uniform loading parameter = 40 N/mm is presented in
sequence of axial displacement (uy), lateral displacement (uy), bending stress (oxx), normal
stress (oyy) and shearing stress (oxy). Thereafter a comparative study is presented, which
would be useful to examine the validity of the displacement potential solutions over the
classical bending theory as well as finite element method (FEM). Finally the effects of beam

aspect ratio on the elastic fields are analyzed.

i. Solution of Displacements
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(a) over longitudinal sections (b) over transverse sections

Fig. 3.3 Normalized axial displacement, L/D = 3: (a) distribution over longitudinal
sections, (b) distribution over transverse sections from left guide to mid of span
Axial displacements (uy) are found zero at the mid section of span, at the lateral guided
boundaries and over the mid-horizontal plane [Fig. 3.3(a) and (b)]. Zero value of uy at
the guided boundaries confirms the satisfaction of boundary condition of those ends.
Axial displacements are found to be symmetric about the mid-vertical plane. The

magnitudes of axial displacement at the top half are quite less than those of bottom half
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of the beam. The significant values of ux are negative for sections 0<x/L< 0.5 and
positive for 0.5<x/L<1.0. The maximum magnitude of u,/L=0.0016 is observed on
bottom fibre at the sections of x/L = 0.1 and 0.9, where the loads terminate from both

sides of the beam.

Lateral displacements (uy) near the two lateral ends are found to take positive value
because of the supports at the bottom boundary, and for the region 0.2<x/L< 0.8,
displacements are negative [Fig. 3.4(a) and (b)]. In the present problem, there is no
restriction on the lateral displacement other than the loading at the top edge and
balanced at the bottom corners of the beam to bring the equilibrium condition. The
result confirms this physical condition being pushed the corners up and mid-region
down. The positive and negative maximum lateral displacements are u,/D=0.000225 and
u,/D= - 0.00017 respectively. The positive maximum value is observed at the two ends
on the lowest fibre and the negative maximum value is found on the top fibre at the mid

section of the beam.
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(a) over longitudinal sections (b) over transverse sections

Fig. 3.4 Normalized lateral displacement distribution, L/D = 3: (a) over longitudinal
sections (b) over transverse sections from left guide to mid of span

Fig. 3.5 presents the deformed shape of the beam together with the original shape with
the magnification of 500 times of displacement. The guided ends have gone up and at
the same time centre region of the beam have gone down. The deformation of the top
edge is uniform through out the length of beam with the uniformly distributed loading.
The bottom edge is also deformed uniformly except the support region, where there is
very little non-uniformity of deformation. However, the overall vertical sliding type
deformation is again in excellent agreement with the applied loading and support of the

beam.
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Fig. 3.5 Deformed shape of the guided isotropic deep beam, L/D =3
(magnification factor x500)

ii. Solution of Stresses

Bending stress distribution is more or less non-linear over the whole span [Fig. 3.6(a)
and (b)]. This non-linearity increases towards the guided ends. The stress (Gyy)
maximizes at the top and bottom edges of the beam but carries opposite sign. The
maximum normalized values at the top and bottom fibre are 3.368 and -5.243
respectively. Near the guided ends, oy, is positive for the upper half and negative for the

lower half of the beam, but the opposite is observed for sections away from the support.
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Fig. 3.6 Distribution of bending stress of the guided isotropic deep beam, L/D=3:
(a) over longitudinal sections, (b) over transverse sections
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Fig. 3.7 reveals that the lateral stress (o,,) gets its highest value around the position of
supports on the bottom edge. As per the loading configuration, the uniform load is
distributed over 80% of beam length (from x/L= 0.1 to x/L=0.9) and support reaction is
distributed over 20% of beam length (x/L= 0.0 to 0.1 and x/L=0.9 to 1.0). Therefore, the
reaction at each support is four times of the load density. From the solution of
displacement potential approach it is comprehensible that the normalized value of the
lateral stress is zero where load is absent at the top layer and unity in the loaded region.
The magnitude of the normalized value is four at the bottom layer of the support region

and zero in the free region. This is a full agreement with the applied loading as well as

boundary condition.
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Fig. 3.7 Normalized lateral stress distribution of the guided isotropic deep beam, L/D=3:
(a) over longitudinal sections, (b) over transverse sections
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Fig. 3.8 Shear stress distribution of the guided isotropic deep beam for L/D=3:
(a) over longitudinal sections, (b) over transverse sections

45



Four edges and mid-span section of the guided deep beam are found free from shearing
stress [Fig. 3.8(a) and (b)]. The distributions of shearing stress (oy,) conform to the
standard parabolic profile except that at sections x/L= 0.1 and 0.9, i.e., the termination
point of loading [Fig. 3.1]. The maximum shear stress is observed at y/D=0.2 of sections

x/L=0.1 (normalized value = - 1.51233) and x/L=0.9 (normalized value =1.51233).

Distribution of normalized maximum principal stress obtained using the results of

displacement potential approach is presented as contour in Fig. 3.9. The relation used in

. . o, +to, o,~0, ) . . .
this regard is o, = 5 + 5 +0,, , where o; is the maximum principal

stress. No reference of the principal stress distribution for a guided deep beam could be
found. As such the verification of present results remains to be investigated with the
availability of any other results. However, the contour pattern of maximum principal

stress of the current solution seems to be satisfactory in a general sense on visual basis.
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Fig. 3.9 Normalized maximum principal stress contour of the guided isotropic beam, L/D=3
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3.1.5 Comparison of Results

The present beam problem with its guided ends cannot be solved appropriately by the
classical beam theory. However, for the sake of comparison, the elementary solutions are
obtained for the deep beam, which is basically a one dimensional solution to actual beam
without guides. Since the distribution of reaction at the bottom surface cannot be addressed
appropriately using the elementary theory, the beam is considered here to be simply
supported taking the resultant of the reaction forces at x=0.05L and 0.95L. At this condition
the available text book formula are modified to meet the requirement of the present problem
and the solutions for the lateral deflection, bending stress and shear stress are obtained as

follows:

u,(x) = ;—g(%f {2 (%T - (%)3 - 1} (3.17)

o () =2 (LT[X_IJ(IJJ for x/L< 0.1 and >0.9
= 5 \D)\L 20 \2 D
2 2
_ 60, [L Kxj _ mﬂ}[l_ yj for x/L=0.1 t0 0.9 (3.18)
D L L 25|\2 D

o, (=60, (gj B_U)_;ﬂ(;_ﬁ (3.19)

FEM solutions are obtained using the standard facilities of the commercial software
ANSYS. For that the relevant boundary conditions used are the same as those used in the
analytical solution. Four noded rectangular plane elements are used to construct the
corresponding mesh network of the beam. All the elements are of same size and their
distribution is kept uniform all over the domain. The total number of finite elements used to
construct the element mesh network for the present problem is 400 (20 x 20) as shown in

Figure 3.10.
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Fig. 3.10 FEM meshing (20 x 20) and loading arrangement of steel beam, L/D=3

The comparison of the present y-solution with those obtained by the elementary theory and
finite element method (FEM) is presented in Fig. 3.11.1 and 3.11.2. As appears from Fig.
3.11.1(a), the deflection is over predicted by the elementary beam theory, whereas FEM
result is very close to the present y-solution result. Basically the y-solution and FEM
indicate that the displacement at the guided edges is positive i.e. beam moves up and the
middle of span displacement is negative i.e. the beam goes down. So, the results of -
solution and FEM has been translated to have the zero value at the guided ends for the

comparison with beam theory results.

Fig. 3.11.1(b), (c) and (d) illustrate that the bending stress distribution obtained by the
elementary theory varies linearly over the beam depth. The bending stress is under predicted
at the end/support [Fig. 3.11.1(b) and (d)] but over predicted at the mid span [Fig. 3.11.1(¢c)]
by the elementary theory from those of the corresponding w-solution as well as FEM
solution. Moreover, beam theory predicts that the bending stress at the bottom and top edge
is of same magnitude with opposite sign. But it is not the case obtained by the y-solution

and the FEM solution; here it is of dissimilar magnitude.

The lateral stress distribution at the support position as well as the mid section of the beam
obtained using y-solution is very close to FEM solution [Fig. 3.11.2 (a) and (b)]. Here the
result of beam theory is absent due to obvious reason. The shear stress distribution at section
of x/L = 0.25 obtained by the three approaches is found to be very close to each other. But
the solutions differ in the approaches at sections x/L = 0.1 and 0.9, where the loadings on
the two boundaries terminate [Fig. 3.11.2 (c¢) and (d)]. The elementary theory cannot
address the local effect of load termination on shear stress, whereas the present y-solution is
free from such limitations and provides reliable and accurate results at any section of the

guided beam.
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Fig. 3.11.1 Comparison of y-solution with those of beam theory and FEM: (a) lateral
displacement [y/D=0.5], (b) bending stress [x/L=0.0], (¢) bending stress [x/L=0.5],

(d) bending stress [x/L=0.1]
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Fig. 3.11.2 Comparison of y-solution with those of classical beam theory and FEM:
(a) lateral stress [x/L=0.1], (b) lateral stress [x/L=0.5], (c) shear stress [x/L=0.1],
(d) shear stress [x/L=0.25]

3.1.6 Effect of Aspect Ratio on Stresses

The bending stresses for various aspect ratios (L/D=1 to 4) at different sections of the beam
are observed as shown in Fig. 3.12 (a) to (f). It is seen that the nonlinearity of bending stress
is the highest at the guide while aspect ratio is one and it gets reduced with the increase of
aspect ratio. For higher L/D ratio at the mid region (x/L=0.4 to 0.6) of the beam, the

bending stress distribution is quite linear [Fig. 3.12(e) and (f)], whereas it is still nonlinear
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for aspect ratio one or two. However, the maximum magnitude of bending stress is

increasing with the increase of L/D ratio.

The effect of aspect ratio variation is also observed using FEM for the same physical
condition. The maximum bending stress observed in this regard is shown in the following

tables 3.1(a) and (b).

Table 3.1 Maximum Normalized Bending Stress at x/L= 0.1 and 0.5

(a) at x/L=0.1

/D | Simple theory y -solution FEM

ratio " /D=0 and I | y/D=0 | y/D=1 | y/D=0| y/D-I
1 +0.15 -1.49 | 0.13 | -1.45 | 0.14
2 +0.60 -1.84 | 0.84 | -1.76 | 0.53
3 +1.35 285 | 213 | 278 | 2.8
4 +2.40 444 | 386 | -4.14 | 331

(b) at x/L= 0.5

/D | Simple theory y -solution FEM

ratio "y /D—0and I | y/D=0 | y/D=1 | y/D=0| y/D-I
1 +0.63 0.53 | -047 | 057 | -0.45
2 +2.52 0.97 | -130 | 093 | -123
3 +5.67 207 | 257 | 195 | 242
4 +10.08 3.75 | 427 | 351 | -3.98

It is evident from the above tables that the y-solution and FEM results are closer at
different aspect ratios. However, with the rise of aspect ratio FEM results are found to
be little more than that of y-solution. In general, the bending stress magnitude rises
with the rise of aspect ratio in a gradual nature. Both y-solution and FEM indicate that
the bending stress magnitudes are not the same at top and bottom fibres of the beam for
all aspect ratio. On the other hand the simple beam theory indicates that the rise bending

stress magnitude is much higher than that of other two approaches.

51



1.0
- 0.8 1 ]
& ~ L/D=1
s g L/D=2
= 2 06 L/D=3
=3 s L/ID=4
g )
£ 20
4 i
: ;
o )
0.2 1
0.0 4
-6 4 6
oxx/oo SyxlSo
(a) bending stress at x/L=0.0 (b) bending stress at x/L=0.1
1.0 1.0
iy
0.8 iy 1 081 L/D=1 |
a i —e—L/D=1 | O L/D=2
\b i —o— L/D=2 ) L/D=3
= 06 y —— D=3 | g 0.6 LD=4 |
I3 —v— L/D=4 <
3 C 04
0.4 § 4 A ]
; :
@ @
02 {1 02 :
0.0 : : : : 0.0 : :
-6 -4 2 0 2 4 6 -6 -4 4 6
oxxloo oxx/oo
(c) bending stress at x/L=0.2 (d) bending stress at x/L=0.3
10 1.0
08 | L/D=1 | 0.8 1 L/D=1 |
a : L/D=2 a L/D=2
= L/D=3 = L/D=3
= 0.6 Lb=4 | < 061 L/D=4 |
& o)
ko] ©
= 0.4 1 g 044 1
< @©
o ()
o m
0.2 ] 0.2 1 ]
0.0 : 0.0
6 4 6 -6 6
Gxx/Go
(e) bending stress at x/L=0.4 (f) bending stress at x/L=0.5

Fig. 3.12 Effect of beam aspect ratio on normalized bending stress at (a) x/L=0.0,
(b) x/L=0.1, (c) x/L=0.2, (d)x/L=0.3, (e) x/L=0.4, (f)x/L=0.5

The lateral stress distributions for L/D=1 to 4 at sections from guide end to middle of the
span (x/L=0.0 to 0.5) are shown in Fig. 3.13 (a) to (f). As appeared from the figures that

lateral stresses in all L/D ratios follow the loading pattern. With the increase of L/D ratio the
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nonlinearity reduces, but some degree of nonlinearity remains. Lateral stress at the guided
ends as shown in Fig. 3.13 (a) indicates that the distribution pattern changes while the
length depth ratio is changed. This pattern changing phenomenon is less with respect to
sections moving away from the guide. At the mid sections it is almost insignificant.
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Fig. 3.13 Effect of beam aspect ratio on normalized lateral stress at: (a) /L=0.0,
(b) x/L=0.1, (c)x/L=0.2, (d) x/L=0.3, (e) x/L=0.4, (f) x/L=0.5
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Table 3.2 represents the lateral stresses obtained using different approaches. The -
solution and FEM are very close to each other in finding the lateral stress distribution.
Both the results indicate that the change of aspect ration does not have significant effect

on the lateral stress.

Table 3.2 Maximum Normalized Lateral Stress at x/LL.=0.0, 0.1 and 0.25

L/D | atx/L=0.0 (y/D=0) | atx/L=0.1(y/D=0) at x/L=0.25 (y/D=1)

ratio fli:;)prl; w-soln | FEM f}ilg?rl}? w-soln | FEM f}lf;)prl; w-soln | FEM
1 - -4.00 | -3.99 - -2.00 | -1.99 - -1.00 | -0.99
2 - -4.00 | -3.99 - -2.00 | -2.00 - -1.00 | -0.99
3 - -4.00 | -4.00 - -2.00 | -2.00 - -1.00 | -0.99
4 - -4.00 | -4.00 - -2.00 | -2.00 - -1.00 | -1.00

Shear stress is zero at the guided ends and at the mid span for all L/D ratios. Therefore, the
results at x/L=0.1 to 0.4 (4 sections) are shown in Figs. 3.14 (a) to (d), where the shearing
stress distribution patterns for L/D=1 are found quite different from others. With the rise of
length depth ratio parabolic pattern of shear stress distribution is observed with higher value
of maximum shear stress magnitude. The accuracy of parabolic pattern becomes finer at the
sections away from the guided ends. The effect of L/D ratio variation is observed in simple

beam theory, y -solution and FEM is shown in table 3.3.

Table 3.3 Maximum Normalized Shearing Stress at x/L=0.1 and x/L=0.25

L/D at x/L=0.1 at x/L=0.25

ratio | imple theory w-soln | FEM | Simple theory | y-soln | FEM
1 0.60 1.20 0.85 0.38 0.48 0.48
2 1.20 1.29 0.97 0.75 0.76 0.72
3 1.80 1.51 1.27 1.12 1.14 1.08
4 2.40 1.99 | 1.72 1.50 L51 ) 143
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Fig. 3.14 Effect of beam aspect ratio on normalized shear stress at: (a) x/L=0.1,
(b) x/L=0.2, (¢) x/L=0.3, (d) x/L=0.4
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3.1.7 Effect of Distribution of Support Reaction

3.1.7.1 Solution with Parabolic Reaction

The problem articulated in section 3.1.1 is here reframed with changed distribution of
support reaction. Earlier the reactions at the supports were considered as uniformly
distributed; here the effect of parabolic reaction pattern is investigated keeping all other

parameters intact. The modification is shown in Fig. 3.15.

Uniformly distributed load, O

Guide 7 . IRSRIRS RN RRRRRNRY) .

"Dé Support

7w

0.1L—| | 0.8L > |Jo0.1L

Fig. 3.15 Geometry and loading of guided isotropic beam with parabolic reaction

The physical conditions at different boundaries of the beam are also similar to that of
section 3.1.2 except the conditions supporting end, FG. Since the lateral stress at this
edge is in relation to the reaction and the shear stress is zero, the boundary conditions
would be here as follows:

axy(x,O):O [0<x<L]

O'H(x,O)zﬁ(xz ~0.1Lx) [0<x<0.1L]

- 240
0)= & (x—L)(x-09L) [0.9L<x<L
O-yy(x’ ) (L/10)2 (x )(X ) [ X ]

and o, (x,0)=0 [0.1L<x<09L]

The governing equation and expressions elastic fields are obtained from Eq. (2.32),
(2.33) and (2.34) as done for isotropic guided beam with distributed load and
distributed support (section 3.1.3). Since all conditions in the boundaries except the

bottom one are same, the trial solution of y—function is also same. Then the 4™ order
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differential equation has been solved in the same way as done in section 3.1.3 taking the

difference in conditions of the bottom boundary.

The reactions on the bottom boundary (y = 0) at the supports can be taken as Fourier series

in the following manner:

o, (x0)=E,+> E, cosax forx=0to0.1L and 0.9L to L

m=1

Here

3 Yo
E,=1]72%% | 2 ~Lx/10)dx +
L{(L/10) ]| 3

=240, ||-LU -I -L

(3.20)

.L[(x —L)(x—9L/10)dx
"o
L3

= —_ + __
L3/100H3000 2000} {3000 2000H

_ —240, -
_1}/100{3000}
_40'0
5

_2) 240,
" L|(L/0)

L al 2
—COoS| — |——~
} 10a> 10) o

_ 2] =240,
L|(L/10)

1 (e} 2
10’ L? 10) &’
Lot o fal) 2
i 10’ L? 10 a’l’
| —1 cos a_L - 2
10m*7? 10 m’r’

1
+ R
i {IOmZﬁ2

where m=1,2,3,

= -48000,

= —48000,
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(3.21a)

L
[(x=L)(x~9L/10)cos auxdlx
o

oL L 9al
— |t 1+cos| —
10 10 10
oL 2| . (9L

— |=—5sin| ——
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(3.21b)
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The Fourier series for compressive load on the edge y = D can also be as similar to that of
Eq. (3.9a) and then 7, and 7, are as to Eq. (3.9b) and (3.9¢) respectively.

The loading considerations of equations (3.15) and (3.9a) are investigated for the bottom
(y=0) and top (y=D) boundaries respectively to be satisfied using boundary conditions (c)

and (d), for which following algebraic equations are true.

_ 2
o b 208 e, 24 )0 .
—Ea’ | A,(+u)ae” +B,(aD + paD +2u)e” + | _ (3.22b)
(+u) [C,(+ u)ae™ + D, (@D + paD = 2pu)e™" |

2

(liil)z [Am(1+ﬂ)a+Bn1(_1+’u)_cm(1+l[l)a+Dm(_1+lu)]=Em (322C)

Eaz Am(l + lu)aeaD + Bm (,LlaD + aD + ‘L[ _ l)eaD _ B I (3 22d)
(1+/U)2 Cm(l+ﬂ)6¥€_aD —Dm(luaD+aD_lu+l)e—aD T m .

The four algebraic equations (3.22a), (3.22b), (3.22¢) and (3.22d) are solved simultaneously
taking the expression for E,, from Eq. (3.16a) and /,, from (3.9¢) to find out the values of
arbitrary constants, such as 4,, B,, C, and D,,. Then stress and displacement components of

the beam at various points are obtained using equations of (3.7).

3.1.7.2 Results and Discussion for Parabolic Reaction

The analytical solution results of displacement and stress components are obtained for
parabolic reaction various aspect ratios (L/D) of the beam. The effects of various aspect
ratios for the guided steel beam in the same physical and loading conditions along with
parabolic supports are observed. The graphs for variations of stress components with respect

to the variation of aspect ratio are presented in appendix A. All other results are presented

in the subsequent paragraphs.
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Beam depth (y/D)

i. Displacement Field

Axial displacements (uyx) are found negative for sections 0<x/L< 0.5 and positive for
0.5<x/L<1.0 with the maximum magnitudes at x/L = 0.1 and 0.9, where the loads
terminate from both sides of the beam. Notable point is that the maximum magnitude of
axial displacement is found quite less for parabolic support than that of uniform reaction
(support) with same top loading [Fig. 3.16]. Normalised axial displacement at the
bottom end section of x/L=0.1 and 0.9 has the maximum value 16x10™* uniform support

and 12.9x10™*,

1.0

1.0
038 05 |
g
—e— X/L=0.00 >
o —o— x/L=0.10 = 067 —e— x/L=0.00
—v— x/L=0.20 2 —o— x/L=0.10
0.4 —v— x/L=0.30 © —v— x/L=0.20
' —=— X/L=0.40 E 041 —v— xL=030
—0o— x/L=0.50 O —a— x/L=0.40
@ —o— x/L=0.50
027 021
00 ‘ ‘ ‘ ‘ v 0.0 ‘ ‘ ‘ : , ‘
-16 -14 -12 -10 -8 -6 -4 -2 0 2 .16 14 12 10 8 6 - 2 0 5
Axial displacement (uX/L)x104 (L) X 104
(a) uniform support (b) parabolic support

Fig. 3.16 Axial displacements of the guided steel beam, L/D = 3: (a) uniform
support reaction (b) parabolic support reaction

Lateral displacements (uy) near the two lateral ends are found to take positive value
because of the supports at the bottom boundary. In case of uniform support loading the
lateral displacement is gradually reducing and becomes negative for the region 0.2<x/L<
0.8. For parabolic support loading positive and negative region of the lateral
displacement is also same, but the bottom fibre of beam (y/D=0.0) takes a lift at the
section of x/L=0.05, where the pick reaction loading is being acted, and then falls
gradually up to the mid span of the beam [Fig. 3.17]. All other fibres demonstrate the
similar lateral displacements in both the supporting conditions. The maximum
magnitude of lateral displacement for parabolic support is also found to similar to that of

uniform support.
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Fig. 3.17 Lateral displacements of the guided steel beam, L/D = 3: (a) uniform
support reaction (b) parabolic support reaction

ii. Stress Field

The distribution of bending stress (oy,) is not linear as the classical theory expresses for
simply supported condition of a beam, rather it is more or less non-linear over the whole
span. This non-linearity increases towards the guided ends. For the uniform support the
stress (oy,) maximizes at the top and bottom edges of the beam. But for parabolic
supports oy, the maximum magnitude of oy, does not appear at the bottom edge of the
beam. Rather it is observed little inside (near y/D=0.08) at the sections x/L=0.0 and
x/L=1.0 of the beam. Moreover, the normalised maximum value of bending stress
reduces from 5.24 to 4.33 for the change of support pattern and results the avoidance of
higher stress concentration. Near the guided ends, o,, is positive for the upper half and
negative for the lower half of the beam, but the opposite situation reverses for sections
away from the support. The distribution of bending stress for the beam with L/D=3
having uniform as well as parabolic support is shown in figure 3.18 section wise from

guide to mid span for the half length of beam due to symmetry.

1.0 om . 1.0 am .
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oxx/o0 oxx/oo
(a) uniform support (b) parabolic support

Fig. 3.18 Bending stress of the guided steel beam, L/D = 3: (a) uniform
support reaction (b) parabolic support reaction
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Beam Depth (y/D)

It is clear from Fig. 3.19 that the distribution of lateral stress (c,,) is non-linear over the
depth at all sections of the beam. For parabolic reactions, lateral stress (o)
concentration occurs at the lateral ends little up (near y/D=0.2) from the bottom edge of
the beam, which is just on the bottom edge for uniformly distributed supports. The
normalized maximum value of o,, is less in case of parabolic reaction than that of
uniform support. For the top loaded region, normalized value of the lateral stress varies
from zero to unity, which is in full agreement with the applied loading. The distribution
of normal stress for the beam with L/D=3 having uniform as well as parabolic support

section wise from the guided to mid span is shown in figure 3.19 (a) and (b)

respectively.
1.0 1.0
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©
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©
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ny/co ny/GO
(a) uniform support (b) parabolic support

Fig. 3.19 Lateral stress of the guided steel beam, L/D = 3: (a) uniform
support reaction (b) parabolic support reaction

Four edges and mid-span section are found free from shearing stress as same as to the
uniform support reaction [Fig. 3.20]. The distribution of shearing stress (c,,) is obeying
the rules to the standard profile except that at sections x/L= 0.1 and 0.9, i.e., the
termination point of loading. At these sections, shearing stress takes more value in the
bottom half than that of top half of the beam. Here the point may be noted that the
shearing stress concentration is found more for parabolic support than that of uniform

support reaction. The maximum normalized shear stress is 1.62 for parabolic and it is

1.51 for uniform support.
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Beam Depth (y/D)

1.0 1.0
0.8 1 0.8 1
=)
S
0.6 1 EO'S ]
=
()
©
0.4 4 £ 0.4 |
©
()
om
0.2 1 0.2 1
0.0 T T T T T : : : 0.0 T T T T . . : :
-18 -16 -14 -12 -10 -08 -06 -04 -02 0.0 -18 -16 -14 -1.2 -10 -08 -06 -04 -0.2 0.0
(Txy/(?o ny/GO
(a) uniform support (b) parabolic support

Fig. 3.20 Shear stress of the guided steel beam, L/D = 3: (a) uniform
support reaction (b) parabolic support reaction
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3.2 Solution of Unguided Simply Supported Beams

A rectangular section simply supported steel beam of length L, depth D and width W
(assumed to be unity for plane stress consideration) is subjected to a uniformly distributed
load on its top boundary. The generalized consideration of its geometry and distribution of

load is shown in figure 3.21.

Uniformly distributed load

LLLLLLLLL L)L

|

D

|
: p—

Support

Fig. 3.21 Geometry and loading of an unguided simply supported beam

3.2.1 Analytical Solution Using Displacement Potential

The problem of simply supported guided beam can be solved using displacement potential
approach very conveniently. However, the analytical solution of simply supported beam
without any guide at the lateral ends cannot be obtained directly. In this regard following

assumptions are considered pertinent and helpful for the solution purpose:

1. The unguided deep beam is considered to be a portion of a long beam. The long
beam is taken as guided one with the aspect ratio ten. In the present study the
unguided beam is taken as the 20 percent of guided beam from the mid portion of
the long span. Thus the aspect ratio of the unguided beam is then two, where the

beam depth is as same the long beam.

ii. The lateral ends of the long beam are guided, where the axial displacements are

restrained, but the lateral displacements are free to have any value.

iii. The effect of guided boundary conditions of the long beam is insignificant for the

section taken as the short beam on account of Saint Venant’s principle.
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iv. The condition of the support (reaction) is not simulated by a point loading at the
two bottom corners of the beam. Rather they are assumed to be distributed reaction

forces for certain lengths of the beam.

v.  Since the reactions at the supports are distributed, the reaction forces at the
supports are located in such a way that their resultants act just at the ends of the
beam. The details of the geometry and loading of the unguided deep beam along
with long guided beam are illustrated in Fig. 3.22.

3.2.1.1 Particular Enunciation

The support reactions at both the ends are distributed keeping half portion over and half
beyond the considered length (L) for the unguided beam as shown in figure 3.22. In this
consideration the resultant line of reaction force remains just at the termination section of
the distributed loading at the top edge as well as at the end of the beam. The uniformly
distributed load is considered to be located over the whole length of unguided beam and
each support reaction is assumed to be over 5 percent of that length (L). Therefore, support
reactions are acting at x'/L'=0.4 (distributed over x'/L'=0.395 — 0.405) and x'/L'=0.6
(distributed over x'/L'=0.595 — 0.605).

Guide
N% Uniformly distributed load, o,
7 | WU 7%
7
<D 7,
-
/ 8///;0/4
TT Support
0.05L - [=——L — |+-0.05L

.—>x, |

- L'x -

Fig. 3.22 Geometry and loading of model for analytical solution of unguided beam
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3.2.1.2 Analytical solution

The solution is done here as it was obtained for isotropic guided beam in section
3.1.3 with the exception for expression for loading and reaction distribution only.
The compressive load exerted on the edge y =D is acting over the length of considered

unguided portion of the beam, i.e., x'/ L' = 0.4 to 0.6 and the reactions at the supports on the
edge y =0 are acting over x'/L'=0.395 to 0.405 and 0.595 to 0.605. Therefore, the load and

reactions may be taken as Fourier function in the following manner.

First the compressive load on the edge y=D':

o, (x,0)= 0')(; =1,+ ZIm cosax  forx'/L'=0.41t00.6 (3.23)
m=l1
Here
1 oo o
I, =—[ o’ dx} = (3.24a)
and
2 0.6L'
I, == J‘O'gy cos axdx
L, 04L'

20,
=72 Kin0.6aL’ —sin0.4al'}

al'
20"

=2 {sin0.6mz —sin0.4mz | (3.24b)
mm

wherem=1,2,3, ........ 00,

Now compressive reactions at the edge y=0:

o, (x0)=100°, = E, + Y E, cosax [x/L'=0.395 to 0.405 and 0.595 t0 0.605] ~ (3.25)

m=1
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Here

| [osose 0.605L' 5"
E, = —{ I lOoﬁydx + J‘lOagydx} = % (3.26a)
0.395L' 0.595L'
and

) 0.405L 0.605L’
= f{ j IOO'yy cos axdx + IlOoyy cos axdx}

0.395L' 0.595L'

0 . 0.405L' 0 . 0.605L'
200, {sm aoc} 200, [sm ax}
= + =

L' a  lozosr L a  lososr
200"
= 7% (6in(0.405aL") - 5in(0.3950L")+ sin (0.605aL’) - sin(0.595¢L")}
200"
= 7% in(0.405m )~ sin(0.395m ) + sin(0.605m ) sin(0.595m z )} (3.26b)
mim
wherem=1,2,3, ........ 0,

The arbitrary constant K of assumed y-function [Eq. (3.3)] can be obtained from Eq.
(3.7d) and Eq. (3.19) as follows

-F o
6K =E, =2
(1+ ) '
—o,(1+4)
K_ 0
or, 30E (3.27)

Then Eqgs. (3.24b), (3.26b) and (3.27) are used to solve the simultaneous equations of
Eq.(3.9) to obtain the values of A4,, B, C, and D,. Then stress and displacement

components of the beam at various points are obtained using equations of (3.7).

3.2.2 Results of Unguided Deep Beam

The analytical solutions of displacement and stress components are obtained for the
unguided beam using displacement potential approach taking the assumptions mentioned in
section 3.2.1. the result presented in this section is of a steel beam (n = 0.3 and E = 209

GPa) having L/D =2 and the uniform loading parameter = 40 N/mm of length.
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i. Displacement Field

Axial displacements (ux) are found symmetric but in two opposite directions with
respect to the mid section of the span. It is negative for sections 0<x/L< 0.5 and positive
for 0.5<x/L<1.0. The maximum magnitudes are located at the bottom fibre of the end
sections x/LL = 0.1 and 0.9. The normalized value of maximum axial displacement is

found to be 6.64 x10™. Axial displacements are found zero at the mid-span of the beam

as shown in figure 3.23.
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Fig. 3.23 Axial displacement of unguided beam, L/D=2: (a) at longitudinal
sections, (b) over transverse sections

Lateral displacements (uy) are found negative through out the span with the maximum
value at the mid section and minimum at the end. The lateral displacements for both the

support conditions are presented in figure 3.24.
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Fig. 3.24 Lateral displacement of unguided beam, L/D=2: (a) over longitudinal
sections, (b) over transverse sections
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oxx/oo

Since the constraint of axial displacement at the lateral end of the long beam is far away
from the location of the lateral boundary of short beam, its effect would be negligible on
account of Saint Venant’s principle. As such, both the longitudinal and transverse
displacements observed at the lateral ends are all right. The lower part of the beam is

thus elongated and the upper part is contracted freely at the same time.

ii. Stress Field

Bending stress distribution is not linear as normally considered on the basis of
mechanics of material. However, this non-linearity is quite less than that of guided beam
and it may be neglected at the mid sections of the span. But for both the cases of support
location, the condition of non-linearity at the ends of the beam has to be considered for
proper assessment of beam stresses. The stress (o) maximizes at the top and bottom
edges at every section of the beam. At the top edge it follows the gradual augmentation
of compressive stress towards the load centre. At the bottom edge bending stress is more
non-linear and maximises twice: once at the load centre and again at the location of

supports. Bending stress distribution is shown in figure 3.25 for both cases of support

condition.
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Fig. 3.25 Distribution of bending stress for unguided consideration, L/D = 2:
(a) over longitudinal sections, (b) over transverse sections

The lateral stress (o,,) distribution follows the loading of the beam for both the case of
support location. For the loaded region, normalized value of the lateral stress varies from
zero to unity [Fig. 3.26 (a)]. The section wise transverse distribution of lateral stress is

non-linear over the depth at all sections of the beam [Fig. 3.26 (b)].
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Fig. 3.26 Distribution of lateral stress for unguided consideration, L/D = 2:
(a) over longitudinal sections, (b) over transverse sections

Top and bottom edges and mid-span section are found free from shearing stress, but the
support end are not free from searing stress here as it is observed for guided ends. So the
significant difference between guided and unguided consideration is observed on the
shearing stress issue. It is not such remarkable as for bending and lateral stresses. The
vertical distribution of shearing stress (oy,) 1s obeying the rules to the standard profile
except that at sections where the termination of loading takes place [Fig. 3.27 (a) and
(b)]. At these sections, shearing stress is not having the same magnitude at the same

depth from top and bottom,; it takes more value in the bottom half than that of top half of

the beam.
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Fig. 3.27 Shear stress distribution for unguided consideration, L/D = 2:
(a) over longitudinal sections, (b) over transverse sections
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3.3 Stress Function Solution of a Simply Supported Beam
3.3.1 Particular Assumptions

To solve the problem of a simply supported deep beam with uniformly distributed load (o,
per unit area) of length L, depth D and thickness W (taken as unity) following assumptions

arce necessary:

i. The supports act just at the end points of the beam symmetrically, thereby

reactions are equal (c,L/2) on each end.

i1. No axial force is acting at the ends of the beam where the supports are located

causing the bending moment to be zero at points of the support.

iii. Supports do exert only shear stresses (c,L/2) at end edges of the beam (over the

lateral boundary).

Uniformly distriputed load, o,

LLLLLLLIE L]

)
|

Sup]?)ort

Fig. 3.28 Configuration of unguided beam for stress function solution

3.3.2 Boundary conditions

yy

At the bottom boundary ( y = —% )y o,=0and o, =0 (3.29a)

yy

At the top boundary (y = +§ ): c,=-0,and o, =0 (3.29b)

At lateral boundaries (x=+L/2):
D/2

F.(L/2)= j o, (a,y)dy =0 (3.29¢)

-D/2
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D/2

M(L/2)= [0 (a,y)ydy=0 (3.29d)
-D/2
D/2 o L

F,(L/2)= jaxy(a, y)dy == (3.29¢)
-D/2

3.3.3 Analytical solution

Since the traction load on the top surface is uniformly distributed i.e varies linearly with x°,

the polynomial of stress function may be considered as:

p=Cx* +Cpxy+C,y° +C,x° +Cx’y +Coxy* + C,p° + Cx* + Cyx’y + Cpx*y°
3.30
+ Cllxy3 + C12y4 + C13x5 + C14x4y + C15x3y2 + C16x2y3 + C17xy4 + C18y5 (30

Differentiating the equation (3.30) with respect to x and y up to fourth order following

expressions are obtained.

;=

2
% =2C, +6C,x+2C,y+12Cx* +6C,xy+2C,,y° +20C,x° +12C,,x*y+6C,xy" +2C, )’

o'¢
P 24C, +120C,;x +24C,,y
82¢ 2 2 3 2 2 3
s =C,+2Cx+2C,y+3Cyx" +4C,,xy +3C,,y" +4C,,x” +6C\;x "y +6C  xy” +4C,,y
xoy
o'
W: 4CIO +12C15x+12C16y
62¢ 2 2 3 2 2 3
8—2:2C3+2C6x+6C7y+2C10x +6C,,xy+12C,y" +2C;x” +6C\(x "y +12C,xy” +20C,, y
y
o'
o =24C,, +24C;x+120C gy

Substituting the above derivatives of @ into the relations of stress components as defined by

Airy (2.20), the following expressions are obtained

o, =2C, +2Cx+6C,y+2C,x° +6C, xy+12C, )" +2C,x° +6C,x°y+12C,.xy" +20C,,y*(3.31a)
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o, =2C +6Cx+2C,y+ 12C,x* +6C,xy+2C,,y° +20C,x° +12C, x>y +6C,sxy” +2C,,v* (3.31b)

o, = —(C2 +2C,x+2C,y+3Cyx* +4C,,xy+3C,,y° +4C,,x* +6C,x° y +6C, xy’ +4C17y3) (3.31¢)

Again using the bi-harmonic partial differential equation for stress function (2.21),

following equation is obtained:

24C, +120C,,x +24C,,y+2(4C,, +12C,x +12C,, y )+ 24C,, + 24C,,x +120C, y = 0

or, (120C; +24C,; +24C,, )x +(24C,, +24C,, +120C, )y +(24C, +8C,, +24C,,)=0 (3.32)

To have the Eq. (3.32) valid for all the values of x and y following three constraint

equations are to be satisfied.

120C,; +24C,, +24C,, =0
24C,, +24C,, +120C,, =0 (3.33)
24C, +8C,, +24C,, =0

For the boundary conditions at top edge of the beam (y=D/2)

2C, +6C,x+2C, D+1 L +3C,xD+(1/2)C D +20C 3 +6C, o2 D+(3/ 2C D +(1/4)C, D =0, (3.34a)
C, +2Cx+C,D+3C,x* +2C, xD+(3/4)C, DF +4C, x° +3C, x> D+(3/2C, D +(1/2)C,D* =0 (3.34b)

The equations of (3.34) are to be satisfied with all values of x, which can provide the

following two sets of equations, which can be solved simultaneously to find out the values

of coefficients.
N
20C,, =0
12C, +6C,,D =0
et ) ‘ (3.352)
6C, +3C,D+(3/2)C,;D* =0
2C, +2C,D+(1/2)C,D* +(1/4)C,(D’ = -0, J
R
4C, =0
3C, +3C,;D=0
e ) s (3.35b)
2C,+2C,,D+(3/2)C,;,D* =0
C,+C¢D+(3/4)C,D*+(1/2)C,D* =0 )
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Similarly for the boundary conditions at the bottom edge of the beam (y= - D/2)

20C,, =0
12C, —6C,,D =0

. (3.36a)
6C, —3C,D +(3/2)C,sD*> =0
2C, —2C.D +(1/2)C,,D*> - (1/4)C,.D* =0
4C, =0
3C, —-3C,;D =0
(3.36b)

2C,-2C,,D+(3/2)C,;D* =0
C,-C,D+(3/4)C, D*-(1/2)C,,D* =0

Substituting x=L/2 in equations (3.31a) and (3.31c¢), the expressions for bending and

shearing stresses at the lateral boundaries are found respectively as follows.

6. (L/12)=2C, +C,L+6C,y+(1/2)C,L* +3C,, Ly +12C,,y* +(1/4)C,; [’

(3.37a)
+(3/2)C L’y +6C,,Ly* +20C )’
(€4 CL+2Cy+(3I4)C, L +2C, Ly +3C,,y* +(1/2)C, L (3:37b)
7 4 (3/2)C [Py +3C, Ly +4C,, '

Substituting equation (3.37a) in the expression for bending force and moment equations

D/2
mentioned as the lateral boundary conditions ie. F (L/2)= .[ o (a,y)dy=0 and
-D/2
D/2
M (L/2)= I o (a,y)ydy=0 respectively and evaluating the integrals, following
-D/2
equations are obtained.
2C,D+C,LD+(1/2)C,,[’D+C,,D’ +(1/4)C,;L’ D+(1/2)C,,LD* =0 (3.38)
(1/2)C,D* +(1/4)C,,LD* + (1/8)C, > D* + (1/4)C,;D* =0 (3.39)
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Similarly substituting equation (3.37b) in the expression for shearing force equation

D/2
o,L

mentioned as the lateral boundary condition, i.e., F,(L/2)= J.axy (a,y)dy =—— and
-D/2

evaluating the integrals, following equations are obtained.

- {CzD +(1/2)C,LD +(3/4)C,L’D +(1/4)C,,D* +(1/2)C,,L’D + (1/4)C,, LD’ }: o,L (3.40)

2

Solving the equations of (3.33), (3.35), (3.36), (3.38), (3.39) and (3.40) for the unknown

arbitrary constants, we can find

Cz:C3:C4:C6:C8:C9:C102C11:C12:C13:C14:C15:C17:0

C=y G4 =

4 10

o 3o UOEL2 Dzj O o
> 16 — -

Substituting the above values of constants in Egs. (3.30) and (3.31) following expressions

are found for stress function and stress components:

S S RO H R B R B
o (x,y)=60, (%)2[1 - (%Tj(%) +40, (%f - 3?" (%j (3.42a)
o, (%)= 0{2(%)3 —%%) +%} (3.42b)

o, (x.y)=60, (%j&—%ﬂ@ (3.420)

Now the stress-strain and strain-displacement relation for the element available in the text

book may be applied to obtain the displacement of the beam. In the case of plane stress

distribution, following equations are considered [1].
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_ou, 1 [ ]
g, = % E o, —MHOo, (3.43a)
auy 1 [
£, = o :E o, —HO, (3.43b)
ou, Ou, 2(1+pu)
W =t = o, 3.43
T T E °° (3.43¢)

Substituting the expression for bending and normal stress of equations (3.42a) and (3.42b)

in the relation of axial displacement and stresses [Eq. (3.43a)], and integrating

6c, | > x> 2y* D’ 6c,u|y’ D*y D’
ulx,y)=—=%|———+ —— Py == == +— |x+ 3.44
) ED{4 373 0 [P e |5 s T Y (49
where f(y) is the integrating solitary function of y. Assuming that the u, is zero at the mid
section (x=0, y=0) , f(v) is found to be zero. Thus the expression of the horizontal

displacement component becomes

6o, | L x* 2y° D? 6c,u|y’ D’y D’
4.l )= {4 373 10 [P 3 g

3 3 T
ED ED 3 4 12

In normalised form it can be written as
o L ’ 1( x 1( x ’ 2 ’ 1

ux(x,y):6[ 2 —} —(—j——(—j y+ (—+£]{l L A (3.45)
E)\D) |[4\L) 3\ L 3 3 D) \10 4AD) 12

Again expression for bending and normal stress of equations (3.42a) and (3.42b) in the

relation of lateral displacement and stresses [Eq. (3.43b)], and integrating

6 |y’ D'y D'| 3qu|(L ) y' D',
T E30) [ N A=A A /1 | ERC (NS A ¥ 3.46
2 ED{H s 12 ED||4 TN R (3:40)

where g(x) is the integrating solitary function of x.

Applying equations (3.42c), (45) and (46) in the relation of shearing stress and strain
[Eq.(3.43¢)], following expression is found.
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6 L2 2 2 2 DZ 6 2 DZ
% YAy 2 2 Y

ED*| 4 3 1 10 ED'| 1 4

(3.47)
2
_6aagxy2+ag(x)=_12(1+/§)aa LN
ED ox ED 4
Integrating equation (3.47) with respect to x,
—-60,| I’x* x* Dx’ D’x’
9)=00 | X _x DX +C 3.48
g(x) ED3{8 750 tC2+a) (3.48)
where C is the constant for integration.
Using equations (3.46) and (3.48)
6c,|y’ D’y D’ 3o ul(L? L) y* D* |,
u (x,y)=—2%|—- +—ly-——|| ——-x" |-—+—
2 ED{lz s 12 ED'|\4 310
(3.49)

Since the lateral displacement on the centre line (y=0) is considered as the deflection of the

beam, equation (3.49) for deflection can be written as

(3.50)

(uy)y:() =

" ED? 12

2.2 4 2.2 2.2
60, | L'x” x° D’x +2+ﬂ)Dx LC
g 12 20

For the simply supported condition, the deflection at the end of the beam (at x=+L/2) is

assumed to be zero. Then

4 2712 2.2
:6603 5L, DL pD’x 351)
ED*|192 " 20 32

Therefore, the lateral displacement component can be given by

6c,|y° D’y D’ 3oul(L> L) y° D*|,
u (x,y)=- —— t— |y =2 ==X |-+ —
2 ED{12 s 12 ED |4 310

60, | I’x*> x* D’x° \D’x* | 60,|5L" DI’ uD’x’
- = - +(2+ 1) +—=2 + +
8 ED’|192 20 32

(3.52a)
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The normalised form of expression for the lateral displacement component is then

sl B G )5
() AR sl 46

The deflection of the beam at the centre line of the beam becomes

ol 3)|ifi 3G e

(3.52b)

3.4 Comparison of y-Solution with Stress Function and Numerical Solutions

The present problem of unguided beam is solved using potential approach taking a segment
as guideless from a long beam of guided ends. From the discussions of the above paragraphs
it is understandable that the result of such an especial consideration for both the cases of
support location is not giving any unrealistic solution. The comparison study on the results
of the present y-solution with those obtained by the stress function (®) and finite element
method (FEM) would give the basis of the aforesaid statement. Here the FEM solutions are
obtained using the standard facilities of the commercial software ANSYS taking equal size

elements of 20 x 20 grids for the considered portion of the beam span.

As appears from figure 3.29 and table 3.4, the displacement potential approach would
provide the results of bending stress distribution (at the sections of x/L=0.25 and 0.5)
reasonably close to that of ®-function and FEM. However, y-solution seems to be deviated
little from other two solutions in the lower portion of the beam; but y-solution presents a
very identical result to that of FEM on the upper portion of the beam. Here, ® -solution is

rather deviated away from the other two.
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Fig. 3.29 Comparison of bending stress amongst y-solutions with those of stress
function and FEM, L/D=2: (a) at x/L=0.25, (b) at x/L=0.5

Table 3.4 Bending Stress Comparison at x/L=0.25 and x/L=0.5

Approach at x/L=0.25 at x/L=0.5
y/D=0 y/D=1 y/D=0 y/D=1
@-soln | 257 -2.57 3.21 -3.30
w -soln 2.30 -2.00 2.69 -2.80
FEM 2.45 -2.04 3.15 -2.91

Fig. 3.30 and table 3.5 present the lateral stress distribution along with the solutions of stress
function and FEM (at the sections of x/L=0.25 and 0.5). The average deviation in lateral
stress magnitude between y-solution and FEM is 0.11. The average deviation in lateral
stress magnitude between ®-solution and FEM is 0.12. On the basis of this average value
someone may consider that stress function solution is similar to the solution of y-function.
But the lateral stress distribution pattern for y-solution and ®-solution are not the same. The
y-solution gives closer pattern to that of FEM, but ®-solution displays more curvilinear
pattern. The deviation on FEM and y-solution remains almost steady, whereas deviation on
FEM and ®-solution changes from a negative to a positive magnitude. As a result there is

an apparent steadiness in the average deviation value on ®@-solution and y-solution.
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Fig. 3.30 Comparison of lateral stress amongst y-solutions with those of stress function and
FEM, L/D=2: (a) at x/L.=0.25, (b) at x/L=0.5

Table 3.5 Lateral Stress Comparison at x/L=0.25 and x/L=0.5

Approach at x/L=0.25 at x/L=0.5
y/D=0 y/D=1 y/D=0 y/D=1
®-soln | 012 -0.87 -0.12 -0.87
y -soln -0.02 -1.00 -0.02 -1.00
FEM -0.04 -1.03 -0.00 -0.94

All three approaches provide almost zero shearing stress at the top and bottom edges, but
the support ends are not free from shearing stress in this case of unguided beam as it is
observed for guided ends. Fig. 3.31 (a) and (b) and table 3.6 represent the shear stresses at
x/L=0.0 and x/L=0.25. The transverse distribution of shearing stress (c,,) is parabolic as per
the solution of stress function at all the sections of the beam. But it is not fully obeying the
parabolic profile pattern at the section of x/L=0.0 as per displacement potential solution. The
FEM solution is more different from stress function pattern. However, while moving away
with respect to support the displacement potential solution is becoming very close to stress
function solution whereas FEM solution remains still of different pattern. At the bottom half
of the beam FEM solution takes a little positive notion at first then moves towards the
negative direction and forms a parabola for the rest portion of the beam. In no where FEM
gives the pure parabolic pattern of shearing stress distribution in the solution of the present

problem.
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Fig. 3.31 Shear stress comparison amongst y-solutions with stress function and FEM,
L/D=2: (a) at x/L=0.0, (b) at x/L=0.25

Table 3.6 Shear Stress Comparison at x/L=0.0 and x/L=0.25

at x/L=0.0 at x/L=0.25
Approach y/D=0 | y/D=1 | ox y/D=0 y/D=1 | ox
max max
@ -soln 0.00 0.00 | 1.50 0.00 0.00 |0.75
w -soln 0.00 0.00 |0.90 0.00 0.00 |0.76
FEM 0.08 0.00 | 0.75 0.05 -0.10 | 0.90

Actually the deflection in displacement potential approach and FEM is positive at the ends

and negative at the mid-span, whereas it is negative in the case of stress function solution

over the whole span. So for comparison the results of displacement potential approach and

FEM for both the ends of the span are shifted to zero by linear transformation and the

graphs are drawn accordingly. Now as appears from Fig. 3.32, the deflection of the

unguided beam is almost similar in all three approaches. However, the maximum deflection

(uy x 10*) occurred at the mid-span for stress function solution, displacement potential

approach and FEM are 0.75, 0.62 and 0.67 respectively. Therefore, any of the three

approaches can be used for estimating the deflection of an unguided beam.
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Fig. 3.32 Comparison of lateral displacement amongst y-solutions with the solution of
stress function and FEM [y/D=0.5]

3.5 Summary

Analytical solution of the elastic field of a guided deep beam is investigated using
displacement potential approach. The solution of the present mixed boundary-value elastic
problem is obtained by satisfying all the physical conditions of the beam appropriately. The
guided ends of the beam are identified to be the most critical sections in terms of stresses.
The stress distribution at the load transition region is also found to be of critical in nature.
The comparative study reveals that the classical theory of bending is simply inadequate to
predict the stress and displacements fields of the guided beam. However, the solutions
obtained by FEM are found to approach towards the present analytical solution. While the
aspect ratio is varied from 1 to 4, the non-linearity of both bending and shearing stress
distributions are also changing remarkably. This variation is also observed in FEM solution
but not in classical Bernoulli- Euler beam theory. With lower aspect ratio the maximum
magnitude of shear stress is not at the centreline of the beam as observed for higher aspect
ratio. In beam theory bending stress distribution is always linear and shear stress parabolic,

which do not reflect the reality of the problem for short beam.
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While the analytical solutions of a guided deep beam subjected to uniformly distributed load
on the top edge and parabolic reaction at the bottom two corners are done using
displacement potential approach satisfying all the physical conditions of the beam
appropriately, the guided ends and the load transition regions of the beam are again
identified to be the most critical sections in terms of stresses. However, bending and lateral
stress concentrations are found to be less in the beam of parabolic support than that of
distributed support. But the concentration of shear stress is increased a little bit in

comparison to uniform support.

Analytical solution of an unguided deep beam is also investigated using a special technique
of displacement potential approach taking the St. Venant’s principle into account. Analytical
solution for the unguided deep beam under distributed loading condition is also obtained
using stress function approach. The comparative study reveals that both the approaches may
work satisfactorily in this regard. Therefore, the displacement potential solution can easily
acts as a good replacement of stress function solution for an unguided simply supported

beam under distribution loading.
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CHAPTER 4

SOLUTION TO COMPOSITE DEEP BEAMS

4.1 Analytical Solution of Guided Composite Deep Beam

4.1.1 Problem Articulation

A rectangular section deep orthotropic composite beam of length L, wide D and thickness
W (considered to be unity for plane stress condition) is subjected to a uniformly distributed
load at its top boundary and uniformly distributed simply supporting at its bottom two

corner. The beam is in equilibrium with loading o, per unit length from 0.1L to 0.9L at the

top side (y=D) and balanced by loading (reaction) distributed from x=0 to 0.1L and x=0.9L
to L as shown in figure 4.1. Its guided lateral edges at x=0 and x=L are simulated here by
the roller guided boundaries so that the axial displacements are restrained, but the lateral
displacements are free to envisage any value. The fibre of the composite material is

assumed to be parallel to the x-axis.

Uniformly distributed load, o, Fiber

y
“:_Euuuuuuuuuu .

N

Guide

‘D;':: Support

//‘ A:TTT ATQS///;' > X
0.1IL— |« 0.8L > |0.1L

Fig. 4.1 Analytical model of an orthotropic guided beam

4.1.2 Boundary Conditions

The physical conditions of the present problem with reference to Fig. 4.1 are to be satisfied
along the all four boundaries of the beam. Due to the guides located at both the ends the
beam can not have elongation over lateral edges. At the same time there can be no shear
stress on lateral edges since the guide allows the beam to be free for lateral dislocation. So

the conditions at the guided boundaries are of mixed mode. The displacement conditions of
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top and bottom boundaries are not known and to be solved out. On these surfaces the
applied load and reactions are related to the boundary conditions within their affecting
region. Again there is no shearing effect over the top and bottom boundaries of the aforesaid
beam. The boundary conditions of guided composite beam considered for the present

problem can be expressed mathematically as follows:

(a) Guided end, EF: There is no axial displacement and shearing stress. Thus,

u,(0,y)=0 and &_(0,y)=0[0<y<D].

(b) Guided end, HG: There is no axial displacement and shearing stress. Thus,
u,(L,y)=0 and JX_V(L,y):O [0<y<D]

(c) Loaded boundary, EH: There is no shearing stress. But lateral stresses are there in
the regions of applied loads, which is the function of load intensity. Thus,

o, (x.D)=0[0<x<L]and o (x,D)=0,[0.1L<x<0.9L]

(d) Supporting end, FG: This is the supporting boundary whose total reaction force is to
be the algebraic sum of reactions acting on both the supports and eventually same as
to the applied force at the opposite site for equilibrium condition. The uniform load
is distributed over 80% of beam length (from x/L= 0.1 to x/L=0.9) and support
reaction is distributed over 20% of beam length (x/L= 0.0 to 0.1 and x/L=0.9 to 1.0).
Therefore, o (1,0)=0 [0<x<L]; o, (x0)=40,[0<x<0.1L & 0.9L<x<L]and

o, (x,0)=0 [0.1L <x<0.9L]

4.1.3 Analytical Solution

Mathematical model here is the partial differential equation derived from the equations of
equilibrium and equations of compatibility based on Displacement Potential Function y/(x,y)

obtained from Eq. (2.30) as follows.

o'y o'y o'y
E1G126x_4+E2(E1 _2MZG12)8)62—5)/2+E2G12W:O 4.1)

In this case the displacement and stress components are also obtained from Eq. (2.29) as
follows:

u,(x,y)= Oy (4.22)

84



1 0’ 0’
uy(xay):_Z_|:Elzax_V2/+G12(El _IU122E2 )ay_l/zl} (4.2b)

11

E G, Oy o’y
o x,y)= E —uE,—— 4.2¢
xx( y) Z, [ 1axzay Hix By o (4.2¢)
EE o’y o’y
O_yy(xay): ZIHZ |:(/’l12G12 _El)axzay -Gy, ay}. (4.2d)
EG, oy Oy
o \x,y)=——=FE ———-u,F,—— 4.2¢
X}( J’) Z { P His 2axay2 ( )

Where Z,, = u,E\E, +G,, (E1 _ﬂlzzEz)

The displacement potential trial function is assumed in such a way that the boundary
conditions at the guided edges are satisfied instantly. Actually, the trial function should be
in terms of cosine function so that its first derivative and third derivative with respect to x

can be found in terms of sine function. By this way the requirement of physical conditions
of the two opposing guided ends are automatically satisfied, i.e., automatic satisfaction of
boundary conditions of (a) and (b). At the same time the expression for  should also be
compatible to the distribution of load on the top boundary and reactions over the supports.
Considering all these factors the expression for y may be approximated as follows:

% :iYm cosax + Ky’ (4.3)

m=l

where ¥ = f(y), a= mTﬂ and K = Arbitrary constantand m=1,2,3, ........ 0.

Derivatives of equation (4.3) with respect to x and y are

oy = .
—=—>» Y asinax
o Zl f

82 0
v _ —Z Y, a’ cos ax

2
ax m=1

3 0
gl/; =Y Y,a’sin ax
x

m=1
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841//
ox!

4
=>»Y a cosax

m

: M:

m

2 B
oy =—2Yn;asinax
axay m=1

0’ N
_W2 = —Z Y asinox
axay m=1

3 B
oy = —ZYn;az cosax

ox*oy =
4 -
82 l//z =->Y a’ cosax
ax 6y m=1

o _ DY, cosax+3Ky®
Oy =

2 ©
2 > =ZY,; cosax + 6Ky

ay m=1

5, @
2 l’[; =YY, cosax+6K
6y m=1

4 ©
0 1/4/ = ZYm cosax

ay m=l

Using the derivatives of equation (4.3) equation (4.1) yields

ElGIZZYma4 cosax — E, (E1 -2u,,G,, )Z Y, a’ cos ax + EzGuZ Y cosax=0

m=1 m=1 m=1

> "m E E _2 " E
E2G12Z Y, - 2( 1 'ulzGlz)Ymaz-Fﬁ)’ma4 cosax =0
m=1 E2G12 E2G12

Ym _ EZ(EI _2ﬂlzGIZ)Yn’;a2 N E G, Yma4 —0
E2G12 E2G12

" E " E
Y —(G—I—ZylzJYmaz +E—1Yma4 =0 (4.4)

m
12 2
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The general solution of ordinary differential equation be
Y =A,e" +B,e? +C, e +D, e (4.5)

where 4,,, B,, C, and D, are arbitrary constants

and r,, r,, r, and r, are the roots of following equation

E E
Ft—| =L -2 a’r’+=La* =0
G y2ip) E

12 2

Thus

2 2
a || E E E
v, =—|| —/—2 + || =L-2 —4=L 4.6a
172 \/5 [Gz :Ulzj \/(Gz ﬂlzj E, ( )

(4.6b)

oY
=
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Q|
|
[\
RS
N
|
N
| =

Now substituting the derivatives of y and Y, using equation (4.3) and (4.5) respectively in

the expressions for displacement and stresses (4.2a, 4.2b, 4.2¢c, 4.2d and 4.2¢).

_ Oy
Ox0y

u,(x,)

= —z Y wasin ax
m=1
0
= —Z (Amrler‘y +B re* +C re™ +D, re* )ozsinax (4.72)

m=1

= _Z—{Ef {_ Zymoﬂ cos ax} + G, (E1 _ﬂ122E2 >{2Ym cos ax + 6KyH
11

m=1
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E

—
)
f_/_\

i(A ¢V + B, +C,e” +D,e" P’ cosooc}+G12(E —ULE,)

m=1

le 2 eV 2 e 2 e 2 e
A Jdie +B e +C re” + D, rre™ Jcosax + 6Ky
m=1

1| E2a ~EGur + ppEnGort )er]yA +(E2052 ~EG,r; +ﬂ122E2G12’”22)er2me +
:Z_ Z Eza EGlzr3 +:u12E G12V3 )er?yc +(E —E1G121’42 +ﬂ122E2G12r42)e’4me (4.7b)
cosax— (E Gy, — uE, G12)6Ky

EG o’ 0’
O_xx(x’y): — {El 2l// - E, l/sl}
Zy Ox”0y y

11 m=1

EG = 2
:%{El{ dY,a cosax} ulez{ZYm cosax+6KH
m=l1

EG, :
11

o0
m=1
o0

y7 2{ ( A, 7" + B e +C, e + D, rle™ )cosax + 6K}]
m=1

EG, & . . . .
= _%[Z {(Eﬂ”le’lyaz + :ulez’”lse’ly )Am + (Eﬂ”zemy“2 + ﬂlezr;e;zy )‘Bm +
11 m=l

(E re”a’ + u,Erle” )Cm +(E reva’ + u,E,r e )Dm}cosooc+6K,u12E2] (4.7¢)

EE o’y o’y
ny(x,y)= Zlnz |:(/u12G12 -k, )zeéy -Gy, 3

E o0 , 0 "m
_ Zl 2{(#12G12_E1 —ZYmazcosax}—Glz{zYm cosax+6K}}
11 m=l

m=1

_EE

o0
G, - E, {Z(Amrle"y + B, re™ +C e +D,re )12 cosax} +
m=1

11

G, {Z (Amrfe"y +B re™ +C rJe™ + D, e )cos ax+6K}]

m=I
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EE &
__ 12 ny .2 _ ny 2 3 nhy "y 2 Yy 2 3 rzy)B
== E {(,uuGlzrle‘ a" —-Eneva +G,re" )Am +(,ulzG12rze Ya®-Ene™a +G,re "
11 m=l1

+ (,ulzGlerewa —Ene”a’ +G,rie “y)C +

(4.7d)
(ﬂ12G12r4e’4ya —Ereva’+G,re r”)D jcosax + 6KG,,
EG, oy Oy
X, y)=—"E,———u,E, ——
( y) Z, PN Hip Ly ﬁxayz
__EGy, {Elz (Ame"y + B, e +C e + Dmer“')oe3 sin ax + u, E,
11 m=1
z (Amrl2 "W B e +C rle™ + Dmr4ze”4y)a sin ax}
m=1
EG, 3 (Eer‘ya +u,Erte” )Am +(Eer2‘V053+,u12 2o )B Sine “4.70)
2, (Ele“ya + By '3ya)C (Eer“ya +u,E e )D

From the expressions of (4.7a) and (4.7¢) it is evident that the boundary conditions (i), (i1),
(ii1)) and (iv) are automatically satisfied. Thus the next requirement is to satisfy the

remaining boundary conditions i.e. (v), (vi), (vii) and (viii).

Now the compressive load exerted at the two corners on the edge y =0 may be taken as

Fourier function in the following manner:

o, (x0)=40,=E,+ > E,cosax forx=0to0.1L and 0.9L to L (4.8a)
m=1
Here

1| Ao

E, = j 4o, dx+ j 4o, dx
0 Ao

= 4o, £_0 L _9_L

L 10 10
4
- ‘5’0 (4.8b)
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2| o

E =7 I 40, cosaxdx + I 40, cosaxdx

Ly
by L
= 8o, j jcos oodx
L ) L oLy

_ 8oy, {smax}/o 8o, {sinax}L
L 0 L o 9%0
80-0 ( LJ 0+sm aL sm(gaL]
10 10

_80'0 . (mm ) o (9mz
- {sm( 10 j+sm(m7r) sm( 10 j} (4.8¢)

The compressive load on the edge y = D can also be given by a Fourier series as follows

o, (x,0)=0, =1, + ZIm cosax for x=0.1L to 0.9L (4.9a)
m=l1
Here
9L
1 10
IO = Z jaodx
o
_%\ 9L L
L|10 10
4
- ‘570 (4.9b)

9m7zj — sin(ﬂj} (4.9¢)
10 10
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Using boundary condition (v) i.e. o, (x,O) =0 at the edge of y=0

_EG, {i{@a} + o Eyta)d, +(Ea® + p,Eyrla)B, + }Sin ax} »

ny 3 2 ny 3 2
Zy | m (Ele3 a’ + u,E,r, a)Cm +(E1e“ a’+ u,E,r a)Dm

_EG, {(Ea + B, a)A +(Ea + . E,1, a)B } 0

(4.10a)
Z, (Ela + u, Eyr a)C (Ea + u,Er, a)D
Using boundary condition (vi) i.e.o,, (x,D) =0 at the edge of y=D
EG, (Ee o’ + u,E, e’ )Am + (E e"’a’ + y,Ere” Da)B . 0
i bl 1 sinox | =
A= (Ele’3 o’ + p,Erle" a)Cm +(Ele"‘ o’ + p,Erle" a)D
EG (E ell a + E 2 Vl )A (E VZD 3 E 2 12D )B
et e V) /’112 ]/i + e 104 +/"12 }" + :0 (4 10b)
Zy (E "o’ + u,E,rle™” )C (E Yo’ + p,Erle” )D .

Using boundary condition (vii) i.e. o, (x,O) =40, at the edge of y =0

(,UlzGlzrlaz ~Ena’+G,r )Am +
EE, i (14,Gr0® — Eya® +Gors B, +

Zyy | (y12G12r3a2 ~E e’ +G,ry )Cm +
( LGpora’ —Erna’ +G,ry )‘Dm

cosax+6KG,, |= ZEm cosax+ E;

m=1

Therefore,

(ﬂlzGlzrlaz _El”la2 + G12rl3)Am +
E\E, (,ulzGlzrzoz2 —~Enra’ +Gyr; )Bm +

- , , X =FE (4.10¢)
Zy, (ﬂlzGlzrsa —Enra” +G,r )Cm +

(1“12G127”4a2 _El’”ﬂl2 +G12r43 )Dm

Using boundary condition (vii) i.e. o, (x,D)=0o, atthe edge of y=D

i ) 3,10
( L,GLhe'"a —Elrle a +G12r1 ‘ )A +
nD 2 3 _nD
(,UlzGleze a’—Ere"”’a’ +G,re )Bm

_+_

D D
o (,ulzGlz;ger3 a’-Enea’ +G,re" )Cm+
(ﬂ12G12r4e’4Da ~Erea’+G,re ’4D)D

_EE

Il
s

cosax +6KG,, I, cosax+1,

3
LR
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Therefore,

nD 2 nD 2 3 nD

(ﬂlzGlz”le a’—Enea” +Gyre’ )Am +
D 2 D

_EE, w,Gorea’ —Ere”’a’ +G,r;e"” )Bm

=1, (4.10d)
Z, (y12G12r3e"3 a’ —Ere”a’ +G,rle ’3D)C
( 12G12r4e"“D052 —E1r4er4D 2 +G, r3 r“D)D
From equations (4.7d) and (4.8) or (4.9)
6E E,KG,, B, =1, = 40,
Z, 5
Ko 2200 (4.11)
15EE,G,,

The simultaneous equations (4.10a), (4.10b), (4.10c) and (4.10d) can be realized in a

simplified matrix form for solution of the unknown terms of arbitrary constants like 4, ,

B, , C, and D, as follows:

EOF K F|A4, 0
H, H, H, H,|B 0
1 2 3 4 mo_| - (412)
R R, R, R, |C,| |En
s, S, S, S, D, |I.
where
\
F=Ea’ +pu,Era
H,=Ee"a’+u,E,r’ea i=1,2,3,4

_ ;D 2 r;D 2 3 _rD
S, =u,G,re" a Ere a +G,r’e )

T _ leEm
E1E2

m =

I, =— Zyl,
E\E,

Z,=u,EE, +G, (El _lulzzEz)
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Either the matrix (4.12) or the four algebraic simultaneous equations (4.10a), (4.10b),
(4.10c) and (4.10d) are solved using E,, and I,, values from Eq. of four unknowns, namely,
Ap, Bm, Cy and D,, are obtained, equations of (4.7) are then used for subsequent finding of

stress and displacement components at various points of the beam.

4.2 Results of Composite Deep Beam

The analytical solutions of displacement and stress components are obtained using
displacement potential function for various aspect ratios (L/D) of the guided deep beam
taking glass-epoxy, boron-epoxy and graphite-epoxy material into consideration. The

properties of the composite materials considered for solutions are as follows:

Table 4.1 Properties of composites used in the present study [36], [39] and [40]

Composites E;(MPa) | E,(MPa) G (MPa) | w2 T3

Glass Epoxy 43000 8900 4500 0.27 ]0.0559
Boron Epoxy 282900 24200 10400 0.27 |0.0231
Graphite Epoxy | 648000 24800 11000 0.25 | 0.0096

At first the result of a guided composite beam of glass epoxy material having aspect ratio
three (L/D = 3) and the uniform loading parameter, 6,= 40 N/mm on the top edge is
presented in sequence of axial displacement (uy), lateral displacement (uy), bending stress
(oxx), normal stress (oyy) and shearing stress (oyy). The results of the present approach have
then been verified with the help of finite element method. Thereafter the effects of change
of aspect ratio and mechanical properties on the elastic fields are observed from the solution

of displacement potential approach.

4.2.1 Solution for Displacement Components

Axial displacements (uy) are found to be of almost similar magnitude about the both mid-
horizontal and mid-vertical planes but acting in opposite directions. The values of uy for
sections 0<x/L< 0.5 are negative at the lower portion and positive at upper portion of the
beam. The maximum magnitude of u,/L=-0.000709 and u,/L= +0.000709 are observed on
bottom fibre at the sections of x/L = 0.1 and x/L = 0.9 respectively. Axial displacements are

found to be zero at the mid section of span and at the lateral guided boundaries [Fig. 4.2(a)
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and (b)]. Zero value of uy at the guided ends verifies the boundary condition of those edges

of the beam.
8 1.0
6 N
4l 084
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o 21 2 |
S < 06 —e— X/L=0.00
~ 04 P8 —o— X/L=0.10
S —v— x/L=0.20
32 £041 < wi-030
4 —0— y/D=0.20 d = L2040
 ViD=0.40 0.2 X/L=0.50
-6 - —v— y/D=0.60
—=— y/D=0.80
8 : o yib=100 : 0.0 +—o~v=x : :
0.0 02 04 06 0.8 1.0 8 -6 4 2 0 2 4 6
Beam length (x/L) (uy/L) x 104
(a) over longitudinal sections (b) over transverse sections

Fig. 4.2 Normalized axial displacement for the Glass-Epoxy guided beam, L/D = 3:
(a) over longitudinal sections, (b) over transverse sections

Lateral displacements (uy) are found to take positive value near the two lateral ends and
negative in the region 0.2<x/L< 0.8, because of the loading distribution at top edge and
support pattern at the bottom boundary [Fig. 4.3(a) and (b)]. Moreover, there is no
restriction on the lateral displacement other than the loading and reaction to bring the beam
in equilibrium state. The u, results are in confirmation to the physical condition of the beam
being pushed the corners up and forced down at the mid-span region. The normalized values
of positive and negative maximum lateral displacements are u,/D=0.003503 and u,/D=-
0.00264 respectively. The positive maximum value is observed at the two ends on the

lowest fibre and the negative maximum value is found on the top fibre at the mid section of

the span.
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o
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Beam depth (y/D)

o
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o
o
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S
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(a) over longitudinal sections (b) over transverse sections

Fig. 4.3 Normalized lateral displacement for the Glass-Epoxy guided beam, L/D = 3:
(a) over longitudinal sections, (b) over transverse sections
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Fig. 4.4 Deformed shape of the Glass-Epoxy beam, L/D = 3 (magnification factor x500)

Fig. 4.4 presents the deformed shape of the orthotropic beam along with its original shape at
the magnification of 500 times of displacement. The guided ends have gone up and at the
same time centre region of the beam have gone down. The deformation of the top edge is
gradual through out the length of beam with the uniformly distributed loading. The bottom
edge is also deformed uniformly except a pointed indentation at the supports. However, the
overall vertical sliding type deformation is in excellent agreement with the physical

condition of applied loading and support of the guided beam.

4.2.2 Solution for Stress Components

Bending stress distribution is observed non-linear over the whole span [Fig. 4.5(a) and (b)].
This non-linearity increases towards the guided ends. The stress (o) maximizes at the top
and bottom edges of the beam but carries opposite sign. The maximum normalized values at
the top and bottom fibre are 4.825 and -9.025 respectively. Near the guided ends, o, is
positive for the upper half and negative for the lower half of the beam, but the opposite is

observed for sections in the region of 0.1<x/L.<0.9.
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Fig. 4.5 Normalized bending stress for the Glass-Epoxy guided beam, L/D = 3:
(a) over longitudinal sections, (b) over transverse sections

As it appears from Fig. 4.6, the lateral stress (o,,) is of higher concentration around the
position of supports on the bottom edge. The uniform load is distributed over 80% of beam
length (from x/L= 0.1 to x/L=0.9) and support reaction is distributed over 20% of beam
length (x/L= 0.0 to 0.1 and x/L=0.9 to 1.0). As per this physical condition, reaction is four
times of the load intensity. From the solution of displacement potential approach it is
understandable that the normalized value of the lateral stress varies from zero to unity at the
top layer in the loaded region and it is four at the bottom layer of the support region. This is

an intact agreement with the applied loading as well as boundary condition for the glass

epoxy orthotropic material.

Beam depth (y/D)

1.0 5

0.0 0.2

0.4 0.6
Beam length (x/L)

oyy/co
(a) over longitudinal sections (b) over transverse sections

Fig. 4.6 Normalized lateral stress for the Glass-Epoxy guided beam, L/D = 3:
(a) over longitudinal sections, (b) over transverse sections
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Four edges and mid-span section of the guided deep beam are found free from shearing
stress [Fig. 4.7(a) and (b)]. The distribution of shearing stress (cy,) is anti-symmetric in two
sides about the mid-span of the beam [Fig. 4.7(a)]. Fig. 4.7 (b) conforms that the vertical
distribution is similar to the standard parabolic profile except that at sections x/L= 0.1 and
0.9, i.e., the termination point of loading as shown in Fig. 4.1. The maximum magnitude of
shear stress is observed at y/D=0.05 of sections x/L=0.1 (normalized value = - 1.8) and

x/L=0.9 (normalized value =1.8).
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a
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Beam length (x/L) GXV/GO
(a) over longitudinal sections (b) over transverse sections

Fig. 4.7 Normalized shearing stress for the Glass-Epoxy guided beam, L/D = 3:
(a) over longitudinal sections, (b) over transverse sections
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4.3 Verification of Present Results of Composite Materials

The orthotropic guided beam of the present problem cannot be solved by the classical beam
theory. However, for the mare sake of comparison and observe the degree of accuracy of
displacement potential solution, the elementary as well as stress function solutions are
obtained for the unguided deep beam. Since the distribution of reaction at the bottom
surface cannot be addressed appropriately using the elementary theory, the beam is
considered here to be simply supported taking the resultant of the reaction forces. The
solutions for the bending and shear stress are obtained using the following expressions of
elementary theory, which are similar to that of isotropic except the elastic modulus E is

replaced by E;.
L 3
4“0 = 35 [Dj
1

for x/L< 0.1 and >0.9

2)2_ [zf_ l}x 4.13)
55

(1_y) for x/L=0.1 t0 0.9 (4.14)

|
conen (-G

FEM solutions are obtained using the standard facilities of the commercial software
ANSYS. For that the relevant boundary conditions used are the same as those used in the
analytical solution. Four noded rectangular orthotropic plane elements are used to construct
the corresponding mesh network of the beam. All the elements are of same size and their
distribution is kept uniform all over the domain. The total number of finite elements used to

construct the element mesh network for the present problem is 400 (20 x 20).

The comparison of the y-solution with the solution of the elementary theory and FEM is
presented in Fig. 4.8, 4.9 and 4.10. The deflection (lateral displacement at y/D=0.5)
observed in w-solution and FEM can give very closer results, where both the ends are
having positive values and at the mid-span it is negative. As a result the zero deflection is
observed at the two points away from the supports. But the classical beam theory does not
predict the positive lateral displacement properly due to its basic consideration to address

the problem of simply supported beam. Consequently the deflection magnitude at the mid-
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span obtained using beam theory is more than that of y-solution as well as FEM [Fig. 4.8a].
If the results of y-solution and FEM are translated to have zero deflection at the centre
points of supports, the deflection of the beam can then be found as shown in Fig. 4.8b. Now
the maximum magnitude of deflection is found to be more in y-solution and FEM than

beam theory solution.
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] - soin
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> >
= = 251
-20 1 a0
30 ‘ ‘ ‘ ‘ -350 0 02 04 06 08 1.0
0.0 0.2 0.4 06 0.8 1.0 : ' : : : :
Beam length (x/L) Beam length (x/L)
(a) lateral displacement at y/D=0.5 (b) lateral deflection (translated) at y/D=0.5

Fig. 4.8 Comparison of lateral deflection at y/D=0.5 of Glass-Epoxy deep beam, L/D=3

From Eq. (4.14) and (4.15) it is understandable that the bending and shear stress in classical
beam theory do not depend on the material properties or fibre configurations. They are only
function of applied load and dimensions. As such the result obtained here is the same to the
stresses of isotropic materials. The bending stress distribution obtained by the elementary
theory gives a linear variation over the beam depth. Moreover, it is observed that the
bending stress at the end is under predicted and at the mid-span is over predicted by the

elementary theory from those of the y-solution and FEM solution [Fig. 4.9(a) and (b)].
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(a) bending stress at x/L=0.0 (b) bending stress at x/L=0.5

Fig. 4.9 Comparison of bending stress of Glass-Epoxy deep beam, L/D=3:
(a) at x/L=0.0 (b) at x/L=0.5
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The lateral stress distribution is not obtainable by the elementary theory. Therefore, Fig.
4.10(a) and (b) represent only y-solution and FEM solution for x/L=0.0 and 0.1. It is
observed that the lateral stress distribution patterns are similar in both the solutions. At the
end of the beam, upper side values coincides each other but a very little deviation is in the
lower side of the beam. At the point of load transition (x/L=0.1) the FEM solution gives

little over estimation than the y-solution.
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(a) lateral stress at x/L=0.0 (b) lateral stress at x/LL.=0.1

Fig. 4.10 Comparison of lateral stress of Glass-Epoxy deep beam, L/D=3:
(a) at x/L=0.0 (b) at x/L=0.1

The shear stress distribution pattern obtained using classical beam theory is of parabolic
type at all the transverse sections of the beam. Distributions of two sections for instance x/L
= 0.0 and 0.25 are illustrated in Fig. 4.11 (a) and (b). The shear stress magnitudes obtained
by the three approaches are found to be close to one another at the section of x/L.=0.25. But
the solutions differ at section x/L. = 0.1, where the loadings and reactions on the two (top
and bottom) boundaries terminate. The parabolic pattern is not observed at this load
termination section in the solutions of displacement potential approach. Finite element
method also goes side by side to the y-solution, but not the beam theory. The y-solution
and FEM solution depict that the reaction locations are having shear stress concentration in

the lower part near support instead of mid longitudinal section.
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Fig. 4.11 Comparison of shear stress of Glass-Epoxy deep beam, L/D=3:
(a) at x/L=0.1 (b) at x/L=0.25

4.4 Effect of Aspect Ratio on Stresses

The bending stresses are observed for various L/D ratios from 1 to 4 at different sections
and seen that the nonlinearity of bending stress gets reduced with the increase of length
depth ratio [Fig. 4.12(a) and (b)]. But it does not become linear as observed for isotropic
case described in chapter 3 even at the length depth ratio of ten. The maximum magnitude
of bending stress is increased with the increase of L/D ratio. The effect of L/D ratio
variation is also observed using classical beam theory and FEM for the same physical
condition. It appears from table 4.2 that the maximum bending stresses observed in -

solution and FEM solution are quite closer, but the results obtained through classical beam

theory are different.
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Fig. 4.12 Bending stress distribution of the Glass-Epoxy beam for different aspect
ratio: (a) at x/L=0.0, (b) at x/L=0.5
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Table 4.2 Comparison of Maximum Normalized Bending Stress
at x/L=0.5 of the Glass-Epoxy beam

L/D | Simple theory w -solution FEM

ratio y/D=0and 1 | y/D=0 | y/D=1 | y/D=0 y/D=1
1 +0.63 133 | -0.67| 1.55 -0.62
2 +2.52 1.70 | -1.62 | 1.87 -1.52
3 +5.67 273 -3.05| 277 -2.88
4 +10.08 432 | -482| 424 -4.54

The lateral stress distributions for L/D=1 to 4 at sections from guide end (x/L=0.0) and mid-
span (x/L= 0.5) are shown in Fig. 4.13 (a) and (b) respectively. The lateral stresses for all
four aspect ratios are found to follow the loading pattern very correctly. With the increase
of aspect ratio the nonlinearity reduces, but still a few degree nonlinearity remains even
with higher length depth ratio (like L/D=4). This nonlinearity is more significant at the
guided ends. Fig. 4.13 (a) and (b) also indicates that the distribution pattern of lateral stress
changes while the change of aspect ratio. The overall effect of aspect ratio is less with
respect to sections moving away from the guide. The comparison between y-solution and
FEM solution is presented in table 4.3 that the maximum lateral stresses observed at the

middle of the span are quite closer, but the results differ a little at the ends of the beam.
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(a) lateral stress at x/L=0.0 (b) lateral stress at x/LL.=0.5

Fig. 4.13 Lateral stress distribution of the Glass-Epoxy beam for different aspect ratio:
(a) at x/L=0.0, (b) at x/L=0.5
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Table 4.3 Comparison of Maximum Normalized Lateral Stress at x/L=0.0 and 0.5

L/D | atx/L=0.0(y/D=0) | atx/L=0.5(y/D=1)

ratio ?Iilrel?rl}? w-soln | FEM ?ﬁgﬁ; w-soln | FEM
1 - -4.00 | -4.46 - -1.00 | -1.01
2 - -4.00 | _4.46 - -1.00 | -1.01
3 - -4.00 | _4.45 - -1.00 | -1.01
4 - -4.00 | _4.45 - -1.00 | -1.01

At the guided ends and at the mid span, where bending stresses are observed maximum,
shearing stress is zero for all L/D ratios. Fig. 4.14 (a) is showing the distribution of shearing
stress at x/L=0.1, where it is observed to be not following parabolic pattern. The shearing
stress distribution pattern at x/L=0.4 is becoming towards the parabolic shape except for
L/D=1, which is fairly different from others. With the rise of length depth ratio parabolic
pattern of shear stress distribution is experienced along with higher magnitude of maximum
shear stress [Fig. 4.14 (b)]. The effect of L/D ratio variation is observed in simple beam
theory, y -solution and FEM is shown in table 4.4, where again solution in displacement

potential approach is nearer to that of FEM but not the classical beam theory.
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Fig. 4.14 Shearing stress distribution of glass epoxy beam for different aspect ratio,
L/D=1 to 4: (a) at x/L=0.1, (b) at x/L=0.4
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Table 4.4 Comparison of Maximum Normalized Shear Stress at x/L=0.1 and x/L=0.25

L/D | Maximum Normalized Shearing | Maximum Normalized Shearing
ratio | Stress at x/L=0.1 Stress at x/L=0.25

Simple theory | y-soln | FEM Simple theory | w-soln | FEM
1 -0.6 -1.4 -0.98 -0.38 -0.55 -0.56
2 -1.2 -1.57 -1.17 -0.75 -0.70 -0.69
3 -1.8 -1.72 -1.33 -1.12 -1.05 -1.01
4 -2.4 -1.97 -1.63 -1.50 -1.45 -1.37

The principal stress distribution is observed from the results of y -solution for different
aspect ratios. Figs. 4.15 (a), (b) and (c) are presenting the contours of normalised
maximum principal stress for aspect ratios one, two and three respectively. Here the

highest stress concentration is observed at the guided ends.
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Fig. 4.15 Contour of maximum principal stress distribution of the orthotropic beam of
glass epoxy material: (a) for L/D=1, (b) for L/D=2, (c) for L/D=3
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4.5 Effect of Material Properties on Elastic Fields

The solutions of orthotropic guided beam are obtained for three composites such as glass
epoxy, boron epoxy and graphite epoxy materials taking the properties mentioned earlier in
table 4.1. Here the results of displacement as well as stress variations at various sections of
those beams are presented. Fig. 4.16(a) and (b) represent the axial and lateral displacement
at the section of x/L=0.25 and x/L=0.5, where their magnitudes are maximum over all other
sections. Both the axial and lateral displacements are of significantly higher magnitude in
case of glass epoxy than those of boron epoxy or graphite epoxy materials. The normalized
maximum values of axial displacement for glass-epoxy, boron-epoxy and graphite-epoxy
materials are 0.000583, 0.00013 and 0.000086 respectively and the lateral displacements are
0.00264, 0.00098 and 0.000904 respectively.
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0.0 @ T T v— T T 0.0 T —® . :
-6 -4 -2 0 2 4 6 -30 -25 -20 -15 -10 -5
(uy/L) 104 (uy/D) x 104
(a) axial displacement at x/L=0.25 (b) lateral displacement at x/L=0.5

Fig. 4.16 Displacement of the beam (L/D=3) for glass-epoxy, boron-epoxy and graphite-
epoxy materials : (a) axial at x/L=0.25, (b) lateral at x/L=0.5

The variation of bending stress distribution is observed at the top and bottom edges of the
beam [Figs. 4.17]. At the y/D=0.5 line or so, it is not that much significant as to the guided
region. The effect of material properties on bending stress is more visible at the guided ends
[Fig. 4.17 (a)]. As a whole, the concentration of bending stress is found to be more in those
materials which have higher elastic modulus. The maximum normalised bending stress at
the support points of guided ends of graphite, boron and glass epoxy composites are 18.95,
13.825 and 8.825 respectively.
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Fig. 4.17 Bending stress of the beam (L/D=3) for glass-epoxy, boron-epoxy and
graphite-epoxy materials: (a) at x/L=0.0, (b) at x/L=0.5

The shearing stress distribution observed is not the same for different materials, which was

free from the material properties in the classical beam theory. Figs. 4.18 (a) and (b) indicate

that shearing stress distributions are not taking the proper parabolic pattern at any section of

the beam for the current L/D ratio of three. At the load transition sections (x/L=0.1 and 0.9)

the distribution pattern is rather unique type, where the maximum magnitude is nearer the

bottom fibre (at y/D=0.05) instead of centre line (y/D=0.5) of the beam for all three

materials [Fig. 4.18 (a)]. The maximum normalised bending stress at the load transition

sections of graphite, boron and glass epoxy composites are 2.125, 1.975 and 1.725

respectively. However, the shearing stress parabolic distribution pattern is observed nearer

to the mid-span for very high L/D ratios.
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Fig. 4.18 Shear stress of the beam (L/D=3) for glass-epoxy, boron-epoxy and graphite-
epoxy materials: (a) at x/L=0.1, (b) at x/L=0.25
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4.6 Analysis of Elastic Fields in Orthotropic Relatively Slender Beams

The y-solution results are observed for higher aspect ratios to perceive the slenderness
effect of the beam and find out the rationality of its use over the century old and widely
used beam theory. With the rise of slenderness ratio the deflection magnitudes are found to
be increased in both the approaches. But the inherent setback of the beam theory
consideration is the assumption of zero deflection at resultant point of support. Basically the
equilibrium condition may not allow such situation all the time. In the present problem zero
deflection is observed somewhere inner to the support locations. Fig. 4.19 indicates that the
maximum magnitudes of deflection observed through potential solutions are little less than

those of beam theory. It is because of different locations of zero deflection in two solutions.
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Fig. 4.19 Lateral displacement of the glass-epoxy beams, (at y/D=0.5): (a) displacement
potential solution, (b) classical beam theory

The nonlinearity of bending stress gets reduced with the increase of length depth ratio [Fig.
4.20(a) and (b)] and it becomes linear while the aspect ratio reaches to ten. However there is
difference in magnitudes. The maximum magnitude of bending stress is increased with the
increase of aspect ratio in both the solutions but the potential solution gives lesser

magnitude than that of beam theory.
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Fig. 4.20 Bending stress distribution of the glass-epoxy beams, (at x/L=0.5):
(a) displacement potential solution, (b) classical beam theory
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Fig. 4.21 Shear stress distribution of the glass-epoxy beams: (a) y - solution (x/L=0.1),
(b) beam theory (x/L=0.1), (c) v - solution (x/L=0.4), (d) beam theory (x/L=0.4)
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The shear stress distribution for higher aspect ratios, i.e., for slender beams are almost
similar in potential solution as well as beam theory. Shear stresses are found to similar both
in terms of magnitudes and patterns. Fig. 4.21 (a) and (b) illustrate the shear stress
distribution at x/L.=0.1 in potential solution and beam theory respectively and Fig. 4.21 (¢)
and (d) for the same at x/L.=0.4.

4.7 Summary

Analytical solution of the elastic field of a guided deep composite beam of orthotropic
material is investigated using displacement potential approach confirming all the physical
conditions. The solution of a glass epoxy beam for L/D ratio 3 is observed at first and the
results are found to be more rational and improved in comparison to classical beam theory.
The effects of changing aspect ratio are found to be significant and imperative to be
considered for better design. With the rise of aspect ratio the non-linearity of stress
components is highly influenced and reduced, but it is not reaching a state of linear
condition up to the aspect ratio of eight. Thereafter the bending stress distribution is
becoming almost linear and at the aspect ratio of ten it is linear. In all case the guided ends
and load transition sections are identified to be the most critical region in terms of stresses.
While the material of the beam is changed from glass-epoxy to boron-epoxy or graphite-

epoxy, the range of maximum magnitude as well as the non-linearity is found to be changed.
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CHAPTER 5

COMPOSITE DEEP BEAM UNDER THREE POINT BENDING

5.1 Guided Composite Beam under Symmetric Three Point Bending (Case-I)

5.1.1 Problem Articulation

A rectangular section deep orthotropic composite beam of length L, width D and thickness
W (considered to be unity for plane stress condition) is subjected to a point loading at the
mid-span its top boundary and simply supporting at its bottom two corners. By this
symmetric loading arrangement the beam is in equilibrium as shown in figure 5.1. Both
lateral edges of the beam i.e. at x=0 and x=L are roller guided so that the axial

displacements are restrained, but the lateral displacements are allowed to have any value.

1‘ P=0.05Lao,
Ve— 05L Eib
0.05L / tbet
T — HI

Guide % %
/ ;/D?
/@ - 72N

0.05L — = 0.9L - 0.05L

Support

Fig. 5.1 Geometry and loading (symmetric) of orthotropic beam for three point bending

5.1.2 Boundary Conditions

The physical conditions at different boundaries of the beam are expressed mathematically as

follows:

(1) u, =0 atthe edge of x=0
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(i1) u, =0 atthe edge of x=L

(ili) o,(0,»)=0 at the edge of x =0
(iv) o, (L,y)=0 at the edge of x=L
(v) o, (x,O) =0 atthe edge of y=0

(vi) o, (x,D)=0 at the edge of y=D

(vii)  The lateral stress at the edge of y = D is related to the applied load for the

three point bending. Since the point load is actually acting over a certain area of the

beam, for instance it can be considered for the length of x=0.475L to 0.525L .

Again it is considered that the load intensity is 6, Therefore, the magnitude of point

load, P=0.05Lo,, Then o, (x,D)=0, for x=0.475L to 0.525L
(viii)) Similarly, the lateral stress at the edge of y =0 is related to the reactions at

the support. In this case o, (x,0)=0,/2 for x=0 to 0.05L and 0.95L to L

5.1.3 Analytical Solution

Mathematical model here is the partial differential equation derived from the equations of

equilibrium and equations of compatibility based on Displacement Potential Function y(x,y)

obtained from Eq. (2.28) as follows.

4 4
—afzg’yz +E2Glzzy—‘f=o (5.1)

4

84
E G, 6Tl/j +E, (El - 2/“12G12)

In this case the displacement and stress components are also obtained from Eq. (2.29) as
follows:

o’y
, V)= 5.2a
wloy)=50 (5.22)
5 Y6, - i)Y 526
uy(X,y)——Z— E, a_z"'Glz E, —u,E, y (5.2b)
11
EG), o’y O’y
o |x,y)= E —uE,—— 5.2¢
xx( J’) Z, { 18x28y HipLy ay; ( )
EE o’y o’y
O_yy(xay):f|:(ﬂ12Gl2 _El)axzay _Glz 8yg. (S-Zd)
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_EG, E Oy Oy

——nu E,—— 5.2e
Z [P His 2axay2 ( )

ny (‘x’y) =

Where Z,, = u,E E, +G,, (E1 —ﬂlzzEz)

The displacement potential function y should be varied with cosine function of x in order

to meet the requirement of physical conditions of the two opposing guided ends are
automatically satisfied i.e. automatic satisfaction of boundary conditions from (i) to (iv). At

the same time the expression for y should also be compatible to the distribution of load.
Considering all these factors the expression for i may be approximated as follows:

y =YY, cosax+Ky’ (5.3)

m=1
where ¥ = f(y), a= % and K = Arbitrary constant
Using the derivatives of equation (5.3) in equation (5.1) it is found that

Y;;"—{ﬂ—zylzjy;;az +5Ymo¢4 =0 (5.4)
Glz E2

The general solution of the above 4™ order ordinary differential equation can be as
Y =A4,e"” +B, e +C, e" +D, e (5.5)

where 4, , B, , C, and D, are arbitrary constants

m m?

and r,, r,, r, and r, are the roots of following equation

Pt —(i—Zylzjazrz +%a4 =0

G, 2
Thus
1
E E > g I
(94 1 1 1
ror =——| | =L -2 + || ZL_2 —4L 5.6a
17 \/5 [Gz ﬂlzj \/[Gz IUIZJ E, ( )
1
E E > g I
(04
7’3a’”4:_ﬁ (G_l_zﬂnJi\/(G_l_zﬂlzJ _4E_1 (5.6b)
2 2 2
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Now using equation (5.3) and (5.5) in the expressions for the components of displacement

and stress [5.2]

0
—Z(Amrlerly + B, re” +C re* +D re* )1$in0£x (5.7a)

m=

—

1
Z

11| m=l1

(Elzaz —EG1; + 1 E,Go )erlyAm +(E120(2 —EGry + 1 E,Gory )erzme +
Z (Elzaz ~EGr + 1B, Gory )er}ycm +(E12a2 ~E G +15E,Gori e D, (5.7b)
cosax — (EI Gy, — 1>E,G,, )6Ky

EG,
Uxx(x’y):_ lZ =
11

) (Elrle"y a’+ ,ulezrferly )Am +(E1rzer“y o’ + ,ulezr;e'w )Bm +
Z (E17'3€r3ya2 + 1By )Cm + (E17”4ewcZ2 + By e )Dm (5.7¢)
m=l1

cosax+6Ku,E,

( 12”1€r‘y05 —Erle"yozerGm,ﬁl3 ray)1
— = Y — 21y 3 _ny
(xy)___EIEZ E‘ (:ulz 12’”292105 El”ez‘O! +G,,1; e )B +
9
nea —Ere“ya +G,,r. 3 e
Hp Gty 3 "

"y 3 V4)/
( u,Gre™a —Er4e a’ +G,1e )D

m

cosax+6KG,, | (5.7d)

EG, (Ee"ya +u,Ey e’ )An +(Ee’21ya3+ﬂ12 25 )B _
o, (x,y) ="+ sinex | (5.7¢)
Ziy (Eler‘%! + By rzy“)c (E eva’ +u,E,r; e"‘ya)D

From the expressions of (5.7a) and (5.7¢) it is evident that the boundary conditions (i) to
(iv) are automatically satisfied. Thus the next requirement is to satisfy the remaining

boundary conditions of (v) to (viii).

Now the compressive load exerted at the mid-span on the edge y =0 of the beam may be

considered as acting over at least some length of the beam, for instance x= 0.475L to
0.525L . It may then be taken as Fourier series in the following manner:

o, (x0)=0,=I,+> I, cosax  forx=0.475L to 0.525L

m=1

Here

1 40 GO
Iy=—| [oudx|==2 (5.8a)
L| i, 20
40
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21L
40

o, cosaxdx

5%
20, | . (2laL . (19aL
= sin —sin| ———
al 40 40

_ 20, sin(zlm”J—sin(lgmﬁ] (5.8b)
mi 40 40

The reaction load at the support on the edge y = D can also be given by a Fourier series as
follows

o, (x0)=0,/2=E,+Y E, cosax forx=0 to 0.05L and 0.95L to L

m=l1

Here
1| 70
E, = jao/zdx+ jao/zdx =% (5.92)
01 20
%O L
Em=£ J.ﬂcosaxd)ﬁ I 90 cosaxdx
L 0 19L20
=20 Jsin oL —0+sin(aL)—sin 19al
al 20 20
=20 sin(m—ﬂ)+sin(m7z)—sin(19mﬂJ (5.9b)
mr 20 20

Using boundary conditions (v) o, (x,O) =0 at the edge of y=0, (vi) o, (x,D) =0 at the
edge of y =D, (vii) o, (x,0)=0,/2 at the edge of y =0 and (viii) o, (x,D)=0, at the
edgeof y=D

E\G, (E1a3 + ﬂlez’”lza)Am + (E1a3 + /u12E2r22a)Bm L
_ =0 (5.10a)
Z,, (E10‘3 + /112E2V32a)cm + (E1a3 + ,ule2r42a)Dm
EG, (E "o’ + p,E,re” )A + (E P’ + p,Ery e’ )B +
-1z (5.10b)
Z, (E Pl + L, E 2 &P )C ( Lo+ L, E z o' +P )D

115



Again using boundary conditions

(ﬂ12G12r1a2 ~Erna’+ G12r13)Am +

_EE, (,ulzGlzrzoz2 —-Enra’ +Gy,r; )Bm +
Z, ( LGora® —Era’ +Gur) )Cm +

(,u G.r,a’ —Era’ +G12r43)Dm

- E (5.10c)

m

(,U G,re" Z_Elrlerl +G127”13 )4, +
nD 2 D D
(,ulzGurze2 a’ —Enea’+G,re" )Bm

_EE,

=1, (5.10d)
Z, (ﬂ12G12r3e"Da2 —Erea’+G,re"” )C,
(ﬂ12G12F4€ a’—ErePa’+G,re"” D,
From equations (5.7d) and (5.8a) or (5.9a)
6E,E,KG,, o,
Z, 20
Ke_ Zu% (5.11)
120E,E,G,,

The four algebraic equations (5.10a), (5.10b), (5.10c) and (5.10d) are solved simultaneously
and the values of four unknowns, such as 4,,, B.,, C,, and D,,, are obtained. Therefore, stress

and displacement components at various points of the beam can be obtained using equations

of (5.7).

5.1.4 Results of Three Point Bending

The analytical solutions of displacement and stress components are obtained for various
aspect ratios (L/D) of the beam. At first the result of a guided composite beam of glass
epoxy material having aspect ratio three and the uniform loading parameter = 40 N/mm is
presented in sequence of axial displacement (uy), lateral displacement (uy), bending stress
(oxx), normal stress (oyy) and shearing stress (o). Thereafter a verification of the present
solution is made comparing the results of displacement potential approach with that of

FEM.
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i. Solution of Displacements

Axial displacements (uy) are found to be zero at the mid section of span and at the lateral
guided boundaries [Fig. 5.2(a) and (b)]. Zero value of uy at the guided ends verifies the
boundary condition of those edges of the beam. Axial displacements distribution is
found skew-symmetric about the mid-span of the beam. The values of uy for sections
0<x/L< 0.5 are negative at the lower portion and positive at upper portion of the beam.
The maximum magnitudes of u/L= +£0.000058 are observed on bottom fibre at the

sections of x/L = 0.2 and x/L = 0.8 respectively.
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Fig. 5.2 Normalized axial displacement for three point bending, L/D = 3:
(a) over longitudinal sections, (b) over transverse sections

Lateral displacements (uy) are found to take positive value near the two guided lateral
ends and negative in the region 0.25<x/L< (.75, on account of loading at top edge and
balanced by two bottom corner support [Fig. 5.3(a) and (b)]. There is no restriction on
the lateral displacement other than the loading and reaction to bring the beam in
equilibrium state. The uy results are in confirmation to the physical condition of the
beam. As a result the beam is being pushed up at the corners and forced down at the
mid-span region. The normalized values of positive and negative maximum lateral
displacements are u,/D=0.000352 and u,/D= - 0.000506 respectively. The maximum

magnitude is observed on the topmost fibre at the mid-span.
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Fig. 5.3 Normalized lateral displacement distribution for three point bending, L/D = 3:
(a) over longitudinal sections, (b) over transverse sections

Fig. 5.4 illustrates the deformed shape of the orthotropic simply supported guided beam
subjected to a point load at the mid-span. Here the deformation is shown along with its
original shape at the magnification of 500 times of displacement. The guided ends have
gone up and at the same time centre region of the beam have gone down. The
deformation of the top edge at the location of load is like a notch. The bottom edge is
deformed almost uniformly. The vertical sliding at the guided region and down word
deformation at the mid-span is in proper agreement with the physical condition of

applied loading and support of the guided beam.
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Fig. 5.4 Deformation under three point bending, L/D = 3 (magnification factor x500)
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ii. Solution of Stresses

Bending stress distribution is observed non-linear over the whole span [Fig. 5.5(a) and
(b)]. The stress (oy,) maximizes at the mid-span top fibre of the beam where the point
type load is acting. The next locations of bending stress concentration are the two bottom
corners and the bottom fibre at mid-span of the beam. The maximum magnitude of

normalized bending stress on the top fibre at mid-span is a 2.13.
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Fig. 5.5 Distribution of bending stress of a glass epoxy beam for three point bending,
L/D=3: (a) over longitudinal sections, (b) over transverse sections

Lateral stress (o,,) concentrations are observed at the topmost fibre of mid-span section
and bottom two corners. From Fig. 5.6 it is understandable that each reaction is half of
the load and the normalized value of the lateral stress varies from zero to about unity at
the topmost layer in the loaded region and it is almost half at the bottom layer of the

support region, which confirms the physical condition of the problem.
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Fig. 5.6 Distribution of lateral stress of a glass epoxy beam for three point bending,
L/D=3: (a) over longitudinal sections, (b) over transverse sections
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All four edges and mid-span section of the guided deep beam are found free from
shearing stress [Fig. 5.7(a) and (b)]. The distribution of shearing stress (cy,) for point
loading is anti-symmetric in two sides about the mid-span of the beam like distributed
load [Fig. 5.7(a)]. The maximum concentration of shearing stress is observed near the
bottom corners at the supports and the point of shear stress concentration is at the top
edge where the termination of loading takes place. The normalised maximum magnitude

of shear stress is £0.2 at sections x/L=0.05 and 0.95 on y/D=0.05.
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Fig. 5.7 Distribution of shearing stress of a glass epoxy beam for three point bending,
L/D=3: (a) over longitudinal sections, (b) over transverse sections
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5.2 Analytical Solution for Guided Composite Beam under Asymmetric Three
Point Bending (Case-1I)

5.2.1 Problem Articulation

A rectangular section deep orthotropic composite beam of length L, width D and thickness
W (considered to be unity for plane stress condition) is subjected to a asymmetric point
loading at the section of x/L=0.6 of its top boundary and simply supported at its bottom two
corners. With this loading arrangement the beam is to be in equilibrium condition as shown
in figure 5.8. Both lateral edges of the beam i.e. at x=0 and x=L are roller guided so that the
axial displacements are restrained, but the beam can have lateral displacements of any

magnitude.

] |P=0.05L00
Yle——— 0.6L -
——| % 0.05L Fiber
z / o/
Guide // E8 — H %
®, ¥ ’ //
/, /D7
0.05L < 0.9L - 0.05L
Support

Fig. 5.8 Geometry and loading (asymmetric) of orthotropic beam

5.2.2 Boundary Conditions

The physical conditions at different boundaries of the beam are similar to that of section
5.1.2 except the conditions supporting end, EH. Since the lateral stress at this edge is in
relation to the reaction and the shear stress is zero, the boundary conditions would be here
as follows:

o, (x,D)=0 for 0<x<L and o, (x,D)=0, forx=0.575L to 0.625L
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5.2.3 Analytical Solution

Mathematical model here is as same as Eq. (5.1) and the components of displacement and
stress are also obtained from Eq. (5.2a) to (5.2¢). Considering the physical conditions of the
problem y -function may be approximated as same as to Eq. (5.3).

W= ZYm cosax+Ky® ;where Y, = f(y), « :mTﬁ and K = Arbitrary constant

m=1

Using the derivatives of above expression in similar way for problem 5.1 (symmetric three
point bending) the 4™ order ordinary differential equation and its general solution can be

found. But the difference remains with the top and bottom boundary conditions.
Now the compressive load exerted at the supports located on the edge y =0 of the beam
may be taken as Fourier series in the following manner:

o, (x,0)=0,/2=E, + ZEm cosax forx=0to 0.05L and 0.95Lto L

m=1

Here
1 P t o,
Ey=—| [ oy/2dx+ [o,/2dx|=2" (5.12a)
L\ 1ot 20
Y20 L
Emzz Iﬁcosaxdx+ I 90 cos auxdx
L\ o1 2
=% sin(%j ~0+sin(aL)- sin[lgaLJ
al 20 20
=20 Jgin| 22 +sin(mz)—sin 1Omz (5.12b)
mr 20 20

The load acting at the section of x/L=0.6 on the edge y = D can also be given by a Fourier
series as follows

o, (x0)=0,=1,+> I, cosax  forx=0.475L to 0.525L

m=1

Here
25,
e [odx | =22 (5.13a)
23%0 20
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N2

I =—| |o,cosaxdx

m 23%0
20, | . [ 25aL . (23al
= sin —sin| ——
ol 40 40

2
=% sin(zsm”]—sin(zm”j (5.13b)
mr 40 40
Using boundary conditions o, (x,0)=0 and o, (x,0)=0,/2 for the edge of y =0and
o, (x,D)=0 and o, (x,D)=0o, atthe edge of y=D

Z (Ela + u,E,r; a)C (Ea + p, E,ry a)D

11

EG12 {(Ea +;112Er1 )A +(Ea +y12Er2a)B } 0 (5.14a)

nD 3 2 nD nD 3 2 rnD
ea +u,Ene"a)d, +\Ee* o + u,E,ry e a)B, +
Hipn Lok ) ( Hip ) } (5.14b)

EG12 (
( r;Da3+lu12 2 &P )C ( r4Da3+‘u12 2 o0 )D
m

( ,Gona’ —Erna’ + G12r13)Am +

_EE, (,ulzGlzr2 ~Ena’ +Gyr; )Bm +
Z, (y12G12r3 -Era’+G,r )Cm +

(,u G.r,a’ —Er,a’ +G,r, )Dm

_E (5.14c)

nD 2

(ﬂ Gone"a’ —Ene™a’ +G,rle"” )Am+
(,ulanrze a’ —Enea’+G,re"” B

+
EE " e 5140
Z, (y12G12r3e’3 a’ —Erea’ +G,rle" )Cm+

(ﬂ12G12r4 Lot —Erea’+G,rle r“D)D

m

From equations (5.7d) and (5.12a) or (5.13a)

_6E1E2KG12 _E, =1, =
Z, 20
Z,0,

K=——"1% (5.15)
120E,E,G,,

The four algebraic equations (5.14a), (5.14b), (5.14c) and (5.14d) are solved simultaneously

and the values of four unknowns, such as 4,,, B,,, C,, and D,,, are obtained. Therefore, stress

and displacement components at various points of the beam can be obtained using

expressions of Egs. (5.7a) to (5.7¢).
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5.2.4 Results of Asymmetric Three Point Bending

The analytical solutions of displacement and stress components are obtained for a glass
epoxy beam subjected to asymmetric point loading [Fig. 5.8] on the top edge at x/L=0.6
having various aspect ratios. The solution of such a composite orthotropic beam with aspect
ratio three (L/D=3) taking the concentration of applied point loading = 40 N/mm is
presented for axial displacement (uy), lateral displacement (uy), bending stress (6xx), normal

stress (oyy) and shearing stress (Gyy) in succession.

i. Solution of Displacements

Fig. 5.9 (a) and (b) illustrate that the guided edges of the deep composite beam do not
contain any axial displacement uy, which validates the proper satisfaction of boundary
condition of those edges. Axial displacements distribution takes its skew pattern about
the point of loading. The values of uy are negative at the lower portion and positive at
upper portion of the beam for sections 0<x/L.< 0.6 and vice versa for the remaining part
of x/L=0.6 to 1.0. The maximum magnitudes of u,/L=+0.0000599 are observed only on
bottom fibre at the section of x/L = 0.25.
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Fig. 5.9 Normalized axial displacement glass-epoxy beam with asymmetric point
loading, L/D = 3: (a) over longitudinal sections, (b) over transverse sections

Lateral displacements (uy) are found to follow the loading direction and take the
negative values in the region 0.3<x/L< 0.85, but positive near the two guided lateral
ends [Fig. 5.10(a) and (b)]. The uy results are in confirmation to the physical condition

of having no restriction on the lateral boundaries of the beam. As such it is seen that the
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(uy/D) x 104

'
N
L

lowest fibres of the beam is pressed up at the highest order in the corners. At the same
time the loaded region of the beam is strained down. The normalized maximum values
of positive and negative lateral displacements are u,/D=0.000343 and u,/D= - 0.000501
respectively. The maximum magnitude is observed on the topmost fibre at the point of

loading.
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Fig. 5.10 Normalized lateral displacement glass-epoxy beam with asymmetric point
loading, L/D = 3: (a) over longitudinal sections, (b) over transverse sections

Fig. 5.11 demonstrates the deformed shape of the orthotropic simply supported guided
beam subjected to an asymmetric point load at x/L=0.6. Here the deformation is shown
along with its original shape at the magnification of 500 times of displacement. The two
bottom corners of guided ends have been compressed up and at the same time top two
corners have not displaced the same. It results the reduction of depth at the corners from
the original shape of the beam. Other than the guided ends the beam has moved down
wards. The top edge at the location of load takes a sharp deformation, which
commensurate the lateral stress at that point. The deformation at the bottom edge of the
beam is almost uniform over the length. The upward sliding at the guided region and
downward deformation in between is an agreement with the physical condition of
applied loading and support of the guided beam. The overall state of deformed shape

illustrates the rationality of accuracy in the present solution using displacement function.
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Fig. 5.11 Deformed shape of the glass-epoxy beam with asymmetric three point bending,
L/D = 3 (magnification factor x500)

ii. Solution of Stresses

Bending stress distribution is observed non-linear over the whole span towards both the
axes [Fig. 5.12(a) and (b)]. The non-linearity pattern takes a change from guide to load.
On bottom fibre, the bending stress is with negative values at the two guides and it
becomes positive near the region of loading. For the top fibre it is reversed. The highest
concentration of bending stress (oy,) is seen on the top fibre at the point of loading. The
next location of bending stress concentration is the bottom corner near to the load of the

beam. The value of maximum normalized bending stress is 2.08.
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Fig. 5.12 Distribution of bending stress of a glass epoxy beam under asymmetric three
point loading, L/D=3: (a) over longitudinal sections, (b) over transverse sections
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Fig. 5.13 Distribution of lateral stress of a glass epoxy beam under asymmetric three
point loading, L/D=3: (a) over longitudinal sections, (b) over transverse sections

The highest concentration of lateral stress (o,,) is observed at the topmost fibre at the
point of loading (x/L=0.6). The next points are bottom corners nearer the supports and
bottom fibre at the load. Fig. 5.13(a) illustrates that reactions at the supports are rational
with the position of loading. The normalized value of the lateral stress is completely
zero from x/L=0.2 to 0.4 for all fibres of the beam. At the top fibre there is no lateral

stress other than the point of loading, where it takes the normalised value about unity.

Fig. 4.14(a) illustrates that all four edges and mid-span section of the guided deep beam
are found to be free from shearing stress. The distribution of shearing stress (cy,) for
asymmetric point loading at x/L=0.6 is also asymmetric. The magnitude is higher in the
shorter distant part with respect to the load than the longer part of the beam. The
maximum magnitude of shear stress is observed at y/D=0.05 of section x/L.=0.95
(normalized value = 0.225). It is noticeable from Fig. 5.14(a) that the shear stress
distribution pattern is not of parabolic shape as well known to every one. It is rather
different for different sections of the beam. It gives the food for thought to look into

further finding considering different loading conditions.
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Fig. 5.14 Distribution of shearing stress of a glass epoxy beam under asymmetric three
point loading, L/D=3: (a) over longitudinal sections, (b) over transverse sections

5.3 Verification of y — solution for Three Point Bending

The solution for three point bending of the guided beam obtained using displacement
potential formulation is verified with the results of the FEM. FEM solutions are obtained
using the standard facilities of the commercial software ANSYS. For that the relevant
boundary conditions used are the same as those used in the analytical solution. Four noded
rectangular plane elements are used to construct the corresponding mesh network of the
beam. All the elements are of same size and their distribution is kept uniform all over the
domain. The total number of finite elements used to construct the element mesh network for

the present problem is 400 (20 x 20).

The distributions of bending stress at x/L=0.5, lateral stress at x/L=0.5 and shearing stress at
x/L=0.25 are investigated of a glass-epoxy beam (L/D=3) under symmetric three point
bending for comparison purpose using displacement potential and FEM. The obtained

results are presented in Fig 5.15(a), (b) and (c) respectively
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Fig. 5.15 Comparison of distribution of stresses of glass-epoxy beam for three point
bending, L/D=3: (a) bending stress at x/L=0.5, (b) lateral stress at x/L=0.0
(c) shearing stress at x/L.=0.25
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The bending stress distribution pattern at the mid-span (x/L=0.5) is very close to each other.
The magnitude is exactly the same for lower half (from y/D=0.0 to y/D=0.7) of the beam
[Fig 5.15(a)]. However, a very little difference is observed at the top edge in two methods.
While the lateral stress is investigated at x/L=0, the magnitudes at the top and bottom edges
are the same in both the methods [Fig 5.15(b)]. However, a deviation is observed in the
region of y/D=0.1 to 0.7 due to lower resolution. Further reasons for this deviation may be
investigated taking different loading configuration. The shearing stress distribution pattern
at x/L=0.25 is found with very good agreement in the both solutions. However, the potential

displacement solution estimates little higher but negligible magnitude [Fig 5.15(c)].

To have more confirmation about the performance of displacement potential function on
three point bending, the solution for an isotropic material (steel having E=209 GPa and
u=0.3) is also obtained and compared with FEM solution in a similar manner done for
orthotropic material. The corresponding results of bending and shear distributions for the
case of isotropic material are shown in figures 5.16 (a) and (b) respectively. Here too the
result is found with good rationality and consistency. As such the displacement potential

approach can be considered as a good tool for the solution of guided beam with various

loading conditions.
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Fig. 5.16 Comparison of distribution of stresses of steel beam for three point bending,
L/D=3: (a) bending stress at x/L=0.5, (b) shearing stress at x/[.=0.25
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5.4 Summary

Analytical solution using displacement potential approach for the elastic fields of a guided
deep composite beam of orthotropic material under three point bending is explored
satisfying all the physical conditions of the beam appropriately. The solution of a glass
epoxy beam for the aspect ratio three is observed for symmetric loading as well as
asymmetric loading (taking load at x/L=0.6). Both the solutions indicate that the
displacement potential approach can address three point bending of composite materials
effectively. Displacement and stress components are of the similar maximum values also.
The stress concentration is investigated and found to be at the near location of point load.
The results obtained using displacement potential solutions are then compared with that of
finite element solution. The stress analysis observed from the FEM confirms the reliable
results of displacement potential solution. To this end the solution of isotropic material is
also obtained and compared with the solution of FEM, which enhances the validity of the
displacement potential approach in relation to its utility for addressing deep beams under

point loading.
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CHAPTER 6

CONCLUSIONS AND RECOMMENDATIONS

6.1 Conclusion

The central objective of this research is to develop the analytical solutions for guided
isotropic and orthotropic deep beams. Keeping this central intention in mind the literature
has been surveyed and found that lot of work have been done in the field elastic analysis but
none is for deep beams with guided ends. The speciality of the guided ends is the mixed
mode of boundary conditions. Basically, the guided ends provide the freedom of lateral
displacement but not the axial one. At this scenario the necessity of imposing boundary
restraints is essential. But it is neither practicable using the classical Bernoulli-Euler beam
theory nor with the Airy’s stress function for the solution of guided beam. It may be
mentioned that the stress function can handle boundary conditions only in terms of load or
stress. So, the work has to be started with the displacement potential formulation, which is
defined in terms of space variables x and y with the expressions of two displacement
components. The displacement potential can take care of the boundary conditions of both
displacements and stresses appropriately. The bi-harmonic partial differential equation of a
single variable has been conceived to be reached as to the 4™ order differential equation of
stress function. Interestingly, the differential equations for both orthotropic and isotropic
materials are found to be in line with the expected pattern. This gives possible easiness of

solution approach.

Based on the definition of y-function, analytical solutions of the elastic fields for guided
isotropic and orthotropic deep beams subjected to uniformly distributed load over a certain
length and point load are developed and the results are investigated. In the investigation of
solutions, the distributions of stress components are found to be different at different
locations. The guided ends of the beam are identified to be the most critical sections in
terms of stresses. The load transition section is also found to be different from loaded as
well as unloaded sections of the beam. It displays a unique behaviour, which necessitates

special attention from the designer of any machine parts. While the support reactions are in
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the pattern of parabolic form, bending and lateral stress concentrations are found to be less

than that of a uniformly distributed support and the effect is just local.

The comparative study has been carried out to ascertain the reliability and credibility of
solutions obtained through displacement potential function and observed its superiority for
the solution of guided deep beam. In some cases tools for comparison is the classical
Bernoulli-Euler beam theory, some cases Airy’s stress function wherever suitable and FEM
for all the cases. It reveals that the classical theory of bending is simply inadequate to
predict the stress and displacements fields of the guided beam. For the sake of comparison,
simply supported beam with the distributed load is taken into account as sample for classical
theory and stress function. Comparison with FEM gives the proximity of present approach

towards it for each and every solution.

While the aspect ratio is varied the remarkable variation of non-linearity in both bending
and shearing stress distribution is observed. FEM confirms these variations but not the
classical Bernoulli- Euler beam theory. With smaller aspect ratio the maximum magnitude
of shear stress is not found at the centreline of the beam as observed for higher aspect ratio.
In beam theory bending stress distribution is always found linear and shear stress parabolic,

which do not reflect the actuality of the problem for short beam.

The normalized maximum deflection, bending stress and shear stress found through present
solution of isotropic material (steel) with aspect ratio three are 2.94 x 10*, 5.24 and 1.51
respectively; where as these found by FEM are 2.32 x 10, 5.35 and 1.27 respectively. It
indicates that there is a possibility of keeping less allowance based on FEM solution, which
may cause the non-operability of the machine due to higher deflection in reality. Again the
underestimation of maximum shear stress may compromise with the reliability and life span
of the machine parts. On the other hand normalized maximum deflection, bending stress and
shear stress found through present solution of orthotropic material (Glass-Epoxy) with
aspect ratio three are 33.22 x 10, 9.02 and 1.8 respectively. The deviations of these values
with corresponding FEM results are 2.05, 18.29 and 4.44 percent respectively. Here, the
underestimation of bending stress may cause the break down of machine part if the design is

developed on the basis of FEM results.
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The solution of unguided simply supported deep beam with uniformly distributed load is
done using a special technique of displacement potential approach taking the St. Venant’s
principle into account. Analytical solution developed for the unguided deep beam is
compared with the similar solution obtained using Airy’s stress function. It reveals that the
present approach gives satisfactory results. So, the displacement potential solution for an

unguided beam may be considered useful as similar to stress function solution.

As a whole the result of present analysis is expected to be of real use for reliable and
economic design of such beams. The present study thus removes one of the major

limitations of the literature related to beam analysis.

6.2 Recommendations

The displacement potential function developed for the guided deep beam is a new avenue
for the structural analysis. The method has been investigated and instituted as capable to
deal isotropic and orthotropic guided beams effectively for uniformly distributed load. The
present approach needs to be expanded for the analytical solution of anisotropic materials. It
also requires to be investigated for a variety of loading configuration in order to have its

wide range of adoptability and versatility.

The current method for the solution of unguided deep beam may also be extended further.
More works would provide more authenticity for onward application of y-function in the
solution of unguided beams with various loading conditions. It is, therefore, recommended
to have continuation of the ongoing works for the utilization of displacement potential

approach for both guided as well as unguided beams of various configurations in future.
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APPENDIX - A

Distribution of Stress Components for Different Aspect Ratios

Graphs presented here are of an isotropic beam with uniformly distributed load and
uniformly distributed supports vs parabolic supports. The bending, lateral and shearing
stress distribution are presented in sequence at order of sections starting from the left
section of the beam. Pictures at the left are for uniform supports and right for parabolic

supports.

Bending stresses (o) distribution: For the skew-symmetric configuration the graphs

for the sections from x/L=0.0 to 0.5 are shown.
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Lateral stresses (o,,) distribution: For the symmetric configuration the graphs for the

sections from x/L=0.0 to 0.5 are shown.
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Beam depth (y/D)

Beam depth (y/D)

Beam depth (y/D)

1.0

at x/L=0.3
0.8 1
@)
0.6 1 il >
s
o
[
o
0.4 i c
I
—e— L/D=1 8
—o— L/D=2
027 —v— L/D=3 1
—v— L/D=4
V]
0.0 T T T T T T T T T T
-50 -45 -40 -35 -30 -25 -20 -1.5 -1.0 -05 0.0 05 1.0
GyJGO
1.0
at x/L=0.4
0.8 4
g
0.6 - ;1 2
E=S
o
[7]
©
0.4 4 £
8
—e— L/D=1 om
—0— L/D=2
0.2 —v— L/D=3 1
—v— L/ID=4
0.0 T T T T T T T T T v T
5.0 -45 -40 -35 -3.0 -25 20 -1.5 -1.0 -05 0.0 05 1.0
GYJ(SO
1.0
at x/L=0.5
0.8 - i
g
0.6 - 4 >
S
o
[]
©
0.4 q 4 £
I
[
° m
0.2 O 4
v
o
0.0 : : : : : : : : : :
-5.0 -45 -40 -35 -30 -25 -20 -15 -1.0 -05 0.0 05 1.0

Gy/ G,

141

1.0

0.8 -

o
(2}
L

o
S
L

0.2 A

0.0

-5.0

-45 -40 -35

-3.0 -25

ny/ (o)

-2.0 -15 -1.0

T

0.0 05 10

-0.5

1.0

0.8 4

o
(o2}
L

o
»
L

0.2

0.0

For x/L=0.4

-5.0

1.0

-45 -4.0 -35

-3.0 -25

oyyloo

-2.0 -1.5 -1.0

T Y
-0.5 0.0

o
©
L

o
o
L

o
o
L

o
[N}
L

0.0

T T T T T T

T

-5.0 45 -40 -35 -30 -25 -20 -15 -1.0 -05 00 05 10

ny/cro



Shear stress (oyy) distribution:
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