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ABSTRACT  
 

Analytical solution scores the highest degree of importance in structural analysis. But the 

existing mathematical models for analytical solutions are still inadequate. Neither the beam 

theory nor the stress function approach can address the guided deep beam appropriately. 

Though, in many cases, the numerical techniques can well approximate the response, if 

analytical solution is possible, that remains as the highly desirable one. 

 
An ideal mathematical model called displacement potential formulation is used to develop a 

new scheme for analyzing guided simply-supported deep beam of isotropic as well as 

orthotropic materials with different loading and support arrangements. The results are then 

analyzed and the effect of fiber reinforcement and beam aspect-ratio on the distributions of 

displacement and stresses in the beam are investigated. Besides, taking into account the 

effect of Saint Venant’s principle, a new analytical scheme is developed to generate the 

solution of an unguided simply supported deep beam, in which  the guided beam solution is 

considered as the limiting case of the unguided one.  

 
Solutions of the guided isotropic and orthotropic deep beams are obtained satisfying all the 

physical conditions of the beam appropriately. In the investigation of solutions, the guided 

ends of the beam are identified to be the most critical section in terms of stresses. The 

bending stress distribution is found highly non-linear near the guides. The shearing stress 

distributions assume the standard parabolic pattern. The stresses at the load transition 

section are found to be different from other sections of the beam.  

 

Finally, comparative studies are carried out to ascertain the reliability and credibility of the 

present displacement potential solutions with those of classical beam theory, standard 

theory of elasticity as well as numerical method. Here the numerical solution is obtained 

using the standard finite element method. The study reveals that the displacement potential 

approach is the most appropriate way to deal with the guided deep beams analytically. 

Results of the present analysis are claimed to be highly reliable and accurate, and thus will 

provide a reliable design guideline for deep composite beams with/without guides.  
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CHAPTER 1 

           

INTRODUCTION 
 
 

1.1   Preamble 

 
Structural analysis comprises the set of physical laws and mathematics required to study and 

predicts the behavior of structures under load. It is such an engineering artifact whose 

integrity is judged largely based upon the ability to withstand loads on building, bridge, 

ship, submarine, aircraft etc. From theoretical perspective, the primary goal of structural 

analysis is the computation of deformations, internal forces and stresses. In practice, 

structural analysis can be viewed more abstractly as a method to drive the engineering 

design process or to prove the soundness of a design without a dependence on directly 

testing it. Engineering subjects which deal with the matter are namely the mechanics of 

materials (also known as strength of materials) and the theory of elasticity. 

 
The classical tools of Mechanics of Materials are derived from mathematical physics and in 

many cases they are not sufficient to describe the stress distribution in engineering 

structures. They are also inadequate to give information regarding local stress near the loads 

and near the supports of beams. Among the great number of problems conforming this field 

of science, there is necessity of profound investigation of the properties of elastic materials 

and the construction of a mathematical theory, which would permit studying as completely 

as possible the internal forces occurring in an elastic body under the action of external 

forces as well as the deformation of a body i.e., the change of its shape. This led to the 

emergence of a special trend in physics, i.e. the Theory of Elasticity to apply to elastic 

solids [1-3]. Individual members such as beams, columns, shafts, plates, shells etc may be 

modeled using either of the classical or the elasticity based mathematical approach. 

However, each process has got some of its own advantages as well as limitations.  

 
The equations of theory of elasticity are a system of partial differential equations. Due to the 

nature of the mathematics involved in solving such equations, manual solutions have been 

only developed for relatively simple geometries. For complex geometries, computation 

using a modern computer is considered more suitable for better solution. 
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1.2   Literature Review  

 
The foundation of the classical theory of elastic beam was laid down in the 18th century 

(1705-1750) by Leonhard Paul Euler and Daniel Bernoulli. It was then Claude-Louis 

Navier, who gave the details of the relation between the cross-section and the bending 

stiffness parameter in 1819. This theory has remained as an exact solution of the equations 

of three-dimensional elasticity in the case of homogenous bending, i.e. for a beam with 

constant bending moment. Since then the elementary methods of strength of materials were 

the primary tools of the practicing engineers for handling the engineering problems of 

structural elements for long time. However these methods are often found inadequate to 

furnish satisfactory information regarding local stresses near the loads and near the supports 

of the structures. The elementary theory gives no means of investigating stresses in regions 

of sharp variation in cross section of beams or shafts. Stresses in screw threads, around 

various shapes of holes in structures, near contact points on gear teeth, rollers and balls of 

bearings, have all remained beyond the scope of elementary theories. It is thus obvious that, 

for the designers of modern machines, recourse to the more powerful methods of the Theory 

of Elasticity is the necessity of time.  

 
Considerable progress could have been made in solving important practical problems of 

stress analysis using the methods of theory of elasticity. In cases where a rigorous solution 

could not be obtained, approximate methods have been developed. In other cases, where 

even approximate methods could not be developed, solutions have been obtained by using 

experimental methods. Photoelastic methods, soap-film methods, application of strain 

gages, moiré fringe etc. are some of these experimental methods applied in the study of 

stress concentration at points of sharp variation of cross-sectional dimension and at sharp 

fillets of re-entrant corners. These results have considerably influenced the modern design 

of machine parts and helped in many cases to improve the construction by eliminating weak 

spots through which crack may switch on and thereby propagate. 

 
The field of elasticity deals mainly with deformation parameters and stress parameters for 

the solution of two dimensional problems since most of the three-dimensional problems 

may be resolved to a two dimensional one. If it remains beyond the extent of analytical 

studies anyway, the problem has to be handled experimentally as a particular case.  
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Although the theories of elasticity had been established long before, the solutions of 

practical problems started mainly after the introduction of a stress function by George 

Biddell Airy, a British astrologer and mathematician, in 1862 [1]. The Airy’s stress function 

is governed by a fourth order partial deferential equation and stress components are related 

to it through its various second order derivatives. The stress function solutions were initially 

sought taking polynomial expressions of various degrees and suitably adjusting their 

coefficients. By this way, a number of practically important problems of long rectangular 

strips could be solved [2-3]. But the success of this approach was very limited. Using these 

polynomial expressions, an elementary derivation of the effect of the shearing force on the 

curvature of the deflection curve of beams were made by Rankine [4] and by Grashof [5]. 

The problem of stresses in masonry dams is of great practical interest and has been 

attempted for solution using polynomial expressions for the stress functions [6-7]. But the 

solutions obtained do not satisfy the conditions at the bottom of the dam where it is 

connected with the foundation.  

 
Thereafter the use of trigonometric series is considered more fruitful in producing results 

instead of polynomial expressions. The first application of trigonometric series in the 

solution of elastic problems using stress function method was given by Ribiere in his thesis 

[8]. Further progress in the application of these solutions was made by Filon [9]. Several 

particular examples were worked by Bleich [10]. 

 
Then the use of Fourier series has come into being for the structural analysis. Beyer [11] 

solved the problem of a continuous beam on equidistant supports under gravity loading 

using Fourier series. Stress function technique has also been used by Ribiere [12] for 

analyzing the stresses around a circular hole in plate, by Flamant [13] for stresses around a 

concentrated load on a straight boundary and by Stokes [14] for stresses around a 

concentrated load on a beam. A number of works are found with the stress function in this 

regard [15- 18]. Even tough the stress analysis problems are bearing enumerable 

shortcomings to be addressed yet.  

 
The stumbling block of obtaining exact solution using stress function is the inability of 

managing the physical conditions imposed on them, i.e., management of boundary 

conditions of practical problems. Boundary restraints specified in terms of the displacement 

components cannot be satisfactorily imposed on the stress function. Since most of the 

practical problems in elasticity are of mixed boundary conditions, the approach fails to 
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provide any explicit understanding of the state of stresses at the critical regions of supports 

and loadings. Moreover, the famous Saint Venant’s principle is still applied and its merit is 

evaluated in solving problems of solid mechanics in which full boundary effects could not 

be taken into account satisfactorily in the process of solution [19-21]. For complex shapes 

of boundary, the difficulties of obtaining analytical solutions become formidable. These 

difficulties were partially avoided by renovating to experimental methods, such as 

extensometers, strain gauges or photoelastic methods. Using Photoelasticity, Hetengi 

investigated the stresses in the threads of a bolt and nut fastening. Most of the experimental 

investigations of elastic problems are reported in the “handbook of Experimental Stress 

Analysis” [22] and in “Photoelasticity” by Frocht [23]. Even now, photoelastic studies are 

being carried out for classical problems like uniformly loaded beams on two supports 

mainly because the boundary effects could not be taken into account fully in the analytical 

method of solutions. 

 

The drawback of Airy’s stress function and the difficulties of experimental works led to 

works for finding ways to solve the engineering problems where boundary conditions are 

set in terms of displacements. Thus the displacement formulation was introduced for those 

problems where boundary restraints exist [24]. This process involves finding of two 

displacement functions simultaneously from the two second-order elliptic partial differential 

equations of equilibrium, which is extremely difficult and the problem becomes more 

serious when the boundary conditions are mixed.  The difficulties involved in trying to 

solve practical stress problems using the existing models have been pointed out by Durelli 

and Ranganayakamma [25].  The complications for solution beams especially short/deep 

beams were also brought to light by Rehfield and Murthy [26], Murty [27], Suzuki [28], and 

Hardy [ 29].  

 
Since neither the stress function nor the displacement formulation is suitable for solving 

problems of mixed-boundary conditions, a new mathematical model called displacement 

potential formulation is used to solve the elastic problems [30-37]. The current modelling 

approach reduces the two dimensional problem to the solution of a single differential 

equations of equilibrium and also enables the mixed mode of the boundary conditions to be 

managed appropriately. It is worth mentioning that a number of researchers worked on the 

advancement of displacement potential approach to handle the beam and column like 

structures with different loading and supporting conditions. Ahmed et. al. have developed 
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numerical solution of both ends fixed deep beams based on displacement potential 

formulation [30]. Ahmed et. al. [31] have carried out investigation of stresses at the fixed 

end of deep cantilever beams. Akanda et. al. have carried out stress analysis of gear teeth 

using displacement potential function and finite differences [32]. The potential of the 

formulation has also been investigated by Ahmed et. al. [33] to design optimum shapes of 

tire-treads for avoiding lateral slippage between tires and roads. Recently, Ahmed et. al. 

[34] have proposed a general mathematical formulation for finite-difference solution of 

mixed-boundary-value problems of anisotropic materials. Further, Debnath et. al. have 

carried  out analytical solution of short stiffened flat composite bars under axial loadings 

[35], and stiffened orthotropic composite panels under uniaxial tensile load [37]. All these 

solutions are mainly applicable for rigid boundaries; none of them is applicable to a guided 

beam under bending. As such the solution for guided structural element is yet to be 

developed.  

 

1.3 Analysis of Deep Beam 

 

A beam may be considered as one of the most commonly used structural elements in 

engineering applications. A beam is said to be a deep beam when the depth is comparable to 

its span.  Design of deep beams based on classical Euler bending theory can be seriously 

erroneous, since the simple theory of flexure takes no account of the effect of normal 

pressures on the top and bottom edges of the beam caused by the loads and reactions [16]. 

The effect of normal pressures on the stress distribution in deep beams is such that the 

distribution of bending stresses on vertical sections is not linear and the distribution of shear 

stresses is not parabolic. Consequently, a plane transverse section does not remain plane 

after bending, and the neutral axis does not lie at the mid-depth, which eventually causes the 

basis of classical theory to be violated. In an attempt to make up the limitation, different 

theories as well as methods of solution have been reported in the literature [15-17, 27-28].  

 

However, each solution possesses certain limitations, and eventually none of the solutions 

are found to conform to all the physical characteristics of the problem for deep beam 

appropriately. Even, photoelastic studies [24], finite element analysis [29] and finite 

difference solutions [30-34] have also been carried out for deep beams on two supports, 

mainly because all the physical conditions imposed on the beam could not be fully taken 

into account in the analytical methods of solution. Among the existing mathematical models 
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of elasticity for the plane boundary-value problems, the stress function approach and the 

displacement formulation are noticeable. The stress function approach accepts boundary 

conditions in terms of loading only; boundary restraints cannot be satisfactorily imposed on 

it. On the other hand, the displacement formulation involves extreme difficulty especially 

when the boundary conditions are a mixture of restraints and stresses. As a consequence, 

serious attempts had hardly been made in the past for stress analysis using this formulation. 

As such, neither of the existing formulations is suitable for solving problems of mixed 

boundary conditions.  

 

Further, the use of standard structures, like beams, columns, etc. with guides on part or full 

of their bounding surfaces is receiving increased importance in order to satisfy precise and 

strict design criteria in many of the engineering applications. Guided boundaries usually 

help in reducing the level of deformation in the structural elements, which eventually resist 

the change of the original shape of the bounding surfaces under loading. But structures with 

guided boundaries always remain away from the scope of analytical solutions, because the 

physical conditions of guided boundaries need to be mathematically modelled in terms of a 

mixed mode of boundary conditions.  

 

Again the use of fibre-reinforced composites is found to increase extensively in almost all 

the areas of structural applications, mainly because of their specific characteristics of light-

weight and high-strength. As a result, the analysis of composite structures has now become 

a key subject in the field of solid mechanics. These analyses are mainly handled by 

approximate numerical techniques, as, in most cases, the available mathematical models are 

found to be inadequate to provide exact analytical solutions for them.   

 

Since the exact analytical solution of mixed-boundary-value elastic problems, especially 

with fibre reinforced composite materials is beyond the scope of existing mathematical 

models of elasticity, the use of a new mathematical formulation will be investigated to 

analyze the elastic behaviour of a guided deep beam of fibre reinforced composites under 

different loading and support arrangements. It would be worth mentioning that, as far as the 

reporting in the literature is concerned, the author has not come across any reliable study of 

the present problem, either theoretical or experimental. Therefore, the analytical solution for 

a guided deep beam of orthotropic composite materials is yet to be developed at various 

loading conditions.  
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1.4 Objectives 

 
The present study is an attempt to extend the capability of the displacement potential 

formulation in order to address the structural analysis of orthotropic composites and 

isotropic materials having mixed boundary conditions. The main objectives of the present 

research work are summarized as follows: 

 

a. To develop a suitable scheme for obtaining analytical solution of the plane elastic 

field of a guided simply-supported deep beam of isotropic material under bending. 

 

b. To extend the analytical scheme to obtain solutions for the deep beam with different 

fibre reinforced composites as well as with different loading and support 

arrangements. 

 

c. To extend the scheme developed for the guided beam to obtain analytical solutions 

for the unguided simply supported deep beams.   

 

d. To analyze the deformed shape as well as the distributions of different displacement 

and stress components of interest in the perspectives of beam depth and span. 

 

e. To investigate the effect of fibre reinforcement and beam aspect-ratio on the 

distributions of displacement and stresses in the beam. 

 

f. To obtain numerical solution of the present composite beam and then compare with 

the corresponding results of analytical solutions obtained using displacement 

potential function. 

 

Results of the present analysis are expected to provide a reliable design guide for deep 

composite beams of the present kind, which will be of significant help for their improved 

and economic design. More importantly, the present analytical solution will remain as a 

standard guide for checking reliability and accuracy of approximate solutions of the 

problem. The study would be particularly important for machine parts under bending, 

supported on two supports which are placed/inserted in a position that allows no axial 

deformation of the structural member. 
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1.5 Study Procedure 

 
In the present study, the elastic behaviour of guided deep beams of composite materials are 

investigated under bending through an analytical procedure based on displacement potential 

formulation [30-32], which is also suitable for mixed-boundary-value elastic problems of 

composite materials. In the displacement potential boundary modelling approach, the plane 

elastic problem is formulated in terms of a single function of space variables, called as 

displacement potential function and defined in terms of displacements components, which 

has to satisfy a single fourth-order partial differential equation of equilibrium. The relevant 

displacement and stress components are derived into infinite series using Fourier integral 

with coincided boundary conditions along with the physical boundary conditions. The beam 

is assumed to be simply supported on two supports at the bottom, and the two opposing 

lateral edges are guided for which any change in the axial displacement is restrained. The 

fibres of the composite materials are assumed to be situated along the beam length. Both 

orthotropic and isotropic cases are taken into consideration for the study and the 

respective materials in this regard are steel and glass epoxy. However, some other 

materials may also be taken into consideration if required at the instance.  The numerical 

solution of the composite beam is obtained by finite element method with the help of 

standard commercial software.  

 

1.6  Significance of Present Study 

 

The present study has the significance in regard to academic concept, design 

reference and manufacturing engineering. The study is going to present the 

application of a new concept, i.e., displacement potential approach for the analysis of 

stress and displacement in structures for both isotropic and orthotropic materials 

under mixed mode of boundary conditions. It is expected to find out some additional 

aspects to the theory of elasticity, which in turn may encourage academicians and 

researchers to explore the concept further and eliminate the lack of suitable method 

for dealing with mixed boundary value problems of complex geometries.  In this 

study a number of problems of guided elements are solved by using the present 

analytical methods and results are presented in the form of graphs. The results may 
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be used as a database and may be helpful to the designers working in the industries 

of aerospace, shipbuilding and automobile, where numerous composite structures are 

used. The study of guided beam analysis on structural point of view is very pertinent for 

those machine parts where expansion in one dimension i.e. either longitudinal or lateral 

cannot be allowed.  
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CHAPTER 2 

            

THEORETICAL OUTLINE AND FORMULATION 

 

2.1   Preamble 

 
The theory of elasticity sets forth the solution of problem in determining internal forces in a 

solid elastic body. The internal forces represent interaction between molecules; they insure 

the external forces applied to body. Under the action of external forces the body deforms, 

the mutual position of molecules changes and so do the distance between them. The action 

of external forces that produce deformation gives rise to additional internal forces causing 

the stress of the body.  

 
Thus structural analysis necessitates the requirements to investigate the state of stresses, 

strains and displacements at any point due to given body forces and given conditions at the 

boundary of the body. Most of the cases the requirement is to find the stress distribution in 

an elastic body. In some cases, it is also required to find the strain distribution of the body. 

The state of stress, strains and displacement are termed as the elastic field. A complete 

description of the elastic fields requires specification of forces acting on the elementary 

body and its surface orientation.  

 

2.2   Equilibrium and Compatibility Conditions 

 

Let us take an infinitesimal cubic element from an elastic body with sides parallel to the 

coordinate axes. To ensure the equilibrium of the element, six forces will act on the six 

different faces of the element. The forces acting on each face may be resolved into two 

types i.e. one perpendicular to the plane of the face and the other parallel to the face. The 

stress component acting perpendicular to the face is the normal stress and the two stress 

components acting parallel of the face are the shearing stress as illustrated in fig. 2.1.  
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Fig. 2.1 Elementary Cubic Body. 

 

In order to provide compete information of an elastic field, it is necessary to determine nine 

stress components ( xzzyyzyxxyzzyyxx σσσσσσσσ ,,,,,,,  and zxσ ) and six strain components 

( yzxrzzyyxx γγεεε ,,,,  and zxγ ). Instead of strain components, sometimes the displacement 

components (  and ) are determined. It is worthy to mention that the components of 

strain and displacement can be determined from each other and each set provide the similar 

information. Therefore, either the components of strain or displacement are sufficient for a 

particular purpose.  

yx uu , zu

 
According to general conventions, the normal stress is taken positive when producing 

tension and negative when producing compression. On any side the direction of the positive 

shearing stress coincides with the positive direction of the axis if the outward normal of this 

side has the positive direction of the corresponding axis. If the outward normal has a 

direction opposite to positive axis the positive shearing stress will also have the opposite 

direction of the corresponding axis. The first subscript of the symbol indicates the direction 

of the normal of the plane on which the stress acting and the second subscript indicates the 



direction of stress. By a simple consideration of the equilibrium of the element shown in fig. 

2.1, it can be shown that xzzxyxxy σσσσ ==   ,  and zyyz σσ =  Thus, the nine components of 

stress are reduced to six yzxyzzyyxx σσσσσ   ,  ,  ,  ,  and zxσ  [1-2]. 

 
From the consideration of an infinitesimal cubic element surrounding a given point in a 

body, it is found that the static equilibrium of forces requires at this point is to satisfy the 

followings equations: 

 

0=+
∂

∂
+

∂
∂

+
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∂
x

xzxyxx F
zyx
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These equations are known as the equations of equilibrium, where Fx, Fy and Fz are the 

components of the body force in x, y and z directions respectively [2].  

 

The six stress components satisfy the above mentioned three equations of equilibrium; but it 

is not practicable to obtain six stress components solving three equations. As such 

consideration of more relations is the option to have equity in number of variables as well as 

equations. In this regard, following six relations are defining the three strain components in 

terms of the three displacement components through partial differentiation [2].  
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In addition, the six stress-strain relations are also there. Thus one can have altogether 15 

unknowns and 15 equations. This system of equations is generally sufficient for the solution 

of an elasticity problem.  
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y differentiation and simple manipulation of Eq. (2.2), the following set of differential B

equations can be obtained.  
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hese differential relations are called the conditions of compatibility. The solution of an 

.3   Hooke’s Law 

 the simplest approximation the relation between stress and strain is taken to be linear and 

zy

xz

yx

xy

zx

yz

zz

yy

xx

zy

xz

yx

xy

zx

yz

zz

yy

xx

ccccccccc
ccccccccc
ccccccccc
ccccccccc
ccccccccc
ccccccccc
ccccccccc
ccccccccc
ccccccccc

γ
γ

γ

γ
γ

γ
ε

ε
ε

σ
σ

σ

σ
σ

σ
σ

σ
σ

999897969594939291

898887868584838281

797877767574737271

696867666564636261

595857565554535251

494847464544434241

393837363534333231

292827262524232221

191817161514131211

    (2.4) 

 
here the 81 coefficients ,………,  are called elastic coefficients or stiffness. For the 

equilibrium condition it is found that

T

elasticity problem must satisfy the equilibrium i.e. Eq (2.1) and the compatibility conditions 

i.e. Eq (2.3) along with the boundary conditions. 
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called Hooke’s law named after the 17th century British physicist Robert Hooke. The most 

general form of linear stress-strain relationship for anisotropic material is given by the 

following expression [38]. 
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From the consideration of strain energy density, it can be shown that 
Therefore,  
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Thus, the 36 coefficients of the stiffness matrix in Eq. (2.5) com  down to 21 and the 

stiffness matrix turns to a symmetric matrix as follows. 
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Materials having symmetry with respect to one plane is referred to as monoclinic materials. 

For such case of material, transformation of axis can be done and found that  
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coefficient becomes 13 only.  

Thus, the stiffness matrix of Eq. (2.6) further reduces to  
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Again an orthotropic material has at least two orthogonal planes of symmetry, where 

material properties are independent of direction within each plane. Normally the reference 

system of coordinates is selected along the principal plan

of an orthogonal material include a single lamina of continuous fibre composite arranged in 

a rectangular array, a wooden bar and rolled steel. For such case 

es of material symmetry. Examples 

045362616 ==== cccc  

and then this type of materials require 9 independent variables as elastic constants in their 

stiffness matrix as follows. 
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The reciprocal relations are given by.  
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Most metallic alloys and thermoset polymers are considered isotropic material, where by 

definition the mechanical properties are independent of direction. In this case there are 
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finite planes of symmetry. Such materials have only two independent variables i.e. elastic 
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constants in their stiffness matrix as   
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These constants are given by  
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The summarised form of independent elastic constants for general anisotropic, anisotropic 

ith symmetric stress and strain components or with energy consideration, orthotropic and 

otropic materials can be thus presented in table 2.1 as follows. 

 
Table 2.1 Num stic Constants 

 
Serial Material Condition No of constant 

w

is
 

ber of Ela

1 Anisotropic General form 81 

2 Anisotropic Equilibrium condition 36 

3 Anisotropic Stain energy consideration 21 

4 Monoclinic Symmetric to a plane 13 

5 Orthotropic 
planes of symmetry 

09 Having mutually perpendicular 

 

6 Isotropic Same elastic properties in all 
directions (having infinite 

 symmetry) perpendicular planes of

02 
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2.4  Tw - Dim

 
Althoug the e lysi sional thotropic and 

isotropic materials can be ana eration of symmetry 

of planes. For such simplification there are two options i.e. (i) plane stress condition and (ii) 

lane strain condition.  

 
Plane stress condition is considered to be a state of stress in which the normal stress σzz and 

the shear stresses σxz  and σyz directed perpendicular to the plane are assumed to be zero (but 

not the strain). Generally, members that are thin (those with a small z dimension compared 

to the in-plane x and y dimensions) and whose loads act only in the x-y plane can be 

considered to be under plane stress. Thus, a state of plane stress exists in a thin object 

loaded in the plane of its largest dimensions. The non-zero stresses σxx, σyy, and σxy lie in 

the x-y plane and do not vary in the z direction. A thin beam loaded in its plane and a spur 

gear tooth are good examples of plane stress problems.  

 
On the other hand plane strain is said to be a state of strain in which the strain normal to the 

x-y plane εzz and the shear strains γxz and γyz are assumed to be zero. The assumptions of the 

plane strain are realistic for long bodies (saying in the z direction) with constant cross-

sectional area subjected to loads that act only in the x and/or y directions and do not vary in 

the z direction. 

 
The option (i) i.e. the plane stress condition has been followed in the present study. Thus 

o ensionalization of the Problem 

h lastic ana s in general form is of three dimen

lyzed using two dimensions on the consid

, or

p

0  ;0  ;0 === yzzxzz σσσ         (2.10)  
 
At this condition, the equilibrium equation (2.1) having no body force reduces to  
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tress condition are shown in fig. 2.2. 

tion of three unknowns. The third 

quation is the mathematical formulation of the condition for compatibility, which can be 

The stresses for a two dimensional element at plane s
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Fig. 2.2 Stress components on a plane 

 

The two equilibrium equations (2.11) contain three unknown stress components. Thus, one 

more equation is required to obtain an exclusive solu

σyy

σxy

σxy

σxx
σxx

σxy

σxy

σyy

e

obtained from the strain displacement relations. For two dimensional cases, these relations 

are: 
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= γεε    ,   ,     (2.12)  

 

 Differentiating the first equation of (2.12) twice with respective to y, the second twice with 

on 

for condition of compati

respect to x and the third once with respect to x and once with respect to y, the expressi

bility in term of strain then becomes as follows: 

yxxy
xyyyxx ∂

=
∂

+
∂ γεε 2

2

2

2

2
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 (2.13) 

 
But there would

 stiffness matrix in Eq. (2.13). For orthotropic material, while the 

tiffness matrix is given by Eq (2.8), the stress-strain relations in the case of plane stress can 

be reduced to: 

     (2.14) 

 

 have been the necessity of one more equation in terms of stresses; which 

can be obtained using

s
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e 

ymbols K’s for the case of plane stress condition so that they can be identified easily, 

here  

It can be noted that the symbols of elastic constants (c) are replaced conveniently by th

s

w
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rom the elastic constant K12 of Eq. (2.15) the reciprocal relations can be reduced as:  
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aking use of Eqs. (2.13), (2.14), (2.15) and (2.16), the differential equation for 
 
M

compatibility condition in terms of stresses can be as follows: 
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Now Eq.(2.11) and (2.17) are to be solved to obtain elastic fields satisfying the boundary 

onditions.  

imultaneous partial 

differential equations given by Eq (2.11) and (2.17) is fairly im

equations may be solved numerically. The numerical solution procedure is even 

undary conditions using traditional formulation. In this study, attention is 

paid to the theoretical enhancement of suitable and reliable formulation for the solution for 

elastic fields of orthotropic as well as isotropic composite beams under mixed mode of 

boundary conditions. The principal viewpoint in this regard is summ

 

c

 
 
2.5 Usual Method for Solution 

 
As per existing mathematical methods, the analytical solution of three s

possible. However, these 

complicated and cumbersome for this type of equations. Moreover, it gives only 

approximate results. As such it continues to remain a challenging job for the researchers to 

obtain the solution of elastic fields analytically for a composite structural element under 

mixed mode bo

arized in subsequent 

paragraphs.    
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that the number of partial differential equations (Eq. 2.11 and 2.17) and the 

nknown terms can be reduced to two when the stress components of these equations are 

replaced by displacement components. Using equations (2.12), (2.14) and (2.15) it is 

possible to get three expressions for three stresses in terms of two displacement components 

as follows: 

There are mathematical concepts on the reduction in number of unknowns by assuming 

intermediate functions, which in turn reduces the number of equations for solution. It is 

noticed 

u
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Substituting Eq. (2.16) and (2.18) in to equilibrium equations (2.11) the following two 
elliptical partial differential equations are obtained.  
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2.6  Stress Function Approach 

 
It may be noted that in the analytical approach stress function is being used for long 

time, since it was introduced by George Biddell Airy, a British astrologer and 

mathematician, in 1862. Airy’s stress function Φ(x,y) is defined in terms of stresses as a 

function of x and y for which following conditions are met [1-2]: 
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Stress function satisfies the equilibrium equations and compatibility conditions. After 

applying the above relations of stresses in terms of Φ(x,y) in Eq. (2.17) following 

expression is obtained. 
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his expression is the bi-harmonic partial differential equation for Airy’s stress function. 

Now Eq. (2.21) is to be solved

components using Eq. (2.20) and then  Hooke’s law as well as strain displacement 

sed to obtain the displacement components. 

  
For orthotropic case [Fig. 2.3] the young’s moduli Ex and Ey may be replaced by E1 and E2 

here they are used to denote the Young’s modulus in the fibre direction and in 

T

 satisfying the boundary conditions to obtain stress 

relations are u

w

perpendicular to the fibre direction respectively. Further G 
xy is replaced by G12 to denote the 

hear modulus for on-axis orientation.   s

 

Fiber 

Fig. 2.3 Stress components on a composite plane  
 
 

In such case the bi-harmonic governing differential equation orthotropic composites on the 

basis of stress function Φ(x,y) i.e. Eq. (2.21) becomes:   
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For an isotropic elastic materials under the condition of plane stress Ex= Ey = E, 

µµµ == yxxy  and ( )µ+
==

EGGxy  .  Substituting these relations in Eq. (2.21) the 
12

athematical model for the isotropic condition is found as: 
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  and (2.23) developed basing on Airy  

roblems of orthotropic and isotropic materials, whose boundary conditions are in 

.19). Consequently, further 

mplification of the solution method is the necessity. 
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Eqs. (2.22) ’s stress function can handle elastic

p

terms of stress or load only. Thus attention is obviously necessary towards the 

solution of the two elliptical partial differential equations for those problems where the 

boundary restrains are to be satisfied. Again it is not even easy task to obtain the values of 

displacement components by the solution of equations (2

si

 

2.7  Displacement Potential Formulation 

 
Considering the difficulty of solving eq  ( )yx,ψ  is taken 

into consideration [30-33], which has to satisfy a single partial di  

equilibrium, somewhat similar in concept to that of Eq.(2.21). It is name ent 

potential function and defined as a function 

fferential equation of

d as displacem

( )yx,ψ  of space variables x and y, where the 

displacement components are expressed as follows: 
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Here, s'α  are unknown material constants. 
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Using the expressions of Eq. (2.24) in Eq (2.19a) following equation is obtained. 
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The material constants α’s are chosen in such a way that the equation (2.25) is automatically 

satisfied under all circumstances. This will happen when all of its coefficients are 

independently zero. In that situation, 
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in from the second equation of (2.19) and Eq (2.24 )  it is found that 
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Now using Eqs (2.26) and (2.27) it is found that 
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 values of α2 ,  For non-zero
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The above fourth order differential equation (2.28) is only one governing equation for the 

solution of the displacement potential function

 

ψ . Once the displacement potential function 

ψ  is known, the components of displacement can be readily found from Eq. (2.24). 

hereafter, using the stress displacement relations of Eq. (2.18) can be used for obtaining 

stress components.  

Assuming the value of α2 unity, and taking the values of α1, α3, α4, α5 and α6  from 

q.(2.26),  one can obtain the components of displacement and stress using Eqs. (2.24) and 

(2.18) respectively as follows: 
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ntial Formulation for Orthotropic Materials 

 
For orthotropic materials the young’s moduli Ex and Ey may be replaced by E1 and E2 where 

ey are used to denote the Young’s modulus in fibre direction and in perpendicular to fiber 

tion respectively. Further G 
xy is replaced by G12 to denote the shear modulus for on-

axis orientation.  In such case the governing differential equation for the solution of two 

ensional orthotropic composite structures becomes:   
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Then the components of displacement and stress are: 
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.7.2    Displacement Potential Formulation for Isotropic Materials    

For an isotropic elastic solid under the condition of plane stress Ex= E
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d from the 

ook’s law as follows: 

Then the stress-displacement relations for the plane stress problems are obtaine

H
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When the displacem

of α as in Eq. (2.32), the single governing equation of equilibrium in partial differential 

rm being satisfied by ψ(x, y) is found for isotropic materials as follows: 

   

 

ent components in Eq. (2.19) are replaced by Eq. (2.24) having values 
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Combining Eqs. (2.18), (2.33), and (2.34), the expressions of displacement and stress 

omponents in terms of function ψ(x, y) are obtained as follows: 
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ts throughout the volume of the 

olid elastic body. The components of stress may vary over the volume of the body, and at 

the boundary of the body. As such the external forces would have a contribution over the 

 
In practical situation, along the edge or boundary of a structure, there are two things to be 

ents and (ii) loading or stress. Both the displacements and stresses 

are identified by their respectiv

a. Normal displacement  

The solution of the governing equation requires specific normal and tangential conditions. 

At any point on the boundary, any 2 components t of 4 re kno ime. Thus there 

re 6 types of following boundary conditions: 

 

mal displacement  + Tangential stress  

iv.  Tang

v.   Tangential displacement  + Tangential stress  

vi.  Normal stress  + Tangentia

While both the components are purely normal or purely tangential, the boundary conditions 

do not practically exist. As such boun

to be considered and the remaining four boundary conditions would be considered for 

solving the physical problems of elastic body.

rectangular, the structure may be oriented so that its edges are parallel to the co-ordinate 

axes. In that case, the normal and the tangential components of displacement and stress at 

the boundary are the corresponding c

above mentioned four possible boundaries, only the number (vi) is suitable for Airy,s stress 

function; whereas all four boundary conditions can be dealt with using displacement 

potential function (ψ).   

2.8   Consideration of Boundary Conditions 
 

 The equilibrium equation (2.1) has to be satisfied at all poin

s

the surface the stresses must be such as to be in equilibrium with external forces acting on 

internal stress distribution.  

known, i.e. (i) displacem

e components as follows: 

b.   Tangential displacement  

c.   Normal stress  

 d.  Tangential stress  

 

ou a wn at a t

a
 

i.    Normal displacement  + Tangential displacement  

ii.   Normal displacement + Normal stress  

iii.  Nor

ential displacement  + Normal stress  

l stress  

dary conditions of (ii) and (v) are no longer required 

 If the shape of the boundary surface is 

oordinate components inside the structure. Out of the 
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ent Potential Approach  

with a view to potential usefulness in practical problems. 

pecifying the magnitudes of state 

variabl sures, etc. at a finite number of points. In this 

thesis s are dealt with having equilibrium state of affairs. 

With this pretext a very powerful method of solving boundary-value problems is the so-

lution method.  

 Airy’s stress function of similar pattern has 

been so e of functions are considered 

here at  polynomials do not actually help much 

in this ions of trigonometric and hyperbolic 

functio s. If these functions can be expressed 

as an i ferential equations becomes more 

accurat ms which display aspects of periodic and a 

on. Many functions which are not differentiable, including certain 

2.9   Solution Procedure Using Displacem

 

The concept of structural analysis consists of four essential matters like any engineering 

system, such as, proper understanding of physical phenomena, derivation of governing 

equation, proper application of boundary conditions, and development of routines for the 

solution and finally the interpretation of solutions. Thus the solution procedure is the uniting 

of physics and mathematics 

 

The equilibrium problem is essentially one of describing the steady-state configuration of 

the physical system. This can usually be achieved by s

es like stresses, displacements, pres

work, boundary-value problem

called trial function or trial so

 

Attempt is made here to solve the fourth order homogeneous partial differential equations, 

i.e., Eq.(2.30) for orthotropic and Eq. (2.34) for isotropic materials through utilization of 

different trial functions for  ψ(x, y). Since the

lved using polynomials for quite long time, similar typ

 first as trial solutions. It is observed that pure

regard. Rather it is seen that various combinat

ns offer suitable choices for analytical function

nfinite series, then construction of solutions of dif

e. In the light of the ubiquitous proble

discontinuous nature, those infinite series known as Fourier series attain a place of special 

importance. 

 

The Fourier series is probably the most commonly used of all the series for the solution of 

physical problems. It is a trigonometric series which can be used for the expansion of an 

arbitrary function. The usefulness of the Fourier series is due to the fact that certain 

functions which can not be expanded in power series form can still be represented by 

Fourier series. The reason for this is that the coefficients of the power series contain 

derivatives of the function; hence these derivatives must exist uniquely in order to obtain 

the power series expansi
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a much greater 

egree of generality is attained by taking the function as Fourier series. 

beam 

atisfied. 

types of discontinues function, can be expanded in Fourier series. Thus 

d

 

Taking all this in mind trial and error operations are done to reach to the possible best 

displacement potential function to be assumed. In this assumption process, boundary 

conditions of the two ends should be satisfied automatically. Then the solution can be 

progressed further to make the boundary conditions of remaining two ends of the 

s
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 simply supported deep beam of rectangular cross section subjected to a distributed load is 

considered. The generalised form of such a beam is shown in Fig. 3.1a. While the two 

opposing lateral ends of this beam are guided by some means, it can be considered as 

guided simply supported beam. It is illustrated in Fig. 3.1b. The support at the bottom 

surface is inserted over a certain portion of beam length. Beam length, depth and width are 

denoted by L, D and W respectively. The loaded length can be taken as L' and the effective 

length for each support is (L – L')/2. 

 

    

(a) Unguided simply supported beam 

   

 
(b) Guided simply supported beam 

 
Fig. 3.1 Geometry and loading of a simply supported deep beam: (a) Unguided simply 

supported beam, (b) Guided simply supported beam 

Su

SOLUTION TO ISOTROPIC DEEP BEAMS  
 
3.1 Analytical Solution of Guided Isotropic Deep Beam  

 

3.1.1   Problem Articulation 
 
A

pport 

x 

y 

L

     Distributed load, σyy (x) 

L'

D

Support 

x 

y 

D

Guide 

L 

     Distributed load, σyy (x) 

L'
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nciation for the development of analytical solution, the load acting over 

o acting over the 

ly distributed and the 

plane stress is assumed here 

g  are 

ere is no allowance for the axial displacements, but the lateral displacements are 

 loading 

3.1. 2   Bounda  C

 
For the present problem with reference to Fig. 3.2 the physical conditions is to be satisfied 

along the different boundaries of the beam. Due to the guides placed at both the ends, axial 

displacement is restricted to be zero over there. At the same time there can be no shear 

stress at those edges since the guide allows the beam to be free for lateral dislocation. So the 

 guided boundaries are of mixed mode. The top and bottom ries do 

not have conditions o  applied load and reactions are 

 conditions within their striking region. Again there is no shearing 

effect over the top and bottom  beam. The boundary conditions 

ed beam considered for the present problem can be expressed mathematically as 

follows:        

 
(a) Guided end, EF: There is no axial displacement and shearing stress. Thus, 

 and 

As a particular enu

the top surface is considered as uniformly distributed with a magnitude of σ

length of 0.8L. The support of the beam is also considered as uniform

effective length for each support is assumed to be 0.1L. The 

takin  unit thickness of the beam. Since the two opposing lateral ends of the beam

guided, th

free to have any value [Fig. 3.2]. 
 

    σo

 
 
 
 
 
 
 

Fig. 3.2  Analytical model of a guide

Uniformly distributed load,   

H

x 

E 

F G

y 

0.8L0.1L 0.1L

D

Guide 

Support 

d simply supported beam subjected to uniform
 

ry onditions 

conditions at the  bounda

f displacements. On these surfaces the

related to the boundary

 boundaries of the aforesaid

of guid

( ) 0,0 =yux ( ) 0,0 =yxyσ [ Dy ≤≤0 ].  

 
(b) Guided end, HG: There is no axial displacement and shearing stress. Thus, 

 and ( ) 0, =yLux ( )  [ ] Dy0 ≤≤0, =yLxyσ
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in (c) Loaded boundary, EH: There is no shearing stress. But lateral stresses are there 

the regions of applied loads, which is the function of load intensity. Thus, 

( ) 0, =Dxxyσ  [ Lx ≤≤0 ] and ( ) 0, σσ =Dxyy [ LxL 9.01.0 ≤≤ ] 

 
(d) Supporting end, FG:  This is the supporting boundary whose total reaction force is to 

be the algebraic sum of reactions acting on both the supports and eventually same as 

to the applied force at the opposite site for equilibrium condition. The uniform load 

is distributed over 80% of beam length (from x/L= 0.1 to x/L=0.9) and support 

reaction is distributed over 20% of beam length (x/L= 0.0 to 0.1 and x/L=0.9 to 1.0). 

Therefore,   0,xxy ( ) 0=σ  [ Lx ≤≤0 ];  ( )0, [ Lx 1.00 ≤≤  & LxL ≤≤9.0σ =xyy 4 0σ ] and  

yy ( )0, =x 0σ  [ 9.01.0 < ] 

 
 
3.1.3   Analytical Solution 
 
For isotropic m ial in case plane stre  governing equati ased on displacement 

L < Lx

ater ss the on b

potential function ψ(x,y)  is obtained from Eq. (2.34) as follows:  
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he expressions of displacement and stress components in terms of function ψ(x, y) are also T

obtained from Eqs. (2.35) as follows: 
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The potential function ψ(x, y) is first assumed in a way so that the physical conditions of the 

two opposing guided ends are automatically satisfied. At the same time solution has to 
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sati mo

and error process solution o he gove ing equation (3.1) is thus approximated as 

foll

,( yx
m

m

sfy the 4th order bi-har nic partial differential governing equation. After a long trial 

, the f t rn

ows, which gives the result: 
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Substituting the expressions of above derivatives in Eq. (3.1) following equation is 

obtained. 
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The solution of the above 4th order ordinary differential equation with constant coefficients 

[Eq. (3.4)] can normally be approximated as follows:  

       (3.5)  
   
 
But the ordinary differential equation (3.4) has the complementary function of repeated 
roots. Thus  
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α== 21 rr  and α−== 43 rr   and the general solution of Eq. (3.4) can be 
written as   

)                        (3.6) 

where ,  and  are arbitrary constants. 

 

Differentiating equation (3.6) following expressions are found 
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Now substituting the derivatives of ψ and  in the expressions for displacement (3.2) and 

stresses (3.3), following expressions are found. 
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Now, the reactions on the bottom boundary (y = 0) are acting over the two supports. It is 

considered that the supports are located at x=0 to 0.1L and x=0.9L to L respectively. The 

total length for reaction is 20 percent of beam length, where the load is over the 80 percent. 

As a result the intensity of reaction is four times of the load intensity. Therefore, the 

actions over the beam at the supports can be taken as Fourier series in the following 

manner: 

 for x=0 to 0.1L and 0.9L to L      (3.8) 
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The compressive load on the edge Dy =  acting over x= 0.1L to 0.9L can also be given by a 
Fourier series as follows 
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The loading considerations of equations (3.8a) and (3.9a) are to satisfy the boundary 
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g boundary condition ( ) 0, σσ =Dxyy  at the edge of Dy =Usin    
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and  using Eq. (3.9a) and Eq. (3.13a) the arbitrary constant K can be obtained as follows: 
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b) 

re solved simultaneously and the values of four unknowns, namely, Am, Bm, Cm and Dm, are 

obtained, equations of (3.7) are then used for subsequent finding of stress and displacement 

components of the beam at various points.  

.1.4   Results of Displacement Potential Solution 

nt re bt fo ious 

 (L/D) of the beam. At first the result of a guided steel beam (µ = 0.3 and E = 

09 GPa) having L/D = 3 and the uniform loading parameter = 40 N/mm is presented in 

sequence of axial displacement (ux), lateral displacement (uy), bending stress (σxx), normal 

stress (σyy) and shearing stress (σxy). Ther

would be useful to examine the validity of the displacement potential solutions over the 

classical bending theory as well as finite element method (FEM). Finally the effects of beam 

atio on the elastic fields are analyzed.   

 

i. Solution of Displacements  
 
 

Once the matrix Eq. (3.16) or four algebraic equations (3.12a), (3.12b). (3.13b) and (3.14

a
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The analytical solutions of displacement and stress compone s a  o ained r var
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eafter a comparative study is presented, which 
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Fig. 3.3  Normalized axial displacement, L/D = 3: (a) distribution over longitudinal 
sections, (b) distribution over transverse sections from left guide to mid of span 

 
Axial displacements (ux) are found zero at the mid section of span, at the lateral guided 

boundaries and over the mid-horizontal plane [Fig. 3.3(a) and (b)]. Zero value of ux at 

the guided boundaries confirms the satisfaction of boundary condition of those ends. 

Axial displacements are found to be symmetric about the mid-vertical plane. The 

magnitudes of axial displacement at the top half are quite less than those of bottom half 



of the beam. The significant values of ux are negative for sections 0<x/L< 0.5 and 

positive for 0.5<x/L<1.0. The maximum magnitude of ux/L=0.0016 is observed on 

bottom fibre at the sections of x/L = 0.1 and 0.9, where the loads terminate from both 

sides of the beam.  
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because of the supports at the bottom boundary, and for the region 0.2<x/L< 0.8, 

Lateral displacements (uy) near the two lateral ends are found to take positive value 

displacements are negative [Fig. 3.4(a) and (b)]. In the present problem, there is no 

restriction on the lateral displacement other than the loading at the top edge and 

balanced at the bottom corners of the beam to bring the equilibrium condition. The 

result confirms this physical condition being pushed the corners up and mid-region 

down. The positive and negative maximum lateral displacements are uy/D=0.000225 and 

uy/D= - 0.00017 respectively. The positive maximum value is observed at the two ends 

on the lowest fibre and the negative maximum value is found on the top fibre at the mid 

section of the beam. 
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Fig. 3.4  Normalized lateral displacement distribution, L/D = 3: (a) over longitudinal 
sections (b) over transverse sections from left guide to mid of span 

 

Fig. 3. of the beam tog ith 

the at 

the e top 

5 presents the deformed shape ether with the original shape w

 magnification of 500 times of displacement. The guided ends have gone up and 

 same time centre region of the beam have gone down. The deformation of th

edge is uniform through out the length of beam with the uniformly distributed loading. 

The bottom edge is also deformed uniformly except the support region, where there is 

very little non-uniformity of deformation. However, the overall vertical sliding type 

deformation is again in excellent agreement with the applied loading and support of the 

beam.  
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Fig. 3.5   Deformed shape of the guided isotropic deep beam, L/D = 3  

 (magnification factor ×500) 
    

 
ii.  Solution of Stresses 
 
Bending stress distrib

        

ution is more or less non-linear over the whole span [Fig. 3.6(a) 

and (b)]. This non-linearity increases towards the guided ends. The stress (σxx) 

maximizes at the top and bottom edges of the beam but carries opposite sign. The 

maximum normalized values at the top and bottom fibre are 3.368 and -5.243 

respectively. Near the guided ends, σxx is positive for the upper half and negative for the 

lower half of the beam, but the opposite is observed for sections away from the support.  
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Fig. 3.6  Distribution of bending stress of the guided isotropic deep beam, L/D=3:    

(a) over longitudinal sections,  (b) over transverse sections 
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Fig. 3.7 reveals that the lateral stress (σyy) gets its highest value around the position of 

supports on the bottom edge. As per the loading configuration, the uniform load is 

distributed over 80% of beam length (from x/L= 0.1 to x/L=0.9) and support reaction is 

distributed over 20% of beam length (x/L= 0.0 to 0.1 and x/L=0.9 to 1.0). Therefore, the 

reaction at each support is four times of the load density. From the solution of 

displacement potential approach it is comprehensible that the normalized value of the 

lateral stress is zero where load is absent at the top layer and unity in the loaded region. 

The magnitude of the normalized value is four at the bottom layer of the support region 

and zero in the free region. This is a full agreement with the applied loading as well as 

boundary condition.  
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Fig. 3.7 Normalized lateral stress distribution of the guided isotropic deep beam, L/D=3: 

  (a) over longitudinal sections, (b) over transverse sections 
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Fig. 3.8 Shear stress distribution of the guided isotropic deep beam for L/D=3:   

(a) over longitudinal sections, (b) over transverse sections 

(a) over longitudinal sections    (b) over transverse sections 



Four edges and mid-span section of the guided deep beam are found free from shearing 

stress [Fig. 3.8(a) and (b)]. The distributions of shearing stress (σxy) conform to the 

standard parabolic profile except that at sections x/L= 0.1 and 0.9, i.e., the termination 

point of loading [Fig. 3.1]. The maximum shear stress is observed at y/D=0.2 of sections 

x/L=0.1 (normalized value = - 1.51233) and x/L=0.9 (normalized value =1.51233). 

 

Distribution of normalized maximum principal stress obtained using the results of 

displacement potential approach is presented as contour in Fig. 3.9. The relation used in 

this regard is   2
1

σσσσ
σ

⎞⎛ −+
=

22 xy
yxyx σ+⎟⎟

⎠
⎜⎜
⎝

+  , where σ1 is the maximum principal 

stress. No reference of the principal stress distribution for a guided deep beam could be 

found. As such the verification of present results remains to be investigated with the 

availability of any other results. However, the contour pattern of maximum principal 

stress of the current solution seems to be satisfactory in a general sense on visual basis. 
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Fig. 3.9 Normalized maximum principal stress contour of the guided isotropic beam, L/D=3 
 
 
 
 
 
 
 
 



 
47

 
 
 
3.1
 

The  the 

classical beam theory.  However, for the sake of comparison, the elementary solutions are 

obtained for the deep beam, which is basically a one dimensional solution to actual beam 

wit

app

supported taking the resultant of the reaction forces a

the available text book formula are modified to meet the requirement of the present problem 

and

foll

.5  Comparison of Results 
 

 present beam problem with its guided ends cannot be solved appropriately by

hout guides. Since the distribution of reaction at the bottom surface cannot be addressed 

ropriately using the elementary theory, the beam is considered here to be simply 

t x=0.05L and 0.95L. At this condition 

 the solutions for the lateral deflection, bending stress and shear stress are obtained as 

ows:  
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FEM solutions are obtained using the standard facilities of the commercial software 

ANSYS. For that the relevant boundary conditions used are the same as those used in the 

analytical solution. Four noded rectangular plane elements are used to construct the 

corresponding mesh network of the beam. All the elements are of same size and their 

distribution is kept uniform all over the domain. The total number of finite elements used to 

igure 3.10.     

       

construct the element mesh network for the present problem is 400 (20 x 20) as shown in 

F
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ery close to the present ψ-solution resu

indicate that the displacement at the guided edges 

middle of span displacement is negative i.e. t

solution and FEM has been translated to have the

comparison with beam theory results.   

 
Fig. 3.11.1(b), (c) and (d) illustrate that the be d

elementary theory varies linearly over the beam dept

at the end/support [Fig. 3.11.1(b) and (d)] but over p

by the elementary theory from those of the corre

solution. Moreover, beam theory predicts that the be

btained by the three approaches is fo

e solutions differ in the approaches at sections x/

e two boundaries terminate [Fig. 3.11.2 (c) an

ddress the local effect of load termination on shear 

ee from such limitations and provides reliable an

guided beam.   

 

 
Fig. 3.10 FEM meshing (20 x 20) and loadin

 
The comparison of the present ψ-solution with those

finite element method (FEM) is presented in Fig. 3

3.11.1(a), the deflection is over predicted by the e

result is v

y 
x

he b

n

is of same magnitude with opposite sign. But it is n

and the FEM solution; here it is of dissimilar magnit

 
The lateral stress distribution at the support position

obtained using ψ-solution is very close to FEM solu

result of beam theory is absent due to obvious reason

of x/L = 0.25 o

th

th

a

fr
h

lt. Basically the ψ-solution and FEM 

is positive i.e. beam moves up and the 

. So, he res ψ-

 zero value at the guided ends for the 

ion obtain the 

h. The bending stress is under predicted 

redicted at the mid span [Fig. 3.11.1(c)] 

sponding 

nding stress at the bottom and top edge 

und to be very close to each other. But 

L = 0.1 and 0.9, where the loadings on 

d (d)]. The elementary theory cannot 

stress, whereas the present ψ-solution is 

d accurate results at any section of the 

 

g arrangement of steel beam, L/D=3   

 obtained by the elementary theory and 

.11.1 and 3.11.2. As appears from Fig. 

lementary beam theory, whereas FEM 

hy 

x 

eam goes down t ults of 

ing stress distribut  ed by 

ψ-solution as well as FEM 

ot the case obtained by the ψ-solution 

ude.   

 as well as the mid section of the beam 

tion [Fig. 3.11.2 (a) and (b)]. Here the 

. The shear stress distribution at section 
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(b) Bending stress [x/L=0.0]   (c) Bending stress [x/L=0.5] 
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(d) Bending stress [x/L=0.1] 

 

Fig. 3.11.1 Comparison of ψ-solution with those of beam theory and FEM: (a) lateral 
displacement [y/D=0.5], (b) bending stress [x/L=0.0], (c) bending stress [x/L=0.5],           

(d) bending stress [x/L=0.1]
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(a) lateral stress [x/L=0.1]   (b) lateral stress [x/L=0.5] 
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(c) Shear stress [x/L=0.1]   (d) Shear stress [x/L=0.25] 
 

Fig. 3.11.2 Comparison of ψ-solution with those of classical beam theory and FEM:          
(a) lateral stress [x/L=0.1], (b) lateral stress [x/L=0.5], (c) shear stress [x/L=0.1], 

 (d) shear stress [x/L=0.25] 
 

 
3.1.6  Effect of Aspect Ratio on Stresses 

 
The bending stresses for various aspect ratios (L/D=1 to 4) at different sections of the beam 

are observed as shown in Fig. 3.12 (a) to (f). It is seen that the nonlinearity of bending stress 

is the highest at the guide while aspect ratio is one and it gets reduced with the increase of 

aspect ratio. For higher L/D ratio at the mid region (x/L=0.4 to 0.6) of the beam, the 

bending stress distribution is quite linear [Fig. 3.12(e) and (f)], whereas it is still nonlinear 

 
50



 
51

for aspect ratio one or two. However, the maximum magnitude of bending stress is 

increasing with the increase of L/D ratio.  

 

The effect of aspect ratio variation is also observed using FEM for the same physical 

condition. The maximum bending stress observed in this regard is shown in the following 

tables 3.1(a) and (b).  

 
Table 3.1  Maximum Normalized Bending Stress  at x/L= 0.1 and 0.5 

 

(a) at x/L= 0.1  
 

Simple theory ψ -solution FEM L/D 
ratio y/D=0 and 1 y/D=0 y/D=1 y/D=0 y/D=1 

1 ±0.15 -1.49 0.13 -1.45 0.14 
2 ±0.60 -1.84 0.84 -1.76 0.53 
3 ±1.35 -2.85 2.13 -2.78 2.18 
4 ±2.40 -4.44 3.86 -4.14 3.31 

 
 

 (b) at x/L=  0.5 
 

Simple theory ψ -solution FEM L/D 
ratio y/D=0 and 1 y/D=0 y/D=1 y/D=0 y/D=1 

1 ±0.63 0.53 -0.47 0.57 -0.45 
2 ±2.52 0.97 -1.30 0.93 -1.23 
3 ±5.67 2.07 -2.57 1.95 -2.42 
4 ±10.08 3.75 -4.27 3.51 -3.98 

 
 

It is evident from the above tables that the ψ-solution and FEM results are closer at 

different aspect ratios. However, with the rise of aspect ratio FEM results are found to 

be little more than that of ψ-solution.  In general, the bending stress magnitude rises 

with the rise of aspect ratio in a gradual nature. Both ψ-solution and FEM indicate that 

the bending stress magnitudes are m fibres of the beam for 

 

s

 not the same at top and botto

all aspect ratio. On the other hand the simple beam theory indicates that the rise bending

tress magnitude is much higher than that of other two approaches.  
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(a) bending stress at x/L=0.0   (b) bending stress at x/L=0.1 
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(c) bending stress at x/L=0.2   (d) bending stress at x/L=0.3 
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(e) bending stress at x/L=0.4   (f) bending stress at x/L=0.5 

lateral stresses in all L/D ratios follow the loading pattern. With the increase of L/D ratio the 

 
Fig. 3.12   Effect of beam aspect ratio on normalized bending stress at  (a) x/L=0.0,     

(b) x/L=0.1,   (c) x/L=0.2,  (d) x/L=0.3, (e) x/L=0.4,  (f) x/L=0.5 
 

The lateral stress distributions for L/D=1 to 4 at sections from guide end to middle of the 

span (x/L=0.0 to 0.5) are shown in Fig. 3.13 (a) to (f).  As appeared from the figures that 
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 that the distribution pattern changes while the 

ngth depth ratio is changed. This pattern changing phenomenon is less with respect to 

nonlinearity reduces, but some degree of nonlinearity remains. Lateral stress at the guided 

ends as shown in Fig. 3.13 (a) indicates

le

sections moving away from the guide. At the mid sections it is almost insignificant.  
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 (e) at x/L=0.4     (f) at x/L=0.5 

Fig. 3.13   Effect of beam aspect ratio on normalized lateral stres

 
 

s at:  (a) /L=0.0,  
 (b) x/L=0.1,   (c) x/L=0.2,  (d) x/L=0.3, (e) x/L=0.4,  (f) x/L=0.5 
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Table 3.2 represents the lateral stresses obtained using different approaches.  The ψ-

solution and FEM are very close to each other in finding the lateral stress distribution. 

Both the results indicate that the change of aspect ration does not have significant effect 

on the lateral stress. 

 

Table 3.2  Maximum Normalized Lateral Stress  at x/L=0.0, 0.1 and 0.25 

 
L/D at x/L=0.0 (y/D=0) at x/L=0.1 (y/D=0) at x/L=0.25 (y/D=1) 

ratio Sim
theory ψ -soln FEM theory ψ -soln FEM theory ψ -soln FEM ple Simple Simple 

1 - -4.00 -3.99 - -2.00 -1.99 - -1.00 -0.99 

2 - -4.00 -3.99 - -2.00 -2.00 - -1.00 -0.99 

3 - -4.00 -4.00 - -2.00 -2.00 - -1.00 -0.99 

4 - -4.00 -4.00 - -2.00 -2.00 - -1.00 -1.00 

 

 
 

Shear stress is zero at the guided ends and at the mid span for all L/D ratios. Therefore, the 

results at x/L=0.1 to 0.4 (4 sections) are shown in gs. 3. ing

tress distribution patterns for L/D=1 are found quite different from others. With the rise of 

length depth ratio parabolic pattern of shear stress distribution is observed with higher value 

of maximum shear stress magnitude. The accuracy of parabolic pattern becomes finer at the 

sections away from the guided ends. The effect of L/D ratio variation is observed in simple 

beam theory, ψ -solution and FEM is shown in table 3.3.  
 
 

Table 3.3  Maximum Normalized Shearing Stress  at x/L=0.1 and x/L=0.25 
 

 

at x/L=0.1 at x/L=0.25 

Fi 14 (a) to (d), where the shear  

s

L/D 
 FE  M ratio Simple theory ψ -soln M Simple theory ψ -soln FE

1 0.60 1.20 0.85 0.38 0.48 0.48 
2 1.20 1.29 0.97 0.75 0.76 0.72 
3 1.80 1.51 1.27 1.12 1.14 1.08 
4 2.40 1.99 1.72 1.50 1.51 1.43 
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  (c) at x/L=0.3     (d) at x/L=0.4 
 
 

Fig. 3.14   Effect of beam aspect ratio on normalized shear stress at:  (a) x/L=0.1, 
 (b) x/L=0.2, (c) x/L=0.3, (d) x/L=0.4  
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3.1.7   Effect of Distribution of Support R action 
 

3.1
 
The  in section 3.1.1 is here reframed with changed distribution of 

support reaction. Earlier the reactions at the supports were considered as uniformly 

distributed;  other 

parameters intact. The modification is shown in Fig. 3.15.  

 

 

e

.7.1   Solution with Parabolic Reaction    

 problem articulated

 here the effect of parabolic reaction pattern is investigated keeping all

         0σ  
 
 
                                                                 
 
 
 
 
 
 

Fig. 3.15 Geometry and loading of guided isotropic beam with parabolic reaction 
 
 

The physical conditions at different boundaries of the beam are also similar to that of 

section 3.1.2 except the conditions supporting end, FG. Since the lateral stress at this 

edge is in relation to the reaction and the shear stress is zero, the boundary conditions 

would be here as follows: 
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(2.33) a (2.34) one fo trop ided b with d ute d and 

distributed support (section 3 Sin  condit ies except the 

bottom one are same, the trial solution of ψ–function is also same. Then the 4th order 

Lx  L 9.01.0 << ]

er uatio expre ns ela lds a ined f  Eq. 

nd  as d r iso ic gu eam istrib d loa

.1.3). ce all ions in the boundar

Unifor b d,  

H

mly distri uted loa

x G

y 

E 

F 

0.8L0.1L 0.1L

D

Guide 

Support 



 
57

differential equation has been solved in the same way as done in section 3.1.3 taking the 

difference in conditions of the bottom boundary.  

The reactions on the bottom boundary (y = 0) at the supports can be taken as Fourier series 

in the following manner: 

 for x=0 to 0.1L and 0.9L to L           (3.20) 
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where m = 1,2,3, ………... ∞ 
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he Fourier series for compressive load on the edge 
 

Dy =T  can also be as similar to that of 
) and (3.9c) respectively. Eq. (3.9a) and then Io and Im are as to Eq. (3.9b

 

The loading considerations of equations (3.15) and (3.9a) are investigated for the bottom 

(y=0) and top (y=D) boundaries respectively to be satisfied using boundary conditions (c) 

and (d), for which following algebraic equations are true.     
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The

tak rom Eq. (3.16a) and  Im from (3.9c) to find out the values of 

arbitrary constants, such as Am m, Cm and Dm. Then stress and displacement components of 

the beam at various points are obtained using equations of (3.7). 

 

3.1.7.2   Results and Discussion for Parabolic Reaction 

The analytical solution results of displacement and stress components are obtained for 

parabolic reaction various aspect r os (L/D) of the beam. The effects of various aspect 

ratios for the guided steel beam in the same physical and loading conditions along with 

 

 four algebraic equations (3.22a), (3.22b), (3.22c) and (3.22d) are solved simultaneously 

ing the expression for Em  f

, B

ati

parabolic supports are observed. The graphs for variations of stress components with respect 

to the variation of aspect ratio are presented in appendix A.  All other results are presented 

in the subsequent paragraphs. 
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for sections 0<x/L< 0.5 and positive for 

des of the beam. Notable point is that the maximum magnitude of 

axial displacement is found quite less for parabolic support than that of uniform reaction 

(support) with same top loading  axial disp ent at the 

 end section of x/L=0.1 and 0.9 has the maximum value 16x10-4 uniform support 

and 12.9x10-4.   

i. Displacement Field 

Axial displacements (ux) are found negative 

0.5<x/L<1.0 with the maximum magnitudes at x/L = 0.1 and 0.9, where the loads 

terminate from both si

 [Fig. 3.16]. Normalised lacem

bottom
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(a) uniform support    (b) parabolic support   

 

Fig. 3.16   Axial displacements  of the guided steel beam, L/D = 3:  (a) uniform 
 support reaction  (b) parabolic support reaction 

 
Lateral displacements (uy) near the two lateral ends are found to take positive value 

because of the supports at the bottom boundary. In case of uniform support loading the 

lateral displacement is gradually reducing and becomes negative for the region 0.2<x/L< 

0.8. For parabolic support loading positive and negative region of the lateral 

displacement is also same, but the bottom fibre of beam (y/D=0.0) takes a lift at the 

section of x/L=0.05, where the pick reaction loading is being acted, and then falls 

gradually up to the mid span of the beam [Fig. 3.17].  All other fibres demonstrate the 

similar lateral displacements in both the supporting conditions. The m  

magnitude of lateral displacement for parabolic support is also found to similar to that of 

uniform support.  

aximum
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(a) uniform support    (b) parabolic support 
 

Fig. 3.17  Lateral displacements of the guided steel beam, L/D = 3: (a) uniform 
support reaction (b) parabolic support reaction 

          ii.  Stress Field 

The distribution of bending stress (σxx) is not linear as the classical theory ex

simply supported condition of a beam, rather it is more or less non-linear over the whole 

span. This non-linearity increases towards the guided ends. For the uniform support the 

stress (σxx) maximizes at the top and bottom edges of the beam. But for parabolic 

supports σxx the maximum magnitude of σxx does not appear at the bottom edge of the 

beam. Rather it is observed little inside (near y/D=0.08) at the sections x/L=0.0 and 

x/L=1.0 of the beam. Moreover, the normalised maximum value of bending stress 

reduces from 5.24 to 4.33 for the change of support pattern and results the avoidance of 

ure 3.18 section wise from 

guide to mid span for the half length of beam due to symmetry.  

presses for 

higher stress concentration. Near the guided ends, σxx is positive for the upper half and 

negative for the lower half of the beam, but the opposite situation reverses for sections 

away from the support. The distribution of bending stress for the beam with L/D=3 

having uniform as well as parabolic support  is shown in fig
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(a) uniform support      (b) parabolic support 

Fig. 3.18  Bending stress of the guided steel beam, L/D = 3: (a) uniform  
 support reaction  (b) parabolic support reaction 
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9 that the distribution of lateral stress (σyy) is non-linear over the 

for the beam with L/D=3 having uniform as well as parabolic support  

section wise from the guided to mid span is shown in figure 3.19 (a) and (b) 

respectively.  

 

It is clear from Fig. 3.1

depth at all sections of the beam. For parabolic reactions, lateral stress (σyy) 

concentration occurs at the lateral ends little up (near y/D=0.2) from the bottom edge of 

the beam, which is just on the bottom edge for uniformly distributed supports.  The 

normalized maximum value of  σyy is less in case of parabolic reaction than that of 

uniform support.  For the top loaded region, normalized value of the lateral stress varies 

from zero to unity, which is in full agreement with the applied loading. The distribution 

of normal stress 

 σyy/σo 
-4 -3

 σyy/σo
-4 -3-2 -1 10

Be
am

 D
ep

th
 (y

/D
)

0.0

0.2

0.4

0.6

0.8

1.0

x/L=0.00  
x/L=0.10 
x/L=0.20 
x/L=0.30 
x/L=0.40 
x/L=0.50  

-2 -1 0 1

B
ea

m
 d

ep
th

 (y
/D

)

0.0

0.2

0.4

0.6

0.8

1.0

x/L=0.00  
x/L=0.10 
x/L=0.20  
x/L=0.30  
x/L=0.40  
x/L=0.50 

 
(a) uniform support     (b) parabolic support 
 

Fig. 3.19  Lateral stress of the guided    
 support reaction (b) parabolic support reaction 

 

 

steel beam, L/D = 3: (a) uniform

 

Four edges and mid-span section are found free from shearing stress as same as to the 

uniform support reaction [Fig. 3.20]. The distribution of shearing stress (σxy) is obeying 

the rules to the standard profile except that at sections x/L= 0.1 and 0.9, i.e., the 

termination point of loading. At these sections, shearing stress takes more value in the 

bottom half than that of top half of the beam. Here the point may be noted that the 

shearing stress concentration is found more for parabolic support than that of uniform 

support reaction. The maximum normalized shear stress is 1.62 for parabolic and it is 

1.51 for uniform support. 
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orm support    (b) parabol

Fig. 3.20  Shear stress of the guided steel beam, L/D = 3: (a) uniform        
support reaction  (b) parabolic support reaction 

 



 
63
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Fig. 3.21 Geometry and loading of an unguided simply supported beam 
 

3.2.1 Analytical Solution Using Displacement Potential 

 
The problem of simply supported guided beam can be solved using displacement potential 

approach very conveniently. However, the analytical solution of simply supported beam 

without any guide at the latera

assumpti

 
i.   The unguided deep beam is considered to be a portion of a long beam. The long 

 boundary conditions of the long beam is insignificant for the 

section taken as the short beam on account of Saint Venant’s principle. 

 

      Solution of Unguided Simply Supported Beams 

ectangular section simply supported steel beam of length L, depth D and width W 

umed to be unity for plane stress consideration) is subjected to a uniformly distributed 

d on its top boundary. The generalized consideration of its geometry and distribution of 

d is shown in figure 3.21.  

  Uniformly distributed load  

l ends cannot be obtained directly. In this regard following 

ons are considered pertinent and helpful for the solution purpose: 

beam is taken as guided one with the aspect ratio ten. In the present study the 

unguided beam is taken as the 20 percent of guided beam from the mid portion of 

the long span. Thus the aspect ratio of the unguided beam is then two, where the 

beam depth is as same the long beam. 

 
ii.  The lateral ends of the long beam are guided, where the axial displacements are 

restrained, but the lateral displacements are free to have any value.  

 
iii. The effect of guided

D 

Support 
L 
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iv.  The condition of the support (reaction) is not simulated by a point loading at the 

two bottom corners of the beam. Rather they are assumed to be distributed reaction 

forces for certain lengths of the beam.  

 
v.    Since the reactions at the supports are distributed, the reaction forces at the 

supports are located in such a way that their resultants act just at the ends of the 

beam. The details of the geometry and loading of the unguided deep beam along 

with long guided beam are illustrated in Fig. 3.22.  

 

 
 
The supp nd hal

beyond the considered length (L) for the unguided beam as shown in figure 3.22. In this 

consideration the resultant line of reaction force remains just at the termination section of 

the distributed loading at the top edge as well as at the end of the beam. The uniformly 

distributed load is considered to be located over the whole length of unguided beam and 

each support reaction is assumed to be over 5 percent of that length (L).  Therefore, support 

reactions are acting at x'/L'=0.4 (distributed over x'/L'=0.395 – 0.405) and x'/L'=0.6 

(distributed over x'/L'=0.595 – 0.605). 

 

 
 

Fig. 3.22  Geometry and loading of model for analytical solution of unguided beam 
 

 

 
3.2.1.1  Particular Enunciation    

ort reactions at both the ends are distributed keeping half portion o a f ver 
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he solution is done here as it was obtained for isotropic guided beam in section 

3.2.1.2   Analytical solution  

T

3.1.3 with the exception for expression for loading and reaction distribution only. 

The compressive load exerted on the edge Dy =  is acting over the length of considered 

unguided portion of the beam, i.e., x'/ L' = 0.4 to 0.6 and the reactions at the supports on the 

dge  are acting over x'/L'=0.395 to 0.405 and 0.595 to 0.605. Therefore, the load and 

actions may be taken as Fourier anner.  

mpressive load on the edge 

 0=ye

re function in the following m

 
First the co Dy = : 

for x'/ L' = 0.4 to 0.6      (3.23) 

ere  
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where m = 1, 2, 3, …….. ∞ . 

 

Now compressive reactions at the edge 0=y : 
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Here  
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where m = 1, 2, 3, …….. ∞ . 

 
 

The arbitrary constant K of assumed ψ-function [Eq. (3.3)] can be obtained from Eq. 
(3.7d) and Eq. (3.19) as follows 
 

( ) 5
6 0

021
σ

µ+

or, 

==
− EKE

 

( )
E

K = 30
1 2

0 µσ +−
        (3.27) 

 

Then Eqs. (3.24b), (3.26b) and (3.27) are used to solve the simultaneous equations of 

Eq.(3.9)  to obtain the values of  Am, Bm, Cm and Dm. Then stress and displacement 

components of the beam at various points are obtained using equations of (3.7). 

 

3.2.2  Results of Un ided Deep Beam 

 
The analytical solutions of displacement and stress components are obtained for the 

ent potential approach taking the assumptions mentioned in 

ect 209 

eter = 40 N/mm of length.  

gu

unguided beam using displacem

s

GPa) having L/D = 2 and the uniform loading param

ion 3.2.1. the result presented in this section is of a  steel beam (µ = 0.3 and E = 



i. Displacement Field  
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sections x/L = 0.1 and 0.9. The normalized value of maximum axial displacement is 

Axial displacements (ux) are found symmetric but in two opposite directions with 

respect to the mid section of the span. It is negative for sections 0<x/L< 0.5 and positive 

for 0.5<x/L<1.0. The maximum magnitudes are located at the bottom fibre of the end 

found to be 6.64 x10-4. Axial displacements are found zero at the mid-span of the beam 

as shown in figure 3.23.  
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Fig. 3.23   Axial displacement of unguided beam, L/D=2: (a) at longitudinal  

 sections, (b) over transverse sections   
 

Lateral displacements (uy) are found negative through out the span with the maximum 

value at the mid section and minimum at the end. The lateral displacements for both the 

support conditions are presented in figure 3.24.  
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Fig. 3.24   Lateral displacement of unguided beam, L/D=2: (a) over longitudinal 
sections, (b) over transverse sections 
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ce the constraint of axial displacement at the lateral end of the long beam is far away 

from the location of the lateral boundary of s

account of Saint Venant’s principle. As such, both the longitudinal and transverse 

displacements observed at the lateral ends are all right. The lower part of the beam is 

u elongated and the upper part is contracted freely at the same time.  

 
ii.  Stress Field 
 
Bending stress distribution is not linear as normally considered on the basis of 

echanics of material. However, this non-linear  that of guided beam 

and it may be neglected at the mid sections of the span. But for both the cases of support 

ds of the beam has to be considered for 

ent of beam stresses. The stress (σxx) maximizes at the top and bottom 

edges at every section of the beam.  At the top edge it follows the gradual augmentation 

of c   load centre. At the bottom edge bending stress is more 

non-linear and maximises twice: once at the load centre and again at the location of 

supports. Bending stress distribution is shown in figure 3.25 for both cases of support 

 

Sin

hort beam, its effect would be negligible on 

th s 

m ity is quite less than

location, the condition of non-linearity at the en

proper assessm

ompressive stress towards the

condition. 
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 for unguided consideration, L/D = 2:   
tions, (b) over transverse sections 

(a) over longitudinal sections           (b) over transverse sections 

Fig. 3.25   Distribution of bending stress
 (a) over longitudinal sec

 

The lateral stress (σyy) distribution follows the loading of the beam for both the case of 

support location. For the loaded region, normalized value of the lateral stress varies from 

zero to unity [Fig. 3.26 (a)]. The section wise transverse distribution of lateral stress is 

non-linear over the depth at all sections of the beam [Fig. 3.26 (b)].   
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(a) over longitudinal sections           (b) over transverse sections 

 
Fig. 3.26  Distribution of lateral stress for unguided consideration, L/D = 2:   

 (a) over longitudinal sections, (b) over transverse sections 
 

Top and bottom edges and mid-span section are found free from shearing stress, but the 

support end are not free from searing stress here as it is observed for guided ends. So the 

significant difference between guided and unguided consideration is observed on the 

she le as for bending and lateral stresses. The 

vertical distribution of shearing stress (σ  the standard profile 

exce a) and 

(b)]. At these sections, shearing stress is not having the same magnitude at the same 

  

aring stress issue. It is not such remarkab

xy) is obeying the rules to

pt that at sections where the termination of loading takes place [Fig. 3.27 (

depth from top and bottom; it takes more value in the bottom half than that of top half of 

the beam.  
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Fig. 3.27   Shear stress distribution fo

1.5

(a) over longitudinal sections       (b) over transverse sections 

r unguided consideration, L/D = 2:    
 (a) over longitudinal sections, (b) over transverse sections 
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3.3
 
3.3
 
To 

per ing assumptions 

are necessary: 

  

i.  The supports act just at the end points of the beam symmetrically, thereby 

 
 
 
 
 
 
 
 
 
 
 
  

 
 

Fig. 3.28 Configuration of unguided beam for stress function solution 
 
3.3.2   
 

At th

 Stress Function Solution of a Simply Supported Beam  

.1   Particular Assumptions 

solve the problem of a simply supported deep beam with uniformly distributed load (σo 

 unit area) of length L, depth D and thickness W (taken as unity) follow

reactions are equal (σoL/2) on each end.  

 

ii.  No axial force is acting at the ends of the beam where the supports are located 

causing the bending moment to be zero at points of the support.  

 

iii.  Supports do exert only shear stresses (σoL/2) at end edges of the beam (over the 

lateral boundary). 

       Uniformly distributed load, σo   

L 
Support 

y 

x  D 

Boundary conditions 

e bottom boundary (
2
Dy −=  ):  0  and  0   == xyyy σσ   (3.29a) 

At the top boundary (
2

y +=  ):   0  and     D =−= xyoyy σσσ    (3.29b) 

lateral boundaries (x=±L/2):  

0),()2/
2/

== ∫
D

xx dyyaL σ        

 
At 
 

2/−D
xF  (3.29c) (
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       (3.29d) 
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D
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       (3.29e) 

 
 
3.3.3   Analytical solution  
 

Since t u iform ly with x0 , 

the p
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Dif

exp

he traction load on the top surface is n ly distributed i.e varies linear

olynomial of stress function may be considered as: 
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    (3.30) 

ferentiating the equation (3.30) with respect to x and y up to fourth order following 

ressions are obtained. 
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Substit  defined by

Airy (2.20), the following expressions are obtained 

 
73 622 yCxCCxx ++=σ (3.31a) 

uting the above derivatives of Ф into the relations of stress components as  

3
18

2
17

2
16

3
15

2
1211

2
106 2012621262 CxyCyxCxCyCxyCxCy +++++++



 
72

26 yCxyC + (3.31b) 2
14

3
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2
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2
8541 12202612262 yxCxCyCxyCxCyCxCCyy ++++++++=σ 3

16
2

15

 

( )3
1716151411109652 466434322 yCxyCyxCxCyCxyCxCyCxCCxy +++++++++−=σ  (3.31c) 

 

Again using the bi-harmonic partial differential equation for stress function (2.21), 

following equation is obtained: 

22322
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or the boundary conditions at top edge of the beam (y=D/2)  
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  (3.34b) 

he equations of (3.34) are to be satisfied with all values of x, which can provide the 

llowing two sets of equations, which can be solved simultaneously to find out the values 

of coefficients.  
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e the Eq. (3.32) valid for all the values of x and y following three constraint 

ns are to be satisfied. 
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Similarly for the boundary con
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Substituting x=L/2 in equations (3.31a) and (3.31c), the expressions for bending and 

hearing stresses at the lateral boundaries are found respectively as follows.  
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Substituting equation (3.37a) in the expression for bending force and moment equations 

mentioned as the lateral boundary conditions i.e.  and 

 respectively and evaluating the integrals, following 

equations are obtained. 
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Similarly substituting equation (3.37b) in the expression for shearing force  

entioned as the lateral boundary condition, i.e., 

equation
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valuating the integrals, following equations are obtained. 
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Solving the equations of (3.33), (3.35), (3.36), (3.38), (3.39)  and (3.40)  for the unk

trary constants, we can find 
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Substituting the above values of constants in 

are found for stress function and stress components: 

Eqs. (3.30) and (3.31) following expressions 
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Now the stress-strain and strain-displacement relation for the element available in the text 

book may be applied to obtain the displacemen

distribution, following equations are considered [1]. 

t of the beam. In the case of plane stress 
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equations (3.42a) and (3.42b) 

in the relation of axial displacement and stresses [Eq. (3.43a)], and integrating  
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here f(y) is the integrating solitary function of y. Assuming that the ux is zero at the mid 

izontal 

w

section (x=0, y=0) ,  f(y) is found to be zero. Thus the expression of the hor

displacement component becomes  
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In normalised form it can be written as 
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Again expression for bending and normal stress of equations (3.42a) and (3.42b) in the 

relation of lateral displacement and stresses [Eq. (3.43b)], 
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where g(x) is the integra
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Applying equations (3.42c), (45) and (46) in the relation of shearing stress  

 

 
and strain

[Eq.(3.43c)], following expression is found. 
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here C is the constant for integration. 

 
Using equations (3.46) and (3.48)   
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isplacement on the centre line (y=0) is considered as the deflection of the 

beam, equation (3.49) for deflection can be written as 
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For the simply supported condition, the deflection at the end of the beam (at x=±L/2) is 

ssumed to be zero. Then 
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Therefore, the lateral displacement component can be given by 
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The normalised form of expression for the 

 

lateral displacement component is then 
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The deflection of the beam at the centre line of the beam becomes 
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 of unguided beam is solved using potential approach taking a segment 

as guideless from a long beam of guided ends. From the discussions of the above paragraphs 

it is understandable that the result of such an especial considerati

support location is not giving any unrealistic solution. The comparison study on the results 

d by the stress function (Ф) and finite element 

method (FEM) would give the basis of the aforesaid statement. Here the FEM solutions are 

obtained using the standard facilities of the commercial software ANSYS taking equal size 

lements of 20 x 20 grids for the considered portion of the beam span.   

approach would 

rovide the results of bending stress distribution (at the sections of x/L=0.25 and 0.5) 

reasonably close to that of Ф-function and FEM. However, ψ-solution seems to be deviated 

little from other two solutions in the lower portion of the beam; but ψ-solution presents a 

ortion of the beam. Here, Ф -solution is 

ther deviated away from the other two.  

 
3.4   Comparison of ψ-Solution with Stress Function and Numerical Solutions 
 
The present problem

on for both the cases of 

of the present ψ-solution with those obtaine

e

 
As appears from figure 3.29 and table 3.4, the displacement potential 

p

very identical result to that of FEM on the upper p

ra
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  (b) at x/L=0.5 

 
Fig. 3.29 Comparison of bending stress amongst ψ-solutions with those of stress 

 L/D=2: (a) at x/L=0.25, (b) at x/L=0.5 
 

Table 3.4  Bending Stress Comparison at x/L=0.25 and x/L=0.5 
 

at x/L=0.25 at x/L=0.5 

(a) at x/L=0.25  

function and FEM,

Approach 

y/D=0 y/D=1 y/D=0 y/D=1 
Ф -soln   2.57   -2.57   3.21 -3.30 
ψ -soln   2.30   -2.00   2.69 -2.80 

FEM   2.45   -2.04   3.15 -2.91 

 

 

ss distribution along with the solutions of stress 

teral 

 ψ-solution and FEM is 0.11. The average deviation in lateral 

tress magnitude between Ф-solution and FEM is 0.12. On the basis of this average value 

someone may consider that stress

But the lateral stress distribution pattern for ψ-solution and Ф-solution are not the same. The 

-solution gives closer pattern to that of FEM, but Ф-solution displays more curvilinear 

teady, whereas deviation on 

EM and Ф-solution changes from a negative to a positive magnitude. As a result there is 

an apparent steadiness in the average deviation value on Ф-solution and ψ-solution.  

 

Fig. 3.30 and table 3.5 present the lateral stre

function and FEM (at the sections of x/L=0.25 and 0.5). The average deviation in la

stress magnitude between

s

 function solution is similar to the solution of ψ-function. 

ψ

pattern. The deviation on FEM and ψ-solution remains almost s

F
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(a) lateral stress at x/L=0.25         (b) lateral stress at x/L=0.5 
 

Fig. 3.30 Comparison of lateral stress amongst ψ-solutions with those of stress function and 
FEM, L/D=2: (a) at x/L=0.25, (b) at x/L=0.5 

 

  
  

Table 3.5  Lateral Stress Comparison  at x/L=0.25 and x/L=0.5 
 

at x/L=0.25 at x/L=0.5 Approach 

y/D=0 y/D=1 y/D=0 y/D=1 
Ф -soln   -0.12  -0.87  -0.12  -0.87 
ψ -soln  -0.02  -1.00  -0.02  -1.00 

FEM  -0.04  -1.03  -0.00  -0.94 

 

 
All three approaches provide almost zero shearing stress at the top and bottom edges,  but 

the support ends are not free from shearing stress in this case of unguided beam as it is 

otential solution is becoming very close to stress 

function solution whereas FEM solution remains still of different pattern. At the bottom half 

of the beam FEM solution takes a little positive notion at first then moves towards the 

negative direction and forms a parabola for the rest portion of the beam. In no where FEM 

gives the pure parabolic pattern of shearing stress distribution in the solution of the present 

problem.  

observed for guided ends. Fig. 3.31 (a) and (b) and table 3.6 represent the shear stresses at 

x/L=0.0 and x/L=0.25. The transverse distribution of shearing stress (σxy) is parabolic as per 

the solution of stress function at all the sections of the beam. But it is not fully obeying the 

parabolic profile pattern at the section of x/L=0.0 as per displacement potential solution. The 

FEM solution is more different from stress function pattern. However, while moving away 

with respect to support the displacement p
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Fig. 3.31 Shear stress comparison amongst ψ-solutions with stress function and FEM, 

 
 

Table 3.6 tress ison at x/L=0.0 and x/L=0.25 
 

at x/L=0.0 at x/L=0.25 

(a) shear stress at x/L=0.0   (b) shear stress at x/L=0.25  

L/D=2:  (a) at x/L=0.0, (b) at x/L=0.25 

 Shear S Compar

 
Approach y/D=1 σxx 

ax 
y/D=0 y/D=1 σxx 

x 
y/D=0 

m ma
Ф -soln   0.00   0.00 1.50   0.00  0.00 0.75 
ψ -soln   0.00   0.00 0.90   0.00  0.00 0.76 

FEM   0.08   0.00 0.75   0.05 -0.10 0.90 

 
 
Actually the deflection in displacement potential approach and FEM is positive at the ends 

and negative at the mid-span, whereas it is negative in the case of stress function solution 

over the whole span. So for comparison the results of displacement potential approach and 

FEM for both the ends of the span are shifted to zero by linear transformation and the 

graphs are drawn accordingly. Now as appears from Fig. 3.32, the deflection of the 

unguided beam is almost similar in all three approaches. However, the maximum deflection 

(uy x 104) occurred at the mid-span for stress function solution, displacement potential 

approach and FEM are 0.75, 0.62 and 0.67 respectively.  Therefore, any of the three 

pproaches can be used for estimating the deflection of an unguided beam. 

 

 

a
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Fig. 3.32 Comparison of lateral d

 
3.5   Summary 
 

Analytical solu  th ic field guid p bea vestigated using 

displacement p al app The sol f the present mixed boundary-value elastic 

problem is obtained by satisfying all the physical conditions of the beam appropriately. The 

guided ends of the beam are identified to be the most critical sections in terms of stresses. 

isplacement amongst ψ-solutions with the solution of 
stress function and FEM [y/D=0.5] 

 

tion of e elast  of a ed dee m is in

otenti roach. ution o

The stress distribution at the load transition region is also found to be of critical in nature. 

The comparative study reveals that the classical theory of bending is simply inadequate to 

predict the stress and displacements fields of the guided beam. However, the solutions 

obtained by FEM are found to approach towards the present analytical solution. While the 

aspect ratio is varied from 1 to 4, the non-linearity of both bending and shearing stress 

distributions are also changing remarkably. This variation is also observed in FEM solution 

but not in classical Bernoulli- Euler beam theory. With lower aspect ratio the maximum 

magnitude of shear stress is not at the centreline of the beam as observed for higher aspect 

ratio. In beam theory bending stress distribution is always linear and shear stress parabolic, 

which do not reflect the reality of the problem for short beam. 
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Wh e the analytical solutions of a guided deep beam subjected to uniformly distributed load 

on the top edge and parabolic reaction at the bottom two corners are done using 

displacement potential approach satisfying all the physical conditions of the beam 

appropriately, the guided ends and the load transition regions of the beam are again 

identified to be the most critical sections in terms of stresses. However, bending and lateral 

stress concentrations are found to be less in the beam of parabolic support than that of 

distributed support. But the concentration of shear stress is increased a little bit in 

comparison to uniform support.  

 

Analytical solution of an unguided deep beam is also investigated using a special technique 

of displacement p . Analytical 

solution for the unguided deep beam under dist

using stress function appro  both the approaches may 

ork satisfactorily in this regard. Therefore, the displacement potential solution can easily 

acts as a good replacement of ply supported 

beam under distribution loading. 

il

otential approach taking the St. Venant’s principle into account

ributed loading condition is also obtained 

ach. The comparative study reveals that

w

 stress function solution for an unguided sim
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HAPTER 4 

          

C

 

SOLUTION TO COMPOSITE DEEP BEAMS  
 

4.1   Analytical Solution of Guided Composite Deep Beam  
 

4.1.1   Problem Articulation 
 
A rectangular section deep orthotropic composite beam of length L, wide D and thickness 

W (considered to be unity for plane stress condition) is subjected to a uniformly distributed 

load at its top boundary and uniformly distributed simply supporting at its bottom two 

corner. The beam is in equilibrium with loading 0σ  per unit length from 0.1L to 0.9L at the 

top s  

to L as shown in figure 4.1. Its guided lateral edges at x=0 and x=L are simulated here by 

e roller guided boundaries so that the axial displacements are restrained, but the lateral 

 free to envisage any value. The fibre of the composite material is   

ssumed to be parallel to the x-axis.  

 can not have elongation over lateral edges. At

stress on lateral edges since the guide allows the beam

the conditions at the guided boundaries are of mixed m

ide (y=D) and balanced by loading (reaction) distributed from x=0 to 0.1L and x=0.9L

th

displacements are

a

 

 
 
 
 
 
 
 
 
 
 
 

Fig. 4.1 Analytical model of an ortho
 
 
4.1.2 Boundary Conditions    
 

The physical conditions of the present problem with r

along the all four boundaries of the beam. Due to th

Uniformly distributed loady 

E 

F 

0.8L0.1L

Guide

Fiber 

beam
,  σo
 located at both the ends the 

 the same time there can be no shear 

 to be free for lateral dislocation. So 

ode. The displacement conditions of 

tropic guided beam 

eference to Fig. 4.1 are to be satisfied 

e guides

H

x G

0.1L

D Support 



top and bottom boundaries are not known and to be solved out. On these surfaces the 

applied load and reactions are related to the boundary conditions within their affecting 

region. Again there is no shearing effect over the top and bottom boundaries of the aforesaid 

beam. The boundary conditions of guided composite beam considered for the present 

problem can be expressed mathematically as follows:        

 
(a) Guided end, EF: There is no axial displacement and shearing stress. Thus, 

( ) 0,0 =yux  and ( ),0 [ Dy ≤≤0=yxyσ 0 ].  

 
(b) Guided end, HG: There is no axial displacement and shearing stress. Thus, 

( ) 0, =yLux  and ( ) 0, =yLxyσ  [ Dy ≤≤0 ] 

(c) Loaded boundary, EH: There is no shearing stress. But lateral stresses are there in 

the regions of applied loads, which is the function of load intensity. Thus, 

( ) 0, =Dxxyσ  [ Lx ≤≤0 ] and ( ) 0, σσ =Dxyy [ LxL 9.01.0 ≤≤ ] 

 
(d) Supporting end, FG:  This is the supporting boundary whose total reaction force is to 

be the algebraic sum of reactions acting on both the supports and eventually same as 

to the applied force at the opposite site for equilibrium condition. The uniform load 

is distributed over 80% of beam length (from x/L= 0.1 to x/L=0.9) and support 

reaction is distributed over 20% of beam length (x/L= 0.0 to 0.1 and x/L=0.9 to 1.0). 

Therefore,   ( ) 00, =xxyσ  [ Lx ≤≤0 ];  ( ) 040, σσ =xyy [ Lx 1.00 ≤≤  & Lx ≤≤ ] and  L9.0

( ) 00, =xyyσ  [ ] 

 
  
4.1.3   Analytical Solution    
 
Mathematical model here is the partial differential equation derived from the equations of 

equilibrium and equations of compatibility based on Displacement Potential Function ψ(x,y) 

obtained from Eq. (2.30) as follows. 

LxL 9.01.0 <<

( ) 02 4

4

12222
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4
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∂
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+
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∂
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y
GE

yx
GEE

x
GE ψψµψ               (4.1) 

 
In this case the displacement and stress components are also obtained from Eq. (2.29) as 
follows:  
 

( )
yx

yxux ∂∂
∂

=
ψ2,               (4.2a) 
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  ( )2

2
12112211211 EGEEZWhere µµ −+=  

 
The displacement potential trial function is assumed in such a way that the boundary 

conditions at the guided edges are satisfied instantly. Actually, the trial function should be 

in terms of cosine function so that its first derivative and third derivative with respect to 

E

x  

can be found in terms of sine function. By this way the requirement of physical conditions 
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e general solution of ordinary differential equation be  
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From the expressions of (4.7a) and (4.7e) it is evident that the boundary conditions (i), (ii), 

(iii) and (iv) are automatically satisfied. Thus the next requirement is to satisfy the 

remaining boundary conditions i.e. (v), (vi), (vii) and (viii). 

=   for x=0 to 0.1L and 0.9L to L      (4.8a) 

 

ere  
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The compressive load on the edge 
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Using boundary condition (v) i.e. ( ) 00, =xxyσ  at the edge of 0=y  
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Using boundary condition (vii) i.e. 
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From equations (4.7d) and (4.8) or (4.9) 
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implified matrix form for solution of the unknown terms of arbitrary constants like 

 and  as follows: 
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where 
 

 
     i=1, 2, 3, 4 
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four algebr s eq ations (4.10a), (4.10b), 

.10c) and (4.10d) are solved using Em and Im values from Eq. of four unknowns, namely, 

Am, Bm, Cm and Dm, are obtained, equations of (4.7) are then used for subsequent finding of 

ent components at various points of the beam. 

4.2   Results of Composite Deep Beam  

he analytical solutions of displacement and stress components are obtained using 

displacement potential function for various aspect ratios (L/D) of the guided deep beam 

taking glass-epoxy, boron-epoxy and graphite-epoxy material into consideration. The 

roperties of the composite materials considered for solutions are as follows: 
 

Table 4.1  Properties of composites used in the present study [36], [39] and [40] 
 

 E2 (MPa) µ1 µ21

Either the matrix (4.12) or the aic simultaneou u

(4

stress and displacem

  

 

T

p

Composites E1 (MPa) G12 (MPa) 2

Glass Epoxy 43000 8900 4500 0.27 0.0559

Boron Epoxy 282900 24200 10400 0.27 0.0231

Graphite Epoxy 648000 24800 11000 0.25 0.0096

 

t first the result of a guided composite beam of glass epoxy material having aspect ratio 

= 3) and the uniform loading parameter, σo= 40 N/mm on the top edge is 

resented in sequence of axial displacement (ux), lateral displacement (uy), bending stress 

(σxx), normal stress (σyy) and shearing stress (σxy). The results of the present approach have 

then been verified with the help of finite element m

of aspect ratio and mechanical properties on the elas  are observed from the solution 

f displacement potential approach.   

.2.1    Solution for Displacement Components 
 

Axial displacements (ux) are found to be of almost similar magnitude about the both mid-

horizontal and mid-vertical planes but acting in opposite directions. The values of ux for 

sections 0<x/L< 0.5 are negative at the lower portion and positive at upper portion of the 

eam. The maximum magnitude of ux/L= -0.000709 and ux/L= +0.000709 are observed on 

ottom fibre at the sections of x/L = 0.1 and x/L = 0.9 respectively. Axial displacements are 

und to be zero at the mid section of span and at the lateral guided boundaries [Fig. 4.2(a) 

A

three (L/D 

p

ethod. Thereafter the effects of change 

tic fields

o

 

4

b

b
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ro value of ux at the guided ends verifies the boundary condition of those edges 

f the beam.  

and (b)]. Ze

o
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Fig. 4.2  Normalized axial displacement for the Glass-Epoxy guided beam, L/D = 3:               

an

negative e /L< 0.8, because of the loading distribution at top edge and 

upport pattern at the bottom boundary [Fig. 4.3(a) and (b)]. Moreover, there is no 

restriction on the lateral displacement other than the loading and reaction to bring the beam 

in equilibrium state. The uy results are in confirmation to the physical con tion o

being pushed the corners up and forced down at the mid-span region. The normalized values 

f positive and negative maximum lateral displacements are uy/D=0.003503 and uy/D=-

 respectively. The positive maximum value is observed at the two ends on the 

west fibre and the ne ative maximum value is found on the top fibre at the mid section of 

e span. 

 

r longitudinal sections    (b) over transverse sections 

(a) over longitudinal sections, (b) over transverse sections  
 

Lateral displacements (uy) are found to take positive value near the two lateral ends d 

 in th region 0.2<x
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di f the beam 
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(a) over longitudinal sections   (b) over transverse sections 
 

Fig. 4.3  Normalized lateral displacement for the Glass-Epoxy guided beam, L/D = 3:               
(a) over longitudinal sections, (b) over transverse sections 
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Fig. 4.4   Deformed shape of the Glass-Epoxy beam, L/D = 3 (magnification factor ×500) 

 

Fig. 4.4  at 

the mag 500 t p The s h  gon p and at the 

same tim n o am have gone down. The deform of  edge is 

gradual  len eam e unifo stributed loading. The bottom 

edge is f cep ted indentation at the supports. However, the 

verall vertical sliding type deformation is in excellent agreement with the physical 

nd -9.025 respectively. Near the guided ends, σxx is 

positive for the upper half and negative for the lower half of the beam, but the opposite is 

.  

  

 presents the deformed shape of the orthotropic beam along with its original shape

nification of imes of dis lacement.  guided end ave e u

e centre regio f the be ation  the top

through out the gth of b  with th rmly di

also deformed uni ormly ex t a poin

o

condition of applied loading and support of the guided beam. 

          

4.2.2   Solution for Stress Components 
 

Bending stress distribution is observed non-linear over the whole span [Fig. 4.5(a) and (b)]. 

This non-linearity increases towards the guided ends. The stress (σxx) maximizes at the top 

and bottom edges of the beam but carries opposite sign. The maximum normalized values at 

the top and bottom fibre are 4.825 a

observed for sections in the region of 0.1<x/L<0.9
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s it appears from Fig. 4.6, the lateral stress (σyy) is of higher concentration around the 

 
Fig. 4.5  Normalized bending stress for the Glass-Epoxy guided beam, L/D = 3:            

(a) over longitudinal sections, (b) over transverse sections 
 

A

position of supports on the bottom edge. The uniform load is distributed over 80% of beam 

length (from x/L= 0.1 to x/L=0.9) and support reaction is distributed over 20% of beam 

length (x/L= 0.0 to 0.1 and x/L=0.9 to 1.0). As per this physical condition, reaction is four 

times of the load intensity. From the solution of displacement potential approach it is 

understandable that the normalized value of the lateral stress varies from zero to unity at the 

top layer in the loaded region and it is four at the bottom layer of the support region. This is 

an intact agreement with the applied loading as well as boundary condition for the glass 

epoxy orthotropic material.  
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.6  Normalized lateral stress for la oxy guided beam, L/D = 3:    
(a) over longitudinal sections, (b) over transverse sections 
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Four edges and mid-span section of the guided deep beam are found free from shearing 

tress [Fig. 4.7(a) and (b)]. The distribution of shearing stress (σxy) is anti-symmetric in two 

sides about the mid-span of the beam [Fig. 4.7(a)]. Fig. 4.7 (b) conforms that the vertical 

distribution is similar to the standard parabolic profile except that at sections x/L= 0.1 and 

0.9, i.e., the termination point of loading as shown in Fig. 4.1. The maximum magnitude of 

shear stress is observed at y/D=0.05 of sections x/L=0.1 (normalized value = - 1.8) and 

x/L=0.9 (normalized value =1.8). 
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(a) over longitudinal sections       (b) over transverse sections 
 

Fig. 4.7  Normalized shearing stress for the Glass-Epo
(a) over longitudinal sections, (b) over transverse sections 

xy guided beam, L/D = 3:               
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4.3   Verification of Present Results of Composite Materials 
 
The orthotropic guided beam of the present problem cannot be solved by the classical beam 

theory.  However, for the mare sake of comparison and observe the degree of accuracy of 

displacement potential solution, the elementary as well as stress function solutions are 

obtained for the unguided deep beam. Since the distribution of reaction at the bottom 

surface cannot be addressed appropriately using the elementary theory, the beam is 

considered here to be simply supported taking the resultant of the reaction forces. The 

solutio ress a  obtained using the following expressions of 

elementary theory, which are similar to that of isotropic except the elastic modulus E is 

replaced .
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FEM solutions are obtained using the standard facilities of the commercial software 

ANSYS. For that the relevant boundary conditions used are the same as those used in the 

otropic plane elements are used to construct 

the corresponding mesh network of the beam. All the elements are of same size and their 

distribution is kept uniform all over the domain. The total number of finite elements used to 

construct the element mesh network for the present problem is 400 (20 x 20).     

 

The comparison of the ψ-solution with the solution of the elementary theory and FEM is 

presented in Fig. 4.8, 4.9 and 4.10. The deflection (lateral displacement at y/D=0.5) 

observed in ψ-solution and FEM can give very closer results, where both the ends are 

having span  is neg ection is 

observed at the two points away from the supports. But the classical beam theory does not 

predict the positiv ion to address 

the problem of simply supported beam. Consequently the deflection magnitude at the mid-

analytical solution. Four noded rectangular orth

 positive values and at the mid- it ative. As a result the zero defl

e lateral displacement properly due to its basic considerat



span obtained using beam theory is more than that of ψ-solution as well as FEM [Fig. 4.8a]. 

If the results of ψ-solution and FEM are translated to have zero deflection at the centre 

points of supports, the deflection of the beam can then be found as shown in Fig. 4.8b. Now 

the maximum magnitude of deflection is found to be more in ψ-solution and FEM than 

beam theory solution. 
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(a) lateral displacement at y/D=0.5       (b) lateral deflection (translated) at y/D=0.5 

 
Fig. 4.8 Comparison of lateral deflection at y/D=0.5 of Glass-Epoxy deep beam, L/D=3  

 

From Eq. (4.14) and (4.15) it is understandable that the bending and shear stress in classical 

beam theory do not depend on the material properties or fibre configurations. They are only 

function

stresses of isotrop he elementary 

theory gives a linear variation over the beam depth. Moreover, it is observed that the 

bending stress at the end is under predicted and at the mid-span is over predicted by the 

elementary theory from those of the ψ-solution and FEM solution [Fig. 4.9(a) and (b)].  

 of applied load and dimensions. As such the result obtained here is the same to the 
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Fig. 4.9 Comparison of bending stress of Glass-Epoxy deep beam, L/D=3:  

 (a) at x/L=0.0 (b) at x/L=0.5 
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he lateral stress distribution is not obtainable by the elementary theory. Therefore, Fig. T

4.10(a) and (b) represent only ψ-solution and FEM solution for x/L=0.0 and 0.1. It is 

observed that the lateral stress distribution patterns are similar in both the solutions. At the 

end of the beam, upper side values coincides each other but a very little deviation is in the 

lower side of the beam. At the point of load transition (x/L=0.1) the FEM solution gives 

little over estimation than the ψ-solution.   
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Fig. 4.10 Comparison of lateral stress of Glass-Epoxy deep beam, L/D=3:  
 (a) at x/L=0.0 (b) at x/L=0.1 

=0.25. But 

e solutions differ at section x/L = 0.1, where the loadings and reactions on the two (top 

  (b) lateral s 0.1 
 

 

 

The shear stress distribution pattern obtained using classical beam theory is of parabolic 

type at all the transverse sections of the beam. Distributions of two sections for instance x/L 

= 0.0 and 0.25 are illustrated in Fig. 4.11 (a) and (b). The shear stress magnitudes obtained 

by the three approaches are found to be close to one another at the section of x/L

th

and bottom) boundaries terminate. The parabolic pattern is not observed at this load 

termination section in the solutions of displacement potential approach. Finite element 

method also goes side by side to the ψ-solution, but not the beam theory. The ψ-solution 

and FEM solution depict that the reaction locations are having shear stress concentration in 

the lower part near support instead of mid longitudinal section. 
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(a) shear stress at x/L=0.1  (b) shear stress at x/L=0.25 

 

Fig. 4.11 Comparison of shear stress of Glass-Epoxy deep beam, L/D=3:   
 (a) at x/L=0.1 (b) at x/L=0.25 
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Th  

nd seen that the nonlinearity of bending stress gets reduced with the increase of length 

4 f  Ef ect of Aspect Ratio on Stresse

 
e bending stresses are observed for various L/D ratios from 1 to 4 at different sections

a

depth ratio [Fig. 4.12(a) and (b)]. But it does not become linear as observed for isotropic 

case described in chapter 3 even at the length depth ratio of ten. The maximum magnitude 

of bending stress is increased with the increase of L/D ratio. The effect of L/D ratio 

variation is also observed using classical beam theory and FEM for the same physical 

condition. It appears from table 4.2 that the maximum bending stresses observed in ψ-

solution and FEM solution are quite closer, but the results obtained through classical beam 

theory are different.  
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g. 4.12   Bending stress distribution of the Glass-Epoxy beam for different as
: (a) at x/L=0.0, (b) at x/L=0.5
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Table 4.2  Comparison of Maximum Normalized Bending Stress     
at x/L=0.5 of the Glass-Epoxy beam 

 
Simple theory ψ -solution FEM L/D 

ratio 
y/D=0 and 1 y/D=0 y/D= 1 y/D=0  y/D=1 

1 ±0.63 1.33 -0.67 1.55 -0.62 

2 ±2.52 1.70 -1.62 1.87 -1.52 

3 ±5.67 2.73 -3.05 2.77 -2.88 

4 ±10.08 4.32 -4.82 4.24 -4.54 

 

 
The lateral stress distributions for L/D=1 to 4 at sections from guide end (x/L=0.0) and mid-

span (x/L= 0.5) are shown in Fig. 4.13 (a) and (b) respectively.  The lateral stresses for all 

four aspect ratios are found to follow the loading pattern very correctly.  With the increase 

of aspect ratio the nonlinearity reduces, but still a few degree nonlinearity remains even 

with higher length depth ratio (like L/D=4). This nonlinearity is more significant at the 

guided ends.  Fig. 4.13 (a) and (b) also indicates that the distribution pattern of lateral stre  

change atio. he overall ef with 

respect to sections moving away from the guide. The comparison between ψ-solution and 

FEM solution is pres  at the 

iddle of the span are quite closer, but the results differ a little at the ends of the beam.  

 

ss

s while the change of aspect r T fect of aspect ratio is less 

ented in table 4.3 that the maximum lateral stresses observed
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(a) lateral stress at x/L=0.0    (b) lateral stress at x/L=0.5 

 
 

Fig. 4.13   Lateral stress distribution of the Glass-Epoxy beam for different aspect ratio: 
(a) at x/L=0.0, (b) at x/L=0.5 
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Table 4.3  Comparison of Maximum Normalized Lateral Stress  at x/L=0.0 and 0.5 

 
L/D at x/L=0.0 (y/D=0) at x/L=0.5 (y/D=1) 

ratio Simple 
theory ψ -soln FEM Simple 

theory ψ -soln FEM 

1 - -4.00 -4.46 - -1.00 -1.01 

2 - -4.00 -4.46 - -1.00 -1.01 

3 - -4.00 -4.45 - -1.00 -1.01 

4 - -4.00 - -1.00 -1.01 -4.45 
 

 

t the guided ends and at the mid span, where bending stresses are observed maximum, 

ig. 4.14 (a) is showing the distribution of shearing 

stress at x/L=0.1, where it is observed to be not following parabolic pattern. The shearing 

A

shearing stress is zero for all L/D ratios. F

stress distribution pattern at x/L=0.4 is becoming towards the parabolic shape except for 

L/D=1, which is fairly different from others. With the rise of length depth ratio parabolic 

pattern of shear stress distribution is experienced along with higher magnitude of maximum 

shear stress [Fig. 4.14 (b)]. The effect of L/D ratio variation is observed in simple beam 

theory, ψ -solution and FEM is shown in table 4.4, where again solution in displacement 

potential approach is nearer to that of FEM but not the classical beam theory.  
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(a) shear stress at x/L=0.1     (b) shear stress at x/L=0.4  

 

Fig. 4.14  Shearing stress distribution of  glass epoxy beam for diffe
1 t  4: (a) t x/L= .1, (b) t x/L=

rent aspect ratio, 
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Table 4.4  x/L 0.25   Comparison of Maximum Normalized Shear Stress  at x/L=0.1 and =

 

Maximum Normalized Shearing 
S  at

Maximum Normalized Shearing 
tress  x/L=0.1 Stress  at x/L=0.25 

L/D 
ratio 

S  theoimple ry ψ -soln FEM Simple theory ψ -soln FEM 
1 -0.6 .3 -0  - 0.56 -1.4 -0.98 -0 8 .55 

2 -1.2 - .75 -0.   -0.69 -1.57 1.17 -0  70 

3 -1.8 -1.33 .12 -1.05 -1.01 -1.72 -1  

4 -2.4 -1.63 .50 -1.45 -1.37 -1.97 -1  

 
The principal stress distribution is observed from the results of ψ -solution for different 

aspect ratios. Figs. 4.15 (a), (b) and (c) are presenting the contours of normalised 

maximum principal stress for aspect ratios one, two and three respectively. Here the 

highest stress concentration is observed at the guided ends. 
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(b) Maximum principal stress for L/D=2 
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Fig. 4.15  Contour of m orthotropic beam of 
glass epoxy material: (a) for L/D=1, (b) for L/D=2, (c) for L/D=3 
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4.5  Effect of Material Properties on Elastic Fields 

 
The solutions of orthotropic guided beam are obtained for three composites such as glass 

epoxy, ron e hi y ls 

table 4.1. Here the results of di en ll as s riatio ario ons of 

those beams are pr ed. Fig ) a represe axial eral ement 

at the tion of x/ 5 and x , w eir ma s are um l other 

sections. Both the axial and lateral displacements are of significantly higher magnitude in 

cas

ma

ma

0.0

 

 bo pox  grapy and t xe epo materia taking the properties mentioned earlier in 

splacem t as we tress va ns at v us secti

esent . 4.16(a nd (b) nt the and lat displac

sec L=0.2 /L=0.5 here th gnitude  maxim over al

e of glass epoxy than those of boron epoxy or graphite epoxy materials. The normalized 

ximum values of axial displacement for glass-epoxy, boron-epoxy and graphite-epoxy 

terials are 0.000583, 0.00013 and 0.000086 respectively and the lateral displacements are 

0264, 0.00098 and 0.000904 respectively.  
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(a) axial displacement at x/L=0.25  (b) lateral displacement at x/L=0.5 
 

Fig. 4.16   Displacement of the beam (L/D=3) for glass-epoxy, boron-epoxy and graphite-
epoxy materials : (a) axial at x/L=0.25, (b) lateral at x/L=0.5 

 

The variation of bending stress distribution is observed at the top and bottom edges of the 

beam [Figs. 4.17]. At the y/D=0.5 line or so, it is not that much significant as to the guided 

region. The effect of material properties on bending stress is more visible at the guided ends 

[Fig. 4.17 (a)]. As a whole, the concentration of bending stress is found to be more in those 

materials which have higher elastic modulus. The maximum normalised bending stress at 

the support points of guid y composites are 18.95, 

.825 and 8.825 respectively.  

ed ends of graphite, boron and glass epox

13
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(a) bending stress at x/L=0.0   (b) bending stress at x/L=0.5 
 

Fig. 4.17   Bending stress of the beam (L/D=3) for glass-epoxy, boron-epoxy and 
graphite-epoxy materials: (a) at x/L=0.0, (b) at x/L=0.5   

 
The shearing stress distribution observed is not the same for different materials, which was 

free from the material properties in the classical beam theory. Figs. 4.18 (a) and (b) indicate 

that shearing stress distributions are not taking the proper parabolic pattern at any section of 

 for the current L/D ns (x/L=0.1 and 0.9) 

the distribution pattern is rather unique type, where the maximum magnitude is nearer the 

bottom fibre (at y/D=0.05) instead of centre line (y/D=0.5) of the beam for all three 

materials [Fig. 4.18 (a)]. The maximum normalised bending stress at the load transition 

sections of graphite, boron and glass epoxy composites are 2.125, 1.975 and 1.725 

respectively. However, the shearing stress parabolic distribution pattern is observed nearer 

to the mid-span for very high L/D ratios.  

the beam ratio of three. At the load transition sectio

σxy/σ
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Fig. 4.18   Shear stress of the beam (L/D=3) for glass-epoxy, boro
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Slender Beams 

 

4.6  Analysis of Elastic Fields in Orthotropic Relatively 

The ψ-solution results are observed for higher aspect ratios to perceive the slenderness 

effect of the beam and find out the rationality of its use over the century old and widely 

used beam theory.  With the rise of slenderness ratio the deflection magnitudes are found to 

be increased in both the approaches. But the inherent setback of the beam theory 

consideration is the assumption of zero deflection at resultant point of support. Basically the 

equilibrium condition may not allow such situation all the time. In the present problem zero 

deflection is observed somewhere inner to the support locations. Fig. 4.19 indicates that the 

maximum magnitudes of deflection observed through potential solutions are little less than 

those of beam theory. It is because of different locations of zero deflection in two solutions. 
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(a) ψ-solution     (b) beam theory   

 
Fig. 4.19   Lateral displacement of the glass-epoxy beams, (at y/D=0.5): (a) displacement 

potential solution, (b) classical beam theory   
 

The nonlinearity of bending stress gets reduced with the increase of length depth ratio [Fig. 

4.20(a) and (b)] and it becomes linear while the aspect ratio reaches to ten. However there is 

difference in magnitudes. The maximum magnitude of bending stress is increased with the 

increase of aspect ratio in both the solutions but the potential solution gives lesser 

magnitude than that of beam theory.  
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(a) ψ-solution     (b) beam theory   
 

Fi         
(a) d  

g. 4.20   Bending stress distribution of the glass-epoxy beams, (at x/L=0.5):      
isplacement potential solution, (b) classical beam theory  
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(a) ψ - solution (at x/L=0.1)   (b) beam theory (at x/L=0.1)  
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(c) ψ - solut )   ( ) beam

F
(b) beam theory (x ry (x/L=0.4) 

ion (at x/L=0.4 d  theory (at x/L=0.4) 

ig. 4.21   Shear stress distribution of the glass-epoxy beams: (a) ψ - solution (x/L=0.1),   
/L=0.1), (c) ψ - solution (x/L=0.4), (d) beam theo
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ams are almost 

similar in potential solution as well as beam theory. Shear stresses are found to similar both 

 terms of magnitudes and patterns. Fig. 4.21 (a) and (b) illustrate the shear stress 

 

sults are found to be more rational and improved in comparison to classical beam theory. 

The effects of changing aspect ratio are found to be significant and imperative to be 

considered for better design. With the rise of aspect ratio the non-linearity of stress 

components is highly influenced and reduced, but it is not reaching a state of linear 

condition up to the aspect ratio of eight. Thereafter the bending stress distribution is 

becoming almost linear and at the aspect ratio of ten it is linear. In all case the guided ends 

and load transition sections are identified to be the most critical region in terms of stresses.  

While the material of the beam is changed from glass-epoxy to boron-epoxy or graphite-

epoxy, the range of maximum magnitude as well as the non-linearity is found to be changed. 

The shear stress distribution for higher aspect ratios, i.e., for slender be

in

distribution at x/L=0.1 in potential solution and beam theory respectively and Fig. 4.21 (c) 

and (d) for the same at x/L=0.4. 

  

4.7  Summary   

 

Analytical solution of the elastic field of a guided deep composite beam of orthotropic 

material is investigated using displacement potential approach confirming all the physical 

conditions. The solution of a glass epoxy beam for L/D ratio 3 is observed at first and the

re
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CHAPTER 5 

           

COMPOSITE DEEP BEAM UNDER THREE POINT BENDING  
 

5.1   Guided Composite Beam under Symmetric Three Point Bending (Case-I ) 
 
 
5.1.1   Problem Articulation  
 
A rectangular section deep ort

W (considered to be unity for plane stress condition) is subjected to a point loading at the 

mid-

symmetric load re 5.1. Both 

lateral edges of the beam i.e. at x=0 and x=L are roller guided so that the axial 

displacements are restrained, but the lateral displacements are allowed to have any value. 

 
 

 
 

Fig. 5.1 Geometry and loading (symmetric) of orthotropic beam for three point bending 
 
 

5.1.2   Boundary Conditions    
 
The physical conditions at different boundaries of the beam are expressed mathematically as 

follows

 

hotropic composite beam of length L, width D and thickness 

span its top boundary and simply supporting at its bottom two corners. By this 

ing arrangement the beam is in equilibrium as shown in figu

0.05L 

H 
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E 

F G 
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Guide 

0.05L 0.05L 

Support 

0.9L 

y 0.5L 
P=0.05Lσo 

Fiber 

:  

(i) 0=xu  at the edge of 0=x  



(ii) 0=xu  at the edge of Lx =  

(iii) ( ) 0,0 =yxyσ  at the edge of 0=x  

(iv) ( ) 0, =yLxyσ  at the edge of Lx =  

(v) ( ) 00, =xxyσ  at the edge of 0=y  

(vi) ( ) 0, =Dxxyσ  at th  Dy =  e edge of

(vii) The lateral stress at the edge of Dy =  is related to the applied load for the 

t bending. Since the point load is actually acting over a certain area of the 

beam, for instance it can be considered for the length of x=0.475L to 0.525L  . 

three poin

Again it is considered that the load intensity is σo.  Therefore, the magnitude of point 

load, P= 0.05Lσo.  Then ( ) 0, σσ =Dxyy  for x=0.475L to 0.525L  

(viii) Similarly, the lateral stress at the edge of 0=y  is related to the reactions at 

the support. In this case ( ) 2/0, 0σσ =xyy  for x=0 to 0.05L and 0.95L to L 

  
5.1.3   Analytical Solution    
 
Mathematical model here is the partial differential equation derived from the equations of 

equilibrium and equations of compatibility based on Displacement Potential Function ψ(x,y) 

obtained from Eq. (2.28) as follows. 
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In this case the displacement and stress components are also obtained from Eq. (2.29) as 
follows:  
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2
12112211211 EEGEEZWhere µµ −+=  

 
The displacement potential function ψ should be varied with cosine function of x  in order 

 

utomatically satisfied i.e. automatic satisfaction of boundary conditions from (i) to (iv). At 

for

to meet the requirement of physical conditions of the two opposing guided ends are

a

 ψ should also be compatible to the distribution of load. the same time the expression 

Considering all these factors the expression for ψ may be approximated as follows: 

3

1
cos KyxY

m
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where )(yfYm = ,   
L

mπα =   and =K Arbitrary constant 

Using the derivatives of equation (5.3) in equation (5.1) it is found that 
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The general solution of the above 4th order ordinary differential equation can be as  
 

         (5.5) 
 
where  and  are arbitrary constants 

and ,  and  are the roots of following equation 
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Now us quation  n the xpressions for the components of displacement 

and stress [5.2]   
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The reaction load at the support on the edge Dy =  can also be given by a Fourier series as 
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From equations (5.7d) and (5.8a) or (5.9a) 
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he four algebraic equations (5.10a), (5.10b), (5.10c) and (5.10d) are solved simultaneously 

and the values of four unknowns, such as Am, Bm, Cm and Dm, are obtained. Therefore, stress 

and displacement components at various points of the beam can be obtained using equations 

f (5.7). 

 are 

eter = 40 N/mm is 

presented in sequence of axial displacement (ux), lateral displacement (uy), bending stress 

(σxx), normal stress (σyy) and sh arin a v rificat n of t e pres  

n is made comparing the results of displacement potential approach with that of 

EM.   
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5.1.4   Results of Three Point Bending   
 

The analytical solutions of displacement and stress components obtained for various 

aspect ratios (L/D) of the beam. At first the result of a guided composite beam of glass 

epoxy material having aspect ratio three and the uniform loading param

e g stress (σxy). Thereafter e io h ent

solutio

F
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i. Solution of Displacements  

Axial displacements (ux) are found to be zero at the mid section of span and at the lateral 

guided boundaries [Fig. 5.2(a) and (b)]. Zero value of ux at the guided ends verifies the 

boundary condition of those edges of the beam. Axial displacements distribution is 

found skew-symmetric about the mid-span of the beam. The values of ux for sections 

0<x/L< 0.5 are negative at the lower portion and positive at upper portion of the beam. 

The maximum magnitudes of ux/L= 

sections of x/L = 0.2 and x/L = 0.8 respectively.   

±0.000058 are observed on bottom fibre at the 
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(a) over longitudinal sections     (b) transverse sections from x/L=0 to 0.5 
 

Fig. 5.2  Normalized axial displacement for three point bending, L/D = 3:  
(a) over longitudinal sections,  (b) over transverse sections  

 

 
Lateral displacements (uy) are found to take positive value near the two guided lateral 

ced b bottom corner s (a) a ere is no restr n 

ateral isplacement other than the loading and reaction to bring the beam in 

equilibrium state. The uy results are in confirmation to the physical condition of the 

beam. As a result the beam is being pushed up at the corners and forced down at the 

mid-span region. The normalized values of posit

displacements are uy/D=0.000352 and uy/D= - 0.000506 respectively. The maximum 

magnitude is observed on the topmost fibre at the mid-span. 

 

 

 

ends and negative in the region 0.25<x/L< 0.75, on account of loading at top edge and 

balan y two upport [Fig. 5.3 nd (b)]. Th iction o

the l  d

ive and negative maximum lateral 
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nt distribution for three point bending, L/D = 3: 
) over transverse sections 

 

 

Fig. 5.4 illustrates the deformed shape of the orthotropic simply supported guided beam 

subjected to a point load at the mid-span. Here the deformation is shown along with its 

original shape at the m

mation at the mid-span is in proper agreement with the physical condition of 

applied loading and support of the guided beam.  

 

Fig. 5.3  Normalized lateral displaceme
(a) over longitudinal sections, (b

agnification of 500 times of displacement. The guided ends have 

gone up and at the same time centre region of the beam have gone down. The 

deformation of the top edge at the location of load is like a notch. The bottom edge is 

deformed almost uniformly. The vertical sliding at the guided region and down word 

defor
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Fig. 5.4   Deformation under three point bending, L/D = 3 (magnification factor ×500) 

            

 

 



ii.  Solution of Stresses 

Bending stress distribution is observed non-linear over the whole span [Fig. 5.5(a) and 

(b)]. The stress (σxx) maximizes at the mid-span top fibre of the beam where the point 

type load is acting. The next locations of bending stress concentration are the two bottom 

corners and the bottom fibre at mid-span of the beam. The maximum magnitude of 

normalized bending stress on the top fibre at mid-span is a 2.13. 
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Fig. 5.5  Distribution of bending stress of a glass epoxy beam for three point bending, 
L/D=3:  (a) over longitudinal sections, (b) over transverse sections 

 
Latera

and bottom t ction is half of 

the load and the normalized value of the lateral stress varies from zero to about unity at 

l stress (σyy) concentrations are observed at the topmost fibre of mid-span section 

wo corners. From Fig. 5.6 it is understandable that each rea

the topmost layer in the loaded region and it is almost half at the bottom layer of the 

support region, which confirms the physical condition of the problem. 
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(a) over longitudinal sections     (b) over transverse sections 
 

Fig. 5.6  Distribution of lateral stress of a glass epoxy beam for three point bending, 
L/D=3: (a) over longitudinal sections,  (b) over transverse sections 
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All four edges and mid-span section of the guided deep beam are found free from 

shearing stress [Fig. 5.7(a) and (b)]. The distribution of shearing stress (σxy) for point 

loading is anti-symmetric in two sides about the mid-span of the beam like distributed 

load [Fig. 5.7(a)]. The maximum concentration of shearing stress is observed near the 

bottom corners at the supports and the point of shear stress concentration is at the top 

edge where the termination of loading takes place. The normalised maximum magnitude 

of shear stress is ±0.2 at sections x/L=0.05 and 0.95 on y/D=0.05. 
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Fig. 5.7  Distribution of shearing stress of a glass epoxy beam for three point bending, 
L/D=3: (a) over longitudinal sections,  (b) over transverse sections 
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5.2 or Guided Composite Beam under Asymmetric Three 
Poi
 
 
5.2
 
A r

W to a asymmetric point 

loading at the section of x/L=0.6 of its top boundary and simply supported at its bottom two 

corners. With this loading arrangement the beam is to be in equilibrium condition as shown 

in figure 5.8. Both lateral edges of the beam i.e. at x=0 and x=L are roller guided so that the 

axial displacements are restrained, but the beam can have lateral displacements of any 

magnitude. 

 
 

 
 

Fig. 5.8 Geometry and loading (asymmetric) of orthotropic beam 
 
 
5.2.2   Boundary Conditions   
 

The physical conditions at different boundaries of the beam are similar to that of section 

5.1.2 except the conditions supporting end, EH. Since the lateral stress at this edge is in 

relation to the reaction and the shear stress is zero, the boundary conditions would be here 

as follows: 

  

   Analytical Solution f
nt Bending (Case-II ) 

.1   Problem Articulation 

ectangular section deep orthotropic composite beam of length L, width D and thickness 

(considered to be unity for plane stress condition) is subjected 

( ) 0, =Dx  for Lx ≤≤0    and xyσ ( ) 0, σσ =Dyy  for x= 0.575L to 0.625L   x

P=0.05Lσo 
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5.2.3   Analytical Solution 
 
Ma

stre

pro

thematical model here is as same as Eq. (5.1) and the components of displacement and 

ss  are also obtained from Eq. (5.2a) to (5.2e). Considering the physical conditions of the 

blem ψ -function may be approximated as same as to Eq. (5.3). 

3

1
cos KyxY

m
m +∑
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=

= αψ     ; where )(yfYm = ,   
L

mπα =   and =K Arbitrary constant 

ng the derivatives of above expression in similar way for problem 5
 
Usi .1 (symmetric three 

point bending) the 4th order ordinary differential equation and its general solution can be 

found. But the difference remains with the top and bottom boundary conditions.  

 
Now the compressive load exerted at the supports located on the edge  of the beam 

may be taken as Fourier series in the following manner: 
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The load acting at the section of x/L=0.6 on the edge Dy =  can also be given by a Fourier 
series as follows 

for x= 0.475L to 0.525L        

Here  
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rom equations (5.7d) and (5.12a) or (5.13a) 
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The four algebraic equations (5.14a), (5.14b), (5.14c) and (5.14d) are solved simultaneously 

and the values of four unknowns, such as Am, Bm, Cm a ore, stress 

and displacement components at various points of the beam can be obtained using 

expressions of Eqs. (5.7a) to (5.7e). 

nd Dm, are obtained. Theref
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ic Three Point Bending 

 with aspect 

ratio three (L/D=3) t concentra  of applied poin mm is 

resented for axial displacement (ux), lateral displacement (uy), bending stress (σxx), normal 

posite beam  

contain any axial displacement u , which validates the proper satisfaction of boundary 

condition of those edges. Axial displacements distribution takes its skew pattern about 

the point of loading. The values rti  and itive at 

er portion of the beam for sections 0<x/L< 0.6 and vice versa for the remaining part 

of x/L=0.6 to 1.0. The maximum magnitudes of u /L= ±0.0000599 are observed only on 

bottom fibre at the section of x/L = 0.25. 

5.2.4   Results of Asymmetr
 

The analytical solutions of displacement and stress components are obtained for a glass 

epoxy beam subjected to asymmetric point loading [Fig. 5.8] on the top edge at x/L=0.6 

having various aspect ratios. The solution of such a composite orthotropic beam

aking the tion t loading = 40 N/

p

stress (σyy) and shearing stress (σxy) in succession.  

 
i. Solution of Displacements  

Fig. 5.9 (a) and (b) illustrate that the guided edges of the deep com  do not

x

 of ux are negative at the lower po on pos
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Fig. 5.9  Normalized axial displacement glass-epoxy beam with asymmetric point 
loading, L/D = 3: (a) ov  lo r tr svers sectio  

 

Lateral displacements (uy) are found to follow the loading direction and take the 

negative values in the reg

ends [Fig. 5.10(a) and (b)]. The uy results are in confirmation to the physical condition 

of having no restriction on the lateral boundaries of the beam. As such it is seen that the 

(a) over longitudinal sections      b) over transverse sections 

er ngitudinal sections, (b) ove an e ns

 

ion 0.3<x/L< 0.85, but positive near the two guided lateral 
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lowest fibres of the beam is pressed up at the highest order in the corners. At the same 

time the loaded region of the beam is strained down. The normalized maximum values 

of positive and negative lateral displacements are uy/D=0.000343 and uy/D= - 0.000501 

respectively. The maximum magnitude is observed on the topmost fibre at the point of 

loading. 
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(a) at longitudinal sections          (b) at transverse ctio

 
Fig. 5.10  Normalized lateral displacement glass-epoxy beam with asymmetric point  
loading, L/D = 3: (a) over longitudinal sections, (b) over transverse sections 

 
 

Fig. 5.11 demonstrates the deformed shape of the orthotropic simply supported guided 

beam subjected to an asymmetric point load at x/L=0.6. Here the deformation is shown 

along with its original shape at the magnification of 500 times of displacement. The two 

bottom corners of guided ends have been compressed u

corners have not displaced the same. It results the reduction of depth at the corners from 

the original shape of the beam. Other than the guided ends the beam has moved down 

of load takes a sharp deformation, which 

commensurate the lateral stress at that point. The deformation at the bottom edge of the 

beam is almost uniform over the length. The upward sliding at the guided region and 

downward deformation in between is an agreement with the physical condition of 

applied loadin

illustrates the rationality of accuracy in the present solution using displacement function.  

 se ns 
 

p and at the same time top two 

wards. The top edge at the location 

g and support of the guided beam. The overall state of deformed shape 
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ith negative values at the two guides and it 

becomes positive near the region of loading. For the top fibre it is reversed. The highest 

concentration of bending stress (σxx) is seen on the top fibre at the point of loading. The 

next location of bending stress concentration is the bottom corner near to the load of the 

beam. The value of maximum normalized bending stress is 2.08. 

 

g. 5.11   Deformed shape of the glass-epoxy beam with asymmetric three point bending, 
L/D = 3 (magnification factor ×500) 

ii.  Solution of Stresses 

 

Bending stress distribution is observed non-linear over the whole span towards both the 

axes [Fig. 5.12(a) and (b)]. The non-linearity pattern takes a change from guide to load. 

On bottom fibre, the bending stress is w
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(a) at longitudinal sections          (b) at transverse sections 

  

Fig. 5.12  Distribution of bending stress of a glass epoxy beam under asymmetric three 
point loading, L/D=3:  (a) over longitudinal sections, (b) over transverse sections 
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 Fig. 5.13  Distribution of lateral stress of a glass epoxy beam under asymmetric three 
point loading, L/D=3:  (a) over longitudinal sections, (b) over transverse sections 

 
 

The highes re  (σyy) se at the 

point of loading (x/L=0.6). The next points are bottom corners nearer the supports and 

bott

with pletely 

zero from x/L=0.2 to 0.4 for all fibres of the beam. At the top fibre there is no lateral 

 t concentration of lateral st ss  is ob rved at the topmost fibre 

om fibre at the load. Fig. 5.13(a) illustrates that reactions at the supports are rational 

 the position of loading. The normalized value of the lateral stress is com

stress other than the point of loading, where it takes the normalised value about unity.  

 
 

Fig. 4.14(a) illustrates that all four edges and mid-span section of the guided deep beam 

are found to be free from shearing stress. The distribution of shearing stress (σxy) for 

asymmetric point loading at x/L=0.6 is also asymmetric. The magnitude is higher in the 

shorter distant part with respect to the load than the longer part of the beam. The 

maximum magnitude of shear stress is observed at y/D=0.05 of section x/L=0.95 

(normalized value = 0.225). It is noticeable from Fig. 5.14(a) that the shear stress 

distribution pattern is not of parabolic shape as well known to every one. It is rather 

different for different sections of the beam. It gives the food for thought to look into 

further finding considering different loading conditions.  
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(a) at longitudinal sections          (b) at transverse sections 
 

Fig. 5.14  Distribution of shearing stress of a glass epoxy beam under asymmetric three 

 

5.3 lution for Three Point Bending 

The

pot

usin

bou

rec

bea

dom ent mesh network for 

the present problem is 400 (20 x 20).     

 

The distributions of bending stress at x/L=0.5, lateral stress at x/L=0.5 and shearing stress at 

x/L=0.25 are investigated of a glass-epoxy beam (L/D=3) under symmetric three point 

bending for comparison purpose using displacement potential and FEM. The obtained 

results are presented in  Fig 5.15(a), (b) and (c) respectively 

point loading, L/D=3:  (a) over longitudinal sections, (b) over transverse sections 

   Verification of ψ – so

 
 solution for three point bending of the guided beam obtained using displacement 

ential formulation is verified with the results of the FEM. FEM solutions are obtained 

g the standard facilities of the commercial software ANSYS. For that the relevant 

ndary conditions used are the same as those used in the analytical solution. Four noded 

tangular plane elements are used to construct the corresponding mesh network of the 

m. All the elements are of same size and their distribution is kept uniform all over the 

ain. The total number of finite elements used to construct the elem
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(b) lateral stress at x/L=0.0 
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   (c) shearing stress at x/L=0.25 

 

Fig. 5.15  Comparison of distribution of stresses of glass-epoxy beam for three point 
bending, L/D=3: (a) bending stress at x/L=0.5, (b) lateral stress at x/L=0.0 

 (c) shearing stress at x/L=0.25 
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The bending stress distribution pattern at the mid-span (x/L=0.5) is very close to each other. 

The magnitude is exactly the same for lower half (from y/D=0.0 to y/D=0.7) of the beam 

[Fig 5.15(a)]. However, a very little difference is observed at the top edge in two methods.  

While the lateral stress is investigated at x/L=0, the magnitudes at the top and bottom edges 

are the same in both the methods [Fig 5.15(b)]. However, a deviation is observed in the 

region of y/D=0.1 to 0.7 due to lower resolution. Further reasons for this deviation may be 

investigated taking different loading configuration. The shearing stress distribution pattern 

at x/L=0.25 is found with very good agreement in the both solutions. However, the potential 

displacement s r t neg

 

To h

ree point bending, the solution for an isotropic material (steel having E=209 GPa and 

similar manner done for 

orthotropic material. The corresponding results of bending and shear distributions for the 

olution estimates little highe bu ligible magnitude [Fig 5.15(c)]. 

ave more confirmation about the performance of displacement potential function on 

th

µ=0.3) is also obtained and compared with FEM solution in a 

case of isotropic material are shown in figures 5.16 (a) and (b) respectively. Here too the 

result is found with good rationality and consistency. As such the displacement potential 

approach can be considered as a good tool for the solution of guided beam with various 

loading conditions.  
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(a) bending stress at x/L=0.5, (b) shearing stress at x/L=0.25 

 

Fig. 5.16  Comparison of distribution of stresses of steel beam for three point bending, 
L/D=3: (a) bending stress at x/L=0.5, (b) shearing stress at x/L=0.25 
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5.4   Summary  
 
Analytical solution using displacement potential approach for the elastic fields of a guided 

deep composite beam of orthotropic material under three point bending is explored 

satisfying all the physical conditions of the beam appropriately. The solution of a glass 

epoxy beam for the aspect ratio three is observed for symmetric loading as well as 

asymmetric loading (taking load at x/L=0.6). Both the solutions indicate that the 

displacement potential approach can address three point bending of composite materials 

effectively. Displacement and stress components are of the similar m um values also. 

The stress concentration is investigated and f

The results obtained using displacement potential solutions are then compared with that of 

finite element solution. The stress analysis observed from the FEM confirms the reliable 

results of displacement potential solution. To this end the solution of isotropic material is 

also obtained and compared with the solution of FEM, which enhances the validity of the 

displacement potential approach in relation to its utility for addressing deep beams under 

point loading.  

 

axim

ound to be at the near location of point load. 
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CHAPTER 6 

          

CONCLUSIONS AND RECOMMENDATIONS 

 

6.1   Conclusion 

 
The central objective of this research is to develop the analytical solutions for guided 

isotropic and orthotropic deep beams.  Keeping this central intention in mind the literature 

as been surveyed and found that lot of work have been done in the field elastic analysis but 

space variables x and y with the expressions of two displacement 

omponents. The displacement potential can take care of the boundary conditions of both 

displacements and stresses appropriately. The bi-harmonic partial differential equation of a 

single variable has been conceived to be reached as to the 4th order differential equation of 

stress function. Interestingly, the differential equations for both orthotropic and isotropic 

materials are found to be in line with the expected pattern. This gives possible easiness of 

solution approach. 

 

Based on the definition of ψ-function, analytical solutions of the elastic fields for guided 

isotropic and orthotropic deep beams subjected to uniformly distributed load over a certain 

length and point load are developed and the results are investigated. In the investigation o

solutions, the di  at different 

locat  

terms of stres oaded as 

well as unloaded sections of the beam. It displays a unique behaviour, which necessitates 

pecial attention from the designer of any machine parts. While the support reactions are in 

h

none is for deep beams with guided ends. The speciality of the guided ends is the mixed 

mode of boundary conditions. Basically, the guided ends provide the freedom of lateral 

displacement but not the axial one. At this scenario the necessity of imposing boundary 

restraints is essential. But it is neither practicable using the classical Bernoulli-Euler beam 

theory nor with the Airy’s stress function for the solution of guided beam. It may be 

mentioned that the stress function can handle boundary conditions only in terms of load or 

stress. So, the work has to be started with the displacement potential formulation, which is 

defined in terms of 

c

f 

stributions of stress compone ts are found to be differentn

ions. The guided ends of the beam are identified to be the most critical sections in

ses. The load transition section is also found to be different from l

s
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e pattern of parabolic form, bending and lateral stress concentrations are found to be less 

rmly distributed support and the effect is just local. 

s not found at the centreline of the beam as observed for higher aspect ratio. 

 beam theory bending stress distribution is always found linear and shear stress parabolic, 

which do not reflect the actuality of the problem for short beam.  

 

The normalized maximum deflection, bending stress and shear stress found through present 

solution of isotropic material (steel) with aspect ratio three are 2.94 x 10-4, 5.24 and 1.51 

respectively; where as these found by FEM are 2.32 x 10-4, 5.35 and 1.27 respectively. It 

indicates that there is a possibility of keeping less allowance based on FEM solution, which 

may cause the non-operability of the machine due to higher deflection in reality. Again the 

underestimation of maximum shear stress may compromise with the reliability and life span 

of the machine parts. On the other hand normalized maximum deflection, bending stress and 

shear stress found through present solution of orthotropic material (Glass-Epoxy) with 

aspect ratio three are 33.22 x 10-4, 9.02 and 1.8 respectively. The deviations of these values 

with corresponding FEM results are 2.05, 18.29 and 4.44 percent respectively. Here, the 

underestimation of bending stress may cause the break down of machine part if the design is 

developed on the basis of FEM results. 

 

th

than that of a unifo

 

The comparative study has been carried out to ascertain the reliability and credibility of 

solutions obtained through displacement potential function and observed its superiority for 

the solution of guided deep beam. In some cases tools for comparison is the classical 

Bernoulli-Euler beam theory, some cases Airy’s stress function wherever suitable and FEM 

for all the cases. It reveals that the classical theory of bending is simply inadequate to 

predict the stress and displacements fields of the guided beam. For the sake of comparison, 

simply supported beam with the distributed load is taken into account as sample for classical 

theory and stress function.  Comparison with FEM gives the proximity of present approach 

towards it for each and every solution. 

 

While the aspect ratio is varied the remarkable variation of non-linearity in both bending 

and shearing stress distribution is observed. FEM confirms these variations but not the 

classical Bernoulli- Euler beam theory. With smaller aspect ratio the maximum magnitude 

of shear stress i

In
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guided simply supported deep beam with uniformly distributed load is 

taking the St. Venant’s 

 is 

unction. It reveals that the 

resent approach gives satisfactory results. So, the displacement potential solution for an 

 be considered useful as similar to stress function solution.  

d beams with various loading conditions. It is, therefore, recommended 

to have continuation of the ongoing works for the utilization of displacement potential 

The solution of un

done using a special technique of displacement potential approach 

principle into account. Analytical solution developed for the unguided deep beam

compared with the similar solution obtained using Airy’s stress f

p

unguided beam may

 

As a whole the result of present analysis is expected to be of real use for reliable and 

economic design of such beams. The present study thus removes one of the major 

limitations of the literature related to beam analysis. 

 

6.2 Recommendations 

 
The displacement potential function developed for the guided deep beam is a new avenue 

for the structural analysis.  The method has been investigated and instituted as capable to 

deal isotropic and orthotropic guided beams effectively for uniformly distributed load. The 

present approach needs to be expanded for the analytical solution of anisotropic materials. It 

also requires to be investigated for a variety of loading configuration in order to have its 

wide range of adoptability and versatility.  

 

The current method for the solution of unguided deep beam may also be extended further.  

More works would provide more authenticity for onward application of ψ-function in the 

solution of unguide

approach for both guided as well as unguided beams of various configurations in future.  
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PPENDIX - A 
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 parabolic 

upports. 

Distribution of Stress Components for Different Aspect Ratios 

 
Graphs presented here are of an isotropic beam with uniformly distributed load and

uniformly distributed supports vs parabolic supports. The bending, lateral and s

stress distribution are presented in sequence at order of sections starting from the lef

section of the beam. Pictures at the left are for uniform supports and right for

s

 
 
Bending stresses (σxx) distribution:     For the skew-symmetric configuration the graphs 

for the sections from x/L=0.0 to 0.5 are shown. 
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 For the symmetric configuration the graphs for the 
 
Lateral stresses (σ ) distribution: yy

sections from x/L=0.0 to 0.5 are shown. 
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hear stress (σ ) distribution: S xy

For x/L=0.1
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