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ABSTRACT

Carbon nanotubes (CNTs) possess extremely high stillness, strength and resilicnce
and may provide the ultimate reinforcing materials for thc development of
nanocomposites. It is foond that the degrce of nanotubc reinforcement in polymer-
based nanocomposites observed in different experiments differs significanlly.ln the
present research work, six different aspects ofCNT-based polymcr composites arc
investigated to observe their effects on the effective tensi1c elastic modnlns (TEM)
of snch nanocomposites. Thcy are--effeet of CNT diameter for hoth perfect and
imperfect bonding, effect of interphase thickness developed between CNT and
matrix, effect of CNT wall thickness, effect of CNT waviness ratio and effect of
CNT wavelength ratio for different waviness ratios on the TEM of nanoeompositcs.
These investigations are carried out for the nanoeomposites containing both long
and short CNTs. For aU cases, volume fraction of the CNTs is considered only 5%.
This effective TEM is evaluated using a 3-D nanosca.le representative volume
element (RVE) based on continuum mechanics and using the finite element method
(FEM). The finite element modeling and analyses are carried out using the
commercial software ANSYS 10.0. Due to symmetry of the RVEs about the axial
axis, axi-symmetric finite element modeling and analyses are conducted to evaluate
the effective TEM, Finite element formulation for the axi-synunetric model is
presented in detail. Formula to extract the effective TEM from FEM solutions for
the RVE is derived based on the elasticity theory, An extended rule of mixtures,
based on the strength of materials theory for estimating the efleclive TEM in the
axial direction ofthe RYEs, is applied for comparisons with the numerical solutions.
These investigations, using the FEM, are presented in detail, which demonstrate that
the load carrying capacities of the CNTs in a polymer matrix are significantly
affected by the above mentioned issues. These simulation results arc consistent with
the available analytical and experimental results,
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CHAPTER!
INTRODUCTION

Since their first synthesis by Endo in ]976 [I] and detailed characleri~ation by Iijima

in 1991 [2], carbon nnnotubes (eNTs) have grown from II material of dreams to II

"real-world" material that has already found its application fields. The production

capability for eNTs is growing every year in an exponential degree, and as II

consequence the price is steeply descending. This is leading to the application of

carbon nanolubes in various conventional and unprecedented areas, including

lightweight structural composites, field emission devices, electronics, nano-electro-

mechanical devices, sensors, actuators, gas storage, medical applications and nan(\-

robotics,

t.l STRUCTURE OF CARBON NANOTUBES

CNTs can be visualized as II sheet of graphite that has been rolled into a tube These

are long, slender fullerenes where the walls of the lubes are hexagonal carbon

(graphite structure) and often capped at each cnd. Unlike diamond, where a 3-D
•

diamond cubic crystal slructure is formed with each carbon atom having four nearest

neighbors arranged in a tetrahedron, graphite is formed as a 2-D sheet of carbon

aloms arranged in a hexagonal array In this case, each carbon atom has three nearest

neighbors. 'Rolling' sheets of graphite into cylinders forms carbon nanotubes,

shown in Fig. 1.1 (3).
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The direction n10ng which the graphite sheet is rollod up 10 form the n:motube

determines its chillllil>'1IIId oIso lllTects whether the ntlnOlube is mclllllie or be/ums

like 11semiconductor. T1lis direction of roll is defined by •• "l'C10Tlno",n /l5 'roll-up

.-ector' or 'dlira! .'ector', Co, and can be e~ lIS II linear combination of the

lUlil1111l'l$IlI1iOlllllH!Clors in !he hex.egon:d lBUice In

(1.1)

Here, m IlIld n IlJe integers, ""bile OJ IlIld 011lJe the ,'ecIOrs oflhc heugonal graphite

Illllice shOl.n in Fi&- 1.1(0). The angle between C~and 0, is known 8 the dliml

lD'lgle,O. lIlId can be Cll!cull1ledIl5 follol';'SPJ:

(1.2)

•.....,
;-

(bJ

('J

Fi~ 1.1: RoII.up ,-ector ddining the stnKtun: ofCllJ"bon IItIOOlubes(II) Oraphene

IlIlti~ lllld (b) CllIbon n.motube
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The variation of the chiral indices (m, n) lUld chiral angle, 0, result in different types

of nanotubes. Table Ll summarizes th~e ffil\ior categories of nanotubes which

could be formed depending on crural indices (m, n).

Table 1.1, Types ofnanotubes bWled on chiral mdices

Chiral indices
Type of nanotube

(m,II)
Chiral angle, 0 TUbe diameteT, DNT

Zigzag (m,O) 0 ",m
a

Armchair (m,m) 30'
,[Jacm

a

Chiral (m,n); mi-nt-O O<()<30° ao~(nr +mil-:-/12 )
a

The radius ofany nanolube can be calculated as [0110,",'S[3J:

Where, a.ls the length (in run) of vector 0) (Ora2), see Fig. 1.1. Typical examples of

the three1ypes ofCNTs are shown in Fig. 1,2 [31.

Again, CNTs exist all eIther single-walled (SWNT) or multi-walled (MWNT)

structures, as shown in Fig, 1,3 f3J-



(,) (b) (0)

4

Figure 1.2: Different types of carbon nanotubes (a) Armchair (b) Zigzag and (c)
Chiral

MWNTs are composed of a number of concentric SWNTs held together with

relatively weak van der Waals forces. For MWNTs, the strength is limited by the

ease with which individual graphene cylinders slide with respect to each other.

Besides, the SWNTs are often in bundles of tens 10 hundreds of SWNT. Typically,

the nanoluoos are found to have self-organized into crystalline bundles, consisting of

several to hundreds of SWNTs or MWNTs arrllJlged in a closest-packed two-

dimensional lattice, Within these bundles the nanotubes normally display a

monodisperse range of diameters, with adjacent tubes weakly coupled via van der

Waal interactions. However, the diameter of the eNTs is in the range of 0.4 Dill to

several hundred urn and the length ranges from several JUIl to several mm or even

em [4].
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(b)

Figure 1,3' Carbon nanotubes (a) Single-walled nanotube (SWNT) (b) Multi-walled

nanotube (MWNT)

I.Z PROPERTIES OF CARBON NANOTUBES

CNTs have remarkable mechanical, thermal and electrical properties. The properties

of eNIs depend on atomic arrangement (how the sheela of graphite are 'rolled'), the

diameter and length of the tubes, and the morphology of nanostrueture.

Mechanically, they are the stiffest known materials along with a predicted strength

of about 100 times that of steel at only one-sixth of the weight. Recent theoretical

calculations and direct experimental measurements showed that the elastic modulus

ofa SWNT is in the rallge of 1-5 IPs [5-7], which is significantly higher than that of

a caroon fiber, from 0.1 to 0,8 iPa [8]. It has a breaking strength of about 37 GPa

[9]. The MWNTs are reported to have lower mechanical performance dum the

SWNTs [4].

With regard to their thermal properties, CNTs are thermally stable up to 2800°C (in

vacuum), exhibit a thermal conductivity about twice as high as diamond [10], and

may exhibit a capacity to carry electric current a thousand times better than ~opper

wires [11]. Furthermore, the chirality of the carbon nanotube has significant

implications on the material properties. In particular, tube chirality is known to have
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a strong impact on the electronic properties of carbon nanaluhes. CNTs can behave

either as metals or semi-conductors depending on the arrangement of the carbon

atoms [12-]4]. In addition to their elastic and thennal properties, the bending of

some eNTs has been found to be fully reversible up to a critical angle of 1100 [15]'

1.3 MOTIVATION OF THE PRESENT WORK

In view of their superior properties, CNTs show substantial promise for use as

nanofibers to reinforce advanced composites. The large surface area ofCNTs is also

advantageous for mechanical bonding with the matrix in a composite. This, coupled

with recent advances in nanotechnology and nanofahrication techniques, has

triggered extensive research worldwide in the development and characterization of

CNT-based multi-functional composites Many researchers have demonstrated that

substantial improvements in the mechanical behaviors of polymers have been

attained through the addition of small amounts of CNTs as a reinforcing phase. It is

observed that when CNTs of about 1% weight are dispersed homogenously into

polystyrene matrices the elastic modulus increases by 36-42% and the tensile

strength improves by about 25% [16J It is also observed that the yield strength of

multi-walled CNT/epoxy resin composites with a ductile matrix doubled with 1%

weight ofCNTs and quadlUpled as the weight increased to 4% [17]. The mechanical

load carrying capacities of CNTs in polymer composites have also been

demonstrated in some experimental work [18-20J and numerical simulationS [21].

All these investigations show that the load-carrying capacities ofCNT, in a polymer

matrix are significant and the CNT-based composites ~ave the potential to provide

extremely strong and ultra-light new materials,

However, much work still need to be done before the potentials of the CNT-based

polymer composites can be fully realized in real engineering applications.

Evaluating the effective material properties of such nanoscale materials is one of the

challenging tasks for the development of nan(}Compositcs. The degree of

reinforcement observed in different experiments [16, 18-20J differs significantly,
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Therefore, it is necessary to investigate which factors influence the reinforcement of
the CNT~based polymer composites. Again, an interphase is unavoidable in the

production of polymer matrix composites [22]. AI the nanoscale, analytical models

are difficult 10 establish or too complicated to solve, and tests aTeextremely diffi<;;ult

and expensive to conduct. Computational approach can playa significant role in the

development of the eNT -based composites by providing simulation results to help

on the understanding, analysis and design of such nanocomposiles, Modeling and

simulations of nanocomposites, on the other hand, can be achieved readily and cost

effectively on even a desktop computer, Characterizing the mochanical properties of

CNT-based polymer composites is just one of the many important and urgent tasks

that simulatians can accomplish Therefore the aim of the present work is to

investigate the e!fective tensile elastic modulus (TEM) of CNT-based polymer

composites far various physical conditions of CNTs and interphases developed

during their fabrication with the help of simulation method_

1.4 OBJECfIVES

The specific abjectives of the present research work are as follaws:

(i) To study the effect of CNT diameter in case of perfect banding between CNT

and matrix on the effective tensile elastic madulus (TEM) of nanocamposite

far both long and short fiber.

(ii) To examine the effect of CNT diameter in case of imperfect bonding

between CNT and matrix on the eITectiveTEM af nanocomposite for bath

Lang and short fiber.

(iii) Ta identify the effect af CNT wall thickness an the effective TEM of the

nanocompasite containing both shart and long CNT fnr perfect bonding_

(iv) Ta investigate the effect of interphase thickness between CNT and matrix on

the effective TEM ofnanocompasite for both long and short CNT.



,
(v) To study the effect of eNT waVIness ratio on the effective TEM of

nanocomposite for a particLllar wavelength ratio.

(vi) To investigate the effect of CNT wavelength ratio on the effective TEM of

nanocomposite for different waviness ratio.



CHAPTER 2
LITERATURE REVIEW

Sinnott et at [29], Buongiomo Nardelli et a1. [30J and Kang et 31. [31) have

provided abundant $imulation results for understanding the behaviors of individual

and bundled CNTs based on molecular dynamics (MD). Griebel and Hamackers

[32] have also used MD to evaluate the elastic properties of single-walled eNT-

based nanocomposites, However, MD simulations ofCNTs are currently limited to

very small length and time scales and cannot deal with the larger length scales in

studying nanocomposites, due to the limitations of current computing power (for

example, a 1xlx] !-1m3cube could contain up to lOll atoms). Nanocomposites for

engineering applications must expand from llano to micro, and eventually to

macrolength scale~. Therefore, continuum mechanics models can be applied for

simulaung the mechanical responses of the CNTs in a matrix, for studying the

overall responses of CNT-based composites, before efficient large multi scale models

are established.

The continuum mechanics approach has been employed for quite some time in the

study of individual CNTs or CNT bundles to investigate their mechanical properties.

The validity of the continuum approach to modeiing of CNTs is still not fully

established and the practice wili continue to be questioned for some time to come.

However, it seems to be the only feasible approach at pre.sent to obtain preliminary

resuits for characterizing CNT-based composites using modelmg and simulations.

The best argument for using this continuum approach for now is simply the fact thai
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It has been applied successfully for studying single or bundled CNTs, as given in

Refs. [6, 33-37]. In these studies, the CNTs are considered as homogeneous and

isotropic materials using continuum beam, shell, as well as 3-D solid models in the

analyses of the deformation, buckling and dynamics responses of CNTs. Material

propcJties such as equivalent Young's modulus and Poisson's ratios, and buckling

modes of CNTs have been successfully predicted by using these continuum

approaches, Qian et at. [38--40] have applied continuum mechanics for simul~ting

(he mechanical responses of individual or isolated CNTs which are treated as hearns,

thin shells or solids in cylindrical shapes. These studies suggest that the continuum

mechanics approach can be applied safely to investigate the mechanical behaviors of

the CNTs when the lengths of the CNTs are about 100 nm and above. Although

~uecessful to some extent and efficient in computation for models at larger length

~ca1es, continuum meehanics at this threshold faces the risk of breakdowns Inore

than ever before, compared with the micromechanics ~imulations. The preferred

approach for simulations of CNT-based composites should he a multiscale one

where the MD and continuum mechanics are integratcd in a computing environment

that is detailed enough to accOllllt for the physics at nanoscales while efficicnt

enough 10 handle nanocomposites at larger length scales. Before a multiscale

approach for simulations of nanocomposites is successfully developed, the

continuum mechanics approach ~eems to be the only feasible approach now for

conducllng some preliminary studies of such materials. However, cautions should be

excised in applying the continnum approach, as discussed in Ref. [41). Emphasis

should be placed on the overall responses ofCNTs or CNT-based composites, rather

than on the local detailed phenomena, such as inte1facial stresscs or debonding,

where the nanoscale MO approach should be employed.

Liu and Chen [42J investigated the interactions of the CNT with the matrix;

interfacial stresses and load-canying capabilities of the CNTs based on 3-0

elasticity models. It is proposed that the 3-0 elasticity models, instead of beam or

shell models, should be used for the CNTs as well as the matrix, in order to ensure

the accuracy and compatibility of the models for the CNTs and the matrix. One way

to develop manageablc 3-D continuum models for the study of CNT-based
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composites is to extend the concept of representative volume elements (RVEs) used

for conventional fiber-reinforced composites at the microscale [43,44]. In this RVE

approach, a single (or multiple) nanotube(s) with surrounding matri" material can be

modeled, with properly applied boundary and interface conditions to account for the

effects oflhe surrounding materials.

Liu and Chen [42] proposed three nanoscalc RYEs (Fig. 2.1) based on 3-D elasticity

theory for the study ofCNT-based composites. They are the cylindrical RYE (Fig.

2.1(a», square RVE (Fig. 2.1(b» and hexagonal RVE (Fig. 2.1(0»). Under

axisymmetric as well as anlisymmetric loading, a 2-D axisymmetric modd can be

applied for the cylindrical RVE, which can significantly reduce the computational

work [42). Similar 10 the study of conventional fiber-reinforced composites [43], the

square RYE models can be applied when the CNTs are arranged evenly in a sqnare

array, while the hexagonal RYE models can be applied when CNTs arc in a

hexagonal array, in the transverse direction. These RYEs can be used to study the

interactions of a CNT wilh Ihe matrix, such as the load transfer mechanism and

slress distributions along the interfaces [42] or to evaluate the effective material

properties of the CNT -based composites.

Liu and Chen [211 and Chen and Liu [45] used the concept of both cylindrical aod

square represenlalive volume clements (RVEs) and used finite element and

boundary element approaches to extract the required mathematical results. In their

method, the CNT is modeled as a thin elastic layer in the fonn of either a capsule or

open cylinder. Their ~tudy investigated the effective material properties (tensile

moduli and Poisson's ratios) for various Young's moduli of matrices at particular

volume fractions.

As mentioned earlier (Section 1.3), much work still nced to be done before the

potentials of the CNT-based polymer composites can be fully realized in real

engineering applications. So, evaluation of the effective material properties of such

nanoscalc materials should be examined from different perspectives.
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(a) (h1 (c)

Figure 2.1: Throe nanoscale RVEs for the analysis afCNT-based composites, (n)

Cylindrical (b) Square and (e) Hexagonal

2.1 SUMMARY

From (he above mentioned literature, it i5 found that the degree of nanotubc

reinforcement in polymer-based nanocompositcs observed in different experiments

[16, 18-20J differs significantly. Therefore, there is a need to investigate which

factor~ influence the reinforcement oflhe polymer-based nanocomposites. However,

diameter of CNTs may vary from one composite to another and interphase between

the CNT and matrix (i.e. imperfect bonding) may develop during the fabrication of

CNT-based composite. Also, the waviness and wavelength ratios of CNTs may

differ from one composite (0 other. So the present work will study abovc effects on

the effective TEM of polymer-ba~ed nanocomposites using the cylindrical RYEs

and simulating through finite element mcthod.



CHAPTER 3
THEORETICAL BACKGROUND

In this chapter, the governing equations for the applied mechanics with appropriate

boundary conditions and also the solution procedure applicable for the present

problem will be discussed. The generalized governing equation~ arc based on

constitutive relation of stress-strain and the equilibrium equations. Also, the finite

element formulation of the axi-symmetric problem is presented in detail in this

chapter. Again, the finite element software ANSYS 10.0 used to simulate the

investigations is introduced later in this chapter.

3.1 FUNDAMENTAL EQUATIONS

The problem that dealt ill this present study is axi-sYlmnetric in nalure. This problem

is governed by the constitutive relation of stress-strain and the equilibrium

equations. These constitutive relations and equilibrium equations are presented in

detail in the following sections.

3.1.1 Stress-Strain Relations

For linear elastic materials, the stress-strain relations come from the generalized

Hooke's law. For axi-symmetrie model, the constitutive relation oj"stress, Ci and

strain, l; in the form oflinear elasticity can be expressed as [46],
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",
". =Dc"~ (3.1)",
T"

Where, D is the elasticity matrix; ""a, and cr, are nonnal stress components at

radial, circumferential and axial directions and r ~ is the shear stress.

For isotropic materials, the two material properties are Young's modulus _(or

modulus of elasticity), E and Poisson's ratio, I) , If rand z denote respectively the

radial and axial co-ordinate, ofa point, the generalized Hooke's law gives [46],

a (Yo Uze =-v-'+--v-
a E E E

Uy ao CJ',e=-y--v-+-
, E E E

(3.2)

Where, C:.,f,and E, arc nOffiJaI strain components at axial, radial and

circumferential directiolls and "I" is the shear strain,

The shear modulus (or, modulus of rigidity), G is given by,

(3.3)

Now, on solving for the ,tresses, the elasticity matrix, D becomes a symmetric (4x4)

materia! matrix, given by,
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1-" " " 0

E " 1-" " 0
D (3.4)

(1+Yl(i-2IJ) " " 1-" 0

0 0 0 0.5-1'

The above mentioned matrix i~used to calculate the stresses from strains in each

c1cmen! in finite clement method.

3.1.2 The Equilibrium Equations

The equilibrium equations for the axi-symmetric problems can be expressed as,

(3.5)

\Vhere, F,and F, are the di,tributed body torces per unit volume [46].

The differential equations of equilibrium can be written as,

VTtr+b=O

Where, b is the body force vector.

(3.6)

The ~quation5 given here have to be solved by given certain boundalY conditions.

There are two types of boundary conditions, i,e. (a) mechanical boundary conditions

prescribing stresses or surface traction, and (2) geometrical boundary conditions

prescribing displacements. If a portion of the surface of the elastie body where

stresses are prescribed by S~and the remaining surface whcre displacements are

prescribed by Su, then the whole surface of the elastic body can be denoted by [47],

S=S~-t:Su (3.7)
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The mechanical boundary conditions on Sa may be expressed in terms of prescribed

traction vector t and the geometrical boundary conditions on S.may be expressed in

terms of prescribed displacement!l.

It is no surprise that exact solutions for governing differential equations describing

the engineering problem~ arc generally difficult to obtain. This inability to obtain an

exact solution of the problem may be attributed to either the complex nature of

governing differential equations or the difficulties that arise from dealing with the

boundary and initial conditions. To deal with'such problems, numerical methods are

adopted to obtain approximate solutions. Numerical methods approximate exact

~olution only at discrete points, called nodes. The first step of any numerical

procedure is discretization. This process divides the medium of interest into a

number of ~mal1 sub regions and nodes. There are two common classes of numerical

methods,

I, Finite difference method, and

2. Finite element method

With finite difference method, the differential equation is written for each node and

the derivatives are replaced by difference eql,lations. This approach results in a set of

simultaneous linear equations. Although finite difference method is easy to

understand and employ in simple problems, it is difficult to apply to problems with

complex geometries or complex boundary conditions. This situation is also true for

problems with no isotropic properties.

The advantage of the finite element method (FEM) is that, in principal, any problem

can be solved, irrespective of the geometry and even considering complex

COn5tltlllive relations. The expense that has to be paid for this gain in generality is

that the FEM provides an approximate solution, which, however, converges towards

the exact solution for a decreasing element size.

In this present numerical computation ofthe problem finite element method is used.
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3.2 IIINITE ELEMENT METHOD

The finite element method has become a powerful (001 for the numerical solution of

a wide range of engineering problems. Applications range from defonnation and

stress analysis of automo(ives, aircrafts, building and bridge structures to /leld

analysis of heat fluxes, slippages and other flow problems. With the advances in

computer technology and CAD systems, complex problems call be modeled with

relative ease. Several alternative configurations can be tested on a computer before

the firsl prototype is built. All of this suggests that we nced to keep pace with these

developments by understanding the basic theory, modeling techniques and

computational aspects of the finite element method.

All the physical phenomena encountered in engineering mechanics are modeled by

differential equations and usually the problem addressed is too complicated to be

solved by classical analytical methods. The finite elemcnt method is a numerical

approach by which general differential equation~ can be solved in an approximate

manner.

Thc differential cquations which describe the physical problem considered are

assumed to hold over a certain region. Thi, region may be one, two or three

dimensional. It is a characteristic feature of the finite element method that instead of

seeking approximation~ that hold directly over the entire region, the region is

divided into smaller parts, so called finite elements and the approximation is then

carricd out over each element. For instance, even though the variable varies in a

highly nonlinear in manner over the entire region, it may be for approximation to

as,ume that the variable varies in a linear manner over each element. The collection

of all clements is called a finite element mesh. The material properties and the

governing relationships arc considered over these elements and expressed in terms

of unknown values at element corners.

When the type of approximation which is to be applied over each element has been

selected, the corresponding behavior of each element can then be determined, This
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can be perfonned because the approximation made over each element IS fairly

simple. Having determined (he behavior of all clements, these elements arc then

patched together, using some specific rules, to fonn the entire region, which

eventually enable us to obtain all approximate solution for the behavior of the entire

body.

Fimlc clement method can be applied to obtain approximate solutions for arbitrary

differential equations. For some physical problems differential equations can be

solved by finite element method for both boundary value problem and the initial

value problem.

A system with finite number of unknowns is called a discrete system in contrast to

the original continuous system with an infinite number of unknowns. The

deteffilination of the values of the variable at the nodal points follows from the

solution of a certain system of equation,;, A system often involvcs thousands of

equations, so <;uchsystems cannot be solved by hand therefore the FRM relies

entirely on the availabIlity of efficient computers.

The finite element method can be applied arbitrary differential equations and

arbitrary geometries of bodies consisting arbitrary materials. It is therefore no

surprise that the FEM today is the most powerful approach for solving diITerential

equations that occur in engineering, physics and mathematics.

In the next section, the axi-symmetric modeling of finite element method will be

discussed as for the analysis made in this research work. The fonnulation and

cquations used to analyze the axi-symmetnc finite elemcnt problem is discnssed

below.
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3.2.1 Finite Element Formulation

It is menlioncd earlier, the problem dealt in this present research work is axi-

symmetric in nature. So, this section deals with the formulation of finite clement

equations for axi-symmctric problems. DllC to symmetry about the axis of

revolu.lion, such problems can be solved using two-dimensional elements and all

boundary conditions are independent of the circumferential coordinate O. So, the

displacement field is independent of the circumferential or tangential coordinate e.
Hence, the stress analysis is mathematically w'o-dimensional, even though the

physical problem is three-dimensional. We cannot ignore the tangential coordinate

completely, however, since there is strain in the tangential direction. Note that, in

the radial direction, thc clement undergoes displacement, which introduccs increase

in circumfcrcnce and associated circumferential strain.

lfu, I' and ware displacemcnts in the radial, tangcntial (circumferential) and axial

directions respectively, then the displacement vector can be expressed as,

(3.8)

As the displaccment field is independent of the circumferential or tangential

coordinate e for axi-synunetric problems, Eq. (3.8) can be expressed as [48],

The stresses and strains are given by,

(3.9)

Uo U, T,.,J'
f)v E, y~r (3.10)

The stress-strain relations are given by, from Eq. (3.1), as,



G"=De
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(3.11)

Where, D is a (4x4) symmetric matrix. For isotropic materials, D is given by Eq.

(3.4).

The strain-displacement relations are given by [46],

B"-e,
" "
" ,

(3.12)'" "
" e"
y" fu

a" Jw-,-e, B,

Now, for the formulation of finite element method, thc symmetric area is divided

into eight-node quadrilateral elements, with four comer nodes and four mid-side

nodes. Let, the four corner nodcs are denoted as I, 2, 3 & 4 and the other four mid-

side nodes are denoted as 5, 6, 7 & 8. Each node has two degrees of freedom of

translation along radial and axial axis.

Now, using the eight-node quadrilateral element with nodes numbered in the anti-

clockwise sense, from the isoparametric fonnulation, the geometric expressions

become [48J,

"y= IN,(r,z)r,
,=1

"z == IN,(r,z)z,
.=1

(3.13)

With the coordinates of node i is (1";,z,) and refer to the global coordinate system.

And the displacement field can bc expressed as,



,
lI(r,z)= IN,(r,z)u,

,,',
w(r,z) = LN,(r,z)w,

,,'
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(3.14)

With, 11,and WJ representing the nodal radial and axial displacements, respectively

and N, representing the shape function or interpolation function.

The expression of the interpolation function, M (I', z) in lemlS of the nodal

coordinates is algebraically complex. Fortunately, the complexity can be reduced by

a morc judicious choice of coordinates, which is known as natural coordinates or

serendipity coordinates s and I, Here, sand t can be expressed as [48],

(3.15)

Where, 2a and 2b are the width and height of the rectangle, respectively and the

coordinates of the centroid are,

(3.16)

Therefore, sand t are such thatthe values range Irom -1 to +1.

So, the geometric expreSSIon of Eq. (3.13) can be wntten as,

"r" LN,(s,I)~
,oL,

Z= LN,(s,i)z,,,'

And the displacement field ofEq. (3.14) can be written as,

(3.17)



•u(r,z)= IN,(S,I)U,,-,
•

w(r,z)= :2:N.(S,I)W,
'=1
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(3.18)

Applying the conditions that must be satisfied by each interpolation function at each

node, it can be expressed for the four corner nodes of the eight-node quadrilateral

element as [48J,

1
N,(s,l) '"4(l-s)(I-t}(-s -1-1)

1
1'.',(8,1) = "4(1+ 8)(1-1)(8 - t - \)

11'.',(s,l) = -(1 +s)(1 + t)(s + 1-1). 4
. 1

1'.',(S,I)== 4(1- s)(1+/)(-.1' +1-1)

(3.19)

The form of the interpolation functions associated with the mid-side nodes can be

expressed as,

1
N,(.I',I) '" "2(1- .1'1)(1-1)

1'.'(,(.1',1) =1(1+ .1')(1- t')

1
1'.',(5,1) '" -(1-.1'1)(1 +1)

2
1 ,

N,(S,I)="2(I-s)(l-I)

(3.20)

So, the components of the displacement vector, i.e. Eq. (3.9), can be expressed as,

(3,21)

Where, N is a (2x 16) matrix, given by,
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[
N,Ne o

o N,
N, 0

ON,ON,ON5

N,ON,ON,O

o N,
N, 0

2]
N, 0]

N,ON,

And J is a (16)<1) matrix, which is determined by the two displacement vectors at

the eight nodal points orthe quadrilateral element, given by,

Now, the strain components can be expressed as [4SJ,

au 'ON
• e_e ~-'"
'Dr '.1 or ,

1/ • N.
8e "'-=L,-' ",r ,~Lr

c, '" Dw = t.0N, w,
Dz joL vz
au aw iaN 'aN

Y,," -+-e~-'III+L-'W'
m or ,=1 OZ ,=1 Dr

So, the strain-displacement relations ofEq. (3.12) can be written as,

Where, H is a (4x 16) matrix, given by,

(3.23)

(3.24)
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0 0 0 N 0 N 0 ~, "0' ,;, " , N, • N, N,

"'- ~ N, N
"'-

N, N, N,

" N 0 -' 0 N " 0 0
, , , , , , ,

N,

"
eN,

"
eN,

"
oN,

0
<'II',

"
ON,

"
ON,

N
<IN,

"
oN,

" ,> • & & ,> & &

aN, ,iN, ON aN, aN, ON, iJN ON, ON, <IN, ON all', iW, ON, ,W tw,
-' - -' -' ~

& & • 0, & 0, & N, & N, & N, & N, & 0,

And, i5 is a (16x 1) matrix, as given in Eq, (3.22).

Now, the components aN,/orand aNJfJzlo be computed. Since the interpolation

functions are expressed in (s, I) coordinates, these derivatives can be written as [48],

8N. aN, Os aN. 81--'=--,--'-
or as ar al Dr
aN, 8N, D,~ aNI al-=----,----
Oz as oz al 8z

(3.25)

However, unless the relations in Eq. (3.17) are inverted, the partial derivatives of the

natural coordinates with respect to the global coordinates are not known. As it is

virtually impossible to invert Eq. (3.17) (0 explicit algebraic expressions, a different

approach ITIllS! be taken.

However, the partial derivatives of each interpolation function can be expressed as

[48],

oN, oN, or oN, OZ-=----,---os or as az os
8N, oN, or 8Ni Dz--=--"----
8t 8r at OZ 81

Where, the value ofi ranges from Ito 8.

(3.26)
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Writing Eq. (3.26) in matrix form,

jaN,) [a, a'ljaN')a~ uS as ar
aN, - ~r 02 aN,
0' Ul VI Dz

Where, the value of iranges from 1 to 8.

(3.27)

It is observed that the (2xl) vector on the left-hand side is known, since the

interpolation functions are expressed explicitly in the natural coordinates. Similarly,

the terms in the (2x2) coefficient matrix on the right-hand side are known via Eq.

(3.17). The latter, known as the Jacobian matrix, denoted [J], is given by [48},

a, " toN'r taNiz
-

[fl. a, a, /.] as . ,~L as '
(3.28)e, fu toNI • aN

81 a, --, I-"
,~Iat 1=] at .'

If the inverse of the Jacobian matrix can be determined, Eq. (3,27) can be solved for

(he partial derivatives of the interpolation functions with respect to the global

coordinates to obtain [4\\].

iaN,) jaN') JBN')or "'[Jr' as = [IlL IL!] &"
oNi aN, I" I" aN,
az 81 at

(3.29)

Where, the value of i ranges from I to 8 and the terms of the inverse of the Jacobian

matrix denoted Iofor convenience.

The elemental area riA= drdz can be transfomled in the natural coordinate system,

given by [48],



dA = drdz = det[ J]dsdl "IJI dsdl
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(3.30)

Now, the element stiffness matrix will be calculated. Element stiffness matrix is

impOitant to obtain the value of displacement in each clement of FE method.

The total strain energy of the element is given by [47],

u. =~ fJjI '1'1DII,}dV, =~ ilJ}g}' [BJ'iVIIBllal dV,
~ ~

=~{6)'JJli BJ'iVII BldV. {a) =~(81'[kIIa)
"

(3.31)

'¥here, V, is the tolal volume of the element and [k] is the element stiffness matrix

defined by [47J,

[, ] = fJITBJ'iDIi BldV, = fJITB]' [DIIBI,d,dBd,
'.

(3.32)

For axial symmetry, the integrand is independent of the circumferential coordinate 0,

so the integration indicated in Eq. (3.32) becomes,

[k 1=2ff Jli BI' Inil BI,d,d,
<

(3,33)

Using Eq. (3.30), the stiffness matrix, [k] in,Eq. (3,33) can be written in terms of

natural coordinates as,

"['1=2ff J jlBJ'iDIIBIIJII,,+c)d,d<
_1_]

(3.34)

Whcre, a is half of the width of the element and r is r-coordinate of the element

midpoint, This element stiffness matrix is required to obtain the displacemeots in

each node of an elemcnt.
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Now, the force terms will he calculated. Axi-symmetric problems often involve

surface forces in the form of internal pressure and body forces arising from rotation

of the body and b'rdVily. In each case, the external influences are reduced to nodal

forces using the work equivalence concept.

Let, the eight-node quadrilateral axi-symmetric element is subjected to pres~ures Pr.

and Pz in the radial and axial directions. The equivalent nodal forces can be

expressed 3S [48],

(3.35)

Where, dS is the differenlial1cngth of the element edge in question and located at a

radial distance r from the axis of symmetry. The area on which pressure components

act is 2n:rdS. Here, the force vector in Eq. (3.35) is given by,

j'h j{, f"h rf, j';, It. j'" fl~f:'
(3.36)

f,~T

And the interpolation function can be expressed as in Eq. (3.37),

Now, body forces acting on the eight-node axi-symmetric element will be

calculated. Let the body forces (force per unit mass) RB and ZlJ act in the radial and

axial directions, respectively.
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N 0,
0 N,
N, 0
0 N,
N, 0
0 N,

N, 0

IN]' ~ 0 N,
N, 0
0 N,
N, 0
0 N,
N, 0
0 N,

N, 0
0 N,

(0.37)

Then the equivalent nodal forces can be expressed as r48J,

j" =lll"PffNJ' [RB)rdrdz
A lR~ ' (0.38)

Where, the body force vector is similar to Eq. (3.36) and the interpolation ftmction is

given by Eq, (3.37).

Now, total potential energy or an element can be expressed as [47],

n ~U, - W ~ ~{JI'IkHa}- {a}'lil

The element nodal force vector is defined in the 001= matrix,

(0.39)
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.f~[j;. ~. h. h. h, h, ~, h. h,. h. h, h. h, h. h. h.]T
(3.40)

The force vector in Eq. (3,40) may include the directly applied external forces at

nodes, the work-equivalent nodal force, corresponding to body forces and forces

arising from applied pressure on element faces.

Now, the tolal potential energy for an element must be minimum and for this

minimum potential energy,

(3.41)

Where, the values of i ranges from 1 to 8.

If the indicated mathematical operations ofRq. (3.41) are carried out on Eq. (3.39),

the result is the matrix relalion, given by,

(3.42)

Once the element characteristics, n3mely, the element matrices and elem~nl vectors,

are found in a common global coordinate system, the next step is to constnlct the

overall or system equations. The procedure for constructing the system equations

from the clement characteristics is the same 'regardless of the type of problem and

the number and type of dements used.

Let, the assembled global equations are of the form,

(3.43)



3D
Where, IK] representing the assembled global stiffness matrix, {A} representing the

global nodal displacement vector and {F} representing the global nodal force vector.

The nodal forces may include directly applied external forces at nodes, the work-

equivalent nodal forces corresponding to body forces and forces arising from

applied pressure on element faces.

The above equation gives a set of equations for each node of an element and for all

the elements of a discretized body, which are obtained previously. Then all the

equations are solved by applying appropriate boundary conditions to them and the
values of displacements are obtained from the known stiffness matrix and force

terms arc obtained from boundary conditions.

This is the procedure of solving axi"symmetric models using finite element method.

Now, solving of these equations requires computer as these large volumes of

equations is not possible to solve by hand. So, in the next section, the computer

program and software used for solving these problems arc discussed.

3.3 FINITE ELEMENT SOFTWARE

Computer use is an essential part of the finite clement analysis. Well-developed,

well-maintained and weil-supported computer programs are neces,ary in solving

engineering problems and interpreting results. Many available commercial finite

element paek3ges flJlfil1 these needs. It is also the trend in industry that the results

arc acceptable only when solved using certain standard computer program packages.

The commercial packages provide user-friendly data-input platforms and elegant

and easy to follow display formats. However, the packages do not provide an insight

into the formulations and solution methods. Specially developed computer programs

,with available source codes enhance the learning process. In this research work,

ANSYS 10.0 is used to model the problems which is a popular general-purpose

finite clement sotlware.

•<
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3.3.1 General Description of the Software

ANSYS 10.0 is a comprehensive general-purpose tinite element computer program

that contains over 100,000 lines of code. ANSYS 10.0 is capable of pcrfomling

static, dynamic, heat transfer, fluid Dow and electromagnetism analyses. ANSYS

10.0 has been a leading FE analysis program for well over 20 years. Today, ANSYS

10.0 is used in many engineering fields, including aerospace, autorootives,

electronics and nuclear. In order to usc ANSYS 10.0 or any other "canned" FE

analysis computer prob'ltlm intelligently, it is imperative that onc first fully

understand the underlying basic concepts and limitations of the finite element

methods. ANSYS 10.0 is a very powerful and impressive engineering too! that may

be used to solve a variety of problems.

3.3.2 Basic Steps in the Finite Element Method

The ba,ie steps involved in any finite elemenl'analysis consist of the following [47]:

Prepr()ce.~.~ingPhase

I. Create and discretize the solution domain into finite elements; that is, subdivide

the problem into nodes and elements,

2. Assume a shape function to represent the physical behavior of an element; that

is, an approximate continuous function is assumed to represent the solution of an

element,

3, Develop equations for an element.

4, Assemble the elements to present the entire problem. Contrast the global

stiffness matrix.

5, Apply boundary conditions, initial conditions and loading.

Solution PlIase

6, Solve a set of linear or nonlinear algebraic equations simultaneously to obtain

nodal results, Such as displacement values at different nodes or temperature values

at different nodes in a heat transfer problem,



32

Postprocessing Phase

7. Obtain other important information. At this point, you may be interested in

values of principal stresses, heat fluxes, etc.

ANSYS 10.0 uses the same procedure to solve any problem.

3.3.3 Two Dimensional Axi-s)"mmetric Elements Used in the Software

A number of two dimensional axi-symmetric elements are used in ANSYS 10.0;

among them some are used for solving solid mechanics problems. Some of these

structural elements are described below [47].

PLANE42 is used for 2-D modeling of solid structures. The element can be used

either as a plane element (plane stress or plane strain) or as an axi-symmetric

element. The element is defined by four nodes having two degrees of freedom at

each node: translations in the nodal x and y directions. The element may be used to

analyze plasticity, creep, swelling, stress stiffening, large deflection, and large strain.

The geometry ofJ'LANE42 element is <;hownin Fig. 3.1.

CD
Y / Element coordinate 0

(or :;01) r system

LX(0""""': CD
Figure 3.1: PLANE42 element used by ANSYS 10.0

(
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PLANE82 is a higher order version of the 2-D, four-node element (PLANE42), It

provides more accurate results for mixed (quadrilateral-trianglilar) automatic meshes

and can tolerate irregular shapes without as much loss of accuracy. The 8-node

elements have compatible displacement shapes and are well sliited to model curved

boundaries. The 8-node element is defined by eight nodes having two degrees of

freedom at each node: translations in the nodal x and y directions. The clement may

he used as a plane element or as an axi-symmetric element. The element has

plasticity, creep, swelling, stress stiffening, large deflection, and large ~train

capabilities. Fig. 3.2 shows the geometry ofPLANE82 element.

,

Figure 3.2: PLANE82 element used by ANSYS 10.0

PLANES3 is used for 2.0 modeling of axi-symmetric structures with nonaXl-

symmetric loading. Examples of such loading are bending, shear, or torsion. The

element has three degrees of freedom per node: translations in the nodal x, y, and z

directions. For unrotated nodal coordinates, thesc directions correspond to the radial,

axial, and tangential directions, respectively. It provides accurate results for mixed

(quadrilateraHrianglllar) automatic meshes and can tolerate irregular shapes without

as much loss of accuracy. The element is also a generalization of the axi-symmetric

version of PLANES2, the 2-D 8-node structural solid element, in that the loading
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need no! be axi_symmetric. The geometry of PLANE83 element is shown in Fig.

3.3.

,
y ,

(or axial) Y

Lx{",m'b'l

,0

,
Element coordinate 'y,lem

Figure 3.3: PLANE83 element used by ANSYS 10.0

PLANE182 is used for 2-D modeling of solid structures, The element can be used as

either a plane element (plane stress, plane strain or generalized plane strain) or an

nxi-symmetric element. It is defined by four nodes having two degrees affreedom at

each node: translations in the nodal x and y directions. The element has plasticity,

hyperelasticity, stress stiffening, large deflection, and large strain capabilities. It al80

has mixed fOffilUlation capability for simulating deformations of nearly

incompressible elastoplastic materials, and fully incompressible hyperelastic

material~. Fig. 3.4 shows the geometry of PLAt'lE182 e1cment.

PLANE183 is a higher order 2-D, 8-node element. PLANE183 has quadratic

displacement behavior ami i~well suited to modeling irregular meshes (such as

those produced by various CAD/CAM systems).
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,
(or ilKi"l)LX ("(."~ial-) --c0~(~---.,

Figure 3.4: PLANE 182 element used by ANSYS 10.0

This element is defined by 8 nodes having two degrees of freedom at each node:

translations in the nodal x and y directi(ln~. The element may be used as a plane

element (plane stress, plane strain and generalized plane strain) or as an axi-

symmetric clement. This element has plasticity, hyperelasticity, creep, stress

stiffening, large deflection, and large strain capabilities. It also has mixed

formulation capability for simulating defonnations of nearly incompressible

elastoplastic materials, and fully incompressible hyperelastic materials. Fig. 3.5

shows the geometry ofPLANE183 element.

,

,
y

(or axial)

LX':"'""'ll

Figure 3.5: PLANEl83 element used by ANSYS 10.0



36
In the present study PLANE82 is used to describe the two dimensional aXI-

symmetric models. This element is suitable for analyzing the models having md-

symmetric shape with sxi"symmetric loading. In the next section, the methods

ANSYS 10.0 uses to solve equations, described in section 3.2, are discussed.

3.3.4 The Frontal Solver

There are number of solver used by the software ANSYS 10.0 to solve the equations

of a given problem such as, Frontal Solver (direct elimination solver), Sparse Direct

Solver (direct elimination solver), Preconditioned Conjugate Gradient (PCG) Solver

(iterative solver), Incomplete Cholesky Conjugate Gradient (ICCO) Solver (iterative

solver) and Jacobi Conjugate Gradient (JeG) Solver (iterative solver) [47]' The

fronml solver is the default, but one can sekcl a different solver. In the present study

the frontal solver method is used to get the solution.

The frontal solver does not assemb1c the complete global matrix. Instead, ANSYS

10.0 perfonns the assembly and solution steps simultaneously as the solver

processes each e1cment.

The method works as follows:

• After the individual element matrices are calculated, the solver reads in the

degrees of freedom (001') for the first element. These are \Vfitten on .EMAT

file.

• The program c1iminates any degrees of freedom that ean be expressed in tenns

of the other 001' by writing an equation to the .TRT file, This process repeats for

all elements until all deb>Teesof freedom have been eliminated and a complete

triangularized matrix is left on the .TRI file.

• The program then calcnlates the nodal OaF solution by back si.lhstitution, and

uses the individual element matrices to calcnlate the element solution. Fig. 3,6

shows the main steps involved in a frontal solntion and the files produced at each

step [47]'



These steps are ,hown in the following Fig. 3.6.
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FonnLllate element
.EMAT .........,

matrices file
./

Assemble and triangularity /
.TIU "-

global matrix "- file
--'

Back-substitute Result, .......,

for solution

"-
file --'

Figure 3,6: Typical steps and files in a frontal solution



CHAPTER 4
COMPUTATIONAL DETAILS

In this chapter, the cylindrical represcntati,:,c volume elements (RVEs), used to

investigate the effective tensile elastic modulus (TEM) and the formulas used to

process the output of finite element analysis using ANSYS 10,0 to evaluate the

effective material constant is presented in details. Besides, the analytical solutions

based on the strength of materials theory developed by [21] are presented for both

long and short eNT based RVEs for comparison with the FEM results. Also, the

modeling of the representative volume element in ANSYS 10.0 is presented

sequentially.

4.1 RVEs FOR EVALUATION OF THE EFFECTIVE MATERIAL

PROPERTY

CNTs are in different sizes and forms when they are dispersed in a matrix to make a

nanocomposite. They can be single-walled or multi-walled with length of a few

nanometers or a few micrometcrs, and can be straight, twisted and curled, or in the

form of ropes [10]. Their distribution and orientation in the matrix ean be uniform

and unidirectional (which may be the ultimate goal) or random. All these factors

make the simulations of CNT-based composites extrcmely difficult. As mentioned

in chapter 2, the concept of unit cells or represcntative volume elements, whieh have

been applied successfully in the srndies of conventional fibcr-reinforced composites

at the microscale, ean be extended to study the CNT-based composites at the

nanoseale. In the present study, 3-D nanoscale cylindrical RVEs arc employcd to
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investigate the various effects on the tensile elastk: modulus of nanocomposites.

Various effects are studied on nanocomposite'l containing both shon lIJ1dlong ems
The ).D lW\05C!IleRYEs containing long and sllort CNTs are shown in Fig. 4,1 and

4.2 respectively. Figure 4.2 sh0w5 t~ one-half view of the model in which it is seen

that short fiber has hemispherical end cap' at both end, Figure 4.1 11100shows that

the models are axi-symmetric with ,e5pe<:t 10Z-axis,

CNT

Figure 4.1; The cylindrical RYE with long eNT
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,
Matrix

Figure 4.2: The cylindrical RVE \\ith,bon CNT (cut-through view)

".2 }l)RMULATION OF EQUATION USED TO DETERM1Nf. THE

EFFECTIVE YOUNG'S MODULUS

It is uromed thaI both the em, and mlltrilC in a RYE aft contilllUl of linearly

elastic, isotropic and homogenous materials. with given Young', moduli and

PO~30n's ratios, Under ~ Msumptions, there will be two effective material

constants 10 be determined for the CNT-based oomposite. namely. one Young's

modulus 6:('" E.) and one PoiSWI1', ~tio ~ (sec Fig. 4, I and 4.2 for the orientation

of the coordinates). To derive the formula for e1rtTaCting the TF.M, ftJlllXi-symmetric

elasticity model corresponding to the RYE is considered, '" mentioned in clulpter 3.

Equation (3.2) states the axial stnlin, c. component which is eltpressed as,



f: '"" [Y, _va, _vuo
'E E E
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(4.1 )

The geometry of the elasticity model is corresponding to a hollow cylindrical RVE

with length L, inner radius f, and outer radius R, as shown in Fig. 4.3. This geometry

can account for the cases when the CNT is relatively long and thus all the way

through the length of the RYE. In the case that the CNT is relatively short and thus

fully inside the RYE, a solid cylindrical RVE (r, = 0) can be used for extracting the

material constant, since the elasticity solutions are difficult to find in this case [21].

-------- ----------
-------------------

Figure 4.3: The cylindric31 RVE used to evaluate the TEM ofthc CNT-based

composites under axial stretch t>L.

For the axial1oadillg, shown in Fig. 4.3, the stress and straill components at any

point on the lateral surface are,

(jr =CJe =0,
f = t::.L
, L'

6R,
EO=R'
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with D..R~< 0, if tc,.L> O. Where b.Ra is the radial displacement and rand (j

indicate the radial and tangential components respectively. From Eq. (4.1), one ha5

immediately,

(4.2)

where the averaged stress is given by [21],

(4.3)

with, A being tbe area oflhe end surface. aQ}~catl be found for the RVE using the

FEM results Le. from the ANSYS 10,0 outputs.

Thus, to evaluate the effective Young's modulus of the CNT-based nanocomposites,

the RVEs arc studied using the finite element method first. Then the deformations

and stresses are computed for the axial loading case (Fig. 4.3). After (hal, the FEM

results are processed and Eq. (4.2) Is applied to extract the effective Young's

modulus for the CNT-hascd composites.

4.3 ANALYTICAL SOLUTION BASf,D ON THE STRENGTH OF

MATERIALS THEORY

Some simple analytical expressions, or rules of mixtures, based on the strength of

materials theory for estimating the effective Young's modulus Ez in the axial

direction of the cylindrical RVEs are summarized in this section for the convenience

of comparison. These expressions can be applied to validate the numerical results

using the FEM and based on the elasticity formulas obtained in the previous section.

Althoogh the strength of matcrials thcory is not accurate for stress, especially

interfacial stress evaluations, it is fairly accurate and efficient in predicting the
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effective material constants in the axial direction of the RYEs, which are basically

dependent on the overall responses ofthe RYEs [21].

4.3.1 RVE for long CNT

This is the case when the CNT is relatively long (with large aspecl ratio) and

therefore a segment can be modeled using all RYE.

,

~~+'-----,-.,----~'~

Matrix (fi."')

Ends (E")

CNT (E')

,
Cenler (F:)

,

(b)

Figure 4.4: Simplified strength of materials models used to derive analytical

expressions for the effective Young's modulus E" (a) CNT through the length of

RYE, (b) CNT inside the RYE.

Here, the volume fraction of the CNT (a tube, Fig. 4.4(a) is,
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(4.4)

Apply the strength of materials theory and assume the matrix and CNT deform

independently of each other under the stretch !1L (Fig. 4.4(a). By considering the

compatibility of strains and equilibrium of stresses, one obtains the following

expression for the effective Young's modulus in the axial direction:

(4.5)

where, E" and E are the Young's modulus of the matrix and CNT, respectively.

This is the same rule of mixtures as applied for predicting the effective Young's

modulus in the fiber direction for conventional fiber-reinfon:ed composites and is a

close approximation of or identical (if the matrix and fiber have the same Poisson's

ratio) 10 the elasticity solution [43, 44].

4.3.2 RVE for short CNT

In this case (Fig. 4.4(b), the RVE can be divided into two segments: one segment

accounting for the two ends with total Icngth L, and Young's modulus F.'" and

another seb'lllent accounting for the center par! with length Le and an effective

Young's modulus};" [21]. Note that the two hemispherical end caps of th~ CNT

have been ignore<.!in this derivation, Since the center part is a special case of l'ig.

4.4(a), its effective Young's modulus is found to be

(4.6)

Using Eq. (4.5), in which the volume fraction orthe CNT, 11', given by Eq. (4.4) is

computed based on the center part of the RVE (with length Le) only.
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Again, by considering the compatibility of strains and equilibrium of stresses, one

obtains the following expression for the effective Young's modulus in the axial

direction [21J:

[ ]-'E __ 1_ L, +_1_ Lc ~,- E,[tl EtXAc]
Or in a more symmetric form:

1 _ 1 [L'J 1 (L'JlA]Eo-Em Y+Ec L Ac'

(4,7)

(4.8)

In which the areas A = 7rR1and Ac = rr (R' - ,,'J. Equation (4.7) or Eg. (4.8) can be

viewed as an ex/ended rille of mixtures compared to that given in Eg. (4.5), and can

be employed to estimate the effective Young's modulus for the case shown in Fig.
4.4(b) when the CNT is inside the RVE. Equation (4,7) is also a more general result,

as the result in Eq. (4.5) for Ute case of the RVE shown in Fig. 4.4(a) can be

recovered from Eg. (4.7).

In the present study, Eqs. (4.5) and (4.7) arc applied to verify the FEM estimates of

the effective Young's modulus in the axial direction based on the elustidty reslJ1ts

established in the previous section.

4.4 MODELING THE PROBLEM IN THE FINITE ELEMENT

SOFTWARE

It is mentioned in chapter 3 that ANSYS 10.0 follows the same procedure as

described in section 3.3.2. So, the modeling or the problems used in thc current

study also undergoes the pre-processIng, solution and post-processing phases. The

implemcntation ofthcsc phases for the present study is described below.
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4,4.1 Prco<proccssing of the Models

The RYEs are analyted using the commerdal software ANSYS 10.0. In all cases,

axi-symmetric FEM models are used since the RVEs have an axi-symmctric

geometry and the loading case to be analyzed is axi-symmetric. The RVEs being

axi-symmctric in nature, quadratic ring (or, axi-symmetric) elements are used for the

study. Model size is minimized by invoking symmetry boundary conditions. As the

models have symmetry about Z- axis, only one-half of the models are required 10

perform finite clement analysis.

At the pre-processing stage in ANSYS 10.0, first the geometry of the models is

drawn by generating the keypoints, lines and areas. Then it is meshed by a suitable

clement. In finite clement method the mesh generation is the technique to subdivide

a domain into a set of sub domains, called finite elements. The models, under

investigation in the study, arc meshed using PLANE 82 element, which IS a

quadratic (8-node) ring element. This element offer better accuracy for ax!-

syITuuetric model vvitb axi-symmetric loading, which is described in chapter 3.

Figure 4.5(a) and (b) show the view oftwo arbitrary models for long and short CNT

cases respectively, afier they are meshed.

4.4.2 Boundary Condilions and tile Solulion

After meshing of the models are completed, proper boundary conditioll5 are applied

to them. \l is mentioned earlier thatlhe models, used in the present study, are axi-

synuuetric in nature.and for tbis reason, only one-half of them are analyzed. There

are four sides of the 2D models. First two sides correspond to the ends of the models

along the longitudinal axis and other two sides correspond to the trall5verse sides of

the models, which arc synuuetrie about the z-axis.

•
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CNT
Interphase

CNT

Interphase

(0) (b)

Figure 4.5: Partial view of the models after meshed (0) wilh long CNT; and (b) with

short CNT.

,
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Symmetry boundary conditions are applied to the symmetry sides. As the present

study involves in the evaluation of the effective tensile elastic modulus, one end of

models is made fixed and the other end is given displacement to a fixed value.

After applying the boundary conditions, the, solution phases of the finite element

analysis are executed. In this phase, computer lakes over and solves the

simultaneous equations that the finite element method generales, For the present

study, the frontal solver is used for the solution of the finite element models,

4.4.3 Post processing

The general post processor contains the commands that allow displaying results of

an analysis. All the vital infonnation can be obtained by using the post processing

command. ]n the present study, the quantity that is required is the 1" Principal

stresses which are developed in the models due to the axial stretch. The 1" Principal

stress distribution in the models can be obtained easily by the contour plot of these

stresses. From the contour plot, the location where the maximum and minimum

Principal stresses are concentrating can be easily observed. Again, after solution of a

finite element analysis is made, the Principal stress at each nodal point can be

obtained. The average values of these stresses are required to calculate the O"ovo' as

required by Eq. (4.3). To calculate the effective tensile Yonng's modulus of the

nanocomposites, the value of 0"1II"f! is used that can be seen in Eq. (4.2).



CHAPTERS
RESULTS AND DISCUSSION

In the preceding chaplers, the computational techniques fm determination of the

effective tensile elastic modulus, determination of average stress, stress distribution

in the finite elemenl models have been presented. As mentioned earlier, two

different types models are use<l, one of which is long and other one is short CNT

embedded polymer composites, as sho\VTl in Fig. 4.1 and 4.2. One-half of the models

are considered to analyze the study due (0 the axi-symmelry of them, as shown in

Fig. 4.5.

For both type of models, four different investigations of effective tensile elastic

modulus (TEM) are carried oul. These are investigation of diameter effect of eNTs

for perfect bonding between (NT and polymer matrix, examination of diameter

effect of CNTs due to imperfect bonding between eNT and matrix, investigation of

wall thickness effect of eNTs for perfect bonding and observation of interphase

thickness effect due to imperfect bonding, The other two investigations are carried

out only for the case of long eNT embedded composite, The,e arc examination of

waviness ratio effect of eNTs for a particular value of wavelength ratio and

investigation of wavelength I1Itio effect of eNTs for different values of waviness

ral1o.

ln the following sections, the results of all these investigations are shown

graphically with detail description and al,o compared with analytical results.
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5.1 EFFECT OF CNT DIAMETER ON THE 'rEM OF NANOCOMPOSITE

FOR PERFECT BONDING

It is mentioned in chapter onc, the nanotubes arc of three different types based on

cbiral indices (m, n). "]bey arc Zigzag, Armchair and Criral type nanotubes. In the

present research work, amlchair lype CNT is taken into consideration, which is

specified by chiral indices (m, ml. The radii of armchair CNTs are calculated u~ing

Eq. (1.3). To study the effect of CNT diameter variation on the effective (ensile

elastic modulus of polymer-based composite, the diameters of armchair tubules with

the indices of (50, 50), (65, 65), (80, 80), (95, 95) and (lID, 110) arc considered, as

shown in Table 5.1 sequentially. As mentioned earlier, both long and short CNT

embedded in the polymer matrix are investigated. For both cases, the volume

traction ofCNT in the composite is taken to be 5%.

To investigate the effect of diameter variation for long CNT, the cylindrical RVE, as

shown in Fig. 4.1, is studied which shows the CNT all the way through its length.

The length (L) of both matrix and CNT are 100 mn and the effective thickness (/) of

CNT is taken as 0.4 nm. The radii (R) of matrix and the inner radii (r,), outer radii

(r0) of CNTs for difTerent valoes of CNT diameter of armchair tubules with abovc

menlioned indices are given in Table 5.1.

Table 5.1: The radii of matrix and CNT for dilTerent values ofCNT diameter for

long CNT-bascd model

CNT diameter, Matrix rlldius, R CNT inner radius, CNT outer radius,
D (urn) (urn) ri (nm) ro (urn)
6.781, 8.027 3.191 3.591

8.816 9.393 4.208 4,608

10.85 10.682 5.225 5.625

12.885 11.919 6.243 6.643

14.919 13.116 7.259 7.659
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l1le Young's moduli and Poisson'5 rnlios used for the CNT and matri:t are:

CNT: F:" I TPa, ,J - 0.3;

Malrix:E"" 5 Ol'll, ,"" 0.3;

•••..~re. lhe value of the Young's modulus for the malri~ IS n:presc:nllll;\'cof.n

polymer.

[\ is already nH:nlioned in section 4,4 lhill due to nxi-symmclfy of the model, only

onc-halr of it is considered to perform the, finite element analysis using finite

dement ilOftware ANSYS 10.0. TIle finite clement mesh of onc of the long RYEs

"ilh 10.85 nm arCNT diameter is shown in Fig. 5.1.

~)
Figure 5.1: AJ(i.symmctric finite element mesh for the long CNT-based model with

10.85om ofeNT diameter, (a) full "iew (b) plIrtial enlarged view.
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II is also mentioned in section 4.4, quadratic (8-node) ring elements are used 10mesh

the models throughout the study, which is called PLANE 82 element in ANSYS. All

the FEM models are loaded axially, as shown in Fig. 4,3, The stress contour plot of

the flfst principal stresses in the RYE with 10,85 urn orem diameter, under axial

stretch is shown in Fig. 5.2,

••.. .. .. -_ .
. .'

~ __ ~'T~_'- ~ __ ~

_~ M r
43.185 3904 7765 11626

1974 5835 9696 13557
-15467

17U6

Figure 5.2: Plot of the first principal stresses for the long eNT-based model with

10,85 nm orCNT diameter under the axial streich (M = 1 nm)

The effective tensile elastic modulus (IEM), E, of the RYE is extracted from Eq.

(4,2) using the FEM results. The FEM results for the eNT diameter variation on the

effective TEM of the long CNT-based composite studied is shown in Fig. 5.3. The

strength of materials solutions for the effective Young's modulus lh, using Eq, (4, 5),

is also shown in Fig. 5.3 for comparison, The strength of materials solutions (Eq.

(4,5) are identical to those using the FEM, due to the simple geometry and load

condition.

It is observed from Fig. 5 3 that the effective TEM of polymer-based composite

increases with the increase in CNT diameter at a particular volume fraction of the

CNT (5%) though the rate of increment is not rapid. This is due to the increased

cross sectional area of the eNT, which allowS the composite to take more loads in

the axial direction, The results in Fig 5,3 also reveal that the increase of the stiffuess

ofthe composite is significant in the axial direction. With the volume fraction of the

CNT being at only about 5%, the stiffuess of the composite in the axial direction
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(E,) can increase by more than ten limes compared With that of the polymer malrix,
when E' I E" = 200.

U

10.95

10.9

~ 111.85

::t 10.8

IO.7~

HI.7

HM5

10.6
6.781

....•••FEMr,,"II~

...•.• A,,~lyU<"1 reslllls

8.816 111.85 12.1l8~ 14.919
CI"iT diameter (nm)

Figure 5.3: Effect ofnanotube diameter variation on the TEM of nanocompositc for

long eNT (VeNT = 5%).

Next, the RVE with a short eNT in the polymer matrix, as shown in Fig. 4.2, is

studied to observe the effect of CNT diameter variation on the effective TEM of

nanocomposite. The length (L) of the matrix is same as for the RVE with long eNT,

except for the eNT total length, which is reduced to 50 lill] (with the two

hemispherical end caps). The radii (R) of matrix for different val lies of CNT

diameter of annchair tubules with the same indices for 5% volume fraction of CNT

are given in Table 5.2. Again, thc thickness (I) ofthc CNT is considered same as ror

long CNT, i.I!. O.4run.
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Table 5,2: The radii of matrix for different values orCNT diameter for short CNT-

based model

CNT diameter, D (urn) Maim radius, R (urn)

6.781 5,631

8.816 6,584

10,85 7.452

12.885 8.288

14.919 9,087

The Young's moduli and Poisson's ratios used for the CNT and matrix are same as

the RVE with long CNT. The finite element mesh of one of the short RYEs with

10.85 firn ofCNT diameter is shown in Fig. 5.4.

(b)

Figure 5.4: Axi-symmetric finite element mesh for the short CNT-based model with

10,85nrn oreNT diameter, (a) fun view (b) partial enlarged view.
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Again, the models with short CNT are meshed using the eiement PLANE 82. The

stress contour plot oftbe first principal stresses in the RYE with 10,85 om ofCNT

diameter, under axial stretch is shown in Fig. 5.5.

••••iiiiic==== :::::iii•••iiiiiii:=!C::::::!:i =••••
5,385 306,123 610,861 913,599 1210

156.754 459.492 762.23 1065

Figure 5.5: Plot of the first principal stresses forthe short CNT-based model with

10,85 nm oreNT diameter under the axial stretch (M "'"I om)

The FEM results for the eNT diameter variation on the effective TEM of the short

CNT-based composite studied is shown in Fig. 56, along with the strength of

materials solutions (Eq. (4.7». The strength of materials solutions for the effective

Young's modulusA" using the extended rule of mixtures, are quile close to the FEM

solutions which are based on 3-D elasticity, with the difference less than 8%.

Therefore, the extended rule of mixtures (Eq. (4,7» may serve as a quick tool to

estimate the stiffness of CNT-based composites in the axial direction when CNTs

are relatively short, while the conventional rule of mixtures (Eq. (4.5» can serve in

cases when the CNTS are relatively long.

It can be seen from Fig. 5.6 that effective TEM ofnanocomposite decreases with the

increase in cm diameter with a slow rate, Though the surface area of interface

between CNT and matrix increases with the increase in cm diameter, it results in

larger end caps. These larger end cap areas take more transverse load than the

smaller end caps though the load in the RYE is axial. This may lead to lower

effective TEM of the composite with the increase in CNT diameter. Figure 5.6

also reveals that the increase of the stiffness in axial direction is moderate, It
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suggests that short CNTs in a matrix may not be as effective as long CNTs in

reinforcing the composites.

U

L'

L'
l.~

•
'"

.,
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__ FEMI"""III,

_ An.lytlrnl r•••••"

8.816 111.8S 12.885 14.919

CNT diameter (nm)

Figure 5.6: Effect ofnanotubc diameter variation on the TEM ofnanocomposite for

short CNT (VeNT = 5%).

5.2 EFFECT OF CNT DIAMETER ON THE TEM OF NANOCOMPOSITE
FOR IMPERFECT BONDING

It is already mentioned that an interphase is unavoidable in the production of

polymer matrix composites and can form ill a number of ways [22), for example:

• The presence of adsorbed contaminants on the fiber surface, which are not

adsorbed during impregnation and cure;

• Diffusion of chemical species 10 the interface between fiber and matrix;

• Acceleration or retardation ofpolymcri7.ation at the interface;



• The deliberate inclusion of sizing resin at the time of tiber manufacture,

The effect of an interphase on the performance of composite " not well

characterized, since its precise nature is difficult to predict [49]. Both Scanning

I'orce microscopy (SFM) [50] and S~anmng probe microscopy (SPM) have been

used to examine the mechanical and thermal properties in the immediate vicinity of

reinforcing tibers [51, 52]' In this way, it ha, heen clearly shown that SIzed

reinforcing fibers modify the properties of the matrix over a region of around 0.5

Ilm. It is also found experimentally that an interphase ean be both soft and ,tiff

compared to the matrix [49]'

Here, an interphase of 0.2 nm thickness is considered between CNT and matrix to

examine the effect ofCm diameter variation on the TEM of polymer composites in

the presence of both soft and still' interphase•. Both long and short CNT models are

examined to oh<erve this e£Tect.

For long CNT-based model, the dimensions of matrix and CNT are same as the

dimensions mentioned in Table 5.1, with the addition of 0.1 nm thick interphase

between CNT and matrix. The Young's moduli and Poisson's ratios used for matrix

and CNT are same as considered in the ,ection 5.1, The Young', modulus ami

Poi,wn's ratio of interphase are as follows:

Interphase, E' ~ 7 GPa (Stiff) and 3 OPa (Soft), v' = 0.3

The partial view of the tinite clement mesh of one of the long RVEs with 10.85 nm

ofCNT diameter along with 0.2 nrn thiek interphase has been shown in Fig, 5.7.

Agam, the stress ~ontour plot of the first principal stre"es in the RVE with 10.85

om of CNT dIameter along with 0.2 nm thick interphase, under axial stretch is

shown in Fig. 5.8.
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Figure 5.7: Partial view ofthe finite element mesh of the long CNT -based model fOf

imperfect bonding.

"I-------l.

17345

If
43.163

1966
3888

:
5810

7133
9655

I
11578

13500

1__ 1
15422

Figure 5,8: Plot of the first principal stresses for the RYE (long eNT) with 0.2 om

thick interphase under axial streich (M = 10m).

The FEM results for the eNT diameter variation on the effective TEM of the long

CNT-based composite, with 0.2 nm thick interphase, studied is shown in Fig, 5.9. It

shows the TEM for both soft and stitT interphase along with the result of perfect

bonding for comparison.

It is seen that change in em diameter al the presence of interphase has the same

effect as fOf perfect bonding on the TEM ofnanocomposite. That is, effective TEM

increases with the increase ofCNT diameter for long CNT. It is also observed that

the value of effective TEM for stitT interphase is higher than perfect bonding at a

particular eNT diameter. On the contrary, this value is lower than perfect bonding
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for soft interphase. It should be mentioned that the presence of interphase may

increase brittleness in the composite structure.

_For Jl"-"rtdboudin,
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Figure 5.9: Effect ofnanolubc diameter variation on the TEM ofnanocomposite

with long eNT for imperfect bonding (VeNt = 5%).

Next, for short CNT with interphase thickness of 0.2 run, the dimensions of matrix

and CNT are same as the dimensions mentioned in Table 5.2. The Young's moduli

and Poisson's ratios used for matrix and CNT are same as considered in section 5.1.

The Young's modulus and Poisson's ratio of interphase are same as for long CNT-

based model, given by,

Interphase: ~..;= 7 GPa (Stiff) and 3 GPa (Soft), v' = 0.3

The partial view of the finite clement mesh of one of the short RYEs with 10.85 nm

ofCNT diameter along with 0.2 om thick interphase is shown in Fig. 5.10.

,
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Figure 5.10. Partial view of the finite element mesh of the short CNT-based model

for imperfect bonding.

The stress contour plot ofthe first principal stresses in the RVE with 10,85 nm of

CNT diameter with 0,2 lim thick interphase, under axial stretch is shown in Fig.

5.11.

Again, The FEM results for the eNT diameter variation on the effective TEM of the

short CNT-based composite, with 0,2 om thick interphase, studied is shown in Fig.

5.12. It shows the TEM for both soft and stiff interphase along with the results of

perfect bonding fur comparison

613.225 917,139
161.267 765,182 1069

It
5.395 309.31

157,353

!!II!R!!_=__ ' • ••1221
1373

Figure 5, 1\: Plot of the first principal stresses for the RVE (short CNT) with 0.2 urn

thick interphase under axial stretch (M.= I nm).
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Figure 5.12: Effect ofnanotubc diameter variation on the TEM ofnanocompositc

for short CNT with imperfect bonding (VeNT = 5%).

It is seen that change in CNT diameter at the presence of interphase has the same

efTeet as for perfect bonding on the TEM ofnanocomposile. That is, effective tellsile

clastic modulus decreases with the increase of CNT diameter for short CNT. It is

also observed thai at a particular CNT diameter, the value of effective TEM for stiff

interphase is higher than perfect bonding, while this value is lower than pcrfc<:l

bonding for soft interphase. This effect is same as long CNT-bascd composite.

5.3 EFFECT OF INTERPHASE THiCHNESS ON THE TEM OF
NANOCOMPOSITE

Some experimental works have shoVl'1lthat interphase thickness can vary from one

composite to other due to several reasons, such as presence of adsorbed

contaminants on the fiber surface, diffusion of chemical species al the interface,
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accelerntion or retardation of polymerization at the imenacc between fiber and

matrix, etc. (49, 53]. [n this section. eITect of interphase thickness variation is

examined on the clTcetivc TEM ofcomposilc for both stifftlnd son inlcrph= cases.

Both long and short C},'T models lll'e considered for investigation. The intcrphllSC

thicknesses nre taken to be 0.2, 0.6, 1.0 and 1.5 run based on nn experimental work

(49].

For long eNT model, the dimensions of mntrix and CNT un: taken from Table 5.1.

1lIl: Young's moduli nnd Poisson's mtios of mntrilt, intcrphllSC and CNT nrc

considered same lISstction 5.2.

The purtinl view of the finite clement mesh of one oflhc long RVEs with 10.85 nm

oreNT diwnctcr olong with 0.6 run thick interphase;s shown in Fig. 5.13.

Figure 5.13: Pllrtilll view of the finite dement mesh of the long eNT-based model

with 0.6 run thick intcrpJwe.

Again, the slrl:ss contour plol oflhl: first princilXll stresses in the RVE with the CNT

indices of (80, 80) and interphase lhickness of 0.6 nm, under oxhll stretch is shown

in Fig. 5.14.
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Figure 5,14: Plot of the first principal stresses for the RVE (long CNT) ",'ith 0,6 run

thick interphase under axial stretch (AL '" 1 run).

The FEM results for the interphase thickness variation on the effeCli,e TEM of the

long CNT-based composite studied is shown in Fig, 5.15. It shows the TEM for both

soft and stiff interphase along with the results of perfect bonding (i.e. no interphase)

for comparison
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Figure 5, 15: Effect ofinteTphase thickness variation on the TEM ofnanocomposlIe

for long eNT (VeNT = 5%).



64
It is clear [rom Fig. 5.15 that effective TEM of composite increases gradually with

the increase in interphase thickness for stiff interphase, while it dccrca~es gradually

in case of soft interphase. As there is no interphase for perfect bonding, this value

remains constant throughout.

Next, for short eNT modcI, the dimensions of matrix and eNT are same as the

dimensions mentioned in Table 5.2, with various interphase thicknesses, mentioned

above, betwecn eNT and matrix. The properties of matrix, interphase and eNT are

same as for long CNT model.

The partial view oCthe finite clement mesh of one of the short RVEs with 10.85 nm

ofCNT diameter along with 0.6 om thick interphase is shown in Fig. 5.16.

Figure 5.16: Partial view of the finite element mesh of the short CNT-bascd model

with 0.6 run thick interphase.

Again, the stress contour plot of the first principal stresses in the RYE with the CNT

indices of (80, 80) and interphase thickness of 0.6 nm, under axial stretch is shown

in Fig. 5.17.
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Figure 5.17: Plot of the first principal stresses for the RVE (short CNT) \\ith 0.6 run

thick illterphase under axia1stretch (M '" 1 run).

The FliM results for the interphase thickness variation on the eIfectJve TEM of the

short CNT-based composite studied is shown in Fig. 5.11:1.It also shows the TEM for

both soft lllld stiff interphase along with the results of perfect bonding (i.e. no

interphase) for comparison
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Figure 5.18: Effect of interphase thickness variation on the TEM ofnanocotnposile

[or short CNT (Vcm '" 5%).
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It is observed from Fig. 5.18 that effe<:tiveTEM of short CNT-based composite

increases gradually willi the increase in interphase thickness for stiff interphase,

while it decreases gradually in case of soft interphase. This behavior is exactly same

as long CNT-based model. It can he mentioned that larger interphase thickness

changes the characteristics of CNT-bascd polymer composite significantly which is

not desirable. It requires great emphasize to minimize the presence of interphase

during fabrication oreNT-based polymer composites.

5.4 EFFECT OF CNT WALL THICKNESS ON THE TEM OF
NANOCOMPOSITE FOR PERFECT BONDING

It is mentioned in chapter one, CNTs can be broadly classified into three categories:

single-walled nanolubes (SWNT), multi-walled nanolubes (MWNT) and nanotubc

bundles or ropes. In MWNTs, a number uf concentric SWNTs held together with

relatively weak van der Waals forces. For MWNTs, inter-layer sliding (so-called

"sword and sheath" slippage [54]) could limit their potential as stmctural

reinforcement. On the contrary, some researchers have found evidence of promising

MWNT-polymcr interactions in composite materials [16, 55].

In the present study, the effect of eNT layer varIation ofMWNTs on effective TEM

of composite is investigated. Here, an assumption is made in modeling the problem.

11mtis, by modeling the nanotube as a continuum we arc disregarding the specific

form of the MWNT and neglecting any possible relative motion between individual

CNTs in a MWNT. This assumption suggests that effective TEM as calculated here

is all "upper bound" for the given model, in that modeling sliding of the tubes or

shells would further reduce the effective Young's modulus of nanotubes. By this

asswnption, we are actually varying the wall thicknesses of SWNTs. Here, the

thicknesses are varied from one to five layers to investigate the effect on TEM of

composite. Both long and short CNT-bascd models are considered for the CNT with

indices (95, 95). The outer diameter of CNT with indices (95, 95) is kept fixed and
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inner diameter is changed by considering the thickness of onc single layer as 0.4 nm.

In this way, the layers ofMWNTs are incorporated.

for long CNT-based model, the length (L) of the RVE is considered same as

previous models. The radii (R) of matrix and the inner radii (r,), outer radii (r0) of

eNTs for different values of eNT thicknesses are given in Table 5.3. The Young's

moduli and Poisson's ratios used for the eNT and matrix are same as considered in

section 5.1.

Table 5.3: The radii of matrix and CNT for different values oreNT wall thicknesses

for long CNT-based model

CNT ;,;:c~~ess,Matri~~~~iUS,R CNT inner eNT outer
tom radius, ~ij~ml radius, '0 (om)
0.4 11.919 6.243 6.643

0.8 15.294 5.843 6.643

1.2 17.880 5.443 6.643

1.6 19.985 5.043 6.643

2 21.749 4.643 6.643

The partial view of the llnile element mesh of one of the long RVEs with 1.2 run of

CNT wall thickness is shown in Fig. 5.19.

Again, the stress contour plot of the first principal stresses in the RVE with 1.2 nm

ofCNT wall thickness lor long CNT, under axial stretch is shown in Fig. 5.20.

Next, lor short CNT-based model, the length (Ll of the RVE is considered same as

previous models. The radii (R) of matrix and for different values of CNT wall

thicknesses are given in Table 5.4. The Young's moduli and Poisson's mlios used

for the CNT and matrix are same as considered in section 5.1.
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Figure 5.19: Partial view of the finite element mesh for the long CNT.based model

with 1.2 om ofCNT wall thickness.
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Figure 5.20: Plot orlbe first principal stresses for the RYE (long CNT) with 1.2 nm

ofCNT wall thickness under axial stretch (M, '" 1 nrn).

The partial view oflbe finite element mesh of one orlhe short RYEs with 1,2 om of

CNT wall thickness is shown in Fig. 5.21.

"



. . 69
TobIe 5.4; The rodii ofmalrix for different values ofCNT wnll thicknesses for short

CNT.based modd

CNT thickness, t (nm) Matrix radius, R (nm)

0.4 8.288

0.6 10.654

1.2 12.438

I.• 13.668

2 15.049

Figure 5.2t; Pnrtiol view of the finite clement mesh ofthc: short CNT-OOsed model

with 1.2 nm ofCNT "'llllthiekness.

l1te stress contour plot of the first princip.1! stresses io the RVE with 1.2 am ofCNT

wull thiekness for short CNT, under axial stretch is shown in Fig. 5.22.

Also, the FEM results for the 0..'1' WlI11thickness variation on the: efi'ective TEM of

both long and short CNT-based composite studied is shO\'o1Iin Fig. 5.23. Both FEM

results lire for perfect bonding bet••••'CCnCNT and matrix.

•
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Figure 5.22: Plot oflhe fillllprincipal stresses for the RVE (short CNT) with 1.2 nm

ofCNT wall thickness under axial stretch (bL = 10m).
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Figure 5.23: Effect ofCNT wall thickness varilllion on the TEM ofnanocomposite

(VCNr= 5%).

It is seen that effective TEM increases with increase in CNT wall thickness (i.e.

increasing the layers of MWNTs) for long CNT. In contrast, effective 1EM
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decreases with the increase in CNT wall thickness (i.e. increasing the layers of

MWNTs) for short CNT. The reasons for these effects can be explained as follows.

For long eNT-based model, the CNTs are carrying loads directly and as the

thickness of CNTs increases, more loads can be carried by CNTs though the ouler

surface area of CNTs at the interphase is fixed. Again, for short CNT-hased model,

CNTs are not cUlTying the loads directly. These are contributing the composite only

through interfacial load (stress) transfer. Though the CNT wall thickness is

increasing, it is not increasing the surface area of the CNTs. At the same time,

matrix radius is increasing with the increase in CNT wall thickness 10maintain fixed

volume fraction and more loads are carried by matrix. For this, effective rEM

decreases with the increase in CNT wall thickness in case of short CNT.

5.5 EFFECT OF CNT WAVINESS ON THE TEM OF NANOCOMPOSITE

The issues identified before indicate several key aspects that influence the potential

of CNTs reinforced in a polymer matrix. In all the above cases, CNTs are assumed

to be straight in the polymer matrix. One issue which has not typically been

associated with the modeling of CNT reinforced polymer composites but which

seems critical based on micrograph images of these materials, is the characteristics

waviness or curvature of embedded nanotubes [56]. Some other experimental works

have shown the evidence that the embedded nanotubes in polymer matrix arc not

straight but rather have significant curvature or waviness that varies throughout the

composite [16, 57].

In this section, the effect ofnanotube waviness on the effective TEM of composite is

examined. To determine the effective tensile modulus of an embedded wavy

nanotube, finite element model is crcated for a single, infinitely long wavy nanotube

of diameter d embedded in the matrix material. Nanotubc waviness is modeled by

prescribing a sinusoidal CNT shape of the form, r '" acos(2lCz I ;1.). where, (I and A-

are the amplitude and wavelength of the llanotube respectively and z is the fiber

axial direction. The waviness ratio (w) and wavelength ratio ofthc CNT are defined
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as (alA) and (.vd) respectively. In the present study, the models are created with a

fixed wavelength (.I.),which is 200 nm. The amplitudes (a) arc taken to be 2, 2.5, 3,

3.5 and 4 nm. The FE model is created with a wavelenglh or(Al2 = 100 mn) and the

CNT diameter is considered fixed, as 14.919 nm. The Voung's moduli and

Poisson's ratios used for the CNT and matrix are same as considered in section 5.1.

Both perfect and imperfect bonding between CNT and malrix are modeled. Again,

both stiff and soft interphases arc considered. Their Young's modulus and Poisson's

ratio are considered same as considered ill section 5.2.

The finite element mesh of one of the long RYEs with 3 lim amplitude of sinusoidal

CNT for perfect bonding is shown in Fig. 5.24.

(b)

Figure 5.24: Finite clement mesh of the model with 3 run amplitude of sinusoidal

eNT for perfect bonding, (a) full view (bj partial enlarged view.
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The stress contour plot orthe first principal stresses in the RVE with 3 om amplitude

of sinusoidal eNT for perfect bonding, under axial stretch is shown in Fig. 5.25.

HI
i.

be....

m~::::::::::::::::=..t•••••••••••••••••••_"''''''''',•••--.,
'26,542 5886 11745 17604

2956 8815 14675 20534

I~I
23463

26393

Figure 5.25. Plot orthe first principal stresses for the RVE with CNT waviness ratio

of (<14= G,OlS) for perfect bonding under axial stretch (M.= 10m).

The finite element mesh of one of the long RVEs with 3 om amplitude of sinusoidal

CNT for imperfect bonding is shown in Fig. 5.26.

Figure 5.26: Partial view orthe finite element mesh with 3 om amplitude of

sinusoidal eNT for imperfect bonding.

Now, the stress contour plot of the first principal stresses in the RYE with 3 om

amplitude of sinusoidal CNT for imperfect bonding, under axial stretch is shown in

Fig. 5.27.
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Figure 5.27: Plot ofthe first principal stresses for the RYE with CNT waviness ratio

of (aI), = 0,015) for imperfect bonding under axial stretch (~\r= lorn).

The FEM results for the eNT waviness ratio variation on the effective TEM of

CNT -based composite with perfect and imperfect bonding studied is shown in Fig.

5.28. For imperfect bonding, both stiff and soft interphases between eNT and matrix

are considered.

It is observed from Fig 5.28 that waviness ratio variation has a great impact on the

effective TEM of nanocomposite. It is seen that effective rEM is strongly dependent

on the waviness and rapidly decreases with increasing nanotube curvature. It also

shows that stiffinlerphase has the same effect as perfect bonding with a higher value

of TEM at a particular waviness ratio, while the soft interphase has lower value at

that particular waviness ratio with the same effed:. It suggests that it should be given

great emphasize to reduce the waviness ratio of CNTs in the fabrication of CNT-

based polymer composite when the higher Young's modulus is expected
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Figure 5.28: Effect of waviness ratio (uI).) variation on the TEM ofnanocomposite

for wavelength ratio, AId - 13.406 (VeNT= 5%).

5.6 EI<'I<'ECT OF CNT WAVELENGTH ON THE TEM OF
NANOCOMPOSITE

In this section, the eITectof wavelength ratio (Aid) on the effective TEM of

nanocomposite for different values of waviness ratio (all) is investigated. "Inc
investigation is carried oul only for perfect bonding between CNT and matrix. The
wavelength ().) of the CNTs is considered same as in section 5.5. The amplitudes (a)

arc taken as 2, 3 and 4 nm to vary the waviness ratios (aI).). The diameters Cd)of

CNTs are considered with indices of (65, 65), (80, 80), (95, 95) and (110, 110) 10

vary the wavelength ratios (Yd). The Young's moduli and Poisson's ratios arc

con5idered same as considered in section 5.1.
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The finite element mesh of one oflhe long RVEs with 4 urn amplitude of sinusoidal

eNT is shown in Fig. 5,29

Figure 5 29: Partial view oflhe finite element mesh with 4 urn amplitude of

sinusoidal eNT for perfect bonding.

The stress contour plot of the fint principal stresses in the RVE with 4 urn of

sinusoidal eNT amplitude, under axial stretch is shown in Fig. 5.30.
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Figure 5.30: Plot oflhe first principal stresses for the RYE with CNT wavelength

ratio of (Vd = 13.406) under axial stretch (M, = l urn).

The FEM results for the eNT wavelength ratio (Vd) variation for different values of

waviness ratios on the effective TEM ofCNT -based composite with perfect bonding

studied is shown in Fig. 5.31.
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Figure 5.31: Effect of wavelength ratio (lid) variation on the TEM ofnanocomposite

for different values of waviness ratio (VeNT= 5%).

Figure 5.31 shows the dependence of effective TEM on the wavelength ratio of the

nanotubc for different values of waviness ratio. It shows thai for decreasing

wavelength ratios the value of effective TEM converges to a constant value

(dependent on the waviness). Note that the critical wavelength ratio at which

effective TEM can be considered to have reached a maximum is dependent on the

waviness ratio. It means that for a given value of waviness ratio nanotllbcs with

smaller wavelength ratio act stiffer.



CHAPTER 6
CONCLUSIONS AND

RECOMMENDATIONS

Polymer systems reinforced with curbon nunotubea offer potential benefits over

traditional reinforcement methods in terms of mechanical behavior. The degree of

improvement for mechanical stiffness (Young's modulus) is dictated by a variety of

faclors, including llunolUbe diameter, size, bonding between (he nanotuhc and the

matrix, nanolube waviness and waveJcllJ.,'1hratio effect in the matrix, The effective

tensile elastic modulus (TEM) of carbon nanotubc.based polymer composites has

been investigated under these above mentioned conditions (or issues) of CNT,

embedded in the polymer matrix using finite element method and the resl.l\ls are

compared with the analytical results. In this chapter, the summary of the present

work with important conclusion~ have been ,tatcd. Also some recommendations

have been passed fOT\vardfor further works.

6.1 CO:KCLUSIONS

The conclusions that can be summarized arc p.rcscnted below:

• For long CNT-based polymer composite, effective tensile elastic modulus

increases with the increase in tube diameter for both perfect and imperfect

bonding between eNT and matrix.
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• For shorl CNT -based composite, effective tensile elastic modulus decreases with

the increase in nanolnbe diameter for both perfect and imperfect bonding.

• In comparison to short CNT-based composite, effective tensile elastic modlllu~

of long CNT-based composite is signil1cantly higher for the same volume

fmction ofnanotube.

• Composite modulus increases with the increase in interphase thickness for stiff

interphase whereas for soft interphase composite modulus decreases with the

increase of interphase thickness.

• Effective tensile elastic modulus of nanocompositc increases with the incn::ase in

CNT wal! thickness for long CNT.

• For short CNT.bascd polymer composite, effective tensile elastic modulus

decreases with the increase in CNT wallthickne~s_

• Nanotube waviness significantly influences the effective tensile elastic modul\ls

ofnanocomposite and it decreases with the increase of waviness.

• Effective ten~ile cla~tie modulus of nanocomposite increases with the decrease

in wavelength ratIo for a certain value ofnanotube waviness ratio,

• Thc ratc of Increment in effective modulus is higher for larger values of

waviness ratio compared to the smaller values,

6.2 RECOMMENDATIONS

Many research issues need to be addressed in the modeling and simulations ofCNTs

in a matrix matcrial for thc development of nanoeomposites. The pre~enl research

work considered the RVE, a~ cylindrical in ;hape. Different type of RYEs, such as

square and hexagonal, should be investigated. Again, different load cnses and

different solution methods should also be investigated. Analytical methods aud

simulation models to extract the mechanical properties of the CNT.based

nanocomposite; need to be further developed and verified with experimental results,

While the procedure here is demonstrated using effective TEM calculations based

on finite element results, alternative means to determine the appropriate value of

TEM, incorpomting more detailed information o~ the atomic level interactions in the



80
material, could a150 be used in a similar analysis. Adaptations of the current model

to include transversely isotropic nanotubc behavior, inter-layer (MWNTs) and inter-

tube (eNT bundles) sliding, finite end effects and exact nature of imperfect bondmg

between the nanotnbcs and the polymer, were not addressed here and warrant

further work. Nanoscale interface crack> can be analY7,ed 'using simulations to

investigate the failure mechanism in nanomaterials. Finally, large multiscale

simulation models for CNT-hased composite" which can link the models at the

nanD, micro and macro scales, need to be developed, with the help of molecular

s'imulalion, analytical and experimental work.
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