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LBSTRALT

E genersl model for repairable spzre parts vprovisioning

has heen develcooed ponsidering a zsrovp of M didsntical upita

[

in operation, served by an on-site clore contuining ¥ spares.

Ls the units fail, they are renlazed by Spares fror the store.
The 7ailecd units are sent away Tor rep&ir &nd then returned

te 1he stere. Skould the units fail in guied succossion,

the steck of spares may be exhausted causing cersain amount

aof delay. In the long rum, each of the M units willl experience
an unazvailability U due to oceccasional stock-outs. lising state
transition diggram, mathemsticszl relztionships have been
Gerived between cuantities H,F.U,1unit faiiure rzte in
gperetion, »; univ feilure rate-in storege, AS; and repair
rate p, Tables anc graphs have bLeen prepared in order to
determine mi=nimum number of spares needed to keep unavalil-
ability of pland units within certain limiis. fost-optimzl

inventory policy has alsa been considercd.
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NOTATIONE

Humber of working units served by an on-gsite store
"

Rumber of spares carried by store

Tnavailability of a particular working unit owing

to lack of spares

Mean time spent by unit out of service following

an ungatisfied demand owing to stock exhaustion

Mean time spent by unit away from site (T = 1/u )
in hour.

Repair rate of unit in hour
Failure rate of unit when working, in hour
Failure rate of unit in storage, in hour

Mean time between unsatisfied demandg for SpATES

a3 applied to a particular unit,
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CEAPTER 1

INTRODUCTION

1.7 Geaeral Jatroductiond ) }

(ver the pest Tew decades, a substentisl number of
mathematicel nodels have been develobded }elating to the
various aspects of inveniory management. All these inventory
nodellings are for maintaining, for a given financial invest-
ment, an adeguate supply of spares, rew materials, finished

goods etc. in order to meet an expeclted distribution eor

pattern of demand.

The inventory ol sparses i putilised in replecing thne
failed or goimg to fail wnits in hreakdown mzinienance or
in preventive maintenence work.to maintain an efficlient
continuity of overation of ecuipment to miniwmize down-time
and so to minimize eost due to down-tiwe. The models zare
applied 1o deternine the optimum number of spares to minicize

:

the overall cost of inventory which incliudes ordering cosft,
holding cost, stockout cost ete. By such modelling, reoraer

level, reorder periocd, ete. can be caleculated.

To manufacturing manégement, the word 'inventory’ imme-
diately connowes finished goods inventories, the stocks of
ihe company's end preduct available for disiribution or sale
to the eccmpanyle customers., These modellings included the

R

coste of accuiring inveniory, helding it and failing o



gupply consumers, to arrive at infentorg pelicies which will
pinimize the Lotel of these cosis or maximize profit. In
those mobellings of spare parts, congiderations were paid

to the consumable items i.e, spares cnce Falled are not

recoverable and are replaced only by nevw spares,

There are situations where spzres are selidom consuned,
When equipnent fails, the failed unit is repaireble 1.e.
iteu subject to repair when it fails, Thne recoverable items
arc typleally expensive, The failed unrit is sent for repailr
to works?op or depot and it is repleced by a gpood one from
the onsite store and the Tailed unit after repairing frow
depot returns to the store. In such situstions, the typical
inventory wodelling for spares so far developed, .can not be
applied t0 deternine the optimum quantity of sﬁares required
to keep uneveilsbility of plant units due to oceasional

exhaustion cof =spares within ceritmln Limits.

i

Cne.typical case of suen repairable spare gituation is
the 'Pow%r Fack' in Drilling Rig Maechine, While in operation,
the 'Powér Pack' fails and causes breakdown of the drilling
rig wachine, To minimize down time of the machine, a goed
spere {power pack) iz used from the store, The failed 'power
pack! is sent to workshop for repair end then returned te
the store, The unit mey alsoe fail in the store and when

detected, it is repaired and stored again.



Wi

1.2 Objective ang methedelogy of the research

The objective of this research is to develop a general
model considering a group of 'K identical units served by &
store containing 'N' sparess, Fossibility of spare rfailure
in store is zlso incorporated into the model. The cbjectives
0f the problem are to deterrmine the nininum number of Spares
'N' in order to keep unavailability of 14! plant units due to
ctcasional exhaustion of stocks, within certain limits and
to determine the optival number of spares in order to winimi:ze
totel cost, which Eay inelude all inventory costé and cnét due

to lost production.

For the construction of the generalized mathemmtiecal
model and for the solution of the model, the following

procedures are adopted,

1) Formation of a state transition diagram following
the events of failure of an operational unit,
faillure of spare in'storage and repair of the

failed item in workshop.,

ii) Derivation of formulae for transition from cne

state to another, :

1ii) Derivation of a set of sirulifanecus differentigl
equations from state transition rate diacram and
thereupon formation or transition watrix for

caleulation of the individual state probabilities,



iv) Derivation af' the formulee for calculating ste?dy
state unavailebility of 'M! operational unive,
probability of stock exhaustion ang other assoeiated

rarameters,

v} Development of & cowputer programme in FORTRAN-IV
(languege) to gensrate the coefficients of indigFidual
=tate provabilities, and matrix solution procedures

for the madel,

vi) Development of g model to determine optimal inventory
0f spares to minimize cost. Formulation can be used
© varieble costs only, which can afrfect inventory

decision,

vii) FPresentation of results in tebular as well as
graphical form, showing the interrelationship of
VArious parameters arfecting the number of spares

W' in store,

Alihough the objective set above concern 8 model formuls-
tion of gpare parts Provisioning, an application of the model
has leen made in the thesis, fin example showing its application
hgﬁ been given on an ernigineering unit, vhich iz s power pack

i

]

ed In 4 deep tube-ywell sinking drilling rig, The original
data has been collected gt varioug times, The compuier model
wag developed using the data. The mathematicel model formulszlion

and its computerization have been given in Chapter 3 and £.
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CHAFPTER 2

LITERATURE REVIEW

Over the last few decades, literatures involving the
inventory management nave grown extensively, The firm estab-
lishment of relisbility engineering disciplines has helned
the developnent of many inventory wodels. Horeover, the
practical need Ffor subtle and delicate maintenance poiicies
has stimulated theoretical interest and led to the develop-
ment of wmoders that possess thedreiical novelty as well as

practical importance.

Organizations maintain inventories e.g. spare parts,
raw materiels, finished goode etc., Spare parts inventories
serve to keop the ecuivment in operetion {within certain
allowable unavailebility); raw material inventories serwve as
inputs to the preduction process and finished goods inventories
are used to satisfy customer needs. Since these inventories
cften amount to a considerable investment, decisicns regarding
the amount of inventory-are important. The besic inventory
systen and wmodels given by different authors are presented

nere.

Fifty years ago, "Wilfredo Fareto" pointed oui that
meny variables have a ‘vital few' and a 'trival many'. Very
often a small nuwber of imwortant items dominate the results
while at the other end of the line, a large number of itens

whnoge volume is g0 small that they have little efTecl on



results. So it should be the primary aim in stock control, to
control the 'fasi-moving/expensive! items, since, by deing sa,
greifer polential savings are possible than by controlling /&

inexpensive itemws, the usage of whiech is anall.

(3)

FEay Wild(1}, F.G: Hocre{ij, Wiljiem Vories » Mayer,

H.H.{&),'Moore, P.G.EE:J

, voris, Williamiﬁ} gnd others discussed
in their writings that, one of the ubiguitous phencmena of
btusiness is expressed by the so-called '80/20 law'. ln releticn

to the inventory stoek, the law reesds as follaws:

"Zighty per cent of the firm's total inventory cost is
saused by only twenty per cent of all items'. In ovher-
words the twenty per cent high-cost/high usage 1tems account
for eirhty per cent of total inventory costs. This Jaw or
vrelationship is expressed by the ABC or pareto curve, and
often such curves are used hy companiez to divide stock itenms
into three classes, 4,F and 0, i.e. those accounting for

£0, 13 and 7 per cent of total inventory costs respectively.

Such & classification, onee achieved, cnebles appro-
priate stock control *rules' for each type of product or
item to be implemented. Thus a comprehensive and regular
stock procedure should be designated for iteas of type A.
- : N : for
Legs rigorous conidrol is necessary /fype B, whereas for U a
sinple procedure is probably sufficlent.

- 5 !FE'I!{]
Nay-Wild, Sharblin, Churchmen, Sasieni, Sprlegel{1 7,8,9,10)

disecussed in their writings few delerministic inventory models



which provide an econonic order quantity.

Model-1 Purchasing Model: No shortage:-

This model is one of the simplest inventory models.

Tt makes the following assumptions.

‘{a} Demand is at e constant rate.
(b) Replecement is inslantaneous.
(e} 411 cost coefficients; i.e.
(i) Cost per unit
(ii) Cost of making one purchase

(i1i} Cost of helding one unit in inventory

ars constent.
Model-2 Manufacturing Model: No shortages:-

In this wodel, the assumptions are same &5 model-T
execept that the replEnishment rate is finiite and
greater than the demana rate.

Model-2 Purchasing Model with shortage:-
Tliis model has the same essumptions as Model-i
except that shortages are allowed,

Hodel-4 Kenufacturing Medel with shortage:-

In this model, the essumptions are same ag model-Z

excepr that shortages are sllowed.



A1l the above models have related -ito the ordering of
g guantity of & single produect, but in practice wmany ccecasions
exist when ordering decision and ordering cost covers guantities

{1)

¢f more than one Lype of product. Ray Wild discussed in his
writings sueh a situalion in which there zre 'N' differcni
types of produet to be ordered and for an optimum ordering

volicy, all ordering cycies should be of egqual length and

orders for difierent products should be made at the same time.

It was discussed in the literatures''*2'37®) that +the
variations in either or both, lead tine and demand, migh‘t_
{unless buffer stock is used) result in a stock-out sitwation,
Lead time usege for any producy can be determined by zan
examinaticn of =stock records, Lead time usage will not be
constant, conseguentiy a probabllity distribution might bs

ootained.

In practice,the vrobability distribution of lead tine
usagé often conforms teo the logneormal ﬁistributiﬂn: however,
the norwsl disiributien can ‘often Le used as & clocse approx;;
mation and, of course, iz computationally mere convenient.

To set the reorder level at & value which represents the
absolute maxirum lead time usages way be an unduly costly
policy. Setting the reorder point te a lewer level will wmean
stock-outs will oceur, even so, the cost over a given perlod
of' & few stock-outs may be less than the additional holding

costs that would be incurred if stoek-outs were to be aveided.



w0

Ultimetely, it is the magnitude of ‘these costs, stock-out
and helding, that will deternine the reorder level and hence

the huffer stock level,

EhamblinE?J in his writings discussed that there are
two widely used inventory systems, fixed“order size syster
and fixed order interval system, He désignated the fixed
order slze system as the 'Q! system and the fixed order
interval systew as the "P' system. When the inventory systewn
iz deterninistic and the demand rale is constant, there is
1litile difference between the 'Q' and 'PT eystems, Difference
between the two systemws occurs when demand, lead time or

both become probabilistic.

(nie approach to hendling probabilistic inventory system
is to superimpese an inventory model on a safety svock. The
salety stock zerves as o cushion that absorbs variatvions in
dewand and lead time. 1% alsc serves &s a means of adjusbting
the humher of shortages. But the 'G' svatew reguires lesas
galety stock than the 'P' systemn. In general, the order

quantitly for both 'G! and 'P' inventory systems is given by:

Order Quentity = optimum 'Q' + salety stock - inventory
on hend - uni®ts in order + average
demand over lead time.

E.5. Buffe' 1" estallished two ways of classifying

production inventory system:

(a) Continucus versus intermittent system.
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(b) System that produce for inventories versus those

that do not.

An operalions manapgerent's point of view recuires not only
to look at the inventory and +the material flew of processes
within the manufacturing phare, but to elasmine the over-all
systen of flow from suppliers of raw waterials through
ranufacturing end distribution and uwitimate delivery to

UEETS.

When the total esystem is not viewed as mn integrated
whole, orgeanizational fragmentztion can occur which is likely
to lead to each organizational unit establishing policies
and practiceé which may not. be the best cnes for the systen
ag & whele. The concepts of 'Integrated material flow
nanagekent! also reguire to look at not just thg produclion
unit meparately or the cdistribution of products separately
but alsc the combined productlon distripution systen which
is iﬁ efffeclt. The ovjective in such a situation 1s %o minimize
total gystem ¢costs rather than éertain costs taken separately.

Churchman, Folts“zJBJ

discussed in their writings an
inventory nodel din which the unit wmanufacturing or purchase
cost is varieble. Thig situation 1= quite typical for

purchased parts which are subject to guantity discounts.

411 the above models are valid for single useqﬂi?ﬁsgi-E.
items once consumed are novw repazrable, So the above models
are not applicable in the situations where the itens are

recoverablea.



John &, Muckstadt''%) described a mathematical model
for the conirel] of multi-item inventory system for recover-
able itews. This mwodel, called MOD-METRIC, permits the
explicit consideratiocn of a hierarchical‘parts structure,
For example, a major essembly may consigt of & casing and
;everal coLponents. The components are suberdinate to the
assenbly in the parte hierarehy. The objectives of the model
are to describs the logistics relationship hetween the
components and tne finel assembly, and to coapute base and

depot spare stock levels for all itews with eﬁflicit consi-

deration of this legisties relationship.

.2. Pullum and 3. Graysgn{15g in their paper . gave &
nodel for repaireble spare parts vrovisioning, considering

parameters like:

Tailure rate af the itenm in operstion,
repair rale in the worXshop:. and failure rate in

the storage.

They have given & general =tate transition matrix and =2

matrix scolutien procedure to determine:

unavaiiability per unit,

downtime per unit,

cyele length beiween Stmuk~;uts, and

probability of =tock-outs with er without all units

in operstion.



From their moedels, a particular number of spares reguired to
EeeD unaveilability down to a4 certain limits, can be obtained.
But the awthors did not go to the extent of rindine a cost
opvimal poliey by trading off the cost of lost production with

the inventory rnost.

o
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LHAZTeR 3

FORMULATIOKR OF THE MATHEMATICAL MODEL

3.1 Introduction to Hodel Development

Let a group of 'M' identical units be served by an
on-site store, eech unii having e conﬂtaat feilure rale X °?
and let the store contain 'N' spares each with a2 failure rate
! ls'. It is supposed thatl when a unit fails in serviee, it
is sanﬁ to a repair depot, and efter having been repaired,
it is returned to the sitore where i1t arrives at time 'T',
Thus 'I'! is the tetal transic tiwe spent by 2 unit eway from
the site where the 'M' units and 'N' spares are located. The
repairing rate is 1/T which is denoted bty 'u'. The spares
failing in storage are also sent fo Tepair depot.and then

senv back to the store after repair. The repalr cycle is

shovn in Filg. 3.1.7.

"M! working units

A
( \\ Un-site store T« AB+ BC . £D
B

with 'N'spares 3
c

Fig, 2.,1.1 TUnit failure-repair-storage eycle.

Hepair Depot l

t is essuned that no preferential treetment is given to any

of the 'M'! units/'H' spares sc thet in the long run each unit



T4

will experience the same delay on average as any other. Let
'D' be the wmean tine spent by a unit out of service Tollowing
an unsatislied demand due to the exhaustion of stoek of
spares, and det '¢' be -the wmean ftiwe Letween such unsatisTied
demand for spares as applied to a partiedlar unit. Thus the
steady state unavailability, 'U' of a particular working unit
owing %o lack of spare is given by U = D/¢, provided 'D! is

much less then ¢. Thus the preblem can be formulated to find

{a) UTnavailability of & particular working unit owing

to lack of spares.

(b} Mean time spent by unit cut of service due to

lack of spars.

(¢} Mean time between unszatisfied demsnd Tor gpare

ez applied to a particular umis.

(d} Prebability of stoek exhaustion while 'M' units

still werlking.

(e) Frobebility of stock exhaustion regardiess of

number working, and

{1T) Probability of falling to wmeet reguests for

spares, Ifrom the parameters H,E,A,hs,u.

In otherwards, from & given or sllowable walue of ¥ or D or o,
the optinum number of spares required ecan be formulated from

the other parametiers,



5.2 Uncerlying Principles of the Model

The behaviour of the system as failure cceurs angd
r9p&tr{:Jcarriedout, is described by means-mf the ftransition
rete diagram jillustrated in Fig. 3.2.1. At any instani in
time, the =ystem is regarded as being represented by one of
the many states drawn in the diagram. 4s failure occurs, the
Eys{;m moves frox & state { it was in when the failure occcured)
te another appropriate stazte in the next column {level) on the

right. As item arrives at the store from the repair depot,

the corresponding novenent is from right to lelt,

2.2.1 Fellure Transition of the Model

In the diagram 3.2.1, the transitions shown by deshed
lines are those which arise when a unit selected at Tandom
from store is found failed and henee returned to the repair
depot, Let (1t} Genote unit @n transit and (u) denote unit of

unknown failure,

The folleowing essumptions are made for the model:

i} The parameters'feilure rate of unit when working',
‘failurefg?tgnit when in storage', 'repair rate
of unit! are constants with respect to time.

ii) Defeective items are despatched for repair as soon

85 they are discovered and repaired items are

Teturned to the store as they are repaired,
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iii) There are available ms many repalr mwen as there are

“units needing repalr.

iv) Only units discovered as failed and units on transit

can be repaired,

First, a situation is considered ih which the systen
state is sueh that all 'M! units and sll 'N' sapres are in
a nonfailed state, This state is denoted by state (00) in
the transition rete diagram. In the notaticns of states, the
first digit denotes the total number of failures which also
indicates the 'level! number, and the second digit denotes
the number of spares failed in store unknowingly. kow 17 a
unit feils at state ﬁDD}, the system can onter any one ol the

two states {10} or (117,

Let it be suppesed that an cperetionmal unit fails, In
order to kecy the 'M' units working, the failed unit 1is
rep;aced by & good spare from store out of 'NY spares and the
failed unit is sont for repair, that is on transit, This state
is denoted by state (10). iIn this state, there iz one unit on
tran=it, 1{t) and ne unkrown feilure, 0{u). Since failure
rate of operational unit is 'A' and there are 'M' units in
total, the probability that the system will move from state
(00) to state {10} is 'Mi', that is, the transition rate
between state (00) to state (10) is 'Ma', Ir this situation
there are (N-1} good spares in the store and there 18 no

" failed spare,



There may be ancther situation denoted by state {11},
This represents the systew when one of the spares fails
unknowingly in the store, 3ince, the failure rate cf spare
in store is=s ’AE' and the number of spares is 'N!', the
probability that the system will move frem state (00} to
state (11) is 'W A '. In thic situation, there are (N-1)
good spares, 1 unknowingly feiled spare and a itotal of N
spares in the store. If the system iz in state (10) and
znother operatiocnal unit rails, thén the étate {201 is
reached, To kecp ™' units in operstion, the failed unit is
replaced by & godd spare from the store and the failed one
is sent @n trangit. How there are two failed units. The
probability of transition from state (10) to stete (20) is
M3, In state {20), there ere (N-2) good spares in the

atore end no failed spare in the stere.

I+ the syster is in state {10} and il instead of an
cperational unit feiling, & spere fails unknowingly, the .
system moves from state (10) to state {21), The probability
of this transgition, i=s fN-1}l5. In state (21}, there are
(N-2) good spares, one unknowingly failed spare and a total
of {N-j) gpares in the store, If the system is in state
{(11) and an operational unit fails, then the systen may move
to either state (271} or to state (20). When the failed
operaticnal unit is replaced by & good spare from store out

of {lN-1) good spares, state (21) is reached, The failed one

-
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is sent En trensit, The probability of operational unit
failing is 'MX' and the probability of replacing the failec
unit by a geood spare is (¥-1}/H. So the probability of iran-
sition from stete (i1) to state (21) is {(W-1)(MAr)/N. In
state (21} there are (W-2) pgood spares, one unknowingly

feiled spare and a total of {¥-1} spares in the store,

The transition from state (14} to state (20) occecurs,
if upon failure of an operztional unit, the replacement
gpare pieked up from the store is the one, which has alreedy
fauiled unknewingly in the store. (The operatiomal failed unit
is sent &p transit. Eaving been detected, the unknowingly
failed spare is alsc sent on transit end is shown by dashed
line in the figure, Now there are two items @n transit and
the failed unit is replaced by s good spare from the store,
The probability of coming out the unknowingly railed unii
from state (11) is 1/#% and the probability of operational
unit‘failing from state (11} is ’Ml;. 50 the probebility of
the system coming to state (20) from state (11) is MA/W. At
state (20) there are (N-2) good spares, and no failed spare

in the zitore.

From state (11), if another spare fails in store unknow-
ingly, the s=tate (22} is reached. This is the state where
there ars {¥-2} good spares, twe unknowingly failed sparec,
E{ﬁ}; and totel ¥ spares in the store. The probability of

the system coming to state {22) from stete (11) is'[ﬁ-1)ls-



By similar logiec, the trensition rates frow various
states of one level to the VRTi0UEs states of the suceeeding

level can be established upte level "5, Fgop exarmple:-

Freceeding Succeeding Transzition
szate state provability
20 30 M
31 {N-E}ls
21 31 (N-2) (M2)/{§-1)
30 MA/{N-1)
32 (HHEJES
2z 3z ¥A{E-2) /N
31 (2/HIMA(N-2}/(N-1)
30 (R/HIMA(N-7)
33 (R-2) A
30 40 70T M3
41 ‘ {H-3) :as
b £ MA{N-3}/(N-2)
40 MAif{H-2}
42 EN~3)AS
32 oy MA(N-3)/(N-1) '
47 {(N-3)/(N-2))2M A/ {N-1)
40 (2/(§-1))MA/ (R-23

43 (§-3) 2



Freceeding Succeeding Transition

state state probability
33 L2 T OMAfR-3) /1 _
42 (3/m)({H-3)/(N-1))KA
41 (3/8)(2/(R-1}}{{K-3)/(R-2) }KA
40 (3/N) {2/ (B-1)) (MA/ (N-23)
44 C{N-3) 2

At level 'N', when the system is in state {NO)}, all the
'N' spares are on transit and no good spare lies in store
and &0 there lies no unknowingly failed spare in the store.
When the system is at state {N1}, there are {(N-1) speres on
transit, one spare is left in store unknowingly failed and
no good spare is lying in store, At state (NN} there is no
spare on trensit; ell--the *N' spares in store _have failed
unknowingly.and -obviously, there is no good spare left in

store.

From any state of level 'N', il another operational unit
failz, there will remain no more spare-availeble to keep M!

units in operation and so (M-1) units will be in operation

and - .the-systen-will cross the dotted line in the transition
rate.diagfam'and;will'enter the state {H+1). The probability
of feiling an operational unit from any state of level TR! ié
'Mi', The transition rate diagram thus 'collapses! to a series

of Siﬁgle stetes (one state per:column) as soon as the dobtted

T
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line is crossed, Now there are (N+1) units in transit.

If the system is at level (N+1} and if another apera-
tionel unit feils, one more operaticnzl unit will heccome
idie, that is, (M-2) operational units will be werking, the
probability of which is (M-1])Xx, now {N+2} Bpares 4re in
transit., Similarly if the system is in state {N+K-1) and
another operaticnal unit fails, there will remain no unit
in operation and all the (M+N) items will be in transit.
The probability of the system to move from state (F+M-1) to
state (H4M} is 'A!' and no other states are assumed to be

poasible.

3.,2.2 Repair Transition of the Model

In the repair tmnmsition, it is evident that movenents
of states will be from right to left ms repalir of the failed
unite are carried out. For example, if a repaired unii is
received while the aysten is in state (20), the system will
return to state {10). Similarly from state {21}, after
receiving & repaired ifem, the system will return to state
{(11). éEﬁ the repair rate of itern QE?'M‘, gt state {20) there
are two unils in transit for repair, sc repair transiition rate
from state (20) to state (10} is 2p. Also at state (21), there
i= one unit in trensit for repair, so the_zgpgir transition
rate from state (21) to state {11) is "u',., When the system is
in state (N+1), there are {(N+1) unite in transit, the repsir
transition rate from state (N+1} to state (W0} is (N+1}u ., In1the
seme WAy, the repeir transiticn rates for other levels can also

be esteblished.
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2.% Derivetion of Mathematieal Formuletions From Transition

Eete Disgram

Let at any instant, ?ij(tj denote thé-prcbability of
the systen being in {ij} state, where 1T wvaries froz '0°7
to 'H+M' and "' varies from '"0! to Hﬂi:l;The rate of change
of Pij{t}. which is denoted by ﬁij{tj. is given by

ij{tj = Summation of the products of the probability
rates of coming fromw different possible
states to 1ij! state and probability of the
sysiued being in those respective states —
summation of the products of the probebility
rates of leaving 'ij! atate&aiﬁ_f__‘ﬁ:h{a:g;ij' state,
ﬁij{tj = £[(probability of posiible entering states)x
(assoeciated trensition rates}]-—
E{(probability of possible leaving states)x

{associated transition rates})].

Thus frow the transitlion rate diagram shown in Figz,.3.2.1
at any instant of time, the movement between adjacent states
in the diagran ean be described by the following set of

simultanecus differential equations which can be written as:-




Foplt)

| 1;'1[}'“;)

Prott)

Py (t)

Pyt

I'J-h?{-tJ

Pyimot

PH+H(t}

WPy () - (Ka#N3_)Ppplt)

= 2uPoo(t) + MaPog(t) - UF-1)ag 4

MA+ 12, ()

"

. -
MAPy o (f) + 2 MaRy 5 (4) +

-2

1

(¥+1 )y, (8) — (Bt )Ppo(t)
i

l

= MMPp(t) + Ppo(t) + ... ¢ PHN(t}};

= AP w8 - WPy (1)

{H+2JUPN+E{’G}

— (1) (M- 1) W) By 4 ()

(H-DAPyyq (8) + (N42)yPy, o (%)

— ({n+z)p (N-2)0) By o (5)

t} = 2AP

N+ ()

NaMoalt) * §H+MJuP

— (M (N+-1)u)P t}

N+H-1(

=h Pyayoq (8 = w (wemd ey (4)
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(3.3.1)

{3.3.2)

(3.3.3)
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When the statisticel equilibrium has been reached, the left
hand sides of all the equatiors beceme zero and the cquan-
tities PDD{t}, P1D{tj veee Puip (%) become constant with

respect to time and so are written as FPpp, F

P1D LI ] N_J_Mi
Fromw the transition rate diagram f?ig. 3.2,1) the

unaveilability of any partieular working umit is given by,
=1
Vo= gByyq © 2 Byyp Foeeen 4 HPgLy) (3.3.4)
“{hour}

Let, D = averape downtime/owing to lack of spare due to

exhaustion, and

. { hour)
¢ = average time/between such down time (ie. average

cycle length), then the following expressions can be deduced

for DY and '¢!

D = U/(EPy - U)A {Ref, 15) (3.3.5]
[but, when ﬁbﬁrl, approximete value of D is given by
D = e ]
EERET
and ¢ = (1 - U)/( EPy- U}X (Ref. 15) (3.3.6)

where EPN iz the probability of stock exhaustion.Tegardless

of number working.



2.4 Uesermination of Uplisal Humber of Epures te Mimini=ze oot

sxpeeted total variable cost = Expeclted cost cdus ic
production logs + expected wvariable ecosi due e

inventory + ictal item cost.
{&} Expected cost due to production loss per unit time { nour )}
Let V = production loss of & singles operational unit

peT unit time.

Pysq® probability of one operational unit.not working.

due to spare-spare stock exhaustion.

PN+M= probability of '"M! operational umit not working due

toc. epare stoex exheaustion,

Therefore, expected cost due fto preduction losg per hour

K
= ¥V Z lFH+i
i=1
= MVU
K
Bince I 1Pg,, = MU {from eqgn, ?.3.4]
i=1 \

b) Expected variable cost due to inventory

The only variatble inventory cost in this particular
situation is the holding cost of 'N' spares. Thiz cost ecan

be expressed as i1 bN where

i

e holding cost as percentage of item wvalue

It

item value



¢) Total item cost = b

So, expected total variable cost

3
T

HVD + ich + biv

il

BVU + bﬂ{1+ic}

st LU

Dencoting by R the relative cost of last production

ol helding cost and item cost, Tc

T, = (MRU + H}(1 + icjb

Dividing throughout by (1 + ic}b, the scaled expected

variable cost in multiples of (T + i )b is given by -

T = MRU + N
os

can be expressed as

terms

total

From -this equation, .optimal number of  spares can -be determined

by minimizing Toge
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CHAFTER 4

SQLUTIOR FROCEDURE FOR MATPFEMATICAL MODEL

4.1 Matrix Solution for Individual Probabilities upto Level IN!

in Chapter-3 .
The ecuations 3,3.1 to 3.3.3 /are such that ANy one

variable (individual probability) can Le obtained from the
repainder in terns of anolhsr one. Te solve for the wvarious
values of Pij’ ancther equation is required. As the sum of

the probabiiities af all the states is equel to unity,

- LA =
Foo T Fqo T oeee t Pyo By oeen Ty o Ppaqt e oot Py
(4.7.1)

Dividing the equation (4.7.1) threughout by Pryqr the new
eguation is obtained as follows:

Pog Pn | Tmeg Favy 1

= + .. +'P_'_ +P_"+ - +P = F_ {4!1-2:]

“H+T N+1 I+ L+ N+

Dividing the equations of (3.3.1} throughout by PH+1’ another

new set of eguations is oblained whose variables become

Pog Fig upto Pun
Pusq Paeq PN+

Let these new variables be denoted by

}:CI.Dp }:.al[}, LRI XN-N and

Let  Xgg + Xy5 t vee # Ky = X {4.7.3)

i
"Thie new set of simultaneous equations is solved by "Gauss

Jordan Iliminaetion Method" to obbzain the values of the
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variables {IDD, H1D <. upto KHHJ’ i.e to obtain the walue
of 'X". For—this solution proceedure, number of equations
wust be egual to the number of unknowm varigbles, For this

particular problem, -

Y
Hunber of equavions

Himber of varisbles

{F+1){E+2)/2 = NO (sav)

Let the augmented matrix be '"AY, Therefere, the dimension

of the augnented metrix becomes

O x {(NO + 1)} or (NO x NOO)

where RO = HO +1

The elements{Sfthe last columnn of this matrix ar®zerc except-
the element of the row (N(E+1)/2) + 1= IJ (=ay)

which is fron ithe equaiion, egqual to - {(H+1} p= H{say}.

Trowm the Fig. 3.2.1, let the total nunber of failure
of units be denoted by 'L' and the number of unknowingly
feiiled spares be dencted by '2'. Let (L P) denote the state
of the system at any instani of time. The (L P) state ecuation
gives the coefficients of the Ith row of the matrl. where

I = {(L{L+1)/2) + P + 1

The coefficients of the verialles [KJL JP} are stored in the

Jth + ¢olumns of the Ith row where

A= {(JL(JL+1)/2) + JP + 1

(JL JP) is the state from which the asystem moves to the (L P} -

stete,
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From the notations so far used, the following can be

written.
N - L = fotal number of good spares in store,.
P = Total failed spare in store.
"\“
I, - P = Total units in transit
F-L+P = Totel stock in store.

To generate the eoefficient matrix, of Fig. 3.2.1, a
generalized procedure is shown in Fig. 4.71.1, whieh is‘very

gimple to programme by computer.

The generalized preocedure (Fig. 4.1.1) is expleined

as follows:

Llock-1, There are (H-L+1} good epares in store,
80 the probability of failing svares

. unknowingly is {N-L+1)AE, whieh is the
probatility of moving to state (L F)

from state (L-1 P-1).

Block-2, When the system is in state (L-1 P),
there are (N-L+1) good spares and total
(W-L+1+F) units in the store, When an
oper;tional unit feils, the vnrobability
of replacing it by good spare is
((N-L+1)/{¥-L+14P} }MX whieh is the
probability of the system woving from

state (L-1 P} tp state (L P),.



Block-3

/ -
/{ V) Blocksibl
I |
f Block-1. [N-L+1IXS, but not valid when p=o !
Biock-? %%—F; M) =X M where X = N-Lot
YzN-L+1+P
Not valid
Block=3 (i) %-Y—f{m\ when P:L
iy X P el L
G 452 Yeiop7 M2
Blotk-4. {L-P+1)¥ |
Block-5 a} (L-P)¥, Not valid when P =L
£, P a2 P21 _1
Plog g ML e 5 T MA
where Q= N-L+P
¢l 1-Eoma
d] (N-L)JAS
Al1,)) = [IB~l}i-[El-E:"-'fEl-'.':‘LH:El-HT
Slock - 5{d) ALY = -[5{a) +S[b) +5ic) «5({d)]
. _ at
Fig.41) A Généralized prodedure to generate coefficient matrix upto level N <.



Elock-3

Llopk-t

Block-5a
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When the syesten 1s in state {1-1 P+1),

there are (P+i1} Failed spares in the store,
1f the sysienm moves to state {L P} by
failing an operational unit, the probability

ol replacing thet one by & good spare 1s

i |
T+

et

Mi , where WN- L t+ 1 = X
Nn-L+1%1+F =71
Siwilarly when the system is in state
{L-1 1.-1), there are (L-1} unknowingly
failed spares in the store. IT the system
moves tec state (L P) by the failure of an
operational unit, the probability of

Teplecing it by o good one is

ol

—

* L1 .
+-] LI E+L-‘1—P

X
¥ M.

o

When the systen is in stete (L+1 P), there
are {L+1-P) units in transit, =o the
probability of the sysitem coming to state

[L 2} after repair is {L+1-P)u.

There are (L -F} spares in transit while
the system is in state (L P), so the
rrobebility of the system returning to
state (L-1 P) after repair is (L-P)y,
whiech 48 also the probability of leaving

the state (L P).
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Block- 5b When the system is im state (L P} there are
"FT units fsiled unknowingly in the store.
On failure of an cperational unit, the
protability of replacing it by a good one
(first coming out a failed spare and then

Y
replaring by a good apare} is

P N-T,
N-LtF * W-L+1-1

M.

= (P/Q)(1- %f% JM3 where = N-L4iP
which is the probebility of leaving state .

(L P} to state (L#1 P&h@

gimilarly, the probability of the systen
leaving stete (L P) to {L+1 9) is

P I-1 -1
T Q-1 tttt TeFE

M.

Lloek 5S¢ When the systen is in state (L T') there are
(N-L) good spares ocut of (N-L4P)} units in
the store. The probability of system leaving
(L P} state o (L+1 P) state is

((W-L)/(B-L+P) M2,

Block 54 ¥When the eystem is in state {L P} there are
{¥-L) good spares in the store. The probability
of failing any spare vninowingly in the stre

is [H-LJAE.
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Thiz coefficient watrix is now soived by the use of
subroutine incorporating Gauss Jordan Elimination Method
{flow chart of the preogrecwe is pgiven in the Appendix-4A).
The soluticns ars kept in the last column after calling the

subrocutine,
~

Now eguation 4.71.2 can be written as

LPy g
EDD + }:1'|:| T I...TKNN +? = 1K{PN+1J
N+ . i
LT
or X 4 P”+1 = P* (£.7.4)
H$1 N4

The probability of stoek exhaustion while 'M' units

are still working is given by 'PH‘, which is from the solution

PH = {:{DD-F }{1{] + ... 4 }INNJ]{ PI‘-I-]-‘I = ¥ x PN+1 {4.7.5)

4+2 Boluftion for Individual probebilities Beyond Level !'N!

ty Reeursive Fernulmstion

When the systen has attained.steady state condition,

transition rate eguations of (3,3.3} can be rearranged as -

ey = (M) (Pygyyy_ g/ (N44))

Prapoq = (Mu) ((2/(R4K-1)) Py o

Py+3

Nio (A/u) ((M-1)/(0+2)) Py,

(4.2.1)

CAZu) ((M-2)7(N+3)) Py,

P
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1t is evident from the above equations thet there is

8 relationship between the edjecent probabilities of the

equations of {4.2.1).

Denoting by EPH+1’ the sum of all the probabilities

from level'W+1' to level !'N4M', and putting x/u = AT, the

following equation can be obtained from equations (4,2,%).

Qr

EIjL+1

H+1

= UMD (M-1)/(N42)+ ..., 4

VI {M-1} yi M- X _ i
(X)) g M H+j - Ty - 2 (say)  {(4i2.2)

¥ow equation (4.1.4) becomes

¥+ Z = 1KPH+1

|
Ir

Nt 1 1/(X+2) {4.2;3)

Putting equation (4.2.3) in equation (Z.2.1), the values of

Putor

as

PH+3 +es upto PH+M il.e PH+iIE can be found,
LPN+1 3 .
Pres ©@
PP = 2ox Py, ' (4.2.4)

which is the probability of failing to weet reguests for spares.

Als=a,

IPy = Py ¢ EPy 1 {4.2.5)
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‘ Putting values DfIPET snd EPH+1 from eqn. {£,1.5)
end (4.2.4) respectively, in eqn. (4.2.5), the value of EPy
can pe found which is the preobability of stock exhaustion

regardless of nuamber working.

™
’

4+3 Development of Conputer Programme in Fortran Language

A4 generalized cowmputer preogramme has been written in

Fortran language, the listing of which is given in Appendix-E.

The programne first generates the coefficiert matrix
fror the inout variables M,N, 2, %S,u. Then the matrix is
solved by Gauss Jordan Elimination Procedure es mentioned
before {subroutine of the progremme). Having celeulated the
individual probstilities, respeciive eguationsz are solved
Ep

iar PH' LF D, & and T,

me Nyt
The cost equations are algo solved to determine the

cost-ocptinal spares level,



CHAPTER 5
RESULTS ANL DISCUSSION



36

CHAPTER 5
RESULTS AND DISCUSSION

Frow the given parameters fH,H,R,lS andp ) the followings

are caleculated by compuier programming:

a) The steady =state Unavailahilit% of a unit, (1)}

b) The probability of stock exhaustion while 'H! units _
54111 working, fENJ

c) The probability of atack exhaustion regardless of
number of unit working {EPH}

d) The brobability of failing to meet requests for
spares, {EPN+1J

e) Downtime due to stock exhaustion (D)

f) Meantime Letween surh stock-out situation {¢),

g) Optimum number of spares to minimize ecost,

The results are given in tabular Torm (Tables 5.1-5,6}
and in semi-log praphs also (Figs. 5.1-5.3). For the results in
Table 5.1, the input datz was for power pack failure and this
wig collected from 'The Milnars ‘Tube Wells Ltd,, Dhaka. The
values of diffrerent parameters are as folloywe:

Failure retes of cperaticonal unit ) = D.BDDx1ﬂ"2thUT-

Failure rate of gpares in storage ( ).} = 0.1x%10"%/hour,

fepalr rate of unitg {u} = 0.25/hour,

For caleulating results, the number of operational units

were varied froum 9 to 10 (i.e. M = 1,10). The nunber of spares
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in the store were &ilso varied from 1 to 8 (i,e. N = 1,5}.

From the results, it is evidént that the unaveilability (U) and
the downtine (D) of the operational units decrease with the
increase in number of spares, for any value of M. Using resuits
of Table 5.7, graphs are plotted in Fig. 5.1 for U vs, ¥ for

valuear{]f H = 112;3|-¢’5

In Table 5.2, the results of the cost-optimal policy
have been shown. The values of A, AS and ¢ are same as in
Table 5.1, Only the value of cost ratio-{R), which is the ratio
of the cost due to lost production to the variable inventory
cost has been varied. For valuen of M = 1-10, and for velues
R = 9x10°- 6x103, the optimum number of spares have been
‘ealeulated, The corresponding optimal variable cost {Tpg)
in multiples of {1+ich, down time in hours, unavailsbility

ahd mean time hbetween stockouts have also been shown., For

examble when M = 3 and | = GxTGB, the resulting poliecy will be:

Optimum nunber of spares { Eopt} = 3
Unavailability/unit (U) = 0.276x107 %
Down-time/unit = 1,01 hours

Meantime between stoekouts (&) = 0.366x165 hours.

1t iz quite possible that there are wany equipments which
do not fail in the store at all. In that case A = 0, Tables
5.3 and 5.4 show the results {the values of other paransters are
Sane as before). For comparison, the cost optimal policy for the

ebove example with A; = 0, is shown below,



3741

When # = 3, R = gy107

Optimum nunber op Spares f”optj = 2

Unavailability/unit (u) 0.461x1074

Downtime/unit (D) 1.333 hours

e

r

Meantime between stockouts (&) 0.292x70° hours.

From Table 5,7, Tixing ¥ = 2, ang verying TM', it is
feen that zg 1Mt increases, 1! starts to decrease gt first
&nd continyes +g de so until M = 3, However for M = % and
greater, ‘[ increases, sugpesting that optimum value of

™M lies betweern 3 ang g,

Sensitivity analysig:

To see the effects c¢f variations in repair rates and
faillure rates on the number of spares, unavailability, down-
time and eyele lenpth, taples (5.5 end 5.6) and@ graphs
(Fig. 5.2 ana 5.3} have been prepared, In Table %45, the

data input wes

n

M 2,0 = @.66?x1D_EKhour, X .66?x19-3fhour.

It

Mo 3% = 0,400%107%/ hour A, = 0.400x10" 3 /hour,
The values ar repair retes per hour were teken es

v = 0,250, d.125, 0,083, 0.620, 0.050, 0.040.
It can be sean that with the increase in pumber of Spares

TNT, wnavailability and downtine decrease and cycle length

inereases, The nature or the curves has been shown in Fig, 5.2

The results &re shewn for two sets of values, which arc AS

fellows:

L4



. 37/2

From Tabie 5.6,

M= 2,y 0.,667x1072

m
I

t.125, AB

M= 3,0 = 0,125, A = 0.667c10°3

&
Curves have been plotted in Tig, 5,3, The nature of the curve

im interesting because ror higher values of A and N, unaveil-

ability decreases sharply,
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CHAPTER 6
CORCLUSIONS

Frow the study on 'repairable spare parts provisloning

rules’, the fnllawing conclugions can be wmade.

{1)

(2)

{3)

The mathematical wodel whieh has been develaped in
this study, is suffieiently general incorporating
failure rate of component in operation, failure rate
¢f component in storege, repair rate ete, The only
limitation comes frop the assumptiensosl constant

failure rates and constant repair rete,

From the results, it is apparent that for & fixed
number of operational units, unavailability and down-
time of the operational unite decrease with the
inerease in number of spare parts, but mean time
between stockout situations increase correspendingly.
The plot or ty! v, 'H; Tor fixed "M', shows the
decrease of TU' ag negative exponentiai ag TRT is

increaged,

From the results of cost optimal policy model, it is
abserved that the optinel number of spares increase
in step function ror the increase of cost ratio 'R'.
This indicates that for g certain range of 'E', the

orptimal nunber of Apares is a fixed quantity.
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CHAPTER {4
SCOPE FOR FURTHER WORK

The following list may provide a helpful guvides to mddi-

tional work, the need for whick has become apparent during

the course of this research. “

i)

ii)

iii)

iv)

Consideration should be given to the unit, the

failure rate of which is noi constant. Various

Tfailure distributicong should be ecnsidered.

Consideration may be given to the situations where

repair rates are not comstant.

Consideration may also be given to the situations
whe-re there is no suffieient repair facilities 1.e.

items are to wait for repair.

GCongideration mawv be given to the siluation where
units failed in operation or in storege are sent
to workshep in a group rather sending individually,
Also repaired itemsz should be returned to store in

a lot after repair rather than individually.
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FELOW CHART FOR THE FPROGRAMME

READ,"NTABLE

1

1TABLE ="1-

- - @

READ-MEQ; LEMDA, LEMDAS
LMDBMU = LEMDA/MED

1

WRITE, 1TABLE , MED,
LEMDA, LEMDAS

!

READ -MA,NA KR

!

M=t

8

N=1

NG =N (N2}/2

NOO = NO

;
I:=1
J=1

Al =00

'

A1, 0} = (M % LEMDA + Nx LEMDAS

A{1,2) = MEO

1:=1

D

: bd

" amrm aeomae



nk

- L{L+1)

P+

Je
JL

P-1
L-1

YES
- PO

NG

JL{.;LH} «JP 41 _
A(LJY ={N-L'+1)x LEMDAS

J =

KL < JLUELY |

7
JzKL+P#1
X = N-L+1

.Y =X+F

NF = NP «1

L]
JP:z NP




® .

J=KL «JP +1
Y=¥+1
22=JF'I‘|’

211213(2‘2

AllJ) =2y % Mx LEMDA

¥

JP = NP +1

56
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- - 1

JLl= L+

YES )= Aetietl e
A(l,Ir={L-P +1)MED
5=00
&G=10

~HNN=zP +1
Q =N-L+P
FP= P

A{l11)=-{Mx LEMDA « (N-P) MEQ

Z=PP/G
vooem | R=1-Z
S5=5+6xR
= Gxl
PFP=PP -1
Q =L-3

1

S - ; 11 =11 +1

A1) = -5 +Mx LEMDA
~ +{N-L)LEMDAS +(L-P)ME(]

P =P+]




1= N[I‘;+ﬂ+1

H=-{N+1) MED
A{lJ, NDO)= H

i

CALL
SUBROUTINE SOLSE

WwW{i)=130
S =W({1)}
G1=M-1

Gp=N+2

=2

'

o

' W[”:WH—Hx%LxLMDEMU
a

S=5+W{l1)
61=6-1
Gy = Bpe 'l

58



1:=1
T A
5z 5+All, NOD)
: I
[z]+1
Z
13 NO
s

W1} = 1/[5+2)
SUMPN1=W(1}xZ
5:[2!‘!1]'ﬁ '

—

)
1=1J

S=5+A (1, HOO)

i
123+
£
13 NO
S
PN = 5xW{1)

SUMPN = PN + SUMPHN 1

S=W(N

[ =2

59



®

-

W) = W{llxWi(1)
S =S« xWI(l)

' Li
] =141

Us5/M

XY= [SUMPN-U)x LEMDA
D =U/XY

PHAT = {1-U)/ XY
UU{N) = U
PPN{N} = PN
SPNIN) = SUMPN

SPNA{N} = SUMPN1
DDIN} =-D

FAI{N) =PHAI

IR=1

A
)

TC(M,N,IR) =1000-00xTRxU x M + N

IR=1IR+

IN

[RIKR

NzMH+«1

NaNA

- 60

i



WRITE, M,]1, UU{I}, PPN(i}
SPN(1), SPN11}, DDIT),

FALLL
| 1
1=1+1
<
1iNA
=

N=1

SMIN =TCIM,N,IR)

N=1

b1



SMIN = TC[M,N,IR)
iN= N

=
NINA
>

WRITE, M, IN,IR, SMIN

1
IR=1R +1

52
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FLOW CHART FOR SUBROUTINE®

- %
X{K,J) = XK, J)/ XIKK)

J=J+

I

62



NO

J=K

X, =X{1, 0} -X{1L,K)x X {K,J] |

T

J=J+1

I

N

(s0)

RETURN

END

#

b4
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