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ABSTRACT

A genere) model for repairable spare parts 'Jrovisioning

ha<l been c.eve)opeo ~.o;lsidsrj;lb s ;;:rGl'pDt I,] iOBnt.ical unit;,

in operation, ~srveo by eel'on-site aio,..e ~o"tainjn~ !, spares.

As the units fail, the:,' a:re repJa~ed ";,, sf,a:ces f:roL' the atDre.

The failee. units are sent away fDr repair and -:,henc-etuT'leO

to tne store. Should the units fail in quici succossion,

the stocK of spares may be exhausted causing certain amount

of delay. In t:!le long rllll, each of t"e I'] units .rill eX'JB:::,isncs

an unavailability U due to occasion"l stocl;-outs. UsinG state

tran~itiQn diagrarr" I:iathsm"tical relatjonships have been

Gsri',ed between quantities )i.,l\,U,. uni t failure rute in

opera tion, ),; uni"" f"il l;re 1'"te 'in stora"e, },s; and repair

rate IJ. Tables anG graphs have beeT' prepareCi in o!'der to

dete:rmine II'i~limumnumber of Spar8J nee:Jec. to Keep unavail-

ability of plant units within certain limits. Gost-optiTIal

inventory policy hae also been ~onEiGerDc.
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NOTATIONS

M = Number of working units served oy ao on-site store

N = Number of spares carried by store

U = Unavailability of a particular working unit owing

to lack of spares

D = Mean time spent by unit out of service following

an unsatisfied demand owing to stocK exhaustion

T = Mean time spent by unit away from site (T = 1/u )
in hour.

= Repair rate of unit in hour

= Failure rate of unit when working, in hour

~s = Failure rate of unit in storage, in hour

= Mean time between unsatisfied demands for spares
as applied to a particular unit.



_ CEAPER 1

INTiWDUCTIOil



•
;

CEA?TER 1

INTRODUC"TION

1.1 General Jntro1uction.C

Over the past re-w decades, a subs'tantie.l n-Jmoer of

mathematical Dodels have been cievelopec relating to tile

various aspects of inventor~, ltJanager.l,mt. All these inventor:,.

modelling;; are for maintaining. for a given financial invest-
ment. an adequate supply of Gpares, raw materials, finished
goods etc. in order to meet an expected distribution or

pattern of demand.

The inventory oi' spares ,i'S")"tilised in replacinp: tile

failed or going to fail lillits in breakdo,m maint.enance Or

in preventive maintenance work.to maintain an efficie~t

continuity of operation of 8quipffient to minimize down-time
and so to minimize cost due to down-time. The IDoQels are
applied to dete~~ine the optimum ~uillberof spares to minirrize,
the overall cost of inventory which incl~des ordering cost,
holdine cost, stockout cost etc. By such rnociellir;g,rcorQer
level, reord,n pGriod, etc. can be calcu1ateG..

To manufacturing managenent, the word 'inventor:,"imme-
diately connotes finishecl goods inventories, the stocks of
the co~pany's end product available for distribution or sale
to the company's customers. Those ffiodellin£sincluded the
costs of ac~uiring inventory, holding it and failing to
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supply conSUr.lers, to arrive at inventory policies ,,"'hich,,",ill

minirrize the total of these costs o~ maximize profit. In

those modellings of spare pa~ts, considerations ,,"'ere paid

to the consu",able itoms i.o. spares onCe failed are not

recoverable and are replaced onl:,- b:. ne',,;"spares.

There are situations where spa;:"8s are seldom consur.led.

When eqUipllent fails, the failed unit .is repairable Le.

iteI:i .subject to repair when it fails. The recover"ble items

ara typically expensive. The failed unit is sent for repair

to worksrop or dapot and it is replaced by a good one from

the onsite store and the failed unit after repairing from

depot returns to the store. In such situations, t~w typical

inventory modelling for spareD so far developed, ,can not be

applied to determine the optimum quantity of spares req~ired

to keep unaveilability of plant units due to occasional

exhaustion of sparen within certain limits.

the
the

One.typicaJ case of sucn repairable spare situation is
I'Po~er Pack' in Drilling Rig Machine. While in operation,
,

'Power Pack' fails and causes breakdown of the frilling

ric machine. To minimize down tiF..e of the machine, a good

sparo (power pack) is used fro];] the store. The failed 'pow-er

pack' is sent to workshop for repair and then returned to

the store. The rmit may also fail in the store and when

detected, it is repaireil and stored again.



1.2 Objective and lJethodology of the research

The objective of this research is to develop a general

model considering a group of ,~;, identical units served by a

store c:ontair,ing 'N'. spares. Possibility of spare failure

in store is also incorporated into the rtodel. The objectives

of the problem are to determine the mininum numbe]' of spares

'N' in order to keep unavailability of '!,I' plant units due to

occasional exhaustion of stocks, within certain limits and

to determine the optimal number-of spares in order to minimize

total cost. which may include all inventory costs and cost due

to lost production.

For the construction of the generalized r.]athematical

model and for the solution of the model, the follo.'ing

procedures are adopted.

i) Formation of a state transition diagram following

tho events of failure of an operational unit,

failure of spare in:storage and repair of the

failed item in workshop.

iiJ Derivation of formulae for transition froffi one

state to another.

iii) Derivation of a set of siITultaneous differential

equations from state transition rate diagram and

thereupon formation of transition matrix for

calculation of the individual state probabilities,
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iv) Derivation of the formulae for calculating ste~d;..

state unavailability of I),' Operational units,

probaLili ty of stock exhaustion ana other associated

parametars.

v) Development of a COll'lJuter programme in FORTRAN~IV

(language) to generate the coefficients of indi:.i-idual

state probabilities, and matrix solution procedure

for the model.

vi) Development of a ~odel to determine optimal inventory
of Spares to minirni~e cost, Formulation can be used

on variable costs only, which can affect inventory

decision.

vii) Presentation of results in tabular as well as
graphical form, showing the interrelationship of

various parameters affecting the number of spares

'N' in store.

Although the objective set above concern a model forl".uls-
tjOn or spare parts prOVisioning, an application of the Dodel
has bean ~sde in the thesis. An example showing its application
bas been given on an engineering unit, which is a power pack
usea in a deep tube_well sinking drilling rig. The oriRinal
data has been collected at various ti.mes. The computer model
'"as developed using the data. The I'lathematicalmoael formulation
and its COmputerization have been given in Chapter 3 and ~.
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CHAPTER 2
LITERATURE REVIEW

Over the last fe~ decades, literatures involvlng the

inventory management naVe grown extensively. The firm estab-

lishment of reliability engineering disci"lines has helDcO:

the developnent of many inventory rnooels. Moreover, the

practical need for subtle and delicate maintenance policies

hac stiThulstea theoretical interest and led to the develop-

ment of mcdcls that possess theoretical novelty as well as
practical importance.

Organizations maintain inventories e.g. spare parts,

raw materials, finished goods etc, Spare parts inventories

serve to keep the equipment IIIoperation (within certain
allowable unavailability), raw material inventories serve as

in'Juts to the production procesf< and finishec goods inventories

1Or9 used to satisfy customcr needs. Since these inventorief<

often' aIr,ount to a considerable investment, decisions regarding

the amount of inventory.are i~portant. The basic invontory

sJ'oteIJ and models given by different authors are presented

here.

Fifty years ago, .Wilfreda Parcto" pointed out that

man;)'variables have a 'vital few' and a 'tri .•..al Ir.any'. Very

often a small number of i~portant ite~s dominate the results

while at the other ond of the line, a large number of items

whose volume is so small that they havG little effect On
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results, So it should be the primary aim in stock control, to
contrdi the 'fast_moving/expensive' items, since, by doing so,
gre1i."ter potential savings are possible than by controllingO

inexpensive items, the usage of which is sklalL

Ray 'II'i10(1) , F.G: Hoor",(2). \.Jilliau:.Vories(3). Hayer,

R.M. (4).' Moore, P.G. (5), Vori:;, WillisJ:l(6) and others discussed

in their writings that, one of the ubioyitous phenomena of

business is expressed by the so_called' 80/20 law'. In relation

to the inventory stock, the la-", reads as fol10,,'s:

'~ighty per cent of the flom's total inventory ~ost is

caused .b:,' only twenty per cent of all items'. In other-

words the twent:.. per cent high-cost/hiEh usage items account

for eibhty per cent of total inventory costs. Tr.is law or
relationship is expressed by the ABO or pareto curve, and
often such curves a:;,euseel b)' co:npanies to divide stock itens
into three classes, A,B and C, i.e. those accounting foe-
80, 13 anG 7 pee- cent of total inventory costs refpectively.

Such & classification, once achieved, enables appro-
priate stock ~.ontrol 'rules' for each type of product or
item to be implemented. Thus a conprehensive and regular
stock procedure should be dssignated for items of type A.
_. . for.Lese rJ.gorous control ~s necessary/type D, .'hereas for 0 a
siuplc procsdu~s is probably sufficient.

nay~Wild, ShaITblin, Churchman, Sasieni. S. ,(1,7,8.9,10)pr~ege

discussed in their writings few deterministic inventory models



which _provide .an ""conoDio order quanti tJ'.

Model-l Purchasing ]']odel: No shortage:-

This model is one of the simplest inventory models.

It makes the follol"ine assumptions"

'(a) Demand is at a constant rate.

(b) Replacement is instantlli,eous.
(e) All cost coefficients; i.e.

(i) Cost per unit

(ii) Cost of making one purchase

(iii) Cost of holding one unit in inventory

are constant.

Model-2 Manufacturing Model: No shortages:-

In ttis lUodel, the assumptions are same as model-1

except that t'le repl~nishment rate is finite and

greater than the demana. rate.

Model-J Pur chacing Model with shortage:-

T);:cs model has the same assumptions as Model--I

except that shortages are allowed.

M6ael-4 Manufacturing Model with shortuge;-

In ~his ~odel, the assumptions are same as model-2
except that shortages are allowed.

7

.'.
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All the above modele have related .to the ordering of

a quantity Of a single product, out in practice many occasions

exist ",-hen ornering decision and ordering cost COverS quantities

of ffiore than One type of product. Ray Wild(1) djscllsl'ed in his

writings such a situation in •."hieh there..ere TN' difforont

typos of produc:t to be ordered and for an optir.1Umareiering

policy. all ordering cycles should be of equal length and

orders for different product~ should be made at the came time.

It was diGcu~sed in the lite~atures(,.2.3,6) that the
variation;; in either 0". both, lead tilJe and demand, might

(unless buffer stock i~ used) result in a stock-out situation,

Lead time usage for any product caL be determined by an

examination of ~tock records, Lead time usare will not be

constant, consequently a probability distribution might be

obtained.

In practice, the probability distribution of lead tiue

usage often conforms to the lognormal distribution; however,

the nOTalal distribution ean .often be used as a close approxi-

mati on and., of course, is computationally more convenient,

To set the reorder level at a value which represents the

absolute maxiIT,uIT.lead time usaGe ala:,' be an unduly costly

policy. Setting the rco:!.'der point to a lower. level will mean

stock-outs '.'ill occur, even so, the cost over a given period

of a few stock-outs may be less than the additional holding

costs that would be incurred if stock-outs were to be avoided.
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Ultimately. it is the magnitude of 'these costs, stock-out

and holding, that will deternine the reordar level and hence

the buffer stock lsvel.

Shamblin(7) in his writings discussec that there are

two ,ddely used inventory systems, fixed'order size 0ys"terr.

and fixed order interval system, He designated tne fixed

order size system as the 'Q' syste~ and the fixed order

interval system as the lp' systen. When the inventory syste~

is deterr.linistie and the demand rate is constant, there is

little difference bet,;een the 'Q' and 'P' Syst€)illS. Difference

betv.'een the t,,"Q systems OcCUrS .'hen demand, lead ti:ue 0::-

both become probabilistic.

One approach to handlinG probabilistic inventory system

is to superimpose an inventory model on a safety stocK. The

sai'ety stock serves as [,cushion that absorbs varj "tions in

ue~and and IeaU time. It also serves as a IDea~S o~ adjusting

the nu~ber of shortages. B"t thc 'Q' system requires less

safety stock than t)le 'P' systeIJ. In general, the order

quantity for both 'Q' and 'P' inventory systems is given by:

Order Quantity = Optimum 'Q' + safety stock _ inventory

on hand - units in order + average

dem~nd over lead tilliG.

E. S. Ruffa (11) established two ways of classifying

production inventory system:

(aJ Continuous versus intermittent system.



10

(b) System that produce for inventories versus those
that do not.

An operations manaee~ontTs point of view recuires not only

to lOOh at the inventory ana the material flow of prooesses
within the manufacturing uhase, but to e~affiine the over_all
s,ratem of flow from sUDPliers of r3-'" ruaterials through

manufacturing ana. distribution and ultimate deliver~' to

users.

When the total systerr is not vieweQ as an integrated
whole, organizational fragmer,tation oan ocour which is likely
to lead to each organizati,onal unit establishing policies

and practices which may not. be the best oneS fOr the system
as a whole. The concepts of 'Integrated ~atcrial flow
nanaG0rr.ent' also l'cquire to look at not .iust the production

unit separately or the di:>triblltion of products separately
but "lsG the comlJined production distrioution syste::lwhich
is in effect. The oojective in such a situation is to minimize
total system costs rather than certain co:>ts taken separately.

Churchman, Folts(12,13) discu:>sed in their ,rritings an
inventory 1.10del-in which the uni,t manufacturing or purchase
cost is variable. lhis :>ituation is quite tYFical for
purchased parts ,,<r.ichare subject to quantity discount:>.

All the above models are valid for single use~~~~s.i.e.
ite~s once consumed are not repaireble. So the above models
arB not applicable in the situations where the itens are
recoverab] e.



John A. Mucks~aQt(14) described a mathematical model

1 1

~or the control of multi-item inventory system for rOCOVeT-

able items. This model, called HOD-METRIC.permits the

explicit consideration of a hierarchical parts structure.

~or exa~ple. a major aS8smbly may consi~t of a casing and,
several co~ponents. The components are subordinate to the

assembly in the parts hierarchy. The objectives of the model

are to describe the logistics relationship between the

components and the final assombly, and to compute base and

depot spare ~tock levels for all items with explicit consi-

deration of this logistics relationship.

G.G. PulluID and B. Grayson(15) in their paper gave a

model for repairable spare.parts provisioning. considering

parameters like:

failure rate of the iten in operation,

repair rate in tho wo~kshop~ and failure rate in

the storaee.

They have given a eeneral state transition natrix and a

matrix solution procedure to determine:

unavailability per unit,

downtime per unit,

cycle length between stock_outs, ana

probability of stock-outs ,lith or ."ithout all units

in ope~ation.



From their models. a particular number of spares required to

keen unavailabilitv COw"",to a certain limits. can be obtained.

Dut the authors did not go to the extent of finding a cost

optimal policy bJ" trading off the cost of lost production ,,'ith

the inventory cost.
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FORMULATIOK OF THE MATHEMATICAL MODEL

3.1 Introduction to l'lodel Development

Let a group of' 'M' identical units be served oy an,
oll-site store, each unit having a constant failure rate ,~

and let the store contain ,]\, suares each with a failure rate

, ), '. It is supposed that when a unit fails in service, it,
is sent to a repair depot, and after havin~ been repaired,

it is returned to the store where it arrives at time.'T'.

Thus '1" is the total transit time spent by a unit away from

the site where the '11' units and 'N' spares are located. The

repairing rate is 1/1' ,,'bieh is denoted by 'Il'. Tbe spares

failine in storaee are also sent to repair depot. and then

sent back to the store after repair. The repair cycle is

shown in Fig. 3.1.1.

'M' working units,

(
\ On-si te store

, With'N"P'""I!
'J Repair Depot •._---

Fif. 3.1.1 Unit failure-repair-storaee cycle.

It is assumed that no prefe!'ential t:rQatoent is given to any

of the '~1' units/'N' suares so that in the leng run eacn unit



will experien~e the same delay on average as any other. Let

'D' be the mean tiDe spent by a unit out of service following

an unsatisfied demand due to the exhaustion of stock of

spares, and let '<j;' be ,the mean time between such unsatisfied

deITand for spares as applied to a particular unit. Thus the

steect;,'state unavailabilitJ, 'U' of a particular working unit

o,"'ingto lack of spare is given by U = Dj,p, provided 'D' is

5uch less than <j;. Thus the problem can be formulated to find

(a).Unavailability of a particular working unit owing

to lacK of spares.

(b) Mean time spent by unit out of service due to

lack of spare.

(c) Mean time between unsatisfied ctemand for spare

as applied to a parti~ular unit.

(d) Probability of stocK exhaustion while 'M' units

still working.

(e) Frobebility of sto~k exhaustion regardless of

nu mber working, and

(f) Probability of failing to meet requests for

spares, from the parameters M,K,A,AS'~'

In otherwords, from a given or allowable valUe of D or D or ,p,

the optiDum number of spares required Can be forDulated from

the other parameters.
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3.2 Underlying Principles of the Model

The behaviour of the system aB failure occurs and

repairOcarriedout, if; described by meanS of the transition

rate diagram illustrated in Fig. 3.2.1. At any instant in

time, the system is regarded as being rePresented by one o~

the many states drawn in the diagram. As failure occurs, the'.system moves ,from a state ( it -•.,-as in when the failure occured)

to another appropriate state in the next coluffill (level) on the

right. As item arrives at the store .:'romthe repair depot,

the corresponding ffiovsnent io from right to left,

3.2.1 Failure Transition of the Model

In the diagra~ 3.2.1, the transitions shown by dashed

lines are those which arise when a unit selected at random

from store is founQ failed and hence returned to the repair

depot. Let (t) Genote unit @n transit and (u) denote unit of

unknown failure.

The following assumption~ are made for the model;

i) The parameters'failure rate of unit ,,"'henworking',

lfailure/6rtl1nit when in storage', 'repair rate

of' unit' are constants "'ith respect to time.

ii) Defective items are deSpatched for repair as soon

as they are discovered and repairec items are

returned to the store as t~ey are repaired.
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iii) There are available as many repair wen as there are

'units needing repair.

iv) Only units discovered as failed and units ~n transit

can be repaired.

First, a situation is considered iiJ ",'bieh the SystBID

state is such that all 'l,' units and all 'N' sapres are in

a nonfailed state. 'fhis state is denoted by state (00) in

the transition rate diagram. In the notations of states, the

first ~ifit denotes the total number of failures which also

indicates the 'level' number, and the second digit denotes

the number of spares failed in store unknowingly. flOW if a

unit fails at state (00). the system can onter anyone of the

two states (10) or (11).
Let it be supposed that an operational unit fails. In

order to kcc~ the 'M' units working, the failed unit is

re"laced by 1i good spare from s-;;ore out of 'II' spares ana the

failed unit is sont for repair, that is o.n tr,,-nsit, This state

is denoted by state (10), In this state, there is one unit Con
transit, l(t) and no unknownfailure, O(u). Since failUre,
rate of operational unit is ,)" and there are ')1,' units in

total, the probability that the system will move from state

(00) to state (10) is 'M)", that is, the transition rate

between state (00) to state (10) is 'M).,', In tbis situation

there are {N-l} goon spares in the store and there is no

failed spare.
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•
There may .be another situation denoted bJ' state (11).

This reprosents tho system when one of the spares fails
unknowingl;,' in the store. Since, the failure rate of spare

in store is 'A I and the number of spares i~ 'N', the,
probability that the system will move fron state (OO) to
state (11) is ':I" ;'s" In thif situation. there are (N-1l

good spares, 1 unknowingly failed spare and a total of N
spares in the store. If the system is in stato (10) and
another operational unit fails, then the state (20) is
reachod. To keop 'M' units in operation, the failed unit is
replaced by a good spare from the store and the failee one
is sent I~mtransit. Nowthere are two failse units. Tile

probability of transition from state (10) to state (20) is
'HA'. In state (20), there ere (N-2) gooa spares in the
store and r.o failed spare in the store.

If the systeffiis in state (10) and if instead of an
operational unit failing, a spare fails unknowingly, the.
system moves from state (10) to state (21), The probability
of this transi.tionl is (N-1)As• In state (21), there are
(N_2) good spares, one uny~owinGly failed spare and a total
of (N-1) spares in the store. If the system is in state
(11) and an operational unit fails, then the system may move
to either state (21) or to state (20), ll"henthe failed
operational unit is replaced by a good spare from store out
of (tr~l) good spares, state (21) is reacherl."The failed one



" sent ~n transit, The probability of operational unit

failing i, ')"1,' and the probability of replacing the railee

unit by • good spare i, (N-n/N, Sn the probability of tran_

sition from state ("I 1) to state (21 ) " (N_1) (l.pJ/N. 10
state (21) there are (11_2) gaoe: spares, ane unkno.'ingly

failea spare ana a total of (K-1) spares in the store,

The transition from state (11) to state (2D) occurs,

if upon failure of an operational unit. the replacement

spare picked up from the store is the one, which has already

failed unknowingly in the store; \The operational failsn unit
. .

is sent <'6ft transit. nevinE" been detected, the unkno'.'ingly

failed spare is also sent ~n transit ane is shown by dashed

line in the figure. Nowthere are t.•w items ~'r. transit and

the failed unit is replaced by a good spare from the store.

The probabili,ty 0;;: cominr out the unknowingly failed

from state (11) is 1/i'1 and the probability of operational

uni t failing -from state (11) is 'NJ..'. So the probability of

the system cOffiingto state (20) frop state (11) is MAIl<.At

state (20) there are (N-2) good spares, and nO failed spare

in the store.

From state (11). if another spare fails in store unknow-

ingly. the state (22) is reacheQ. This is the state where

there are (.l\-2) good spares. two unknowingly failed spares.

2(U}; and total N spares in tlJe store. Tho probability <:If

the system coming to state (22) frop state (11) is '(l~-l)As'



E~,3imilar lObic, tiF, tr"-n~ition rates from various

states of one level to the various states of the succeeding

level can be established upto level 'R'. For exa~ple;-

1?

P:receeding
s-;;ate

20

Succeeding
state

30
31

Transition
probabilit~.

/0.

21 31 (N-2) (lO,)/{N_1)

30 MA/(N_1)

32 (JiI<~)'\

22 32 MA{K-2)/1I

31 (2/N) M)'(II - 2) / (N-1 )

30 (2/N)MA(N_.1)

33 (N-2) As
'.

30 40 '<. M1
41 (N-J) As

31 " MA(N-3)/(N_2)

40 MA/{N_2)

42 (N-3)AS

32 42 M).(N-3)/{ri=1)

41 ((N-J) / (N-2)) 2MA/(1I-1)

40 (2/ (1I-1)M A/ (J'-?i
43 (11-3) ),s



Preceeding
state

33

Succeeding
state

43

41

40
44

Transi tion
probability

IO.(N-3)/N

DIN) ((N-]J/(II-l) )10.

DIN) (21 (1.-1» ((1"-3)1 (N_2) )~D,

DIN) (21 (N-1) J (MAl (N-2i- J
-(N-3) As

At level 'N', when the system is in state (NO), all the

'N' spares are On transit and no good spare lies _in store

and so there lies no unknowingly failed spare in the store.

Whentho systelJ is at state (Nl), there are (N-1) spares on

transit, one spare is left in staTe unknowingly failed and

no good spare is l)'ing in store. At state (NN) there is no

spare on transit; all--the -N' spares in store _have failed

unknowingly_and-obviously, xhere is no good spare left in

store.

From any state of level 'N', if another operational unit

fails, there will remain-no more spare_available to keep 'M'

units in operation and so (M-l) units will be in oper~tion ._

and- '_the--system-'-.will cross the dotted-line in the transition

rate _diagrao 'and owi11-enter the state -(Ntl). The probability

of failing an operational unit from any state of level 'N' is

'M)..L.The transition rate diagram thus 'collapses' to a series

of single states (one state pe!"_'column) as soon as the dotted
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line is crossed. Nowthere are (N+1) units in transit.

If the system is at level (N+1) and if another opera-

tional unit fails, one more operational unit will become
idle, that is, (M-2) operational units will be working, the

probability of which is (N-1J>., nOW (II+Z) spares aTS in

transit. Similarly if the systeJl is in state (NH~-1) and

another operational unit fails, there will remain no unit
in operation and all the (MtN) items will be in transit.

~'he probability. of the system to move fraj;[ state (I\+H_1) to

state (NtM) is 'A' and nO other states are assumed to be
possible.

3.2.2 Repair Transition of the Model

In the repair trensition, it is evident that moveJlents
of states will be fro~ right to left as repair of the failed
units are carried out. For example. if a repaired unit is
received while the syster.!is in state (20), the system will
return to state (10). Similarly from state (21), after
receiving a repaired item, the system will return to state
(11). ,Is::) the repair rate of item I~,W', at state (20) there
are two units in transit for repair, sO repair transition rate
from state (20) to state (10) is 2].J.Also at state (21). there
is one unit in transit for repair, sO the .rep?ir transition
rate from state (21) to state (11) is 'W'. When the system is
in state (N+l), there are (N+1) units in transit, the repair
transition rate from state (N+1) to state (NO) is (N+1)1J • In the
sarno way, tho repair transition rates for other levels can also
be established.
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3.3 Derivation of Mathematical Formulations From Transition
Rate Diagram

Let at any instant, ?ij(i) denote the probability of
the systSI1 being in (ij) staie, where 'i' varies from '0'

to 'lHM' and 'j' varies from '0' to 'ii'!.:1 The r,,-te of change

of Pij(i), which is denoted bJ' P.. (t), is given by
"J

Pij(i) = Summation of the products of the probability
rates of coming from different possible
states to 'ij I state and probability of the

syste~ beinE in those respective states

summation of the Draduate of the probability
'~_"I'-,.. , t trates of leaving 'ij' state[,.al.l.s!.-c-the.....e.~Jsa e•

•
Pij(i) ~ ~[(probability of possible entering siaies)x

(associated transition rates)] -_

Z[(probability of possible leaving atates)x
(ass~ciated transition rates)].

Thus froffithe transition rate diafra~ shown in Fig.3.2.1

at any instant of time, the movement between adjacent states

in the diagra~ can.be described by the following set of

simultaneous differential equations which can be written as:-

•



.
•

+ •••
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(3.3.1)

.
••

•
PN+1{i) = I~A(Pl'O(t) + PK1(t} + •.• + PNN(t))t

•
P1H2(i) = (J.i-1hPN+1(t) t (N+3)jJrN+3(t)

••

- (At(NHI-1)Il}P (t)N+V,-1

(3.3.2)

D.3.])



When the statistical equilibrium has been reached, the left

hand sides of all the equations become zero and the '_quan_

tities ?OO(t), Pl0(t) •••• P1H){(t) become constant with

respect to time and so are -,nitten as POO' P10 •• , PN+M,

Frow the transition rate diagram (Pif. 3.2,1) the

unavailability of any particular working unit is given by,

-(hour)
Let, D = average Qowntime/owing to lack of spare due to

exhaustion, and

(hour)
q, = average tirr,e/bet\,'een such clolm time (i.e. average

cycle lsneth), then the following expressions can be deduced

for 'D' and 'q,'

D = U/(LPN - U)!. (Ref. 15)

[but, when W» !., approximate value of 0 i, given by

D 1 J0

(N+l )ll

,nd • 0 (1 - u)/( nN- U) 1 (Ref. 15) [3.3.6)

~here LPN is the probability of stock exhaustion.Tseardless

of number working.

'.



~xpccted tota] variable cost ~ Expsctee C03t cue to

production loss + sxpscted variable cost, due te,

inventor~' + tctal ite;;:co~t..

(a) Expected cost due to production loss per unit time ( flour)

Let V ~ production loss of a single operational unit

per unit time.

FN+1= probability of one operational unit.not working.

due to spareospare stock exhaustion.

FN+M~ probability of 'M' operational unit not working due

to, spare ~toc:, exhaw3tion.

Therefore, expected cost due to production lo~s per hour

~ VPN+1 + 2VPN+2 + •••• + ~IVFN+M

K
0 V , iFN+i

i~l

,. MVD

Since
K
'L iFN+i ~ MU

i=1
(from eqn. 3.3.4)

b) Expected variable cost due to invontory

The only variable inventory cost in thi~ particular

situation is the holding cost of 'N' spares. This cost can

be expressed as icbN where

ic = holding cost as percBntage of item value

b = item value
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0) 'lotal item cOft = bN

So, expected total variable cos.t

T "l-IVU + i bll + bl\, c

'" I~VU+ bN(1+ic)

'" ( (~~ )b+ N)(1+io)b ,-,
Denoting by R the relative cost of lost production in terms
of holding cost and item cost, Tc can be expressed as

Dividing throughout by (1 + io)b, the scaled expectod total
variable cost in multiples of (1 + ic)b is given by _

From -this equation, .optimal number of'spares can 'be determined
by minimizing Tes •

•
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CHAPTER 4
SOLUTION PROCEDuRE FOR MATHEMATICAL MODEL

anyoneThe eauations

4.1 Matrix Solution for Individual Probabilities upto Level 'N'
in Ghapter-]

3.3.1 to 3.].3/are such that

variable (individual probability) can be,obtaineo from the
remainder in taros of another one. To solve for the various
valUes of pij• another equation is required. As the SUm of
the probabilities of all the states is equal to unity.

Dividing the equation (4.1,1) throughout by PN+1, the new
equation is obtained as follows:

+ ••• + + ••• t
1

PN+1
(4.1.2)

Div:ic.ing the squations of' D.).1} throughout by PN+1' another

new set of equations is obtained whose variables become

Poa
PN+1

, •••• upto

Let these new variables be denoted by

L,t Xoo + X10 + ••• + X1Hl " X (4.1.))

,
-This new set of sir.lUlianeous equations is solved by "Gauss

Jordan Elimination Method" to obtain the values of the
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variables (XOO' X10 •• ,- upto XNNJ. i.e to obtain the value

of 'X'. For-:thia solution proc:ecJure, number of equations

~ust be eQual to the number of unkno-wn variables. For this
parti eular pro bIem,

,
Number of variables = Nu~ber of equationS

= (lH1) (H2)/2 = NO (say)

Let the augJT.ented matrix be 'A'. Therefore, the dimension

of the augmented matrix becomes

NO x (NO + 1) or (NO x NOO)

where NOO = NO +1

'fhe elernentsL.9'l'the last coluon of this matrix~""e zero exc",pt.
the element of the cow [N(N+1)/2) t ;. IJ (~ay)

whi~h io fraIl the t. equal to (rH1) O. H(sa:l'}.equsvlon, -
From the Fig. 3.2.1, let the total nUITber of failUre

of uhits be denoted by 'L' and the number of unknowingly
failed spares be denoted by'?'. Let (L p) denote the state

or the system at any instant of time. The (1 p) state eouation
gives the coefficients or the Ith row of the matr~~ where

1= (L{L+1)/2) + P + 1

The coefficients or the variables (XJ1 Jp) are stored in the
Jth, columns of the Ith ro,,"where

J = (JL(JL+1)/2) + Jp + 1,
(JL Jp) is the state from which the system movos to the {L p}
state.



From the notations so far uBod, the following can be

written.

N - L = Total number of good spares in store,

P = Total fiiled spare in store.

F = 1'otal units in transit

29

= Total stock in store.

To generate the coefficient matrix, of Fig. 3.2.1, a

goneralized procedure is shown in Fig. 4.1.1, which is very

simple to programme by computer,

The generalized procedure (Fig. 4.1.1) is explained

as follows:

Dlock-1,

Block_ 2,

There are (N-L+1) good spares in store,

~o the probability of failing spares

unknowingly is (N_Ltl) \'1' which is tile

probability of moving to state (L p)

from state (L~1 P-1).

'.,,'henthe SystSJTL is in state (L-1 p).

there are (N-L+1) good spares and total

(H-L+1+P) units in the store. When an

operational unit fails, the probability

of replacing it by good spare is

((N-L+1)/(N-L+1+P))M\ which is the
probability of the system moving from

ststo (L-1 p) teo stato (L p).



LP

Block - SId)

Not valid
when P,L

, "A,,~..

"AL - 1
Y.L-P-'

x P .1 M?o-.Y . y + 1

X ~y' Y.,

IN-L.ll"S, but not valid when p: 0
N.l.' X N~~~- M}'.y""P ..when~ X= "L.'

Y:N-L.'.P

(iii)

Block.4. (L-P'l)}I
Block.S 0) (L- 1"),11, No\ valid when P: L

bI oP11- 1".1)M)., •....• E., B_ Q-' _ Q 0-1
where Q = N.L.P

c) (l-LlM)". 0
d) (N.lj).S

An,J): [[B-l).(8-2).(B.n.(B-4)J

Al!'!) , -[5(o).'S[b).5(c) .S(d)]

Block-2

Block-l.

-Block~J_(i)

Block Sib)

L"p.,

l ~ J
I
I,- --•.I , ', ,

I' ,
I 1- --'
I /J}]- L.l.~I"I p-,

.::: "", ~/
'-I /~I
Ijl"L.l
/I I P
III\..<) ,Iq;,'" 8Io~k,~
11/

L-'p-,-Block-'
.",&"// ",<o'~/Iff
/ II

L- , I / /I
.!....J / /I

8lock~2 bj /

" I0i I f,-:;,
~ II"I
r---./ /
, ' I,
~~~.)I

Block.)

dUiJ FII;d.1J A Gen~i"a[iz~d pro~l"dlJrt> to gene,rate coefiicient rnotrix upto level N. . .
wo
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vlhen the system is in state (1-1 P+1).

there are (P+1) failed soares in the store.

If the system moves to state (1 ?) by

failing an operational unit. the probability

of replacing that one by a good spare is

X P+1
I Y+1 M)" • where If'-L+1=X

N _ L + 1 + F = Y
Similarly when the system is in state

(L-1 1,-1), there are (1-1) unknowingly

failed spares in the store. If the system

moves to state (1 p) by the failure of an

operational unit, the probability of

replacing it by a good one is

,
y

P+1

"" • • •
1.1
YtL_1_P ML

lJlock-~

Block-5a

\\Thenthe systen is in state (1+1 p), there

are (1+1-P) units in transit, so the

probabilit:r' of the _system coming to state

(1 ?) after repair is (1+1-P)~.

There are (1 -p) spares in transit while

the system is in state (L p), so the

probability of the system returning to

state (L-1 p) after repair is (1-P) I-J,

whieh is also the probability of leaving

the state (1 p).



Block_ 5b Hhen the system is in state (1 p) there are

'P' units failed unknowingly in the store.

On failure of an operational unit, the

probability of replacing it by a good One

(first coming out a failed spare and then,
replacing by a good, spare) is

P N-1
N_1tP x N-L+l'-l HI..

= (p/Q) (1- ~=iJM:\.where Q = N-1+P

which is the probability of leaving state

(1 p) to state (L+1 PSiJ')

Sinilarly, the probability of the system

leaving state (L p) to (1t1 0) is
p
Q .... 1Q_P+1

Block 5c

Block 5d

~hen the system is in state (1 r) there are

(N-1) good spares out of (N-LtP) units in

the store. The probability of system leaving

(L p) state to (1+1 p) state is
((N_L)/(N_LtP))H~.

When the system is in state (L p) there are

(N-1) good spares in the store. The probability

of failing any spare un~nowingly in the stre
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1his coefficient matrix is now solved by the use of

subroutine incorporating Gauss Jordan Elimination Method

(flow chart of the- prograJ1lile is given in tile Appendix-A).

The solutions are kept in tne last column after calling the

subl'outine.

No,,-equation 4.1.2 can be written as

,

x • 1
" PN+1

(.(..1.4)

The pr~bability of stock exbaustion while 'M' units

are still working is given by 'PN', which is from tllS solution

{4.1.5J

4.2 ,Solution for Individual probabilities Beyond Level 'N'

by Recursive For~ulation

When the syste~ has attained. steady state condition,

transition rate eauations of (3.3.3) can be rearranged as _

"NtH " (V].J) (PN+M_1!(NH1))

PNH~-1= ()'!\.I)((2/(N+M-1» PN+!-1_2

(4.2.1)
•

= (>'!\J) (01-2)/(N+))) PN+2

= (Vu)(01-1)/(N+2)) PN+1
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It is evident from the above equations that there is

a relationship between the adjacent probabilities of the
equations of (4.2.1).

Denoting by ZPIH1, the SUmof all the probabilities

from level'N+1' to level 'N+M'. and put'ting )../U = 2:1 the

following equation can be obtained from equations (4,2,1).

(),.\'h) (-N-1) "T'.M-2
-' Nt2 ",- Nt) (r~!;.f)= Z (say) (4~2.2)

0"

Now equation (4.1.4) becomeo

PN+1 = 1j(X+Z)

Putting equation (4.2.3) in equation (~.2.1). the values of
PN+2' PIl+) •.. uptc PN+M i.e P]iti's can be found.

which is the probability of failing to meet requests for spares.



Put.ting values of"Pt,' and

and (4.2.4) respectively, in eqn.

LPN-t1 from eqn. (4.1.5)

(4.2.5), the v~lue of LPN

35

can be found which is the probability of stock exhaustion

regardless of' number workine.

4.3 Development of COr.lputer Programme in Fortran Language

A generalized computer prograr.lme has been written in

Fortran language, the listing of which is given in Appendix-B.

The pro£raITue first generatos the coefficient r.latrix

from the input variables M,N,i.., 1s,lJ. Then the matrix is

solved by Gauss Jordan Elimination Procedure as mentioned

before (subroutine of the programme), Having calculated the

individual probabilities, respective squations are solved

The cost equations are also solved to determine the

oost~optir.lal spares level,



,
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RESULTS AND DISCUSSION

From the gh"en parameters (M.N.)")'s and~ ) the follo,,'ings

are calculated by computer programming:

a) The steady state unavailability of a unit. (u)

b) The probability of stock exhaustion ".'hile 'H' units

c) l'he probability of stock exhaUstion regardless of

number of unit working (IPNl

d) The probability of failing,to meet requests for

spares, (IFN+1)

e) Downtime due to stock exhsustion (D)

f) Meantime between such stock-out situation (<1».

g) Optimum number or spares to minimize cost.

The results are given in tabular form (Tables 5.1-5.6)

and in semi~log >;raphs also (Figs. 5.1-5.3). For the results in

Table 5.1, the input data was for power pack failure and this

,..as collected from' The Milnars -Tube Hells Ltd., Dhaka. The

values of different parameters are as rollows:

Failure rate of operational unit I J.) ~ O.800x10-2/hour•

Failure rate of spares in stora>;e ( As) ~ O.1x10-2/hour.

Repair rate of units (~J~ O.25/hour.

For calculating results. the number of operational units

,;ere varied fron 1 to 10 (i.e. M ~ 1,10). ~'he number of spares
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in the store ."ere also varied from 1 to 8 (Le. N ; 1,8).

From the results, it is evident that the unavailabilitr (U) and

the downti~e (D) of the operational units decrease with the
increase in number of sparen, for any value of I). Using results

of Table 5.1, gral"hs are plotted in Fi~. 5.1 for IT VB, N for

values'of M " 1,2,3.t:..5

In Table 5.2, the results of tJ:w cost-optimal policy

have been shown. The values of Ie. As and 11are same as in

Table 5.1. Only the value of cost ratio, (R), which is the ratio

of the cost due to lost pr.oduction to the variablo inventory

cost has been varied. For values of M " 1-10, and for values
• 0

Ii '" lxl0";_ 6x10-', the optimum number of spares have been

calculated. The corresponding optimal variable cost (Tes)
in multiples or (1+ic)b, down time in hours, unavailability
and mean time between stockouts have also been shown. For
example when M = 3 and R = 6x103, the resulting policy will be:

Optimum number of Spares ( ~opt) = 3
Unavailability/unit (U) = 0.276x10-4
Do,m-time/unit = 1.01 hours
Meantime between stockouts (Q) = 0.366x105 hours.

It is quite possible that there are !Dany equipments which
do not fail in the store at all, In that case As = O. 'Tables
5.3 and 5.4 show the results (the values of other parameters are
~~~~~o bo.oro) F ~~ a - th~ n~ot oot~-~l pol'oy for the~~'"O4~ v, o. or ~vmp~r~son, ~ ~u" u~ ~"'~ ~

above example with As = 0, is shown below.

•
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Optimumnumber o~ spares

Unavailability/unit (U)
(N t)" 2'P

6 -L= 0.4 1:>:10

Do.'ntime/unit (D) " 1.333 hours

Heaniim" beiween stockoutB (e» .", 0.292x105 hours.

FrOIDTable 5.1, ~ixing N = 2, and ,-arying ')of', it is

seen that as 'M' increases, 'U' starts to decrease at first

and continues to do so until M = 3. However for ~ = 9 and

greater, 'U' increases, suggesting that optimum value of

'M' lies between J and 9.

Sensitivity analysis:

To see the e~fects of variations in repair rates and

failure rates on the number o~ spares, unavailability, down-

time and c:~'cle length, tables (5.5 and 5.6) and graphs

(Fig. 5.2 and 5.3) have been prepared. In Table 5.5, the
data input -was

M - 2,' - (3. 667x1 0-;</hour,
)'0 - .667x10-3/hour.

J; 3.' -2/
0.400x10-J/hour.- - 0.400,,10 bour ) -0

The values of repair rates per hour were taken as

~ = 0.250, 0.125, 0.083, 0,620, 0.050, 0.040.

It can be seen that with the increase in number of spares

The results arn shown for two sets of values, which are as

'K', unavailability and downtime decrease and cycle length

inc:reases. The nature of the curves has been shown in Fig. 5.2.

foJ.lows:



37/2

From Table 5.6.

M ~ 2.11 ~ 0.125. " ~O.667x10-3

M " 3,1.1 ~ 0.125, " ~ 0.667x10-3

Curves [lave bee!! plotted in Fie. 5.3. The nature of the cu:'-ve

is interesting because for higher values of A and N, unavail_

ability decreases sharply.

,

•
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CHAPTER 6

CONCLUSIONS

From the study on 'repairable spare parts provisioning
rules', the fOllowing conclusions can be made.

(1) The mathematical IDodel .which has been developed in

this stUQy, is suffiCiently general incorporating

failure rate of component in operation, failUre rate

of component in storage, repair Tate etc. The only

limitation cOlilee iror.! the assumptionsoof constant

failure rates and constant repair rate,

(2) From the results, it is apparent that' for a fixed

number of operational units, unavailability and clOwn_

time of the operational units decrease with the
increase in number of Spare narts, but r.tean time

between stockout situations increase correspondingly.
The plot of 'U' VB, 'N' for fixed 'MI. shows the

decrease of IU' as negative exponential as 'N' is

increased.

(JJ From the results of cost optimal policy model, it is

observed that the optimal number of spares increase

in step function for the increase of cost ratio 'R'.

Tois indicates that for a certain range of 'R', the

optimal nUllber of Spares is a fixed quantity.
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8HAI'TEIl 8
SCOPE FOR FURTHER WORK

The following list may provid8 a helyful guide to addi-

tional work, the need for which has become apparent durin>;

the course of this research.

i) Consideration should be given to the unit, the

failure rate of which is not constant. Various

failure distributions should be considered.

ii) Qonsideration may be given to the situations where

repair rates are not constant.

iii) Consideration may also be given to the situations

whe-re there is nO sufficient repair facilities .i,e.

items are to wait for repair.

iv) Consideration may be given to the ~ituation where

units failed in operation or in storage are ~ent

to workshop in a group rather sending individually.

Also repaired items should be returned to store in

a lot after repair rather than individually.



"EFERENCES



REFERENCES

1. RAY WILD,
'Production Operations -Management' _ Principles
and 'J'echnicues'
Holt, Rinehart and Winston Ltd.
London 1979.

2. F.G. MOORE
'Manufacturing Management'
Georgetown, Ontario
U.S.-A. 197.3.

3. l'iILLIA"! VORIS,
'Production Control Text -& Cases'
Ricbard D. Ir"'in INC,
U.S.A 1961.

4. j,;AYER. R.M.
'Production and operation Management'
McGraw-Hill Book Company
1975.

5. MOORE, P.G.
'5asic Operational Research'
Sir Isaac Pitman and Sons_
London 1966.

6. VORIS. WILLIAM
'J'he Managertent of Procuction'
Ronald Press Company.
Nel; York 196u.

7. J.E. SHAMBLIN & G.T. STEVENS. Jr.
'Operation Research Fundamental Approach'
U.S.A. 1974.

8. CHURCHMA.N, C. JolEST & OTHERS
'Introduction to Operations Research-'
John Wiley and Sons
1963.

9•

10.

SASIENI, MAURICE& OTHERS
'Operations Research"
John Willey &So~s
1967.

lS?RIEGEL, WILLIAM
, 'Industrial Management'

1970.



11. ELWOOD S. BUFFA
'Basic Production Management'
John Wille\' & Sons Inc.
New York 1971.

12. CEURGHrlAN. C. HEST
'Introduction to Operations
Toppe~ Printing Company
Japan 195').

Research'

13. FOLTS. ERANKLIN2:
'Introduction to Industrial ]i ma[;ement' -
Text. Gases & Proble~s.
McGraw-Hill Book Company
1954.

14. JOHN A. MUCKS'l'ADT
'Management Scionce'
Vol. 20. No.4. December 1973
F'art-1 Printed in U.S.A.

15. G.G. ?ULLUM, H. GRAYSON
'Second National Reliabilit;" Conference'
U.K., March 1979.



APPENDIX_A

FLOT,' CHART FOR THE PROGRAJ~N"; WITH COST

OPTI/ML POLlOY

•



F.LOW CHART FOR THE PROGRAMME

READ, -N TABLE

I

1TABtE 0"'-

READ-MEO; LEMDA, LEMOAS
LMDBMU'" LEMDAIMEO

WRITE, I TABLE, MEO.
LEMDA,LEMDAS

READ-MA,NA,KR

NO0 (N ,')[N +2)/ 2
NOOoNO+1

I : 1
J = 1

A(j,J) 0 0,0

A(],J) 0-- (M X LEMDA +Nx LEMDAS
A(',2) = MEO



l(L';'l p;; 2 •• 1

JP;;P-1
JL;;L-1

:!55

YES

-No
J -_ Jl(JL.l) J

2 • P.'

A{I,Jl =IN -L'.l)x LEMDAS

YES

NO
.KL -=- Jl(JL .•lj

2
J;;J(L.P.'
X;; N-L.'
Y = X.p

X
Z, =-y
AU,J);; Z,l< MXLEMDA

15 YES

•

JP;; NP

B

0-



8

J:KL.Jp.l
Y"Y.'
22= JP/Y ,

2,02,x22
A[I,J) =ZlxMx LEMDA



NO

YES

Allil = -(M J( lEMDA •. (N-P] ME'O

o

.JL=.L .•.'
J - JL •.(Jl+lj .•p .•,

- 2
A{I,J)"= (l-P .• 1) MEO
5= 0.0
(', = '.0

,NN-: P +,
Q=N-L .• P
pp = p

Z = PP/Q
,~ R=1-Z- 5 =s.•(;x R

G" G xZ
PPopp_,
Q :Q-'

All ?'ll = - [S •.M x. LEMDA
.•{N-L)LEMDAS +(L-P1MEg



" 19
YES

• "

NO

L

>
IJ = N(~+1)•.1

H=-(N .•l) MEO
A(JJ, NOD): H

CALL
SUBROUTINE 50L5~

W(1)=1.0
S :W(1}
<:,,=M-1
G2=N .•2

1 = 2

W(]) =W[l-1}x Six LMOBMUG,
S=S .•W{11
G,=G1-1
G2= G2,'1

L

>
Z,: 5
S=O{)



5: 5+A(I, NOO)

"

L

:-
W(1): 1/[5+7)
SUMPN1~W(1)xZ
5:0.0

i

:-
PN = $xW{1)
SUMPN : PN .• SUMPN 1



wm = w(1lxW(1)
S=S.J,xW(1)

L

•

107

>
U "S/M
XV" (SUMPN-Ulx LEMDA
D "U/XY
PHAI" (l-U)/XY
UU{N) " U
PPN(N) "PN
SPN(N) -= .$UMPN
SPN,1{N)" SUMPN1
OD(N) -=-0
FAliN) :FHA\

lC(M,N,JR) =1000.00xlRxU xM •. N

lR=IR+'

G



WRITE, -M,l, UU(]), PPN [l)
SPN(I),SPN1(]l, DO(I),
FAI (J)

61

\

106

L

,

lR: 1

N : 1
SMIN "TC(M,N,lR) .•... .



H "

»

L

SMIN = TC(M,N,lR)
IN 0 N

L

131

131

WRITE, M,lN,IR,SMIN

liABLE = ITABlE •.l

105
L



FLOW CHART FOR SUBROUTINE.

X(K,J) "X(K,J)/X(K,K)

.'

L

>



YES

X(],J) =X(I,J}-X(I.K)x X(K,J),

JO.

50

L

L

>
RETURN
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