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ABSTRACT 
The two-dimensional steady and unsteady incompressible axisymmetric mixed convection 

magnetohydrodynamic boundary layer flow with heat transfer over a power-law stretching 

bullet-shaped object has been investigated. The main purpose of this dissertation is to 

discuss the effect of shape and size (surface thickness parameter s) and the stretching factor 

of the bullet-shaped object on the fluid velocity and temperature distributions within the 

boundary layer. So, the present study focuses on the boundary layer flow of the physical 

relevance and accurate trends which are sufficient in the theory of laminar boundary layer 

flow. Therefore, fluid flow and heat transfer have been investigated in two types of flow 

geometries such as the thicker surface ( )2s  and the thinner surface ( )0 2s  of the 

bullet-shaped object. The equations for momentum and heat transfer have been transformed 

into a system of ordinary differential equations (ODEs) by using suitable local similarity 

transformations. In this dissertation, the spectral quasi-linearization method (SQLM)  has 

been applied to solve the system of non-linear  ODEs. This method helps to identify the 

accuracy, validity, and convergence of the present solution. It is seen that the SQLM is 

highly accurate, computationally efficient, and easy to implement. The investigation shows 

the surface thickness parameter and stretching ratio parameter have a significant effect on 

fluid flow and heat transfer processes and which cannot be neglected. The numerical results 

have been compared with the previous work, and the results reveal that the accuracy is 

acceptable which validating the present numerical code. The impact of various controlling 

parameters on velocity profile, temperature profile, skin friction, and Nusselt number have 

been analyzed and computed through graphs. The including parameters are the Prandtl 

number (Pr), Eckert Number (Ec), magnetic parameter (M), power-law index parameter 

(m), the suction/injection parameter (fw), mixed convection parameter (λ), heat generation 

parameter (Q*), stretching ratio parameter (ϵ), surface thickness parameter (s), Darcy 

number (Da), drag inertia coefficient (γ), unsteady parameter (A) and stream-wise 

coordinate (X) on the fluid flow and heat transfer characteristics. The investigation shows 

that in the case of a thicker bullet-shaped object ( )2s  the velocity profile does not 

approach the ambient condition asymptotically but intersects the axis with a steep angle 
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and the boundary layer structure has no definite shape whereas in the case of a thinner 

bullet-shaped object ( )0 2s   the velocity profile converge the ambient condition 

asymptotically and the boundary layer structure has a definite shape. It is also noticed that 

thinner bullet-shaped object acts as good cooling conductor compared to thicker bullet-

shaped object and the wall friction can be reduced much when thinner bullet-shaped object 

( )0 2s   is used rather than the thicker bullet-shaped object ( )2s  in both types of 

static or moving bullet-shaped object ( )or > 0 = . The correlation coefficient and the 

regression model have been established for the mentioned parameters. The correlation 

analysis represents that the stretching ratio parameter, surface thickness parameter, and 

drag inertia coefficient are positively correlated with the velocity gradient but the magnetic 

parameter, location parameter, and suction parameter are negatively correlated. Again, the 

temperature gradient is positively correlated with the Prandtl number, unsteady parameter, 

stretching ratio parameter, mixed convection parameter, and suction parameter but 

negatively correlated with magnetic parameter, heat generation parameter, Eckert number, 

drag inertia coefficient, Darcy number, and surface thickness parameter. Hence, the major 

outcome of the current research work shows that the thinner bullet-shaped object is suitable 

for fluid flow and heat transfer compared with the thicker-bullet object. The results may be 

useful in explaining the heat transfer rate and the skin friction in industrial sectors such as 

the purpose of the cooling device in nuclear reactors, automotive engineering, electronic 

engineering, biomedical engineering, control the cooling rate, and quality of the desired 

product.  
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CHAPTER ONE 

INTRODUCTION 
1.1 Introduction 

The boundary layer theory [1] is important when fluid flows over a solid surface that is 

moving or stationary. The effective shape of the body may change leading to changes in 

pressure distribution, as a result, the overall lift and drag forces change for the effect of the 

boundary layer. Besides the application of this theory, one can calculate the local skin 

friction drag of a body when the body moves through the fluid such as the wing of an 

airplane or a complete ship and a turbine blade. Therefore, the Boundary layer theory helps 

in designing aerofoil’s, to calculate the lift and drag forces for the aerospace and 

automobile designers, to control the heat transfer rate from the device, etc. Therefore, the 

current research will help design various types of bullet-shaped objects such as Rocket, 

Missile, Airplane, Bullet Train, and Submarine, etc. The fluid flow over a static surface is a 

fundamental problem of fluid mechanics which is well known as the Blasius problem. In 

this case, Blasius considers that the velocity of the free stream is constant and parallel to 

the plate. If the free stream fluid makes a positive angle with the solid objects then the free 

stream accelerates along with the objects and this type of flow is known as wedge flow. 

Falkner and Skan [2] established a similar solution in the case of wedge flow like Blasius's 

problem. Most of the work has been done with the assumption of constant fluid properties. 

When the fluid has constant properties then the problem is uncoupled, as a result, the 

momentum equation has an effect on the energy equation but the energy equation does not 

affect the momentum equation. However, most fluids are temperature-dependent viscosity, 

and this property changes significantly when the temperature changes largely. In this 

situation, the two equations are coupled and each equation influences the other. However, 

in many real-world problems, this assumption is not valid and it is necessary to analyze 

such problems by assuming variable viscosities. It is known that viscosities of liquids vary 

with temperature, since if the temperature changes from 10oC to 50oC then the viscosity of 

water reduces by about 24%. The present problem has been described as the transport of 

momentum, and temperature distribution. Therefore, heat transfer is related to the 

movement of fluids. So, fluid properties are the heat transport mechanism. But two types of 
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convection are occurred such as (i) natural or free convection, and (ii) forced convection. In 

the case of natural convection, the molecules are moved for buoyancy forces that arise 

from density variation in the fluid. Forced convection is occurred due to additional forces 

such as a pump or fan. A combined effect of natural and forced is called mixed convection. 

Radiation is another mode of heat transfer due to electromagnetic waves which are not in 

direct physical contact with each other or when the bodies are separated from each other in 

space with different temperatures. The fluid is driven by the movement of the fluid which 

is resting upon or the surfaces contained in, pressure gradient and buoyancy force for 

density variation. The density gradient occurs when temperature or concentration 

differences arise. Therefore, the Boundary layer theory can serve humanity and the design 

of solid objects which move through fluids either liquid or gas. The fluid dynamics in the 

case of a stretching surface have important applications in engineering technology and also 

in the industrial sector such as polymers processing, recovery of oil, processing of food, 

and paper production, etc. In the process of drawing, their surfaces need to be stretched and 

the quality of the desired product depends on the rate of heat transfer and mass transfer of 

the stretching surface. Therefore, rates of cooling and mass transfer have to be controlled 

effectively to attain the expected quality of the desired product. In this regard, the present 

analysis is to extend the class of stretching problems by introducing a linear stretching 

velocity and variable wall temperature distribution on the surface with variable fluid 

properties. Most of the problems in fluid dynamics are related to nonlinearity and most of 

them don’t have an analytical solution. Therefore, these types of nonlinear equations need 

to be solved using suitable methods. Some of them are solved using the analytical method 

of perturbation and some of them are solved using the numerical technique. So the 

governing PDEs have been transformed into ODEs by applying local similarity 

transformation. These equations are then solved by SQLM with MATLAB. 

1.2 Types of Fluid 

The three states of the fluid are liquid, gaseous, and plasma. The fluid dynamics deals of 1st   

2nd  states and the third one in plasma dynamics. Again, fluid dynamics are classified as 
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hydrodynamics that is related to liquids and aerodynamics that are related to air and other 

gases. So various types of fluids are discussed in the following subsection. 

1.2.1 Ideal fluid or frictionless fluid 

When the fluids are in motion and if no tangential force exists between the two layers of 

fluids but act only normal force with each other and this type of fluids is called Ideal fluids 

or Inviscid fluids or frictionless fluids. That is ideal fluid has no internal friction. This type 

of fluid is absent but this property helps us to simplify the mathematical analysis. 

Therefore, the low viscosity of fluids such as water and air can be treated as ideal fluids 

with specific conditions. 

1.2.2 Viscous fluid or real fluid 

Viscosity is a phenomenon that is related to surface tension and compressibility that resists 

their shear deformation by providing resistance between the layers of the fluid. There are 

two types of viscous or real fluids such as Newtonian fluids and non-Newtonian fluids. 

1.2.3 Viscosity and Newtonian fluid 

Newtonian fluids are defined which obey the linear relationship between the shear stress 

and the shear strain rate. Therefore, these fluids have a linear relationship between 

viscosity and shear stress. The diagram between shear stress and the rate of shear for 

Newtonian fluids represents a straight line. The Newtonian fluids are water, kerosene, 

gasoline, air and other gases, and other oil-based liquids. In two-dimensional laminar, 

incompressible flow the shear stress is directly proportional to velocity gradient and is 

defined as w
uτ = μ
y



, where wτ is the wall shear stress, μ is the proportionality constant 

and is called dynamic viscosity. The maximum shear stress has occurred at the wall 

because of the no-slip condition. This linear relationship is observed in the case of  

Newtonian fluids.  
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1.2.4 Non-Newtonian fluid 

The Non-Newtonian fluids do not obey the Newtonian law of viscosity. These types of 

fluids are polymer solutions, lubricants, paints, condensed milk, coal-tar, paste, honey, 

plastics, molasses, printer ink, molten rubber, collides, macro/molecular materials, etc. 

1.2.5 Compressible and incompressible fluid 

In the case of an incompressible fluid, the density remains constant with the change of 

pressure, temperature, and velocity, etc. but in the case of the compressible fluid, the 

density is not constant. The actual condition for incompressible flow is that divergence of 

velocity must be zero which comes from the continuity equation. This also means that if 

the density changes even then the flow can be incompressible if the divergence of velocity 

is zero. Hence liquid can be treated as incompressible fluid and gases are compressible 

fluid. 

1.3 The Basic Definition of Important Keywords 

1.3.1 Magnetohydrodynamics (MHD) 

Magnetohydrodynamics (MHD) is the flow of electrically conducting fluid in the presence 

of a magnetic field. Magnetohydrodynamic consists of the words magnetic meaning 

magneto, hydro-meaning water (or liquid), and dynamics meaning the motion of an object 

under influence of forces. The main concept of magnetohydrodynamic is that in the case of 

the conductive fluid magnetic field can induce a current, that creates forces on the fluid and 

also changes the magnetic field itself. Magnetohydrodynamics occurs when the effective 

collision frequency of electrons is far more than the frequency of the applied fields and also 

where inertial effects and displacement currents are neglected. Therefore, when an 

electrically conducting solid or denser fluid moves in a magnetic field, it experiences a 

force that tends to move it perpendicularly to the electric field. In the case of fluid, this 

happens due to the magnetic field acting on both electrons and ionized atoms. The motion 

of the electrically conducting fluid past a magnetic field induces a current known as Hall 

current. A mechanical force is created by the magnetic field on the induced electric 

currents. This electric current flows perpendicularly to both the magnetic field and the 
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direction of the fluid flow. This induced current, in turn, produces an induced magnetic 

field. The above statements have proposed by Faraday when he worked on 

magnetohydrodynamic (MHD) flows. When the liquid or gas is used as a conductor, then a 

force is generated which is called electromagnetic force. Therefore, the boundary layer 

equations take this electromagnetic force (Lorentz forces). These phenomena are called 

magneto-hydrodynamics (MHD). Besides, when the fluid moves in the presence of the 

magnetic field two key physical factors arise. If gravitational force is absent, then a regular 

magneto-fluid dynamics assumption is equal to the electric force and Lorentz force. Since 

the density of electric force is less than the Lorentz force, then the density of electric force 

can be neglected. Hence, the MHD is added to the momentum equation to handle the 

electromagnetic force. The magnetic effect will also be helpful to the field of cell 

separation, magnetic resonance imaging (MRI), drug and gene delivery, artificial muscle 

application, etc. 

1.3.2 Boussinesq approximation 

The Boussinesq approximation is considered for the two aspects. The first one is density 

variation which is ignored in the continuity equation. The second one happens for the 

temperature variation. In presence of temperature or concentration variation in the fluid 

then density differences occur in the fluid, as a result, the gravitational force drives the 

flow. Due to temperature and density differences, the hot particles lose potential energy 

and gain kinetic energy, as a result, bulk fluid motion arises. This type of flow is called the 

buoyancy force. The body force and the gravitational force are related to the temperature 

variation which is known as the Boussinesq approximation. 

1.3.3 Prandtl boundary layer theory 

The boundary-layer concept began with Ludwig Prandtl's [3] examined the motion of a 

fluid by considering very low viscosity which was submitted at the Third International 

Congress of Mathematicians in August 1904, at Heidelberg and also published this paper in 

the Proceedings of the Congress in the current year. This paper highlighted the history of 

fluid flow and the way for understanding the motion of real fluids. He showed that when 
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the fluid flows past a body which is divided into two regions: a very thin layer close to the 

solid body where the viscosity is important known as the viscous region, and the other 

region outside this layer is called the inviscid region where the viscosity can be neglected. 

When the fluid flows over a solid surface that is moving or stationary a “no-slip condition” 

arises because of the viscosity of the fluid. That is the velocity of the fluid near the solid 

body continuously decreases downstream. But far from the surface, this speed is equal to 

the free stream velocity. Thus a thin layer will be formed near the solid body with a 

velocity gradient. This thin layer is called the boundary layer. The thickness of the 

boundary layer depends on various factors such as viscosity, velocity, injection/suction, 

etc. The thickness of the boundary layer is increasing along the downstream direction.  

Prandtl’s consider the two conditions for developing the boundary layer equations from NS 

equations such as 

I. The viscous layer must be a very thin region relative to the characteristic 

dimension of the object, that is, 1
L

 , where L is the characteristic length 

of the body and δ is the distance far from the surface of the body at which 

velocity attains its free-stream velocity. Therefore, the BL thickness is 

directly proportional to the viscosity and inversely proportional to the 

Reynolds number. 

II. The largest viscous term and any inertia term must be the same approximate 

in magnitude.  

1.3.4 Similarity solutions  

Blasius first derived the similarity solution of Prandtl’s boundary layer equations in 1908. 

He considered the flow along with a thin flat plate. For this region, he introduced a new 

independent variable, called the similarity variable. Therefore, the continuity and 

momentum equations were transformed into a single ordinary differential equation by 

using this variable.  
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The continuity and momentum equations for laminar flows are explained by the similarity 

concept when these are applied to an external boundary-layer flow subject to the boundary 

conditions (section 2.7) 0wv = . In general, the solution of Equations (2.4.3) and (2.4.6) for 

a laminar flow with u(x) and ( )eu x given, is ( ),
e

u f x y
u

= . Here f is a general function and 

η is called a similarity variable. If η is a function of x and y, then ( )
e

u f
u

= . Further, 

Falkner-Skan have been used similarity variable η, dimensionless stream function ( )f  , 

and dimensional stream function ( ),x y which defined as 

euy
x




=           (1.3.1) 

( ) ( ), ex y f u x  = , and andu v
x y
  

= = −
 

 (1.3.2) 

By using this transformation, the Falkner-Skan equation can be converted to,  

( ) ( ) ( ) ( ) ( )21
1 0

2
m

f f f m f   
+

   + + − =       (1.3.3) 

Where m is the pressure gradient parameter and is related to wedge angle. The velocity 

components u and v are defined as 

 ( )eu u f = and ( ) ( )e e
e

f dv u x u x f
dx xu x

 
 

 
= − + 

  

    (1.3.4) 

The transformed boundary conditions are 

( ) ( ) ( )

( )
0

1  at  = 0

1 at  = 

x

w w
e

e

f f v x dx
u x

f

  


  

= = −

 =

      (1.3.5) 

Here e  is a transformed boundary-layer thickness and is defined as e
e

u
x

 


=  
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The nonzero ( )wf  corresponds to suction\injection for the surface mass transfer. The 

requirement for the parameter m to be constant is satisfied if the external velocity varies 

with x as 

m
eu Cx=           (1.3.6) 

where C is constant and m is the pressure gradient parameter. 

When there is surface mass transfer and eu  varies with x then ( )wv x can take the form 

( ) n
wv x x= where n is constant, then ( )wf  must vary with x as ( )

( )2 1
2

n m

wf x
+ −

=  and  

( )wf  becomes constant only when  

12 1 0
2

mn m n −
+ − =  =         (1.3.7) 

Therefore, the free stream velocity varies with x as power-law index m but in absence of 

mass transfer, then n varies with m. These types of flow are known as similar flow. 

1.3.5 Velocity boundary layer 

The velocity boundary layer is associated with the presence of velocity variation and shear 

stress. The fluid particles adjacent to the solid surface are motionless relative to the solid 

boundary, as a result, the no‐slip condition arises which is limited to much thin region close 

to the solid surface, known as the viscous or momentum boundary layer. In this thin region, 

there is a quick change in the velocity of the fluid from zero to the free stream value. 

Therefore, in the case of viscous fluid, the thickness of the velocity boundary layer is 

denoted by the perpendicular distance from the solid surface, where the velocity of the 

fluid becomes 0.99% of the free stream velocity. The thickness of the boundary layer 

decreases with a decrease in viscosity of the medium, but even for small viscosity, the 

shear stress w
uτ μ
y


=


 is important due to the large velocity gradient. Besides, the porosity 

of the porous surface also has a great effect on the size of the viscous boundary layer. 
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1.3.6 Thermal boundary layer 

The thermal boundary layer is formed due to the presence of temperature gradients and 

heat transfer between the solid‐fluid interface and the fluid in the free stream. In the solid-

fluid interface, the contact of the fluid particles takes the temperature of the interface. 

Therefore, the interface temperature is higher than the surrounding fluid temperature, as a 

result, the kinetic energy of the molecules of the adjacent fluid particles enhances. These 

particles transfer the gained kinetic energy in the adjacent fluid layers. This process 

continues in the adjacent fluid layers and the temperature gradients develop in the fluid. 

Besides the thermal BL depends on the thermal conductivity of the medium i.e. the thermal 

BL thickness is directly proportional to the thermal conductivity of the medium. 

1.3.7 No-slip condition 

When fluid flows over a solid surface that is moving or stationary a layer of fluid in contact 

with the solid surface is motionless relative to the surface. This layer of fluid has zero 

velocity and is known as the no-slip condition. 

1.4 Heat Transfer 

Heat transfer is defined as the transfer of thermal energy from a hotter place to a cooler 

place. When an object is situated at a different temperature the heat flow or heat exchange 

occurs in three different ways such as conduction, convection, and radiation so that the 

temperature reaches thermal equilibrium. Therefore, heat transfer always occurs from a 

higher temperature to a lower temperature. 

1.5 Methodology 

1.5.1  Spectral Quasi-linearization method (SQLM) 

The SQLM [4] is a combination of two methods: (i) the Quasi-linearization method (QLM) 

and (ii) the Chebyshev spectral collocation method. The QLM is the generalization of 

Newton–Raphson-based method and is used to linearize the non-linear ODEs into linear 

ODEs. The QLM approaches that the difference between the approximate solution at the 

present iteration and the previous iteration is very small. Suppose if Yr+1 and Yr are the 
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presents and previous iteration then 1 0r rY Y+ −  . The non-linear ODEs and PDEs which 

arise in the field of engineering, science, fluid dynamics, solid mechanics, heat, and mass 

transfer are solved by using the QLM. Bellman and Kalaba [5] were the first to apply the 

QLM about half a century ago to solve nonlinear ordinary and partial differential equations. 

Since the differential equation is highly non-linear and it is almost impossible to find the 

closed-form analytic solution. Later Bellman et al. [6] estimated the chemical reaction rate 

by using the QLM. Thus, for numerical calculation, we need to choose an appropriate 

numerical technique. The quadratic convergence property is the advantage of this 

technique. Three to six iterations are needed for getting five-digit accuracy if the technique 

converges. It has been applied extensively to a lot of research areas. The numerical 

simulation of the present problem is obtained with the help of SQLM which gives highly 

accurate results. Since the similarity variable converges to  → but the present 

simulation has been performed for a finite domain of η. Therefore, the dimensionless 

velocity and energy distribution within the boundary layer asymptotically tends to a free 

stream velocity that satisfies the boundary conditions. The mentioned all other parameters 

are considered to be some fixed values for finding the self-similar solution. 

1.5.1.1 Quasi-linearization algorithm 

The higher-order non-linear differential equation converts into a system of first-order non –

linear differential equations by using suitable substitution. Therefore, the following steps 

are considered: 

Step-1: First linearization of the given differential equations about the guess solution. 

Step-2: These may be calculated in case of initial value problems by using initial 

conditions. 

Step-3: The present solution is compared with the previous (guess) solution, if the 

difference is within the tolerable limit, and then stops the procedure otherwise by 

considering the present solution as the guess solution and go to step -2.   
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The general form of m-th order non-linear system of first-order ODEs with 

1 2 3,, , ......... mx x x x  as dependent variables and η as an independent variable may be 

represented as: 

( ),X f X  =           (1.5.1) 

Where 

 

 

  ( )

1 2 3 4

1 2 3 4 m

1 2 3 4

,  ,  ,  ,  .......

,  x ,  x ,  x ,  .......x

,  ,  ,  ,  ....... ,

T
m

T

T
m

X x x x x x

X x

f f f f f f f X 

=

     =

= =

 

Now the nominal trajectories which are known as the known solution and neighboring 

trajectories which are known as solutions in the neighborhood of nominal trajectories are 

denoted by 0X  and 1X . By performing Taylor’s series expansion of the differential 

equations in (1.5.1) about the nominal trajectories 0X , and retaining the terms up to the 

first order only, the neighboring trajectories 1X  may be approximated. For example, 

( )1
1X  maybe expressed in terms of ( )0X  as, 

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

0 0

0 0

1 0 1 0 1 01 1
1 1 1 1 2 2

1 2

1 0 1 01 1
3 3

3

,

.......

x x

m m
mx x

f fX f x x x x x
x x

f fx x x x
x x

     

   

    
    = + − + −          

    
   + − + + −          

  (1.5.2) 

The equations (1.5.2) can be rearranged as  

( ) ( ) ( ) ( ) ( ) ( )1 1 1 1 1
1 11 1 12 2 13 3 1 1...... m mX a x a x a x a x e      = + + + + +     (1.5.3) 

Where ( )
0 0

0 01 1
1 i 1

1
 e ,

m

j j
jj jx x

f fa and f x x
x x


=

    
= = −   

       
  

Similarly, the other differential equations can be performed and all the resulting differential 

equations may be collectively written as  
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X AX e = +             (1.5.4) 

The elements of A and e  may be expressed as  

( )
0 0

0 0
i 1

1
 e , ,  i,j = 1 to m

m
i i

ij j
jj jx x

f fa and f x x for
x x


=

    
= = −   

       
  

To illustrate the method let us consider m = 5. Therefore, the general form of a fifth-order 

linear system of ordinary differential with  1 2 3 4 5,  ,  ,   and  x x x x x as dependent variables 

and η as an independent variable may be represented as X AX e = + . 

Where  

 

 

1 2 3 4 5

1 2 3 4 5

,  ,  ,  ,  

,  ,  ,  ,  :

T

T

X x x x x x

dxX x x x x x Note x
d

=

 
      = = 

 

  

Let the following three initial boundary conditions: 

( ) ( ) ( )1 0 10 2 0 20 4 0 40,  and x x x x x x  = = = . The other two final boundary conditions may be 

specified for any two of the dependent variables. Let us first consider the homogeneous 

part of the differential equation (1.5.4) as,  

X AX =  with the condition ( )  0 0 0 1 0 0 TX  =       (1.5.5) 

The solution is ( )1HX   [Homogeneous solution 1] 

Now, for another initial condition of equation (1.5.5) are ( )  0 0 0  0 0 1 TX  = and the 

solution is ( )2HX   [Homogeneous solution 2]. 

For getting the particular solution, we get X AX e = +  with the 

conditions ( )  0
0 10 20 40,  ,  0,  ,  0 TX x x x = . Therefore, the solution is ( )pX  [particular 

solution]. Since the differential equations are linear, the principle of superposition holds 

and the complete solution may be written as, 
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( ) ( ) ( ) ( )1 2
1 2

H H pX C X C X X   = + + , where C1 and C2 are integrating constants.   

To get the integrating constants to let x2 and x4 be imposed with final conditions as: 

( ) ( )2 2 4 4,f f f fx x x x = =  

1.5.1.2 Condition for convergence 

 Let us assume xr represents the solution at previous iterations and xr+1 represents the 

solution at the next iteration. So, the convergence of this iteration scheme is defined by the 

expression 1r rAx Ax + −  , where .  is the vector norm and 0  is very small. The 

crucial expectation of a numerical method are the ability to converge to a fixed point. In the 

case where the method does not converge, divergence occurs and the iterative method is 

observed to be unstable. 

1.6 Dimensionless Numbers 

Every physical problem has some physical quantities that can be measured in different 

units. In the dimensional analysis, we use the fundamental units of each physical quantity. 

So the dimensionless number is defined as without these units. There are two different 

methods for finding the dimensionless parameters such as inspection and dimensionless 

analysis. The dimensionless analysis method has been used for the current study. The 

governing equations are converted into dimensionless equations by using certain similarity 

variables. In this process, some dimensionless numbers appear as the co-efficient of various 

terms in these equations. Some of them are used in this thesis that explained below. 

1.6.1 Reynolds number 

Reynolds number is the ratio of inertia forces to viscous forces within a fluid and it is 

defined as Re uL


= . Where ρ is the fluid density, u is the fluid velocity, L is the 

characteristic dimension of the body, μ is the fluid dynamic viscosity. In the case of low 

Reynolds number that is viscous force is high compared to inertia force and as a result, any 

disturbance that arises in the flow field will be damped by the action of viscous force. So 
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when viscous force dominates on inertia force then the flow will be laminar. On the other 

hand, if the reverse trend arises then the flow will be turbulent.  

1.6.2 Prandtl number 

Prandtl number is the characteristic behavior of the fluid property and it is denoted 

as Pr   pc

 
= = . Where ν is the kinematic viscosity,   


= , α is the thermal 

diffusivity,   
pc





= , μ is the dynamic viscosity, К is the thermal conductivity, cp is the 

specific heat capacity at constant pressure, ρ is the density. A fluid with a Prandtl number 

equal to one means thermal and velocity boundary layers thickness is equal. For instance, 

water vapor at 700K has a Prandtl number of 1. Fluids that are good conductors of heat 

have a relatively large value of α and this occurrence is found in liquid metals whose 

Prandtl numbers are correspondingly small, such as Mercury (Pr = 0.023). 

1.6.3 Eckert number 

The Eckert number is defined as
( )

2

  
-p w

UEc
c T T

= . Therefore, Ec is the ratio of kinetic 

energy and enthalpy in the flow. The Eckert number converts the kinetic energy into 

internal energy. The Eckert number is greater than zero means cooling of the stretching 

surface that is heat loss from the sheet to the fluid and the negative value of Ec represents 

the opposite meaning. 

1.6.4 Skin friction coefficient 

The skin friction occurred between the friction of the fluid layers and the surface of the 

body which is moving through the fluid. Therefore, the skin friction coefficient is defined 

in terms of wall shear stress at the surface as 2

2 w
fc

U



= , where 

0
w

y

u
y

 
=

 
=  

 
is the wall 

shear stress, ρ is the fluid density, U is the fluid free stream velocity.  
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1.6.5 Nusselt number 

Nusselt number (Nu) is defined as the dimensionless heat transfer coefficient. Nusselt 

number is measured as the ratio of conduction and convection. Nusselt number is thus 

defined as the dimensionless temperature gradient at the surface and provides a measure of 

the convection heat transfer. Therefore, the Nusselt number can be defined 

as ( )
( ) /

w

w

h T T hLNu
T T L 

−
= =

−
, where h is the heat transfer coefficient,  wT  and T is the surface 

and fluid temperature respectively, L is the characteristic length of the surface, К is the 

thermal conductivity, and then the convective heat transfer from the wall will depend upon 

the magnitude of ( )wh T T− . On the other hand, in the case of conduction, the heat transfer 

rate measure would be the quantity ( ) /wT T L − .  

1.7 Literature Survey for the Present Problem 

The study of laminar two-dimensional boundary layer flow and energy transfer over a 

stretching bullet-shaped object or any other geometrical object has obtained important 

applications in automobile engineering and aerodynamic engineering. For this reason, the 

boundary layer theory helps us to calculate the lift and the drag forces for the aerospace and 

automobile designers, to control the energy transfer from the device, etc. Therefore, the 

present work will help design various types of bullet-shaped objects such as Rocket, 

Missile, Airplane, Bullet Train, and Submarine, etc.  

Ludwig Prandtl concluded that when fluid flows over a solid surface it’s divided into two 

regions. One is near the solid surface due to the viscosity of the fluid and another one is far 

from the solid boundary which is known as non-viscous flow. The fluid layer which is in 

contact with the surface is motionless relative to the surface. This layer of fluid retards the 

movement of an adjacent layer of fluid, as a result, a thin layer is developed due to the 

viscosity of the fluid. This is known as the Prandtl BL theory. Falkner and Skan [2] proved 

that the similarity solution exists when the fluid layer is not parallel to the surface and the 

free stream velocity is non-linear. This type of flow is known as wedge flow. It is derived 

from the N-S equations by considering the steady, laminar, two-dimensional, and 
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incompressible flow for a single-sided bounded flow applying the local similarity 

transformation with adverse or favorable pressure gradient. Due to the high applicability of 

the problem, a huge work related to the present problem has been done by many authors. 

Abbasbandy and Hayat [7] studied the MHD Falkner-Skan boundary flow by homotopy 

analysis method. Abo-Eldahab [8] investigated the laminar BL flow of non-Newtonian 

fluid and energy transfer over a stretching surface by taking power-law index and heat flux. 

The thermal BL thickness decreases for the increasing values of mixed convection but the 

reverse trend arises due to viscous dissipation, as a result, the energy transfer decreases. 

Aftab et al. [9] analyzed the boundary layer power-law fluid flow over a moving permeable 

flat plate with viscous dissipation and heat generation. Ahmad et al. [10] studied the mixed 

convection BL flow by using the SQLM. This study concluded that the SQLM is suitable 

than another method. Later Ahmad et al. [11] performed Bellman QLM for Neumann 

problems. Ajala et al. [12] analyzed the BL flow and energy transfer by the effect of the 

magnetic field, variable viscosity, and thermal radiation. Ajaykumar and  Srinivasa [13] 

studied the effect of variable viscosity on unsteady MHD laminar BL flow with heat 

transfer over a stretching surface. Alam et al. [14] discussed the results through the graph 

and also tabular form. It is obtained that the velocity field decreases for increasing values 

of velocity ratio parameter but increases for the magnetic parameter, unsteady parameter, 

permeability parameter, and pressure gradient parameter. The temperature profiles decrease 

for thermophoresis parameter Prandtl number and velocity ratio parameter whereas the 

temperature remains unchanged for Brownian motion parameter. Again, nanoparticle 

concentration profile increases for Brownian motion parameter but decreases for 

thermophoresis parameter, Lewis number, and velocity ratio parameter. Alarifi, et al. [15] 

discussed the influence of the sink or source on MHD boundary layer flow with heat 

transfer over a vertical stretching surface. Asaithambi [16] discussed the Falkner – Skan 

equation by applying the finite difference method and found a similar solution. Ashwini [17] 

discussed that the boundary layer separation is delayed due to magnetic field parameter and 

the dual solutions are arises in case of decelerating flow regime. Ashwini and Eswara [18]  

performed the unsteady MHD decelerating boundary layer wedge flow with heat 

generation. Awaludin et al. [19] developed the stability model of MHD boundary layer 

https://aip.scitation.org/author/Ajaykumar%2C+M
https://aip.scitation.org/author/Srinivasa%2C+A+H
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flow over a stretching wedge. Daba et al. [20] studied the mixed convection BL flow and 

heat transfer with convective boundary conditions over a vertical stretching surface. 

Fatheah and Hendi [21] established the analytic solution of the MHD boundary layer 

Falkner-Skan flow over a porous surface. Fenuga et al. [22] studied the mixed convection 

MHD boundary layer stagnation-point flow with heat over a non-linear vertical stretching 

surface. Ganapathirao [23] investigated that the unsteady parameter is significantly affected 

the velocity, energy, and concentration profiles,  the local skin friction coefficient, the local 

Nusselt, and Sherwood numbers. Hartree [24] solved the Falkner – Skan problem and find 

the numerical solution for wall shear stress for various values of the pressure gradient 

parameter. Hayat et al. [25] analyzed the MHD BL stagnation point flow past a stretching 

surface. The results obtained that the velocity distribution decreases for increasing values 

of Weisenberg number and the temperature profile decrease for increasing values of the 

Prandtl number. Later Hayat et al. [26] investigated the MHD stagnation point flow and 

heat transfer over a stretching surface. Herwig et al. [27] were the first who attempted to 

solve the Falkner-Skan problem by considering variable viscosity. Irfan et al. [28] studied 

the unsteady MHD BL stagnant point flow over a porous stretching/shrinking surface with 

thermal radiation. Ismoen et al. [29] studied the impermeable wedge flow for the effects of 

buoyancy force and power-law index of wall temperature and free stream velocity and 

found that the velocity and energy profiles are significantly affected by these parameters. 

Jabeen et al. [30] studied the MHD BL flow past a nonlinear stretching surface by using the 

semi-analytical method and see that the flow field is significantly affected by the injection 

/suction parameters. Further, Jabeen et al. [31] studied the MHD boundary layer flow and 

heat transfer in a porous medium by applying the differential transformation method. 

Jenifer et al. [32] discussed the unsteady mixed convection MHD flow and mass transfer 

over a sphere with mass transfer in the case of water. Kandasamy et al. [33] analyzed the 

MHD BL flow with chemical reaction and heat source and observed that the increasing 

values of chemical reaction decelerate the fluid motion, energy distribution, and mass of 

the fluid along the wall of the wedge due to the uniform suction and heat source.  Keshtkar 

[34] performed Falkner-Skan boundary layer flow with variable parameters over a wedge-

shaped geometry and observed that the shear stress and heat transfer rate are an increasing 

https://www.hindawi.com/50318317/
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function of the pressure gradient parameter. Krishna et al. [35] studied the hall and ion slip 

effects on BL flow by considering various conditions.  It is observed that the resultant 

velocity increases with an enhancing the Hall and ion slip parameters throughout the 

boundary layer region. Later Krishna et al. [36] discussed the MHD boundary layer 

oscillatory rotating micro-polar fluid flow with Thermal radiation and chemical reaction. 

Further Krishna et al. [37] developed the influence of the Hall and ion slip-on unsteady 

magnetohydrodynamic boundary layer rotating flow over an exponentially accelerated 

surface through a saturated porous medium.  Next, Krishna et al. [38] analyzed the 

boundary layer flow over an infinite vertical flat porous surface with heat and mass 

transfer. Kumar and Krishnan [39] examined the boundary layer flow over an axisymmetric 

circular cylinder and seen that the analytical solution reduce to establish the result for 

planar boundary layer with infinite radius of curvature. Lakshmikantham [40] discussed the 

extension of the quasi-linearization method. Lin et al. [41] studied the Falkner-Skan 

problem by applying the similarity solution and suggest that this method is valuable for the 

cases in which the exact solutions are not available. Mandelzweig and Tabakin [42] applied 

the Quasi-linearization method in physics for solving nonlinear problems. Marneni [43] 

observed that the BL thicknesses reduce with the increase of the Eckert number when the 

free stream flow is faster than the wedge stretching velocity. Megahed et al. [44] analyzed 

the unsteady MHD BL flow and heat transfer along a stretching surface by the effect of 

heat flux. Menni et al. [45] presented the fluid flow and heat transfer analysis in the 

presence of various conditions. Mustaqim [46] analyzed the stability analysis of the 

boundary layer stagnation-point flow over a shrinking sheet with radiation and slip effects. 

Muthukumaran [47] discussed the BL flow of heat and mass transfer over a continuously 

stretching isothermal vertical surface in case of uniform suction and chemical reaction. It is 

seen that the mass and velocity distribution increase for increasing the reaction rate and 

decrease for decreasing reaction rate. Muzara et al. [48] studied the BL flow of Jeffrey’s 

fluid over a vertical porous plate with the effect of the thermal radiation and chemical 

reaction. Later Muzara et al. [49] studied the two-dimensional Bratu problem using vibrate 

SQLM. Further Muzara et al. [50] analyzed the Bratu Problem by applying SQLM. Nageeb 

et al.  [51] discussed the mixed convection boundary layer nanofluid flow over a stretching 
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surface by using the spectral relaxation method. Further, Nageeb et al.   [52] investigated 

the mixed convection MHD nanofluid flow and heat transfer over a stretching surface 

using the SRM. Najwa et al. [53] discussed the BL flow over an exponentially shrinking 

cylinder with heat transfer and established the dual solutions. Nandy et al. [54] performed 

the MHD boundary layer nanofluid flow and heat transfer over a permeable shrinking 

surface. Naramgari and Sulochana [55] analyzed the MHD boundary layer nanofluid flow 

over a permeable stretching/shrinking surface with suction/injection. Nasrin and Alim [56] 

investigated the relationship between the forced convective semi-empirical analysis 

through a solar collector. Nield and Bejan [57] presented a detailed analysis of the 

convection in porous media. Nieto [58] proposed the generalized quasi-linearization 

method in the case of second-order ODEs with Dirichlet boundary conditions. Norihan et 

al. [59] studied the effect of a convective boundary condition on the boundary layer flow 

over a stretching surface. Rajagopal et al. [60] initiated the analysis of non-Newtonian fluid 

on the Falkner–Skan flow. The boundary layer flow and heat transfer over a stretching 

sheet with the effect of the inclined magnetic field and cross-diffusion are examined by 

Raju et al. [61]. It is seen that the velocity profiles increase for increasing aligned angle and 

magnetic field strength and increases the energy transfer rate. Ramesh et al. [62] addressed 

the MHD boundary layer flow over a constant wedge within porous media by using local 

similarity transformation. Reddy et al. [63] analyzed the comparative study of boundary 

layer non-Newtonian fluid flows and heat transfer over a stretching surface with the help of 

chemical reaction and radiation effects. Magnetohydrodynamic boundary layer slips Cu 

nanofluids flow over a stretching surface with variable thermal conductivity was provided 

by Reddy et al. [64]. Rehman et al. [65] examined an unsteady boundary layer thin-film 

flow and heat transfer over a stretching surface with the influence of the dynamic viscosity. 

Rudra and Sharma [66] studied the steady laminar BL free-forced flow of a Newtonian 

fluid past a wedge-shaped surface. It is observed that the skin friction, heat flux, and mass 

flux increases for increasing values of the magnetic parameter and at a low level of 

chemical reaction parameter the velocity, temperature and concentration increases 

gradually but for a higher level the reverse is true. The steady mixed convection BL flow 

over a wedge with variable viscosity and variable surface temperature were analyzed by 



20 

 

Rudra and Sharma [67]. It is observed that the flow separation can be controlled by varying 

the surface temperature and the shape of the wedge. Sakiadis [68] was first discussed the 

forced convective BL flow over a stretching solid surface with constant velocity. Salleh et 

al. [69] studied the MHD boundary layer nanofluid flow over a vertical thin needle with the 

help of stability analysis. Numerical analysis of  MHD forced convection flow with heat 

transfer over a shrinking surface with nonlinear radiation and viscous dissipation was 

provided by Samuel Raj et al. [70]. Seddeek et al. [71] discussed the influence of the 

variable viscosity and thermal conductivity on magnetohydrodynamic Falkner-Skan 

boundary layer flow and heat transfer over a wedge. Shaw et al. [72] studied the effects of 

slip parameters on boundary layer nanofluid flow over a stretching surface.  It is observed 

that the solutions depend on the slip parameters and the dual solution enhances with this 

parameter. Soid et al. [73] analyzed the unsteady MHD stagnation flow along with a 

stretching/shrinking sheet by considering the viscous dissipation and Ohmic heating. The 

results indicate that dual solutions exist only for the shrinking sheet case. Srinivas and 

Kishan [74] studied the unsteady magnetohydrodynamic boundary layer nanofluid flow 

with heat transfer over a permeable shrinking surface with the influence of the thermal 

radiation and chemical reaction parameters. Sulochana et al. [75] studied the MHD 

boundary layer nanofluid flow over an exponentially stretching sheet with the cross-

diffusion effect. It is noticed that an increase in the aligned magnetic field decreases the 

velocity profiles of the flow. The heat transfer rate enhances with the increasing effect of 

the soret and Dufour numbers. Ullah et al. [76] discussed the MHD boundary layer Casson 

fluid flow and heat transfer over a stretching wedge by considering viscous dissipation and 

Newtonian heating. Yohannes, et al. [77] examined the MHD boundary layer nanofluid 

flow past a stretching surface with viscous dissipation and chemical reaction through a 

porous media. The results observed that Cu-water nanofluid shows a thicker momentum 

boundary than Ag-water nanofluid whereas the reverse trend occurs in the case of the 

thermal boundary layer. Nandy et al. [78] studied the unsteady magnetohydrodynamic 

boundary layer nanofluid flow with heat and mass transfer over a permeable shrinking 

surface due to thermal radiation. 
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The literature review shows that the above works are limited to the flow of either a flat 

plate or a cone-shaped surface or wedge or cylindrical shape surface with various physical 

conditions but the present research work is not available in the literature so the results are 

novel. The innovation of this present problem lies in the unification of more physical 

parameters into the governing equations and an attempt to give a detailed analysis of how 

the flow properties are affected by these parameters. Also, the novelty of the current paper 

lies in the application of the recently developed numerical method to solve these highly 

nonlinear equations. In all these studies related to non-linear PDEs, the SQLM  has been 

established to be accurate and computationally efficient. It is because finding the numerical 

calculation the authors are encouraged to choose the SQLM. The effects or influences of 

non-dimensional governing pertinent parameter on the dimensionless velocity field, and 

temperature field as well as velocity gradient and temperature gradient, has been discussed 

with the aid of graphs also developed the correlation coefficient and multiple regressions. 

The main purpose of this work is to investigate the magnetohydrodynamic boundary layer 

flow and heat transfer over a stretching bullet-shaped object with the effect of the surface 

thickness parameter (shape and size of the object), magnetic parameter,  stretching ratio 

parameter, mixed convection parameter, Prandtl number, Eckert number, heat generation 

parameter, Darcy number, drag inertia coefficient, location parameter on velocity and 

energy distribution, skin friction coefficient, Nusselt number, nature of solutions within the 

boundary layer region by using SQLM.  

1.8 Problem Statement 

The literature review shows that the above works are limited to the flow of either a flat 

plate or a cone-shaped surface or wedge or cylindrical shape surface with various physical 

conditions but on basis of the Google search, no research work has been published related 

to bullet-shaped geometry. The purpose of this present problem is to investigate the 

magnetohydrodynamic axisymmetric boundary layer flow and energy transfer over a 

stretching/shrinking bullet-shaped object with the influence of the surface thickness 

parameter, magnetic parameter,  surface stretching parameter, mixed convection parameter, 

Prandtl number, Eckert number, heat generation parameter, Darcy number, drag inertia 
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coefficient, location parameter on fluid velocity and temperature distribution within the 

boundary layer region, skin friction coefficient (velocity gradient), Nusselt number (rate of 

energy transfer), nature of solutions within the BL region by applying SQLM.  

1.9 Research Objectives 

The proposed work is to investigate the fluid flow and thermal behavior of fluid inside the 

boundary layer around a bullet-shaped object by using the SQLM. Therefore, the present 

study has been analyzed the effect of various physical parameters within the BL and its 

impact on the development of the boundary layer thickness. The specific aims of this work 

are 

i. To predict the effects of the shape and size (surface thickness parameter) of the 

bullet-shaped object on the fluid flow and heat transfer within the boundary layer 

region. 

ii. To determine the velocity and energy distribution within the BL for the effect of the 

various dimensionless parameters. 

iii. To analyze the local skin friction coefficient and local Nusselt number for the effect 

of the various dimensionless parameters. 

iv. To evaluate the correlation coefficient and multiple regression model among the 

controlling parameters, velocity, and temperature gradient. 

v. To identify the parameters which are either positively or negatively correlated with 

velocity and temperature gradient.  

vi. To identify the flow separation and critical points within the boundary layer. 

1.10 Applications  

The common area of boundary layer flow along a solid surface is the field of 

aerodynamics. The main purpose of this theory is to calculate the skin friction drag of a 

surface like the drag of an airplane, wing of the airplane, drag of a ship or boat, etc. Besides 

the design of a moving object is performed based on the BL theory like the design of a 

tennis ball, golf ball and cricket ball, etc. Therefore, the current research will be helpful in 
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the field of automobile and aerospace engineering. Besides, this type of flow has attracted 

many researchers due to its applications in MHD generators, heat transfer, paper 

production, wire drawing, glass fiber, plasma studies, nuclear reactors, geothermal energy 

extractions, etc. 

1.11 Structure of this Dissertation 

The present work has been focused on two-dimensional axisymmetric MHD BL flow and 

heat transfer over a power-law stretching bullet-shaped object under various controlling 

parameters. The numerical computation has been discussed for the two types of bullet-

shaped objects. The main body of the dissertation consists of seven chapters with a 

conclusion. In each chapter, a specific problem has been investigated. The chapters are: 

Chapter one is purely introductory and gives motivation to the investigations carried out 

of this dissertation also contains the methodology, history, and literature related to the 

present problem. 

Chapter two has been performed with basic equations and governing the flow and heat 

transfer. The governing equations of continuity, momentum, and energy have also been 

presented. A detailed description of the fundamental equations of boundary layer theory 

has been discussed. This chapter contains the elementary field equations of fluid dynamics 

as partial differential equations in terms of unknown parameters such as velocity, pressure, 

and energy variables. The boundary layer equations for continuity, momentum, and energy 

transport are developed for reference to physical models and consider subsequently. 

Chapter three has been made on forced convection MHD axisymmetric BL flow and heat 

transfer over a linear stretching bullet-shaped object. The numerical calculations have been 

performed for two different velocities of stretching surface (ϵ) such as (i) the surface 

velocity is slower than free stream velocity (ϵ > 1), and (ii) the surface velocity is greater 

than the free stream velocity (ϵ < 1) and also two different shapes and size of the bullet-

shaped object.  

In this chapter, the governing PDEs and their associated boundary conditions have been 

converted into a dimensionless form by applying local similarity transformations. The 
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resulting system of equations is then solved numerically by using the SQLM. The obtained 

numerical results have been compared with previously published work and found to be in 

good agreement. The effects of the magnetic parameter (M), power-law index parameter 

(m), stretching ratio (ϵ), surface thickness parameter (s), and Prandtl number (Pr) on the 

fluid velocity and temperature profiles have been investigated and depicted through graphs. 

Besides, the skin friction coefficient and the Nusselt number have been presented in a 

tabular form. The correlation coefficient and multiple regression model have been 

developed between the controlling parameters and the fluid velocity and temperature 

gradient  

Chapter four contains the study of two-dimensional mixed convection axisymmetric BL 

flow with heat transfer over a non–linear stretching bullet-shaped object in the presence of 

internal heat generation and viscous dissipation. The numerical calculation has been done 

for the same cases as discussed in chapter three. The effect of magnetic parameter, mixed 

convection parameter, heat generation parameter, power-law index parameter, stretching 

ratio parameter, Prandtl number, Eckert number, and surface thickness parameter, on 

velocity and temperature distributions, skin friction coefficient, and Nusselt number have 

been examined and displayed through graphs. Also, the numerical values of velocity and 

temperature gradient have been tabulated in tabular form. The correlation coefficient and 

multiple regression model have been analyzed for the velocity gradient and temperature 

gradient with the mentioned parameters. 

Chapter five has been performed on mixed convection axisymmetric boundary layer flow 

and heat transfer over an exponentially stretching bullet-shaped object in the presence of 

internal heat generation and viscous dissipation for the same cases as discussed in chapter 

three. The effect of magnetic parameter, mixed convection parameter, heat generation 

parameter, power-law index parameter, location parameter, Darcy number, drag inertia 

coefficient, Eckert number, Prandtl number, stretching ratio parameter, and surface 

thickness parameter, on velocity profile, temperature profile, skin friction coefficient, and 

Nusselt number have been presented graphically and elucidated in detail. Also, the 

numerical values of velocity gradient and temperature gradient have been tabulated in 
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tabular form. The correlation coefficient and multiple regression model have also been 

developed for the velocity and temperature gradient with the mentioned parameters. 

Chapter six depicts the unsteady mixed convection axisymmetric MHD BL flow and heat 

transfer over an exponentially stretching bullet-shaped object. The effect of unsteady 

parameter, magnetic parameter, mixed convection parameter, heat generation parameter, 

power-law index parameter, location parameter, Darcy number, drag inertia coefficient, 

Eckert number, Prandtl number, stretching ratio parameter, and surface thickness 

parameter, on velocity distribution, temperature distribution, skin friction coefficient, and 

Nusselt number have been presented graphically and explained in detail. Also, the 

numerical values of velocity gradient and temperature gradient have been displayed in 

tabular form. The correlation coefficient and multiple regression model have been 

established for velocity gradient and temperature gradient with the mentioned parameters. 

Chapter seven is organized by the conclusion and recommendations of chapters 2 - 6. In 

this chapter, the authors have been discussed the conclusions of the present work and also 

further extension of this work. The bibliography has also been added to this chapter. 



 

 

CHAPTER TWO 

GOVERNING EQUATIONS 
In case of any real-world problem for deriving a mathematical model fluid dynamics 

performs some basic criteria for developing the model. These criteria are converted into 

governing equations such as the NS equations. These equations perform the fluid motion 

and arise from Newton's second law of motion including the viscous force and pressure 

force. 

2.1 Navier-Stokes (NS) Equations 

The NS equations are the fundamental PDEs of fluid dynamics. The NS equations may be 

derived by applying infinitesimal or finite control volume, and the governing equations can 

be expressed in differential or integral forms. In the case of the three-dimensional 

incompressible flow, the following continuity and momentum equations can be written as: 

Continuity equation 

0u v w
x y z
  

+ + =
  

       (2.2.1) 

Momentum equation for X-component   

1 1 xyxx xz
x

Du p f
Dt x x y z

 

 

  
= − + + + + 

    
 (2.2.2) 

Momentum equation for Y-component   

1 1 yx yy yz
y

Du p f
Dt y x y z

  

 

   
= − + + + + 

    
     (2.2.3) 

Momentum equation for Z-component   

1 1 zyzx zz
z

Du p f
Dt z x y z

 

 

  
= − + + + + 

    
      (2.2.4) 

where D
Dt

represents the substantial derivative given by 
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( ) ( ) ( ) ( ) ( ) ( ) ( ).
D

u v w V
Dt t x y z t

    
= + + + = + 

    
    (2.2.5) 

The above equations represent Newton's second law of motion in which the L.H.S 

represents acceleration and R.H.S. represents the sum of net forces per unit volume. The 

first term on the right-hand side of equations (2.2.2) - (2.2.4) denotes the net pressure force 

per unit volume and the minus sign arises because a positive pressure acts inward. The 

second, third, and fourth terms defined the viscous forces per unit volume, and arise as a 

result of the different components of normal and shear stresses which shown in Figure 2.1 

the first subscript to the symbol represents the direction of the stress, and the second the 

direction normal to the surface. By convention, outward normal stress acting on the fluid in 

the control volume is positive, and the shear stresses are taken as positive on the faces 

furthest from the origin of the coordinates. Thus xy acts in the positive x-direction on the 

visible (upper) face perpendicular to the y-axis; corresponding shear stress acts in the 

negative x-direction on the invisible lower face perpendicular to the y-axis.  

 

Figure 2. 1 The control volume faces of the viscous stress components surrounding the 

fluid 

In tensor notation, the viscous terms in the momentum equations can be written as 

ij

jx



           (2.2.6) 

Where i, j = 1, 2 ,3 for three dimensional flows. 
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In the case of a Newtonian viscous fluid with constant density, the normal viscous stresses 

( )ij i j =  and shear stresses ( )ij i j  are obtained from the viscous stress tensor given by  

ji
ij

j i

uu
x x

 
 

= +    

         (2.2.7) 

Equation (2.2.7) can be written as 2ij ijS =  

Here 1
2

ji
ij

j i

uuS
x x

 
= +    

 is called the rate of the strain tensor. By using Equation (2.2.7), 

the normal viscous stress xx  and the shear stresses xy  and xz  in Equation (2.2.2) are 

given by 

2 , ,xx xy xz
u u v u w
x y x z x

     
      = = + = +   

      
     (2.2.8) 

With similar expressions for the viscous stress tensor terms in Equations (2.2.3) and 

(2.2.4). According to Equation (2.2.7), the Navier-Stokes equations can be simplified, for 

example, the x-momentum equation of (2.2.2) for a Newtonian fluid becomes 

21
x

Du p u f
Dt x





= − +  +


        (2.2.9) 

Similar expressions for the y and z-components were obtained from Equations (2.2.3) and 

(2.2.4). The equation (2.2.9) can be written in vector form as 

21DV p V f
Dt




= −  +  +         (2.2.10) 

Where 2  denoting the Laplacian operator and equivalent to 

21DV p V f
Dt




= −  +  +    

2.2 Conservation Equations 

The three conservation equations of mass, momentum, and energy can be written as  
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Equation of continuity: 

( )j
j

u
t x



 

+
 

         (2.3.1) 

Conservation equation of momentum 

( ) ( ) 2
3

ji k
j i j ij

j i j j i k

uu upu u u
t x x x x x x
   

        + + = + −  
          

   (2.3.2) 

Conservation equation of energy 

 2
3

ji i k
ij

j j j j i k

uu u uDh Dp Tk
Dt Dt x x x x x x

  
         = + + + −                

   (2.3.3) 

These fundamental equations are applied to calculate all flow properties over any object. 

These equations are also the bottom of the BL theory. 

2.3 Boundary-Layer Equations and Order Analysis  

The BL equations are the reduced form of the NS equations based on some conditions and 

it occurs when the ratio of two length scales near the wall such  L and δ, which represent 

the length of the body, and the BL thickness is sufficiently small because the δ terms are 

very small than the length of the body and the factor of 
L
  can be neglected. Therefore, the 

ratio must be very less than one (i.e. 1
L

 ). These equations are known as the BL 

equations. The BL thickness will decrease with the increases in Reynolds number and 

decrease in viscosity. Therefore, the BL thickness is directly proportional to the square root 

of the kinematic viscosity(    ). By applying this relationship together with the free-

stream velocity U  and characteristic length of the body L, we have the relationship  

Rex

L
 = , where Rex

U L

=         (2.4.1) 
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From equation (2.4.1) it is observed that the BL thickness decreases for the larger values of 

the  Reynolds number as compared with the length of the body. 

According to Prandtl’s [3] ideas for finding the order of magnitude, the scaled variables 

have been used so that L and U
are reference length, and reference velocity. The symbols 

x and y are the physical coordinates in the diagram, and the symbols u and v are the 

dimensionless velocity components along the x and y directions, respectively. The 

continuity equation is  

0u v
x y
 

+ =
 

 

From the scaling transformation, we know that order of u is ( )1 . This means that the value 

of u lies between 0 and 1.  

Since the velocity u varies in the range mentioned above, so the scaled variable x also 

varies from 0 to 1, that is the order of x is also ( )1 . We can conclude that the derivative 

u
x



 is also ( )1 . From the continuity equation, we see that the sum of  u

x



and v

y



 must be 

zero; this forces the derivative v
y



to the order of ( )1 . We know that the order of y is 

( )  , where  represents the BL thickness divided by the length L. In other words,   is 

the scaled BL thickness. Because the order of the derivative v
y



 is ( )1  , we conclude that 

the scaled velocity component v varies across the BL must be off ( )   . We know from 

the kinematic condition that 0v =  at the surface y = 0. Therefore, the magnitude of v must 

of ( )   . We note that δ is a very small quantity when the Reynolds number Re 1L  . 

We express this fact by stating 1   . Therefore, the velocity component along the y-

direction within the boundary is a very small quantity. 

Now, according to Schlichting [1], we can use similar arguments for the two components 

of the NS equation. First, consider the component of x 
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2 2

2 2

2
2

1
Re

1 1 1 11   
1 1

L

u u p u uu v
x y x x y

 
 

     
+ = − + + 

     

 + + 
 

 

Under the equation of each term is the order of magnitude of that term. We have already 

discussed the order of magnitude of u v, and u
x



 . To estimate the order of magnitude u

y



, 

we observe that u varies from 0 to 1 within the BL, while the variable y varies from 0 to δ. 

This is the reason for the estimate 1u
y




  =  
  

. For finding the order of magnitude of the 

second derivatives, we must use similar arguments. We have ( )1u
x




=


. So, this quantity 

must change from zero to one of the orders of unity in a scaled distance x that also changes 

from zero to one. This is the reason for estimating the order of ( )
2

2 1u
x




=


. In the same 

way, the derivative 1u
y




  =  
  

 which means that it varies from 0 to 1


 across the 

boundary layer, in a distance of the order δ. Therefore, we have the second 

derivative
2

2 2

1u
y




  =  
  

.  

Now, let us consider the y component of the NS equation.  

2 2

2 2

2

1
Re

11   1    

L

v v p v vu v
x y y x y

   


     
+ = − + + 

     

 
 
 

 

In the same way, the order of magnitude of the derivatives is estimated which was outlined 

earlier. Since the viscous term of momentum equation along the y-direction is much weaker 

than that the x-direction and therefore neglected. The important factor of the above 

equation is that all the remaining terms are off ( )  . So that the pressure gradient term 



32 

 

p
y



 must be in the same order. Because the variation of pressure along the y-direction 

within the BL must overcome the distance of ( )  . Hence, the scaled pressure changes 

across the BL will be ( )2p   = . This is very small and can be neglected, which was 

Prandtl’s assumption. In the BL the pressure change is negligible, but the pressure 

distribution over the surface of the object is calculated from the potential flow and will be 

assumed to be affected on the BL. This means that p
x



 the momentum equation is 

inhomogeneity form, and we can neglect the v component momentum equation because all 

the terms are very small.  

Therefore, in the scaling analysis, the viscous term along the x-component is negligible 

compared to the viscous term along the normal direction. Furthermore, the potential flow 

theory shows that the pressure gradient term along the x - momentum equation is neglected 

compared to the y momentum equation. Thus, we have two velocity equations for the two 

unknowns. Therefore, Prandtl’s [3] BL equations for Newtonian flow can be written in the 

following form to avoid complexity. To avoid confusion, we have used the same symbols 

for the velocities and coordinates that were used earlier for scaled variables.  

Equation of continuity  

0u v
x y
 

+ =
 

 

Momentum equation 

2

2

1u u p uu v
x y x y




   
+ = − +

   
 

From this equation, p is not an unknown function but it has been absorbed into the 

boundary conditions by equating dp
dx

equal to the free stream value where Bernoulli's 

equation applies.  
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dp dUU
dx dx

 
= −  

In the case of a flat plate, the potential flow is taken as u U= . That is the pressure 

gradient is zero. Therefore, the NS equation of momentum refers to 
2

2

u u uu v
x y y


  

+ =
  

. 

2.4 Axisymmetric Flow 

Axisymmetric flow means that satisfy the conditions such as (i) the flow pattern must be 

similar in every plane and passes through a particular straight-line and (ii) the pressure (p) 

force and the velocity components are independent of the angular variable. The flow is 

most conveniently described in terms of the cylindrical and spherical coordinates. This type 

of flow is considered over the fore shape body such as a bullet, cone, and sphere, etc. 

2.5 Boundary-Layer Equations for Axisymmetric Flow  

An axisymmetric flow arises when an object revolved around its axis then the flow is 

directed towards the axis of the body. Therefore, the boundary-layer equations of 

continuity and momentum are similar to Prandtl’s boundary layer equation because the 

gradients around the circumference of the body are zero. The present work deals with the 

axisymmetric laminar boundary layer flow of free stream velocity U along bullet-shaped 

objects of radius R. The shape of the front of the body is immaterial but it is supposed to be 

smooth enough not to cause boundary layer separation. Near the front, the layer is closely 

similar to the Blasius layer on a flat plate because the radius of the objects is very large 

compared with the boundary layer thickness and so the boundary curvature can be 

neglected. We know the boundary layer thickness δ is proportional to x
U
 , where x is the 

distance from the front, and ν is the kinematic viscosity of the fluid. Hence the Blasius 

solution begins to be inadequate when 2

x
UR
 ceases to be small. So we have to find the 

inviscid, incompressible axisymmetric potential flow. By using cylindrical coordinates, 
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( ), ,r z where r = 0 is the axis of the axisymmetric flow and ( ), ,r zu u u  are the velocity 

components in ( ), ,r z directions then the continuity equation is 

0r r zu u u
r r z

 
+ + =

 
         (2.5.1) 

We have the definition of another stream function, ψ, known as Stokes’ stream function 

(different from the stream function used in planar flow) defined as 

1 1,z ru u
r r r z

  
= = −

 
        (2.5.2) 

And this assures that the continuity equation (2.5.1) is satisfied. 

In incompressible axisymmetric flow, the vorticity components (by setting 





to zero) are  

( )1, ,r z
r z

ruu u u
z z r r r


  

  
= − = − =

   
 

In the absence of swirl that is 0u = and therefore only the θ component remains: 

0 and r z
r z

u u
z r   

 
= = = = −

 
 

Therefore, we have the equations of motion 

2 2

2

1r r r r r
r z

uu u u u u pu u
r r z r r r

 
  

    
+ + − = −

    
     (2.53) 

2

2

1r
r z

u u u u u u u pu u
r r z r r r
     

  

    
+ + + = −

    
     (2.5.4) 

2

2

1z z z z
r z

uu u u u pu u
r r z r z

 
 

    
+ + = −

    
      (2.5.5) 
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From equations (2.5.3) and (2.5.4), the terms 
2u

r
  and ru u

r
  are the centripetal and Coriolis 

components of acceleration. In the case of axisymmetric flow, the terms 





 are set to 

zero. Therefore, the equations (2.5.3) to (2.5.5) become 

2 2

2

1r r r
r z

uu u u pu u
r z r r r






   
+ − = −

   
       (2.5.6 

2

2

1r
r z

u u u u u pu u
r z r r r
   

 

   
+ + = −

   
      (2.5.7) 

2

2

1z z z
r z

u u u pu u
r z r z




   
+ = −

   
       (2.5.8) 

In absence of swirl, the equations for axisymmetric potential flow are 

2

2

1r r r
r z

u u u pu u
r z r r




   
+ = −

   
          (2.5.9)

  

2

2

1z z z
r z

u u u pu u
r z r z




   
+ = −

   
           (2.5.10) 

The Stokes’ stream function, ψ, can be defined as 1 1,z ru u
r r r z

  
= = −

 
 which ensures 

that the continuity equation is satisfied. 

The boundary conditions are  

0 at r = R and U as rz r zu u u= = → →  

2.6  Physical Model and Coordinate System 

Let us consider the steady two-dimensional axisymmetric MHD boundary layer flow and 

energy transfer over a stretching bullet-shaped object with surface velocity wU  and free 

stream velocity U . The temperature of the surface and free stream is Tw and T∞ 

respectively. Assume that, x and r are the axes and radial coordinates with u and v are the 
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components of the coordinates of the axisymmetric body where ( )  r R x=  is the radius of 

the axisymmetric body. The x-axis measures from the leading edge of the axisymmetric 

body and, r are measured normal to the axis.  

 

 

 

 
 
 
 
 
 
 
 

Figure 2. 2 Physical model and coordinate system 
The magnetic field B0 is applied perpendicularly to the flow direction and for the smallest 

magnetic Reynolds number, the induced magnetic field has been neglected. The pressure 

gradient is in the positive x-axis direction and is directed upward parallel to the direction of 

gravity. The fluid flows upwards against the force of gravity due to a constant pressure 

gradient p
x



transmitted to the fluid by the contracting surface. 

2.7 Boundary and Initial Conditions 

The boundary-layer equations are parabolic and very much easier to solve compared with 

the Reynolds averaged NS equations which are elliptical. These equations are related to the 

inviscid flow equations but the approximations used to obtain these are not valid in the 

same region of the flow. The BL equations apply close to the solid body and the wakes 

which form behind the body whereas the inviscid flow equations apply outside the BL. 

Therefore, if we wish to calculate the BL equations in a particular domain then the 

boundary or initial conditions are required along the upstream normal line to the wall, over 
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the wall, and the outer edge of this domain. This choice of boundary conditions is justified 

by the fact that a perturbation introduced along these bounding lines influences the flow in 

the specific domain. Again, towards the downstream boundary, there is no need for the 

boundary conditions because a perturbation does not affect the calculating domain. 

Besides, the two-dimensional steady BL equations are singular at the point of vanishing the 

shear stress ( w ). This is the separation point. For this reason, let us assume a flat surface 

at y = 0 with constant speed U
 which is parallel to the surface. We want to find the 

steady-state solution but are not interested outside the boundary layer. At this stage, we 

have to consider boundary conditions only. Since there is no flow across the plate surface, 

which means that  

0 at   0v y= =          (2.5.1) 

Due to the viscosity of the fluid, we have the no-slip condition at the plate. i.e. 

0 at   0u y= =          (2.5.2) 

Far from the plate that is outside the boundary layer, we have 

 as   u U y→ →           (2.5.3) 

Along with a flat plate that is parallel to the free stream velocity U , so consider no 

pressure gradient and therefore the appropriate boundary conditions are 

0, 0 at   0,   ,  at y  0
,  all , as 

u v x y u U
u U x y





= =  = = =
→ →

     (2.5.4) 

Therefore, we have to reduce the BL equation into single dependent variable. The stream 

function ψ related to the velocity component u and v can be written as  

 and v = -u
y x
  

=
 

         (2.5.5) 

and if we substitute the equations (2.5.5) into the following equation 

2

2

u u uu v
x y y


  

+ =
  

         (2.5.6) 
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We obtain a partial differential equation for ψ, which is given by 

2 2 3

2 3y x y x y y
    


    

− =
     

        (2.5.7) 

The boundary conditions assume the form 

0,  at   0 and   0

,  as  and all 

x y
y x

U y x
y

 




 
= =  =

 


→ →



 (2.5.8) 

2.8 Approximations and Assumptions 

❖ The bullet-shaped object is considered thin and its thickness is smaller than the 

boundary layer thickness. 

❖ The flow is axisymmetric two-dimensional, laminar, viscous, incompressible, and 

electrically conductive. 

❖ The velocity of the fluid is too small with that of light that is the velocity scale in 

this study is non‐relativistic.  

❖ There is no chemical reaction between the fluid and the diffusing species.  

❖ The surface of the bullet-shaped object is heated. 

❖ The density is a linear function of temperature and concentration so that the usual 

Boussinesq’s approximation is applicable in the boundary-layer flow.  

❖ The force ee E due to the electric field is negligible compared with the force J B  

due to the magnetic field.  

❖ The induced magnetic field, the external electric field, and the electric field due to 

polarization of charges are negligible.



 

 

CHAPTER THREE 

MAGNETOHYDRODYNAMIC (MHD) BOUNDARY LAYER 
FLOW AND HEAT TRANSFER OF VISCOUS FLUID OVER A 

LINEAR STRETCHING BULLET-SHAPED OBJECT 

This chapter performs the MHD boundary layer flow and heat transfer over a linear 

stretching bullet-shaped object. The surface is assumed to be at a different temperature 

from the fluid and the temperature is defined in terms of the power-law index parameter. 

Boundary layer approximation is used to write the equations for momentum and energy 

balance. Since no buoyancy force is considered, the flow does not affect the temperature 

distribution in the fluid domain but the effect of temperature changes on the fluid flow is 

not there. There is only a one-way coupling of the momentum and energy equation. The 

skin friction coefficient and rate of heat transfer (Nusselt number), along with velocity field 

and temperature field are computed by applying the SQLM with MATLAB. The equation 

is formulated in terms of momentum and energy along with boundary conditions. The 

mathematical formulation is based on Blasius and Falkner – Skan boundary layer equation. 

The local similarity transformations are applied by converting the governing PDEs into 

ODEs. The analysis is made by the effect of physical parameters such as magnetic 

parameter (M), stretching ratio parameter (ϵ), surface thickness parameter (s), power-law 

index parameter (m), and Prandtl number (Pr). The velocity profile, temperature profile, the 

local skin friction coefficient, and the local Nusselt number has been displayed graphically 

and the values of skin friction coefficient, and Nusselt number displays in tabular form by 

considering the two different cases of stretching ratio parameter and surface thickness 

parameter such as 1 or <1   and s = 0.05, s = 2.0 respectively.  

3.1 Mathematical Formulation and Analysis of the Present Problem 

The mathematical model is developed for the steady two-dimensional MHD laminar BL 

viscous fluid flow with heat transfer over a linear stretching bullet-shaped object. A flow 

diagram has been displayed in chapter 2 with Figure 2.2. Nield and Bejan [57] discussed 

the boundary layer flow of heat and mass transfer by considering different types of 

boundary conditions in a Newtonian fluid.  Hence the present problem deals with a power-

law stretching velocity at the boundary and impermeability of the bullet-shaped surface. 
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The present flow model has been assumed a linear stretching rate. The surface extends 

along the axis of the axisymmetric body (x-direction) and the coordinate r is taken normal 

to the axis. There is no fluid movement along with the r–axis and the steady flow is 

considered along the axis only. 

Therefore, the surface is maintained at power-law velocity and temperature. Hence, if the 

surface velocity and temperature are ( )wU x and  wT , the free stream velocity and 

temperature are ( )U x and T respectively then it can be written as  

( ) ( ) ( ) 2 1, ,m m m
w wU x ax U x bx T x x −

= = = , where a and b ( )0b   are the initial surface 

stretching rate and free stream rate with a is positive for stretching case, negative for 

shrinking case, and zero no stretching of the surface.  

Therefore, the governing PDEs of continuity, momentum, and thermal energy is taken in 

the following way. 

Equation of continuity: 

( ) ( ) 0ru rv
x r
 

+ =
 

         (3.1.1) 

Momentum equation:     

( )

( ) ( )

22
0

2

1where -

Bu u dU u uu v U r U u
x r dx r r r

dU xp U x
x dx








 





    
+ = + + + − 

    


=



    (3.1.2) 

Energy equation: 

2

2

T T T Tu v r
x r r r r

     
+ = + 

    
       (3.1.3 

The boundary conditions are taken as  

( ) ( )
( )

,  0,  and
, ,

w wu U x v T T at r R x
u U x U T T as r 

= = = =

→ = → →
      (3.1.4) 
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Where R(x) prescribes the radius of the axisymmetric bullet-shaped object,  u and v are the 

velocity components for the coordinates ( ),x r respectively,   is the kinematic viscosity of 

the fluid,  ρ is the density of the fluid, the term 
2
0B u


denotes the magnetic field of x 

component and 
2
0B


is the magnetic parameter, 0B  is the strength of the magnetic field. 

Thus J × B, represent the  Lorentz force becomes - 
2
0B u


. The negative sign means in the 

term is decreasing. Therefore, the term 
2
0B u


denotes the Lorentz force which arises from 

the interaction of the fluid velocity and the applied magnetic field. In equation (3.1.2) the 

induced magnetic field is ignored for the smallest magnetic Reynolds number. This 

consideration is justified due to electrically conductive fluids such as mercury and liquid 

sodium. Equation (3.1.3) represents that heat can be transported in a fluid by convection 

and conduction only. Hence in equation (3.1.3) the convection and conduction terms are  

T Tu v
x r

 
+

 
 and 

2

2

T
r





 respectively. 

The following axisymmetric similarity transformations have been applied for finding the 

similarity solutions of the equation (3.1.1) – (3.1.3) with boundary conditions (3.1.4).  

( ) ( )
2

2 1,  , mU r xf T x
x

     


−= = =       (3.1.5) 

The stream function ψ is denoted by the velocity components 1 1andu v
r r r x

  
= = −

 
 

respectively. From the similarity variable
2U r

x



= , the dimensionless radius is 

( ) xR x
U




= . By applying the equation (3.1.5) into the equations (3.1.2) and (3.1.3), the 

following reduced ODEs as  
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( ) ( )21   1-  4 1-  2 0
2 8 8

m Mf f ff f f     + + + + =  (3.1.6) 

( )1 1 Pr  - 2 1   0
2 2

f m f      + + − =     (3.1.7) 

and the converted boundary conditions are 

( ) ( ) ( )

( ) ( )

'

'

  0,  ,   1,   0,    
2

1 ,  0
2

f f at and

f as


    

   

= = = =

→ → →

    (3.1.8) 

The parameter ϵ is the ratio of bullet-shaped object velocity to the free stream velocity and 

is called the stretching ratio parameter. It is observed that if the stretching ratio parameter 

1.0  , then the bullet-shaped velocity is greater than the free stream velocity, and when 

1.0  , then the bullet-shaped velocity is lower than the free stream velocity. On the other 

hand, when ϵ = 1 then the bullet-shaped and free stream are equal velocities. The 

dimensionless parameters M,   and Pr are defined as 
2
0 , ,  Prw

B x UM
U U

 


 
= = = . 

The skin friction coefficient and the local Nusselt number: The shear stress and the 

local skin friction coefficient are defined as w
r

u
r 

 
=

 = −  
 

and 2

2 w
fC

U




−
= respectively. 

By applying the equations (3.1.4) and (3.1.5), the local skin friction coefficient can be 

written as 

( ) ( )2
2 8 Re 8  

Ref f x
r x

uC f C f
rU 

 
  

 =

−  
 = = −  = − 

 
 (3.1.9) 

The local Nusselt number can be defined as
( )

w
x

w

xqNu
T T 

=
−

, where wq  is the wall heat 

flux and taken as w
r

Tq
r 


=

 = −  
 

. After using the equations (3.1.4) and (3.1.5), the local 

Nusselt number, ( ) ( )
1

2Re 2x xNu  
−

= −                                                             (3.1.10) 
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3.2 The Procedure of Numerical Solution  

The coupled system of non-linear ODEs (3.1.6) and (3.1.7) has been solved numerically by 

applying SQLM with MATLAB. The SQLM is the combination of QLM and CSCM which 

were developed by Shateyi and Muzara [79]. The system of equations (3.1.6) and (3.1.7) 

are converted to  

( ) ( ) ( ) ( ) ( )0,t t 1 1,t t 1 2,t t 1 3,t t 1 1,ta a a af f f f R    + + + +  + + + =     (3.2.1) 

( ) ( ) ( ) ( ) ( ) ( )0,t 1 1,t 1 2,t 3,t 1 4,t 1 2,b b b +b + bt t t t tf f R        + + + +  + + =  (3.2.2) 

The subscripts t and t + 1 denote previous and current approximations.  

The transformed boundary conditions are 

( ) ( ) ( )

( ) ( ) ( )

1 1 1 t+1

1 0 1 0 t+1 0

0, , =1, at 0
2

10, , = 0, as 
2

t x t x x

t t

f xN f xN xN

f x f x x


 

 

+ + −

+ +

= = =

= = →

 

The variable coefficients obtained from the previous iteration are given by  

0, 1, 2, 3,
1 1 1, , ,
2 2 4 2t t t t t t t

f f f M fa a f a mf a f
f f f f


   

 = = = = + = = − − = =
     

 

( )

( )
0, 1, 2,

3, 4,

Pr 2 11 Pr, ,
2 2 2

Pr 2 1 Pr,
2 2

t t t t t

t t t t

m
b b f b f

m
b b

f f

  


  

 
 

−  
= = = = + = = −

   

− 
= = − = =

 

 

( ) ( ) ( ) ( ) ( )1, 0, 1, 2, 3,

2

, , , ......
1
2 2 8 8

n
t t t t t t t t t

t t

R a f a f a f a f F f f f f
m m Mf f f

          = + + + −  

 = − − −
 

( )

( ) ( ) ( ) ( ) ( )
2, 0, 1, 2, 3, 4,

Pr, , , ...... 2 1
2

t t t t t t t t t t t

n
t t t t

R b b b b f b f

F f f f f f m f

   

      

  = + + + +

    − = − −   
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The linear differential equations (3.2.1) and (3.2.2) are solved iteratively by using the 

Chebyshev spectral collocation method (CSCM). The linear transformation 2 1x
L




= − is 

used to convert the domain [0, ∞) into the computational domain [−1, 1]. The unknown 

functions 1 1 and  r rf + + are determined with the help of CSCM, and Chebyshev 

interpolating polynomials. The derivatives of the functions 1 1 and  r rf + +  at the Gauss–

Lobatto collocation points are 

cos , 0,1,2,....i
ix i N

N
 = = 
 

 gives ( ) ( )
1

1
1

0

n N
t i n n

ik t k
k

d f x
D f x D F

dx
+

+
=

= =                          (3.2.3) 

Where, 
2

LD = , is (N1 + 1) × (N1 + 1) differentiation matrix and 

( ) ( ) ( ) ( ) ( )1 0 1 1 1 2 1 1 1, , ,.... ,
T

t t t t N t NF f x f x f x f x f x+ + + + − +=    . Similarly, the nth derivatives of 

1t +  are given by  

( ) ( )
1

1
1

0

n N
t i n n

ik t k
k

d x
D x D

dx


+
+

=

= =                                                                               (3.2.4) 

By applying the Equations (3.2.3) and (3.2.4), the Equations (3.2.1) and (3.2.2) yields 

1,111 12

2,121 22

tt

tt

RFA A
RA A

+

+

   
=    

     
, Where 

3 2
11 0, 1, 2, 3, 12

2 2
21 3, 4, 22 0, 1, 2,

, 0 ,
,

t t t t

t t r t t

A a D a D a D a A I
A b D b A b D b D b

= + + + =

= + = + +
 

The matrix I is of order (N1 + 1) × (N1 + 1). 

3.3 Code Verification 

The numerical values ( )f  have been compared with the results of Afridi [80] for 

different values of η to validate the convergence and accuracy of the present method. The 

results are almost similar to the previous results which are shown in Table 3.1. 
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Table 3. 1 Comparison of skin friction ( )f  for different values of η with Afridi [80] by 
taking M = m = 0 and Pr = 1 

 Afridi [80]  Present results 

η  ( )0f   ( )f   

0.001 62.1637 62.1572 

0.01 8.4924 8.4912 

0.10 1.2888 1.2839 

0.15 - 0.9359 

3.4  Results and Discussion 

The non-linear ODEs of the present problem are solved by applying SQLM. The 

convergence criteria of the solution are performed by the use of solution-based errors. 

These errors are defined by the differences between approximate solutions at the previous 

and current iteration levels t and t + 1, respectively. The error norms are defined as: 

1, , 1, ,0 0
max  and maxf t i t i t i t ii N i N

Error F F Error  + +
   

= − = −  

The infinity norms of the residual errors are defined by  

( ) ( ) ( )21Re   1-  4 1-  2
2 8 8

m Ms f f f ff f f


    = + + + +  and 

( ) ( )1 1Re Pr  - 2 1   
2 2

s f m f    


   = + + −    respectively. 

The impact of physical parameters on velocity ( )f  , temperature ( )  , skin friction, and 

the local Nusselt number is shown graphically. The numerical values of skin friction 

( Ref xC  ) and Nusselt number ( ( ) 1
Rex xNu

−
) which are equivalent to velocity gradient 

( )f  and temperature gradient ( )   have been shown in Table 3.2 and Table 3.3 

respectively. The computations are done by taking N = 50 collocation points and solution-

based errors are defined for the convergence of the numerical method. Again, Figures 

3.14(a) and 3.14(b) show the error infinity norms and residual error infinity norms against 
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iterations. Figure 3.14(a) represents the convergence for the present problem with iterations. 

From this, it is noticed that the error infinity norm decreases with the increasing number of 

iterations that confirm the convergence of the present method. So, it is observed that the 

present method converges after five iterations. On the other hand, Figure 3.14(b) assure the 

accuracy of the present method of less than 10-8 and 10-14 for ( )f  and ( )  against after 

fourth iterations. It is seen that the residual error decreases with increasing the iterations. 

This proves the validity of the present method. The errors show that the SQLM is accurate 

giving errors of less than 10-8 within the fourth iteration. In this chapter the default 

parameters are taken as M = 1.0, m = 1.0, Pr = 0.71, ϵ = 0.0, 2.0 and s = 0.05, 2.0 

throughout the calculation. The fluid velocity profile and skin friction have been depicted 

graphically versus boundary layer co-ordinate (η) in Figures 3.1 – 3.6 for the increasing 

effect of the controlling parameters such as magnetic (M), power-law index (m), stretching 

ratio (ϵ), and surface thickness (s) in the following sub-section. 

3.4.1 Velocity profiles and skin friction coefficient with parameter variations 

3.4.1.1 Effect of the magnetic parameter (M) on the velocity profile and skin friction 

coefficient  

Figure 3.1 (a) and Figure 3.1 (b) represent the influence of magnetic parameter on viscous 

fluid velocity profile for thinner (s = 0.05) and thicker surfaces (s = 2.0) when 1  , ϵ = 

1.0 and 1  respectively. It is noticed from these figures that the variation of the stretching 

ratio parameter has a significant effect on the velocity profile in connection with the 

magnetic parameter. These plots depict that the velocity profile of the viscous fluid and 

boundary layer thickness affected significantly with increasing magnetic parameters. From 

these figures, it is seen that the velocity profile of the viscous fluid and boundary layer 

thickness squeezes when 1   and the fluid flow form an inverted boundary layer pattern 

but in the case of 1  , the reverse trend occurs in velocity profile both of the thinner and 

thicker surfaces of the bullet-shaped object. This happens because in presence of the term 
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( )
2

0B U u


 − in equation (3.1.2) which is the combination of pressure force (

2
0B U




) 

and Lorentz force (
2

0B u


) terms. 

 
(a)  

 
(b) 

Figure 3. 1 Effect of magnetic parameter (M) on velocity profile taking (a) s = 0.05 and ϵ = 
0.0 (lower panel), ϵ =1.0 (separation line), ϵ = 2.0 (upper panel), and (b) s = 2.0 and ϵ = 0.0 

(lower panel), ϵ =1.0 (separation line), ϵ = 2.0 (upper panel) 

The velocity profile squeezes when Lorentz's force is greater than the pressure force and 

vice-versa. Again, it is also seen that the surface velocity and the free stream velocity are 

equal in the case of ϵ = 1.0. It is also observed that, if the surface thickness parameter (s) 

reduces then the fluid flow form a certain boundary layer structure and the fluid velocity 

satisfies the far-field boundary condition. On the other hand, while surface thickness 

parameter (s) increases then the fluid flow does not satisfy the far-field boundary condition 

and the boundary layer structure has no definite shape. Therefore, the velocity boundary 

layer thickness is higher in the case of a thicker bullet-shaped object (s = 2.0) than the 

thinner bullet-shaped object (s = 0.05). 
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Figures 3.2(a) and 3.2(b) display the skin friction coefficient for the effect of the magnetic 

parameter (M) with stretching ratio parameter 1   and 1  , and the surface thickness 

parameter s = 0.05, s = 1.0, respectively. From these figures, it is observed that the skin 

friction coefficient enhances in the case of 1  but reduces while 1  for both of the 

thinner and thicker surfaces of the bullet-shaped object. It is observed from equation (3.1.9) 

that the skin friction coefficient is directly proportional to the dimensionless velocity 

gradient. The velocity gradient at the surface is positive when 1   and negative due to 

1  but zero while ϵ = 1.0 for all values of the controlling parameters. The positive values 

of the velocity gradient indicate that the fluid applies a drag force on the bullet-shaped 

object, on the other hand, the bullet-shaped object exerts a drag force on the fluid flow 

while the velocity gradient is negative.  

 
(a)  

 
(b) 

Figure 3. 2 Effect of magnetic parameter (M) on skin friction coefficient taking (a) s = 
0.05 and ϵ = 0.0 (upper panel), ϵ = 2.0 (lower panel), and (b) s = 2.0 and ϵ = 0.0 (upper 

panel), ϵ = 2.0 (lower panel). 

Therefore, the parameter M is directly proportional to skin friction in the case of 1   but 

inversely proportional when 1  . It is observed from Table 3.2 that, when M changes 

from 1.0 to 10.0 for s = 0.05 and ϵ = 0.0, the skin friction increases 37.5 % whereas for s = 
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1.0 and ϵ = 0.0 the skin friction increases 56.1%. Hence, the skin friction is higher for the 

thicker surface (s = 1.0) than the thinner surface (s = 0.05). 

3.4.1.2 Influence of power-law index parameter (m) on the velocity profile and skin 

friction coefficient 

Figures 3.3(a) and 3.3(b) show the variation of a velocity profile for the effect of power-

law index parameter when the stretching ratio parameter 1   and 1  , and the surface 

thickness parameter s = 0.05, s = 2.0, respectively.  

 
(a)  

 
(b) 

Figure 3. 3 Influence of power-law index parameter (m) on velocity profile taking (a) s = 
0.05 and ϵ = 0.0 (lower panel), ϵ =1.0 (separation line), ϵ = 2.0 (upper panel), and (b)  

s = 2.0 and ϵ = 0.0 (lower panel), ϵ =1.0 (separation line), ϵ = 2.0 (upper panel). 

These plots represent that the velocity profile of the viscous fluid and boundary layer 

thickness affected insignificantly with an increasing power-law index parameter due to 

thinner surface (s = 0.05) whereas the reverse trend happens in the case of thicker surface 

(s = 2.0). From these figures, it is noticed that the velocity profile and boundary layer 

thickness squeezes when 1  and the fluid flow form an inverted boundary layer pattern 

whereas, in the case of 1  , the velocity profile expands but boundary layer thickness 
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squeezes the and fluid flow form a certain boundary layer pattern. It is also observed that 

the velocity profile and boundary layer thickness satisfy the far-field boundary condition in 

the case of a thinner surface (s = 0.05). On the other hand, due to the thicker surface (s = 

2.0), the velocity profile, and boundary layer thickness are not in parabolic shapes, so this 

is insignificant with the physical behavior of the boundary layer concept because in this 

case, the boundary condition does not satisfy. Therefore, the velocity boundary layer 

thickness is higher in the case of a thicker bullet-shaped object (s = 2.0) than a thinner 

bullet-shaped object (s = 0.05). 

Figure 3.4(a) and 3.4(b) display the skin friction coefficient for the effect of power-law 

index parameter (m) by taking the stretching ratio parameter 1  and 1  , 

 
(a)  

 
(b) 

Figure 3. 4 Effect of power-law index parameter (m) on skin friction coefficient taking (a) s 
= 0.05 and ϵ = 0.0 (lower panel), ϵ = 2.0 (upper panel), and (b) s = 2.0 and ϵ = 0.0 (lower 

panel), ϵ = 2.0 (upper panel) 
and the surface thickness parameter s = 0.05, s = 1.0, respectively. From these figures, it is 

seen that the skin friction coefficient enhances in the case of 1  but reduces while 

1  for both of the thinner and thicker surfaces. These graphs also show that the velocity 

gradient at the surface is a positive when 1  and negative while 1  but zero while ϵ = 

1.0 for all values of the controlling parameters. Therefore, the positive values 
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( )0f  indicate that the fluid applies a drag force on the bullet-shaped object and the 

negative value indicates the bullet-shaped object exerts a drag force on the fluid flow. It is 

observed from Table 3.2 that, when m changes from 0.0 to 3.0 for s = 0.05 and ϵ = 0.0, the 

skin friction increases 15.4 % whereas for s = 1.0 and ϵ = 0.0 the skin friction increases 

32.3%. Hence, the skin friction is higher for the thicker surface (s = 1.0) than the thinner 

surface (s = 0.05). 

3.4.1.3 Effect of surface thickness parameter (s) on velocity profiles and skin friction 

coefficient  

Figures 3.5(a) and 3.5(b) illustrate the effects of surface thickness parameter (s) 

( 0.05 2.0s  ) on the velocity distribution and skin friction coefficient when the other 

parameters are fixed by considering the stretching ratio parameter 1   and 1  , and the 

surface thickness parameter s = 0.05, s = 2.0, respectively. These plots show that the 

velocity profile of the viscous fluid and boundary layer thickness affected significantly 

with increasing surface thickness parameters. From Figure 3.5(a) it is seen that the velocity 

profile and boundary layer thickness expands when 1   and the fluid flow form an 

inverted boundary layer pattern but in the case of 1  the velocity profile squeezes but 

velocity boundary layer thickness increases and the fluid flow forms a definite boundary 

layer pattern. This happens because the increase in shape and size of the bullet-shaped 

object enhances the surface area of the object that provides more resistance against the 

fluid motion as a result the fluid velocity decreases. Therefore, the velocity boundary layer 

thickness is higher in the case of a thicker bullet-shaped object (s = 2.0) than the thinner 

bullet-shaped object (s = 0.05). From Figure 3.5(b), it is noticed that the skin friction 

coefficient reduces in the case of 1  but increases while 1  for both of the thinner and 

thicker surfaces. Hence, the parameter s is inversely proportional to Ref xC in the case of 

1  but directly proportional when 1  .  This graph also shows that the velocity gradient 

at the surface is a positive when 1  and negative while 1  but zero while ϵ = 1.0 for all 

values of the controlling parameters. Therefore, the fluid applies a drag force on the bullet-
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shaped object for the positive values ( )f  while the bullet-shaped object exerts a drag 

force on the fluid flow for the negative values ( )f  . 

 
(a)  

 
(b) 

Figure 3. 5 Effect of surface thickness parameter (s) on (a) velocity profile for ϵ = 0.0 (lower 
panel), 1.0 (separation line), 2.0 (upper panel), and (b) skin friction for ϵ = 0.0 (lower panel), 

2.0 (upper panel) 
It is observed from Table 3.2 that, when s changes from 0.05 to 0.5 for ϵ = 0.0, the skin 

friction decreases 83.7 % whereas for ϵ = 2.0 the skin friction increases 82.1%. Hence, the 

skin friction is higher for ϵ = 0.0 than ϵ = 2.0. 

3.4.1.4 Influence of stretching ratio parameter (ϵ) on the velocity profile  

Figure 3.6(a) and 3.6(b) illustrate the velocity profile for the increasing effect of stretching 

ratio parameter ( ) 0 2.0   consider the surface thickness parameter s = 0.05 and s = 1.0, 

respectively. From these figures, it is noticed that the velocity profile and boundary layer 

thickness expands when 1  and the fluid flow form an inverted boundary layer pattern 

but in the case of 1  the fluid flow form a certain boundary layer pattern. It is also 

observed that the velocity profile and boundary layer thickness satisfy the far-field 

boundary condition in the case of a thinner surface (s = 0.05). On the other hand, while the 

thicker surface (s = 2.0), the velocity profile is not in a parabolic shape, this is insignificant 
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with the physical behavior because in this case, the boundary condition does not satisfy by 

the velocity profile. 

 
(a) 

 
(b) 

Figure 3. 6 Effect of stretching ratio parameter (ϵ) on velocity profile taking (a) s = 0.05 
and ϵ = 0.0 (lower panel), ϵ =1.0 (separation line), ϵ = 2.0 (upper panel), and (b) s = 2.0  

and ϵ = 0.0 (lower panel), ϵ =1.0 (separation line), ϵ = 2.0 (upper panel). 

Therefore, the velocity boundary layer thickness is higher in the case of the thicker bullet-

shaped object (s = 2.0) than the thinner bullet-shaped object (s = 0.05). 

From these figures, it is observed that the velocity profile and momentum boundary layer 

thickness is getting expand due to power-law index parameter (m), surface thickness 

parameter (s), and stretching ratio parameter (ϵ) whereas magnetic parameter (M) has a 

reverse effect on it in the case of 1  for both of the thicker (s = 2.0) and thinner (s = 

0.05) surfaces. On the other hand, in the case of 1  the velocity profile and momentum 

boundary layer thickness are getting expand due to magnetic parameter (M), power-law 

index parameter (m), and stretching ratio parameter (ϵ) but squeezes for the surface 

thickness parameter (s). Again, it is also revealed that in the case of a thicker bullet-shaped 

object (s = 2.0) the velocity profile does not approach the ambient condition asymptotically 

but intersects the vertical axis with a steep angle and the boundary layer structure has no 
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definite shape whereas in the case of a thinner bullet-shaped object (s = 0.05) the velocity 

profile converge the ambient condition asymptotically and the boundary layer structure has 

a definite shape. It is also noticed that the thinner bullet-shaped object represents a thinner 

momentum boundary layer than the thicker bullet-shaped object in both static and moving 

bullet-shaped objects. 

Table 3.2 represents the variation in skin friction coefficient for different values of the 

magnetic parameter (M), surface thickness parameter (s), Prandtl number (Pr),  and power-

law index parameter (m) for various movements of the bullet-shaped object.  

Table 3. 2 Variation in skin friction coefficient for distinct values of M, m, s, and Pr with  
ϵ = 0.0, 0.2, 2.0, s = 0.05 

Parameters - Ref xC  

ϵ = 0.0, s = 0.05 

- Ref xC  

ϵ = 0.2, s = 0.05 

Ref xC−  

ϵ = 2.0, s = 0.05 
M m s Pr 

1.0 1.0 0.05 1.0 5.6404 4.5437 6.0131 

5.0 1.0 0.05 1.0 6.3441 5.1011 6.6555 

10.0 1.0 0.05 1.0 7. 0787 5.6847 7.3436 

1.0 0.0 0.05 1.0 5.3397 4.2886 5.5421 

1.0 1.0 0.05 1.0 5.6404 4.5437 6.0131 

1.0 2.0 0.05 1.0 5.9128 4.7745 6.4342 

1.0 1.0 0.05 1.0 5.6404 4.5437 6.0131 

1.0 1.0 0.2 1.0 1.7491 1.4322 1.9969 

1.0 1.0 0.3 1.0 1.3251 1.0771 1.4993 

1.0 1.0 0.05 0.71 5.6404 4.5437 6.0131 

1.0 1.0 0.05 1.0 5.6404 4.5437 6.0131 

1.0 1.0 0.05 7.0 5.6404 4.5437 6.0131 
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It is observed from equation (3.1.9) that the skin friction coefficient is inversely 

proportional to the velocity gradient, ( )f  at the bullet-shaped object. So, the velocity 

gradient at the surface of the object is negative for all values of mentioned parameters in 

the case of 1  but positive when 1  .  The negative values ( )f  mean that the bullet-

shaped object exerts a drag force on the fluid flow whereas the positive values ( )f   

mean that the fluid flow exerts a drag force on the bullet-shaped object. From Table 3.2, it 

is observed that the magnetic parameter (M) and power-law index parameter (m) reducing 

the friction factor coefficient in the case of 1   but boosting the friction factor in the case 

of 1  . On the other hand, the surface thickness parameter reduces the friction factor in 

both of the mentioned cases. It is interesting to note that friction factor coefficient is less in 

ϵ  = 0.2 case when compared with ϵ  = 0.0, ϵ  = 2.0 cases. At this point, it is highlighted that 

for reducing the friction between the particles we have to use ϵ  = 0.2 cases. It is evident 

from this table that the skin friction coefficient is higher in ϵ  = 2.0 case when comparing 

with ϵ  = 0.0, ϵ  = 0.2 cases. It is also noticed that the Prandtl number (Pr) does not affect 

the skin friction coefficient. 

Table 3.3 displays the variation in Nusselt number for different values of the magnetic 

parameter (M), surface thickness parameter (s), Prandtl number (Pr),  and power-law index 

parameter (m) for various movements of the bullet-shaped object. It is observed from 

equation (3.1.10) that the Nusselt number is directly proportional to the heat transfer rate 

( )   at the bullet-shaped object. The heat transfer rate at the surface of the object ( )   

is negative for all values of mentioned parameters. From table 3.3, it is possible to observe 

that the heat transfer rate increases for the magnetic parameter (M),  Prandtl number (Pr), 

and power-law index parameter (m) but decreases for the surface thickness parameter (s)  

for all three cases of stretching ratio parameter (ϵ  = 0.0, ϵ  = 0.2, ϵ  = 2.0) and s = 0.05 

respectively. On the other hand, in the case of ϵ  = 2.0, and s = 0.05 the heat transfer rate 

increases for the magnetic parameter (M) and surface thickness parameter (s)  whereas 

decreases for Prandtl number (Pr), and power-law index parameter (m). Therefore, heat 

transfer rate is high in ϵ  = 0.0 case, when compared with ϵ = 0.2, ϵ = 2.0 cases. At this 
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point, it is highlighted that for reducing the heat transfer rate we have to consider the static 

(ϵ = 0.0) bullet-shaped object. 

Table 3. 3 Variation in Nusselt number, ( ) 1
Rex xNu

−
 for different values of M, m, s, and 

Pr with ϵ = 0.0, 0.2, 2.0, s = 0.05 

Parameters ( ) 1
Rex xNu

−
−  

ϵ = 0.0, s = 0.05 

( ) 1
Rex xNu

−
−  

ϵ = 0.2, s = 0.05 

( ) 1
Rex xNu

−
−  

ϵ = 2.0, s = 0.05 
M m s Pr 

1.0 1.0 0.05 1.0 10.4671 10.6800 11.2800 

5.0 1.0 0.05 1.0 10.4911 10.6912 11.2611 

10.0 1.0 0.05 1.0 10.5134 10.7019 11.2426 

1.0 0.0 0.05 1.0 10.0001 10.0001 10.0000 

1.0 1.0 0.05 1.0 10.4671 10.6800 11.2800 

1.0 2.0 0.05 1.0 10.8845 11.2824 12.3826 

1.0 1.0 0.05 1.0 10.4671 10.6800 11.2800 

1.0 1.0 0.2 1.0 2.9202 3.1327 3.4985 

1.0 1.0 0.3 1.0 1.4899 2.3417 2.5867 

1.0 1.0 0.05 0.71 10.3431 10.4981 10.9376 

1.0 1.0 0.05 1.0 10.4671 10.6800 11.2800 

1.0 1.0 0.05 7.0 12.1862 13.3201 16.2761 

The fluid temperature profile and Nusselt number have been depicted graphically versus 

boundary layer co-ordinate (η) in Figures 3.8 – 3.13 for the increasing effect of Prandtl 

Number (Pr), power-law index parameter (m), stretching ratio parameter (ϵ), and surface 

thickness parameter (s) in the following sub-section. The two‐layer variation is observed in 

the thermal boundary layer due to s = 0.05 (thinner surface) and s = 2.0 (thicker surface). 
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3.4.2 Temperature profiles and Nusselt number with parameter variations 

3.4.2.1 Effect of Prandtl number (Pr) on the temperature profile 

Figures 3.7(a) and 3.7(b) depicts the variation of Prandtl number (Pr) ( )0.71 Pr 10.0  on 

temperature profile when stretching ratio parameter 1  or 1  and the surface thickness 

parameter s = 0.05, s = 1.0, respectively. These plots represent that the temperature profile 

of the viscous fluid and thermal boundary layer thickness affected significantly with 

increasing Prandtl number.  

 
(a) 

 
(b) 

Figure 3. 7 Temperature profile for different values of Prandtl number when (a) ϵ = 0, s = 
0.05, s = 2.0, and (b) ϵ = 2.0, s = 0.05, s = 2.0 

It is seen from these figures that the variation of surface thickness parameter has a 

significant effect on fluid temperature in connection with the Prandtl number. From these 

figures, it is seen that the temperature profile and boundary layer thickness squeezes for 

both the thicker (s = 2.0, and thinner (s = 0.05) surfaces of the bullet-shaped object. It is 

also observed that the thermal boundary layer thickness is higher in the case of the thicker 

surface (s = 2.0) than the thinner surface (s = 0.05). This happens because a smaller Prandtl 

number means heat is quickly diffuse from the heated surface than for higher values of Pr. 

For increasing values of Prandtl number, the temperature profiles are closing to the solid 

https://www.ncbi.nlm.nih.gov/pmc/articles/PMC5430769/figure/Fig12/
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surface. So, for cooling purposes, the Prandtl number can be used. A smaller surface 

thickness has a greater decelerating effect than a thicker surface. Therefore, it is noticed 

that for higher values of surface thickness parameter, the maximum temperature shows in 

the thermal boundary layer compared to that of lower surface thickness parameter. 

3.4.2.2 Influence of power-law index parameter (m) on the temperature profile 

Figure 3.8 (a) and Figure 3.8 (b) depict the influence of power-law index parameter on 

viscous fluid temperature for thinner surface (s = 0.05) and thicker surface (s = 2.0) when ϵ 

= 0.2 and 2.0 respectively. It is noticed from these figures that the variation of the surface 

thickness parameter has a significant effect on viscous fluid temperature in connection with 

the power-law index parameter. A lower surface thickness parameter has a greater 

decelerating effect. For thicker surfaces (s = 2.0) with increasing m, the decelerating effect 

is more prominent than for thinner surfaces (s = 0.05). Therefore, the thermal boundary 

layer thickness is higher due to the thicker surface when compared with the thinner surface. 

Figure 3.8 (c) and Figure 3.8 (d) also represent the influence of power-law index parameter 

on viscous fluid temperature for air (Pr = 0.71) and water (Pr = 7.0) when s = 0.05 and 2.0 

respectively. It is seen from these figures that the variation of the Prandtl number has a 

significant effect on viscous fluid temperature in connection with the power-law index 

parameter. A higher Prandtl number has a greater decelerating effect. For air (Pr = 0.71) 

with increasing m, the decelerating effect is more prominent than for water (Pr = 7.0).  
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(a) 

 
(b) 

 
(c) 

 
(d) 

Figure 3. 8 Temperature profile for different values of power-law index parameter (m) 
when (a) ϵ = 0.2, s = 0.05, s = 2.0, (b) ϵ = 2.0, s = 0.05, s = 2.0 (c) s = 0.2, Pr = 0.71,  

Pr = 7.0, and (d) s = 2.0, Pr = 0.71, Pr = 7.0. 
Therefore, the thermal boundary layer thickness is higher for air when compared with 

water. From these figures, the temperature distribution and also the thermal boundary layer 

thickness decrease with the increase of m for all mentioned cases. These plots also 
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represent that the temperature profile of the viscous fluid and thermal boundary layer 

thickness affected significantly with increasing power-law index parameter. Therefore, it is 

seen that for higher values of surface thickness parameter, the maximum temperature 

shows in the thermal boundary layer compared to that of lower surface thickness 

parameter. Again, in the case of air (Pr = 0.71), the highest temperature shows in the 

thermal boundary layer compared to that of water (Pr = 7.0). 

3.4.2.3 Effect of surface thickness parameter (s) on the temperature profile 

Figure 3.9 (a) and Figure 3.9 (b) portray the influence of surface thickness parameter (s) on 

viscous fluid temperature for air (Pr = 0.71) and water (Pr = 7.0) when ϵ = 0.2 and 2.0 

respectively. It shows that the temperature profile and thermal boundary layer thickness 

expand with an increase of surface thickness parameter because the heat transfer rate 

enhances. 

 
(a) 

 
(b) 

Figure 3. 9 Temperature profile for different values of surface thickness parameter (s) 
when (a) ϵ = 0.2, Pr = 0.71, 7.0 and (b) ϵ = 2.0, Pr = 0.71, 7.0 

It is seen from these figures that the variation of the Prandtl number has a significant effect 

on viscous fluid temperature in connection with the surface thickness parameter. A higher 

Prandtl number has a greater decelerating effect than a lower Prandtl number. For air (Pr = 
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0.71) with increasing s, the accelerating effect is more prominent than for water (Pr = 7.0). 

Therefore, the thermal boundary layer thickness is higher for air when compared with 

water. Again, in the case of air (Pr = 0.71), the highest temperature shows in the thermal 

boundary layer compared to that of water (Pr = 7.0). 

3.4.2.4 Effect of stretching ratio parameter (ϵ) on the temperature profile 

Figure 3.10 (a) and Figure 3.10 (b) display the effects of the stretching ratio parameter (ϵ) 

on viscous fluid temperature for air (Pr = 0.71) and water (Pr = 7.0) when s = 0.05 and 2.0 

respectively. It shows that the temperature profile and thermal boundary layer thickness 

squeeze with an increase of the stretching ratio parameter because the velocity profile 

increases for the effect of this parameter which tends to pass more fluid from the boundary 

layer region to the surrounding fluid. 

 
(a) 

 
(b) 

Figure 3. 10 Temperature profile for different values of stretching ratio parameter (ϵ) when 
(a) s = 0.2, Pr = 0.71, Pr = 7.0 and (b) s = 2.0, Pr = 0.71, Pr = 7.0 

It is seen from these figures that the variation of the Prandtl number has a significant effect 

on viscous fluid temperature in connection with the stretching ratio parameter. A higher 

Prandtl number has a greater decelerating effect. For water (Pr = 7.0) with increasing the 

stretching ratio parameter, the decelerating effect is more prominent than for air (Pr = 



62 

 

0.71). Again, in the case of air (Pr = 0.71), the highest temperature shows in the thermal 

boundary layer compared to that of water (Pr = 7.0). 

The graph of temperature profile represents that the fluid temperature within the boundary 

layer region is getting lower due to Prandtl number, power-law index parameter, and 

stretching ratio parameter whereas surface thickness parameter has a reverse effect on it 

throughout the boundary layer region. From these figures, it is also revealed that in the case 

of a thicker bullet-shaped object (s = 2.0) the temperature profile does not approach the 

ambient condition asymptotically but intersects the axis with a steep angle and the 

boundary layer structure has no definite shape whereas in the case of a thinner bullet-

shaped object (s = 0.05) the temperature profile converge the ambient condition 

asymptotically and the boundary layer structure has a definite shape. Here also one can 

notice that the thinner bullet-shaped object acts as a good cooling conductor compared to 

the thicker bullet-shaped object for both ϵ = 0.0 and 2.0. It is also mentioned that the 

thinner bullet-shaped object represents a thinner thermal boundary layer because the heat 

transfer rate is higher than the thicker bullet-shaped object in both static and moving bullet-

shaped objects. Hence it is mentioned that the lower values of the surface thickness 

parameter have a greater depressing effect on the temperature profile than higher values of 

the surface thickness parameter. It is also noticed that the thermal boundary layer thickness 

is higher for air when compared with water. 

3.4.2.5 Influence of Prandtl number (Pr) on Nusselt number, ( ) 1
Rex xNu

−
 

The variation of the Nusselt number against the effect of the Prandtl number displays in 

Figures 3.11 (a) and 3.11(b)  by taking the stretching ratio parameter ϵ = 0.0 and ϵ = 2.0, 

and the surface thickness parameter s = 0.05, respectively.  
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(a) 

 
(b) 

Figure 3. 11 Nusselt number for different values of Prandtl number when (a) ϵ = 0.0, s = 
0.05, and (b) ϵ = 2.0, s = 0.05 

 

From these figures, it reveals that, the Nusselt number increase as the Prandtl number 

increases.  It is observed from equation (3.1.10) that the Nusselt number is directly 

proportional to the temperature gradient. The temperature gradient at the surface is always 

negative for all values of the controlling parameters. Therefore, the Prandtl number is an 

increasing function of the Nusselt number. It is observed from Table 3.3 that, when Pr 

changes from 0.71 to 10.0 for s = 0.05 and ϵ = 0.0, the Nusselt number increases 17.8 % 

whereas for s = 1.0 and ϵ = 0.0 the corresponding increases 27.7%. Hence, the Nusselt 

number is higher for the thicker surface (s = 2.0) than the thinner surface (s = 0.05). 

3.4.2.6 Influence of power-law index parameter (m) on Nusselt number 

Figures 3.12 (a) and 3.12(b) represents the variation of Nusselt number with respect to 

power-law index parameter by taking the stretching ratio parameter ϵ = 0.0 and ϵ = 2.0, and 

the surface thickness parameter s = 0.05, respectively. From these figures, it reveals that as 

the values of m increases the Nusselt number also increases. Therefore, the power-law 

index parameter is directly proportional to the Nusselt number.  
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(a) 

 
(b) 

Figure 3. 12 Nusselt number for different values of power-law index parameter (m) when (a) 
ϵ = 0.0, s = 0.05, and (b) ϵ = 0.0, s = 2.0 

It is observed from Table 3.3 that, when m changes from 0to 3 for s = 0.05 and ϵ = 0.0, the 

Nusselt number increases 12.6 % whereas for s = 1.0 and ϵ = 0.0 the corresponding 

increases 21.64%. Hence, the Nusselt number is higher for the thicker surface (s = 1.0) than 

the thinner surface (s = 0.05). 

3.4.2.7 Effect of surface thickness parameter (s) on Nusselt number 

Figures 3.13 (a) and 3.13(b) represents the variation of Nusselt number with respect to 

surface thickness parameter (s) also taking the stretching ratio parameter ϵ = 0.0 and ϵ = 2.0, 

respectively. From these figures, it reveals that as the values of s increase the Nusselt 

number decreases. Therefore, the Nusselt number is a decreasing function of the surface 

thickness parameter. This implies heat transfer rate is higher in the case of a thinner (s = 

0.05) bullet-shaped object than the thicker (s = 2.0) bullet-shaped object. It is observed 

from Table 3.3 that, when s changes from 0.05 to 0.5 for ϵ = 0.0, the Nusselt number 

decreases 85.76 % whereas for ϵ = 2.0 the corresponding decreases 83.6%.  
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(a) 

 
(b) 

Figure 3. 13 Nusselt number for different values of surface thickness parameter (s) when (a) ϵ 
= 0.0, and (b) ϵ = 2.0 

Hence, the Nusselt number is higher for ϵ = 0.0 than ϵ = 2.0. Figures 3.14(a) and 3.14(b) 

shows the convergence and accuracy of the present problem.  

 
(a) 

 
(b) 

Figure 3. 14 (a) Error infinity norms and (b) Residual error infinity norms for  ( )f  and ( )   
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Figure 3.14(a) depicts the infinity norms with iterations.The error infinity norm decreases 

with the increasing number of iterations that confirms the convergence of the present 

method. So, the present method converges after five iterations. Figure 3.14(b) represents 

the residual error norms of less than 10-8 and 10-14 for ( )f  and ( )  against after fourth 

iterations. It is seen that the residual error decreases with increasing the iterations. This 

proves the validity of the present method. The errors show that the SQLM is accurate 

giving errors of less than 10-8 within the fourth iteration. 

3.5 Correlation Analysis for Velocity Gradient 

A positive correlation means higher values of one variable tend to higher values of another 

variable but the reverse case arises for the negative correlation. The statistically significant 

values of the parameters are highlighted in the table because the values are greater equal to 

0.25. Then we say that a 95% chance of a relationship between the parameters. So, from 

Table 3.4 it is observed that the velocity gradient is positively correlated with the magnetic 

parameter (M), and power-law index parameter (m) but negatively correlated with the 

surface thickness parameter (s) and stretching ratio parameter (ϵ). Therefore, the fluid 

velocity and gradient of velocity is an increasing function of the magnetic parameter, and 

power-law index parameter but a decreasing function of the surface thickness parameter 

and stretching ratio parameter within the boundary layer region. 

Table 3. 4 Correlation coefficient between the velocity gradient ( )f   and controlling 
parameters by taking 1st order coefficient in the case of ϵ = 0.2 

Parameters  M s m ϵ ( )f   
M 1.00 

    

s -0.22 1.00 
   

m -0.09 -0.08 1.00 
  

ϵ 0.17 0.15 0.07 1.00 
 

( )0f   0.52 -0. 43 0.21 -0.33 1.00 
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3.6 Correlation Analysis for Temperature Gradient 

A positive correlation means higher values of one variable tend to higher values of another 

variable but the reverse case arises for the positive correlation. The correlations are 

significant between the variables if the numerical value of 0.25 or above. Then we say that 

a 95% chance of a relationship between the parameters. So, from Table 3.5 the correlation 

is significant for all mentioned parameters except the stretching ratio parameter which is 

highlighted in the table. The temperature gradient is positively correlated with the 

parameters Pr, M, m, and ϵ but negatively correlated with the parameter s. 

Table 3. 5 Correlation coefficient between the temperature gradient ( )  and controlling 
parameters by taking zero-order coefficient in the case of ϵ = 0.2 

Correlation Summary 

Parameters Pr M m s ϵ ( )   
Pr 1.00           

M 0.59 1.00         

m -0.08 -0.13 1.00       

s -0.14 -0.21 -0.08 1.00     

ϵ 0.00 0.00 0.00 0.00 1.00   

( )   0.45 0.44 0.28 -0.66 0.23 1.00 



 

 

CHAPTER FOUR 

EFFECT OF VISCOUS DISSIPATION AND INTERNAL HEAT 
GENERATION ON MIXED CONVECTION 

MAGNETOHYDRODYNAMIC BOUNDARY LAYER FLOW 
WITH HEAT TRANSFER OVER A NON-LINEAR STRETCHING 

BULLET-SHAPED OBJECT 

This chapter presents an investigation of mixed convection boundary layer flow and heat 

transfer over a bullet-shaped object by using SQLM with viscous dissipation and internal 

heat generation. So, the chapter performs the velocity and temperature distribution, local 

skin friction coefficient, and local Nusselt number by considering two different shapes and 

sizes (surface thickness parameter) of the bullet-shaped object such as (i) thicker surface (s 

= 2.0) and (ii) thinner surface (s = 0.05). The numerical results of velocity profile, 

temperature profile, the local skin friction coefficient, and the local Nusselt number (rate of 

heat transfer) have been displayed graphically.  

4.1 Mathematical Formulation and Analysis of the Present Problem 

Let us assume the steady laminar two-dimensional mixed convection MHD axisymmetric 

boundary layer flow and heat transfer over a non-linear stretching bullet-shaped object. For 

developing a mathematical model of the present problem, the detailed assumptions are 

discussed in chapter three when  m = 1 represents linear stretching rate and m > 1 implies 

the surface stretches with non-linearity in nature. The present flow model has been 

assumed a non-linear stretching rate. The surface extends along the axis of the 

axisymmetric body (x-direction) and the coordinate r is taken normal to the axis. There is 

no fluid movement along with the r–axis and the steady flow is considered along the axis 

only. Therefore, the governing PDEs are as follows 

Equation of continuity: 

( ) ( ) 0ru rv
x y
 

+ =
 

         (4.1.1)  
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Momentum equation: 

( ) ( )
22

0
2

σBu u U ν u uu v U U u
x x r r ρ

r g T T
r r

 

     
+ = + + + − + − 

     
  (4.1.2)  

Energy equation: 

( )
2 2 22

0
2

T T α Tu v
x r r p p p

B uT Q ur T T
r r C C r C



 


      + = + + − + +   
      

  (4.1.3)  

The boundary conditions are subjected as  

( ) ( ) ( ),  0,  , ,w wu U x v T T at r R x and u U x T T as r = = = = → → →   (4.1.4)  

For finding the similarity solutions of the equation (4.1.1) – equation (4.1.3) with boundary 

conditions (4.1.4), we have to use the axisymmetric similarity transformation (4.1.5). 

( ) ( )
2

2 1,  , mwU r xf T x
x

     


−= = =       (4.1.5) 

The continuity equation (4.1.1) is identically satisfied by the equation (4.1.5). By applying 

the equation (4.1.5) into the equations (4.1.2) and (4.1.3), we obtain the following reduced 

ODEs as  

( ) ( )2 21 1  -  4 -  2 0
2 8 8 8

m Mf f ff f f       + + + + + =  (4.1.6) 

( ) ( )2* 21 1 1Pr  - 2 1   Pr Pr Pr 0
2 2 4

f m f Q Ec f MEcf          + + − + + + =    (4.1.7) 

and the converted boundary conditions are 

( ) ( ) ( )

( ) ( )

'

'

1  0,  ,   1,   0
2

1 ,  0
2

f f at

f as

    

    

= = = =

→ → →

     (4.1.8) 

It is seen that in the case of 1.0  , the surface velocity is greater than the free stream 

velocity and when 1.0  the surface velocity is lower than the free stream velocity.  
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The dimensionless parameters M, λ,  , Pr, Ec, Gr, Rex, and Q* are defined as  

( )

( )

3

*

2 2
, ,2Re

3
, Re ,2

2σB0M , , Pr , Ec=
U a α

 = 
w p

a x T TGr w
Cpw x

g T T x U xw wGr x

x b

QxQ
U c














− =

− = =

= = =
 

The skin friction coefficient and the local Nusselt number 

Now the shear stress and the rate of heat transfer (local Nusselt number, xNu ) can be 

expressed in the following way. The shear stress and the local skin friction coefficient are 

defined as w
r

u
r 

 
=

 = −  
 

and 2

2 w
fC

U




−
= respectively. By applying the equations (4.1.4) 

and (4.1.5), the local skin friction coefficient defined as 

( ) ( )2

2 8 Re 8
Ref f x

r x

uC f C f
U r 

 
  

 =

−  
 = = −  = − 

 
  (4.1.9) 

The local Nusselt number can be defined as
( )

 w
x

w

xqNu
T T 

=
−

. Where wq  is the wall heat 

flux and taken as 
0

w
r

Tq
r


=

 = −  
 

? By using the equations (4.1.4) and (4.1.5), we obtain 

the local Nusselt number ( ) ( )
1

2Re 2 0x xNu 
−

= −    (4.1.10) 

4.2 Methodology  

Bellman and Kalaba first introduced the concept of SQLM  that is a Newton–Raphson-

based QLM. The coupled system of non-linear ODEs (4.1.6) and (4.1.7) are solved 

numerically by applying SQLM and CSCM with MATLAB. The SQLM is the 

combination of QLM and CSCM which were developed by Shateyi and Muzara [81]. 

Applying SQLM, the system of equations (4.1.6) and (4.1.7) are converted into the 

following iterative sequence of linear differential equations. 

( ) ( ) ( ) ( ) ( )0, 1 1, 1 2, 1 3, 1 4, 1,r r r r r r r r r r ra f a f a f a f a R     + + + +  + + + + =  (4.2.1) 
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( ) ( ) ( ) ( ) ( ) ( )0, 1 1, 1 2, 3, 4, 1 5, 1 2, r r r r r r r r r r r rc c c c f c f c f R        + + + +   + + + + + =    (4.2.2) 

The variable coefficients have the following definitions: 

0, 1, 2, 3, 4,
1 1, 1 , , ,
2 4 2 8r r r r r r r r

f f f M fa a f a mf a f a
f f f f




   
 = = = = + = = − − = = =

     
 

( )

( )
0, 1, 2,

3, 4, 5,

Pr 2 11 Pr 1, , Pr *
2 2 2 4

Pr 2 1 Pr2 , 2 ,
2 2

r r r r r

r r r r r r r

m
c c f c f Q

m
c Ecf c MEcf c

f f f

  


  

  
  

−  
= = = = + = = − +

   

−  
  = = = = − + = =

   

 

The terms on the right side are defined as follows: 

( )1, 0, 1, 2, 3, 4,

2
2

, , , ......

1           
2 2 8 8

n
r r r r r r r r r r r

r r

R a f a f a f a f a F f f f f

m m Mf f f

  

 

     = + + + + −  

 = − − −
 

( )

( ) ( )

2, 0, 1, 2, 3, 4, 5,

22

, , , ......
Pr           2 1
2

n
r r r r r r r r r r r r r

r r r r r r

R c c c c f c f c f F f f f f

f m f MEcf Ec f

    

  

      = + + + + + −  

   = − − + +  

 

Chebyshev Differentiation 

We approximate the solutions of Equations (4.1.6) – (4.1.7) by functions of the form 

( ) ( ) ( ) ( ) ( ) ( )
0 0

,
N N

k k k k
k k

f f L L       
= =

= =    (4.2.3) 

The term ( )
0

N
j

k
j k j

L
 


 =

−
=

−  is the Lagrange interpolating polynomial. The detailed 

calculations have been discussed in section 3.2. 

Evaluating equations (4.1.9) – (4.1.10) at the collocation points and the Chebyshev 

derivatives gives in the vector-matrix form of the following system 

1,11 12 1

2,21 22 1

rr

rr

RA A F
RA A 

+

+

    
=     

     
. Where  

3 2
11 0, 1, 2, 3, 12 4,

2 2
21 3, 4, 5, 22 0, 1, 2,

, ,
,

r r r r r

r r r r r r

A a D a D a D a A a I
A c D c D c A c D c D c

= + + + =

= + + = + +
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The transformed boundary conditions  

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )
1

1 1 1

1 0 1 0 1 0

1 1 1 1

1 10, , 1,    0
2 2

0, ,  0,  
2

r r r r N

r N r N r N r N

f f R at

f f R

     


    

+ + +

+ + + +

= = = = =

= = =
 

4.3 Results and Discussion 

The non-linear ODEs of the present problem are solved by applying SQLM. The 

convergence criteria of the solution are performed by the use of solution-based errors. 

These errors are defined by the differences between approximate solutions at the previous 

and current iteration levels t and t + 1, respectively. The error norms have been defined in 

chapter three. 

The infinity norms of the residual errors are defined by  

( ) ( ) ( )2 21 1Re   -  4 -  2 0
2 8 8 8

m Ms f f f ff f f   


    = + + + + + =  and 

( ) ( ) * 2 21 1 1Re Pr  - 2 1   Pr 0
2 2 4

s f m f Q Ecf MEcf      


 
     = + + − + + + =    

 
 

The impact of physical parameters on velocity ( ) f  , temperature ( )  , the skin friction 

coefficient, and the Nusselt number has been shown graphically. The numerical values of 

skin friction coefficient and Nusselt number ( ( ) 1
Rex xNu

−
) which are directly 

proportional to velocity gradient, ( )f  and temperature gradient, ( )   have been shown 

in Table 4.1 and Table 4.2 respectively.  The numerical calculation has been done by taking 

N = 60 collocation points and solution-based errors have been defined for the convergence 

of the numerical method. So, Figures 4.15(a) and 4.15(b) show the convergence and 

accuracy of the present problem. Figure 4.15(a) represents the infinity norms with 

iterations. The error infinity norm decreases with the increasing number of iterations that 

confirms the convergence of the present method. So the present method converges after 

five iterations. Figure 4.15(b) represents the residual error norms of less than 10-8 and 10-13 
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for ( )f  and ( )  against after five iterations. It is seen that the residual error decreases 

with increasing the iterations. This proves the validity of the present method. The errors 

show that the SQLM is accurate giving errors of less than 10-8 within the fourth iteration. 

In this chapter the default parameters are taken as M = 1.0, m = 2.0, Pr = 0.71, ϵ = 0.2, s = 

0.1, Ec = 0.5, λ = 0.5 and Q* = 0.4 throughout the calculation. The fluid velocity profile 

and skin friction have been displayed graphically versus boundary layer co-ordinate (η) in 

Figures 4.1 – 4.7 for different values of power-law index parameter, magnetic parameter, 

Eckert number (Ec), heat generation parameter (Q*), mixed convection parameter (λ), 

stretching ratio parameter, and surface thickness parameter in the following sub-section. 

4.3.1 Velocity profiles and skin friction coefficient with parameter variations 

4.3.1.1 Influence of the power-law index parameter (m) on the velocity profile and 

skin friction coefficient 

The effect of the power-law index parameter on the velocity profile and skin friction 

coefficient depicts in Figures 4.1(a) – 4.1(d) by considering the stretching ratio parameter 

1.0   and 1.0  , and the surface thickness parameter s = 0.05, s = 2.0, respectively. 

These plots depict that the velocity profile of the viscous fluid and boundary layer 

thickness affected insignificantly with increasing power-law index parameter. From these 

figures, it is seen that the velocity profile and boundary layer thickness expands both in the 

thinner and thicker surfaces (s = 0.05, s = 2.0) and the fluid flow form a definite boundary 

layer pattern when 1.0  but in the case of 1.0  , it forms an inverted boundary layer 

pattern. It is also noticed that the variation of the stretching ratio parameter has an 

insignificant effect on the velocity profile in connection with the power-law index 

parameter. The velocity gradient at the surface is positive when 1.0  and negative due to 

1.0   all values of the controlling parameters. It is also seen that the skin friction 

coefficient increases in the case of 1.0   both of the thinner and thicker surfaces but the 

opposite result arises in the case of 1.0  .  
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(a) 

 
(b) 

 
(c) 

 
(d) 

Figure 4. 1 Effect of power-law index parameter on velocity profile and skin friction taking 
(a) s = 0.05 and ϵ = 0.0 (lower panel), ϵ =1.0 (separation line), ϵ = 2.0 (upper panel) (b) s = 

2.0 and ϵ = 0.0 (lower panel), ϵ =1.0 (separation line), ϵ = 2.0 (upper panel), (c) s = 0.05  
and ϵ = 2.0 (upper panel), and (d) s = 2.0 and ϵ = 0.0 (lower panel), ϵ = 2.0 (upper panel). 

Therefore, from Figure 4.1(a) – Figure 4.1(d), it is concluded that the hydrodynamic 

boundary layer thickness increases when 1.0  and decreases when 1.0   but the skin 
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friction coefficient increases in cases of 1.0  but decreases for 1.0  . It is also observed 

that in the case of the thinner surface (s = 0.05) the fluid flow forms a certain boundary 

layer structure and the fluid velocity satisfies the far-field boundary condition. On the other 

hand, while thicker surface (s = 2.0) the fluid flow does not satisfy the far-field boundary 

condition and the boundary layer structure has no definite shape instead it intersects the 

axis with a steep angle. From the analysis, the velocity boundary layer thickness is higher 

in the case of the thicker bullet-shaped object (s = 2.0) than the thinner bullet-shaped object 

(s = 0.05). 

4.3.1.2 Effect of the magnetic parameter (M) on the velocity profile and skin friction 

coefficient 

Figures 4.2(a) - 4.2(d) represent the variation of velocity profile and skin friction 

coefficient for the increasing effect of magnetic parameter with the stretching ratio 

parameter 1.0  and 1.0  , and the surface thickness parameter s = 0.05, s = 2.0, 

respectively. These plots depict that the velocity profile of the viscous fluid and boundary 

layer thickness affected insignificantly in the case of a thinner surface (s = 0.05) but 

significantly affected in the case of a thicker surface (s = 2.0) with an increasing magnetic 

parameter. It is revealed that the velocity profile expands but the boundary layer thickness 

squeezes and the fluid flow form an inverted boundary layer pattern in both of the thinner 

and thicker surfaces of the bullet-shaped object when 1.0  whereas in the case of 

1.0  the velocity profile form a definite boundary layer pattern. The reason has been 

discussed in chapter three. It is also seen that the variation of the stretching ratio parameter 

has an insignificant effect on the velocity profile in connection with the magnetic 

parameter in the case of a thinner surface (s = 0.05) than the thicker surface (s = 2.0). 

Therefore, the velocity gradient at the surface is positive when 1.0  and negative due to 

1.0   all values of the controlling parameters. Again, it is also observed that the skin 

friction coefficient increases in case of 1.0   and decreases in case of 1.0  . The fluid 

velocity is directly proportional to M when 1.0  but inversely proportional when 1.0  .  
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(a) 

 
(b) 

 
(c) 

 
(d) 

Figure 4. 2 Effect of magnetic parameter (M) on velocity profile and skin friction taking (a) s 
= 0.05 and ϵ = 0.0 (lower panel), ϵ =1.0 (separation line), ϵ = 2.0 (upper panel) (b) s = 2.0 and 
ϵ = 0.0 (lower panel), ϵ =1.0 (separation line), ϵ = 2.0 (upper panel), (c) s = 0.05 and ϵ = 0.0 
(lower panel), ϵ = 2.0 (upper panel), and (d) s = 2.0 and ϵ = 0.0 (lower panel), ϵ = 2.0 (upper 

panel). 
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From the numerical values of the velocity gradient, it is observed that when M increases 

from 1.0 to 15.0, then there is a 28.73% increase (when ϵ = 0.0, and s = 0.05) of the skin 

friction coefficient and the corresponding increase is 48.79% in case of ϵ = 2.0, and s = 1.0. 

4.3.1.3 Effect of Eckert number (Ec) on the velocity profile 

Figures 4.3(a) and 4.3(b) represent the variation of a velocity profile for the increasing 

effect of Eckert number (Ec) with the stretching ratio parameter 1.0  and 1.0  , and 

the surface thickness parameter s = 0.05, s = 2.0, respectively. These plots depict that the 

velocity profile of the viscous fluid and boundary layer thickness affected insignificantly 

with increasing Eckert number in both the cases of thinner and thicker surfaces. It is 

revealed that the velocity profile expands but the boundary layer thickness squeezes and 

the fluid flow forms an inverted boundary layer pattern in the thinner surface of the bullet-

shaped object.  

 
(a) 

 
(b) 

Figure 4. 3 Effect of Eckert number on velocity profile taking (a) s = 0.05 and ϵ = 0.0 
(lower panel), ϵ =1.0 (separation line), ϵ = 2.0 (upper panel), and (b) s = 2.0 and  

ϵ = 0.0 (lower panel), ϵ =1.0 (separation line), ϵ = 2.0 (upper panel). 

Again, it is also observed that the velocity profile and boundary layer thickness expand 

when 1.0  , and the fluid flow forms an inverted boundary layer pattern in the case of the 
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thinner surface of the bullet-shaped object but in the other cases the Eckert number does 

not affect the velocity profile. 

4.3.1.4 Effect of heat generation parameter (Q*) on the velocity profile  

Figures 4.4(a) and 4.4(b) represent the variation of a velocity profile for the increasing 

effect of heat generation parameter with the stretching ratio parameter 1.0  and 1.0  , 

and the surface thickness parameter s = 0.05, s = 2.0, respectively. From these figures, it is 

seen that the fluid flow forms an inverted boundary layer pattern in the case of 1.0   but 

a definite boundary layer forms in the case of 1.0  . These plots depict that the velocity 

profile of the viscous fluid and boundary layer thickness affected insignificantly with 

increasing heat generation parameters in both the cases of thinner and thicker surfaces. It is 

also seen that the variation of the stretching ratio parameter has an insignificant effect on 

the velocity profile in connection with the heat generation parameter in both the thinner and 

thicker surfaces. 

 
(a) 

 
(b) 

Figure 4. 4 Effect of heat generation (Q*) on velocity profile taking (a) s = 0.05 and ϵ = 0.0 
(lower panel), ϵ =1.0 (separation line), ϵ = 2.0 (upper panel), and (b) s = 2.0 and ϵ = 0.0 

(lower panel), ϵ =1.0 (separation line), ϵ = 2.0 (upper panel) 
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4.3.1.5 Effect of mixed convection parameter (λ) on the velocity profile and skin 

friction coefficient 

Figure 4.5 (a) – Figure 4.5(d) are the variations of fluid velocity profile and skin friction 

coefficient for distinct values of mixed convection parameter (λ) with the stretching ratio 

parameter 1.0  and 1.0  , and the surface thickness parameter s = 0.05, s = 2.0, 

respectively. These plots depict that the velocity profile of the viscous fluid and boundary 

layer thickness affected insignificantly with increasing mixed convection parameters. It is 

revealed that the velocity profile and the boundary layer thickness does not affect the 

mixed convection parameter and the fluid flow form an inverted boundary layer pattern due 

to the thinner surface of the bullet-shaped object when 1.0  whereas in the case of 

1.0  , the velocity profile and the boundary layer thickness expand and also forms 

certain boundary layer pattern for both the thinner and thicker surfaces.  It is also noticed 

that the variation of the stretching ratio parameter has an insignificant effect on the fluid 

velocity profile in connection with the mixed convection parameter. Hence, the velocity 

profile, boundary layer thickness, and skin friction increase with increasing values of λ for 

both the thinner and thicker surfaces (s = 0.05, 2.0) except for the cases 1.0  and s = 

0.05. 

 
(a) 

 
(b) 
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(c) 

 
(d) 

Figure 4. 5 Effect of mixed convection on velocity profile and skin friction taking (a) s = 0.05 
and ϵ = 0.0 (lower panel), ϵ =1.0 (separation line), ϵ = 2.0 (upper panel) (b) s = 2.0 and ϵ = 0.0 
(lower panel), ϵ =1.0 (separation line), ϵ = 2.0 (upper panel), (c) s = 0.05 ϵ = 2.0, and (d) s = 

2.0 and ϵ = 2.0 

This happens because by increasing the mixed convection parameter then the buoyancy 

force increases which in turn produces more kinetic energy as a result the fluid velocity 

increases. It is also observed that when λ increases from 0.5 to 2.5 there is a 9.3 % 

( 1.0  ) decrease in the skin friction coefficient value, whereas the corresponding 

decrease is 5.2%, ( 1.0  ) when λ increases from 2.5 to 5.5. 

4.3.1.6 Effect of stretching ratio parameter (ϵ) on the velocity profile and skin friction 

coefficient 

Figure 4.6 (a) – Figure 4.6(d) illustrate the increasing effect of the stretching ratio 

parameter ( 0 1.8  ) on the velocity profiles and skin friction coefficient when the 

others parameters are fixed in the case of (a) thinner (s = 0.05), and (b) thicker (s = 2.0) 

bullet-shaped object respectively. These plots depict that the velocity profile of the viscous 

fluid and boundary layer thickness affected significantly with increasing stretching ratio 

parameter. It is revealed that the velocity profile expands but the boundary layer thickness 

squeezes and the fluid flow form an inverted boundary layer pattern in both of the thinner 
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and thicker surfaces of the bullet-shaped object when 1.0  whereas in the case of 1.0  , 

it forms a definite boundary layer pattern.   

 
(a) 

 
(b) 

 

(c) 

 

(d) 

Figure 4. 6 Effect of stretching ratio (ϵ) on velocity profile and skin friction taking (a) s = 0.05 
(b) s = 2.0 (c) s = 0.05 ϵ = 2.0, and (d) s = 2.0 and ϵ = 2.0 
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It is also noticed that the variation of the surface thickness parameter has a significant 

effect on the fluid velocity profile in connection with the stretching ratio parameter. It is 

also seen that the axial velocity increases just near the bullet-shaped object and decreases 

far from it when 1.0  but an opposite trend is observed when 1.0  . Therefore, when 

1.0  , the surface velocity dominates the free stream velocity at the edge of the BL. 

Accordingly, the boundary layer thickness and the skin friction increases for both the 

thinner and thicker surfaces. Hence, for increasing the ϵ then surface velocity increases as a 

result the fluid velocity also increases. It is noticed that when ϵ increases from 0.2 to 0.4 

there is a 15.3 % ( 1.0  ) increase in the skin friction coefficient value, whereas the 

corresponding increase is 12.2%, ( 1.0  ) when ϵ increases from 0.4 to 0.6. 

4.3.1.7 Effect of surface thickness parameter (s) on the velocity profile and skin 
friction coefficient 

Figure 4.7 (a) and Figure 4.7(d) are the variations of fluid velocity profiles and skin friction 

coefficient for different values of surface thickness parameter in the case of ϵ = 0.0 and ϵ = 

2.0 respectively. It is revealed that the fluid velocity profile and the boundary layer 

thickness squeezes and the fluid flow forms a definite boundary layer pattern when 

1.0  whereas in the case of 1.0  , the fluid velocity profile expands but the boundary 

layer thickness squeezes and it forms an inverted boundary layer pattern. On the other hand, 

the skin friction coefficient decreases for both cases. Therefore, an increase in s enhances 

the surface area of the object that provides more resistance against the fluid motion as a 

result the fluid velocity decreases. Although, the skin friction coefficient is negative in the 

case of ϵ = 0.0 and positive in the case of ϵ = 2.0. It is also seen that when s increases from 

0.1 to 0.2 there is a 20.3 % ( 1.0  ) decrease in the skin friction coefficient, whereas the 

corresponding decrease is 15.2%, ( 1.0  ) when s increases from 0.3 to 0.4. 
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(a) 

 
(b) 

Figure 4. 7 Effect of surface thickness (s) on velocity profile and skin friction taking (a) ϵ = 
0.0 (lower panel), ϵ =1.0 (separation line), ϵ = 2.0 (upper panel), and (b) ϵ = 0.0 (lower 

panel), ϵ = 2.0 (upper panel) 

From these velocity distribution figures, it is observed that the velocity profile and 

momentum boundary layer thickness is getting expand due to power-law index parameter 

(m), magnetic parameter (M), Eckert number (Ec), mixed convection parameter (λ), and 

stretching ratio parameter (ϵ) whereas surface thickness parameter (s) has a reverse effect 

on it in the case of 1.0  for both of the thicker (s = 2.0) and the thinner (s = 0.05) 

surfaces. On the other hand, in the case of 1.0   the velocity profile and momentum 

boundary layer thickness are getting squeezes due to magnetic parameter (M), whereas 

surface thickness parameter (s) and stretching ratio parameter (ϵ) have a reverse effect on 

it. On the other hand, the power-law index parameter (m), Eckert number (Ec), mixed 

convection parameter (λ), and heat generation parameter (Q*) do not affect velocity profile 

in the case of 1.0  .  Therefore, in the case of a thicker bullet-shaped object (s = 2.0), the 

velocity profile does not approach the ambient condition asymptotically but intersects the 

vertical axis with a steep angle and the boundary layer structure has no definite shape 

whereas in the case of a thinner bullet-shaped object (s = 0.05) the velocity profile 

converge the ambient condition asymptotically and the boundary layer structure has a 
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definite shape. It is also observed that the thinner bullet-shaped object represents a thinner 

momentum boundary layer than the thicker bullet-shaped object in both static and moving 

bullet-shaped objects. 

Table 4. 1 Variation in velocity gradient for distinct values of M, Pr, λ, Ec, m, Q*, and s 
with ϵ = 0.0, ϵ = 2.0, and s = 0.2 

M Pr λ Ec m Q* s ( )f −  

ϵ  = 0.0, s = 0.2 

( )f −  

ϵ  = 2.0, s = 0.2 

1.0 1.0 0.2 0.2 2.0 0.2 0.2 2.7628 3.3637 

5.0 1.0 0.2 0.2 2.0 0.2 0.2 3.1302 3.6476 

10.0 1.0 0.2 0.2 2.0 0.2 0.2 3.5075 3.9605 

1.0 0.71 0.2 0.2 2.0 0.2 0.2 2.7628 3.3637 

1.0 1.0 0.2 0.2 2.0 0.2 0.2 2.7628 3.3637 

1.0 7.0 0.2 0.2 2.0 0.2 0.2 2.7628 3.3637 

1.0 1.0 0.2 0.2 2.0 0.2 0.2 2.7628 3.3637 

1.0 1.0 1.5 0.2 2.0 0.2 0.2 2.6241 3.4871 

1.0 1.0 2.5 0.2 2.0 0.2 0.2 2.5181 3.5818 

1.0 1.0 0.2 0.2 2.0 0.2 0.2 2.7628 3.3637 

1.0 1.0 0.2 0.4 2.0 0.2 0.2 2.7628 3.3637 

1.0 1.0 0.2 0.6 2.0 0.2 0.2 2.7628 3.3637 

1.0 1.0 0.2 0.2 2.0 0.2 0.2 2.7628 3.3637 

1.0 1.0 0.2 0.2 3.0 0.2 0.2 2.8161 3.5983 

1.0 1.0 0.2 0.2 4.0 0.2 0.2 2.8682 3.8119 

1.0 1.0 0.2 0.2 2.0 0.2 0.2 2.7628 3.3637 

1.0 1.0 0.2 0.2 2.0 0.8 0.2 2.7628 3.3637 

1.0 1.0 0.2 0.2 2.0 1.5 0.2 2.7628 3.3637 

1.0 1.0 0.2 0.2 2.0 0.2 0.1 5.2731 5.9885 

1.0 1.0 0.2 0.2 2.0 0.2 0.2 2.7628 3.3637 

1.0 1.0 0.2 0.2 2.0 0.2 0.3 1.9271 2.4495 
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Table 4.1 shows the influence of magnetic parameter (M), power-law index parameter (m), 

Prandtl number (Pr), mixed convection (λ), heat generation parameter (Q*), Eckert number 

(Ec), and surface thickness parameter on the skin friction coefficient when ϵ  = 0.0, ϵ = 2.0 

and s = 0.2.  It is observed that the Prandtl number, heat generation parameter, and Eckert 

number do not affect the skin friction coefficient whereas the magnetic parameter and 

power-law index parameter enhance the skin friction coefficient in the case of 1.0  but 

reduce the skin friction in the case of 1.0  . A precisely reverse trend is observed for the 

surface thickness parameter. On the other hand, the skin friction reduces for the increasing 

effect of the mixed convection parameter when or <1  . Therefore, skin friction is an 

increasing function of the magnetic parameter and power-law index parameter in the case 

of 1.0   but decreasing function in the case of 1.0   whereas it is constant for the 

effect of the Prandtl number, heat generation parameter, and Eckert number. It is 

interesting to note that the friction factor coefficient is less in ϵ = 0.0 case when compared 

with ϵ = 2.0 case. At this point, it is highlighted that for reducing the friction between the 

particles and the surface we have to use ϵ = 0.0 case. It is evident from this table that the 

skin friction coefficient is higher in the ϵ = 2.0 case when comparing with ϵ = 0.0.  

The fluid temperature profile and Nusselt number have been depicted graphically versus 

boundary layer co-ordinate (η) in Figures 4.8 – 4.14 for the increasing effect of Prandtl 

Number (Pr), magnetic parameter (M), Eckert number (Ec), heat generation parameter 

(Q*), mixed convection parameter (λ), stretching ratio parameter (ϵ), and surface thickness 

parameter (s) in the following sub-section. 

4.3.2 Temperature profiles and Nusselt number with parameter variations 

4.3.2.1 Effect of Prandtl number (Pr) on temperature profile and Nusselt number 

Figures 4.8(a) - 4.8(d) show the variation of temperature profile and Nusselt number for the 

increasing effect of Prandtl number ( )0.71 Pr 7.0  when the stretching ratio parameter 

1.0   and 1.0  , and the surface thickness parameter s = 0.05, s = 2.0, respectively. 

These plots represent that the temperature profile of the viscous fluid and thermal boundary 

layer thickness affected significantly with increasing Prandtl number. It is seen from these 
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figures that the variation of surface thickness parameter has a significant effect on fluid 

temperature in connection with the Prandtl number.  

 
(a) 

 
(b) 

 
(c) 

 
(d) 

Figure 4. 8 Effect of Prandtl number (Pr) on temperature profile and Nusselt number when 
(a) s = 0.05, s = 2.0, and ϵ = 0.2 (b) s = 0.05, s = 2.0, and ϵ = 2.0, (c) s = 0.05, s = 2.0, and  

ϵ = 0.2, and (d) s = 0.05, s = 2.0, and ϵ = 2.0.  
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It is also seen that the temperature profile and boundary layer thickness squeezes for both 

of the thicker (s = 2.0, and thinner (s = 0.05) surfaces of the bullet-shaped object but the 

Nusselt number increases. It is also observed that the thermal boundary layer thickness is 

higher in the case of the thicker surface (s = 2.0) than the thinner surface (s = 0.05). 

Because, in the case of lower values of the Prandtl number which increase the thermal 

conductivities, as a result, heat can diffuse more rapidly from the heated plate than for 

higher values of Pr. So, for the cooling purpose, we can use the higher the Prandtl number. 

A smaller surface thickness has a greater decelerating effect than a thicker surface. 

Therefore, it is noticed that for higher values of surface thickness parameter, the maximum 

temperature shows in the thermal boundary layer compared to that of lower surface 

thickness parameter. It is observed from Table 4.2 that, when Pr changes from 0.71 to 7.0 

for s = 0.05 and ϵ = 0.2, the Nusselt number increases 44.21 % whereas for s = 2.0 and ϵ = 

0.2 the skin friction increases 62.36%. Hence, the Nusselt number is higher for the thicker 

surface (s = 2.0) than the thinner surface (s = 0.05). 

4.3.2.2 Effect of heat generation parameter (Q*) on temperature profile and Nusselt 

number 

Figures 4.9(a) - 4.9(f) display the effect of heat generation parameter on the temperature 

profile and Nusselt number when the stretching ratio parameter ϵ = 0.2, ϵ = 2.0, the surface 

thickness parameter s = 0.05, s = 2.0, and Pr = 0.71, 7.0 respectively. Figure 4.9 (a) and 

Figure 4.9 (b) depict the influence of heat generation parameter on viscous fluid 

temperature for thinner surface (s = 0.05) and thicker surface (s = 2.0) when ϵ = 0.2 and 2.0 

respectively. These plots represent that the temperature profile of the viscous fluid and 

thermal boundary layer thickness affected significantly with increasing heat generation 

parameters. It is noticed from these figures that the variation of heat generation parameter 

has a significant effect on fluid temperature in connection with the surface thickness 

parameter and the Prandtl number. A lower surface thickness parameter has a lower 

accelerating effect. For thicker surfaces (s = 2.0)  with increasing Q*, the accelerating 

effect is more prominent than for thinner surfaces (s = 0.05). Therefore, the thermal 

boundary layer thickness is higher due to the thicker surface when compared with the 
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thinner surface. Therefore, the temperature profile and boundary layer thickness expand for 

both of the thicker (s = 2.0) and thinner (s = 0.05) surfaces of the bullet-shaped object 

whereas the Nusselt number decreases (Figure 3.9 (e) and Figure 3.9 (f)). Figure 3.9 (c) 

and Figure 3.9 (d) also represent the influence of heat generation parameter on viscous 

fluid temperature for air (Pr = 0.71) and water (Pr = 7.0) when s = 0.05 and 2.0 

respectively.  

 
(a) 

 
(b) 

 
(c) 

 
(d) 
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(e) 

 
(f) 

Figure 4. 9 Effect of heat generation Q* on temperature profile and local Nusselt number 
when (a) ϵ = 0.2, s = 0.05, s = 2.0 (b) ϵ = 2.0, s = 0.05, s = 2.0 (c) s = 0.05, Pr = 0.71, Pr = 
7.0 (d) s = 2.0, Pr = 0.71, Pr = 7.0 (e) ϵ = 0.2, s = 0.05, Pr = 0.71, and (f) ϵ = 2.0, s = 0.05, 

Pr = 0.71. 
It is seen from these figures that the variation of the Prandtl number has a significant effect 

on viscous fluid temperature in connection with the heat generation parameter. A higher 

Prandtl number has a greater accelerating effect on the temperature profile. For water (Pr = 

0.71) with increasing Q*, the accelerating effect is more prominent than for air (Pr = 0.71). 

Therefore, the thermal boundary layer thickness is higher for water when compared with 

air. However, the temperature attains its minimum for a low value of Prandtl number (Pr = 

0.71) and a higher value of Prandtl number (Pr = 7.0) in connection with heat generation 

parameter shooting up the profiles near the surface of the bullet-shaped object within the 

region η < 0.4 and then the profile decreases sharply to meet the boundary condition as 

well. From these figures, the temperature profile and thermal boundary layer thickness 

increase with the increase of Q* for all mentioned cases. Therefore, it is seen that for 

higher values of surface thickness parameter, the maximum temperature shows in the 

thermal boundary layer compared to that of lower surface thickness parameter. Again, in 

the case of water (Pr = 7.0), the highest temperature shows in the thermal boundary layer 

compared to that of air (Pr = 0.71). It happens because heat sources produce more heat 
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energy near the surface as a result the temperature of the fluid increases. It is observed 

from Table 4.2 that, when Q* changes from 0.5 to 3.5 for s = 0.05 and ϵ = 0.2, the Nusselt 

number decreases 48.9 % whereas for s = 2.0 and ϵ = 0.2 the Nusselt number decreases 

19.5%. Hence, the Nusselt number is higher for the thinner surface (s = 0.05) than the 

thicker surface (s = 2.0). 

4.3.2.3 Effect of the magnetic parameter (M) on temperature profile and Nusselt 
number 

Figures 4.10(a) - 4.10(f) depict the effect of magnetic parameter on the temperature profile 

and Nusselt number when the stretching ratio parameter ϵ = 0.2, ϵ = 2.0, the surface 

thickness parameter s = 0.05, s = 2.0, and Pr = 0.71, 7.0 respectively. Figure 3.10 (a) and 

Figure 3.10 (b) depict the influence of magnetic parameter on viscous fluid temperature for 

thinner surface (s = 0.05) and thicker surface (s = 2.0) when ϵ = 0.2 and 2.0 respectively. 

These plots represent that the temperature profile of the viscous fluid and thermal boundary 

layer thickness affected significantly with increasing magnetic parameter (M). It is noticed 

from these figures that the variation of the magnetic parameter has a significant effect on 

fluid temperature in connection with the surface thickness parameter and the Prandtl 

number. A lower surface thickness parameter has a lower accelerating effect than a higher 

surface thickness. For thicker surfaces (s = 2.0)  with increasing M, the accelerating effect 

is more prominent than for thinner surfaces (s = 0.05). Therefore, the thermal boundary 

layer thickness is higher due to the thicker surface when compared with the thinner surface. 

Hence, the temperature profile and boundary layer thickness expand for both of the thicker 

(s = 2.0) and thinner (s = 0.05) surfaces of the bullet-shaped object whereas the Nusselt 

number decreases (Figure 3.9 (e) and Figure 3.9 (f)). Again, Figure 3.9 (c) and Figure 3.9 

(d) also represent the influence of magnetic parameter on viscous fluid temperature for air 

(Pr = 0.71) and water (Pr = 7.0) when s = 0.05 and 2.0, respectively. It is seen from these 

figures that the variation of the Prandtl number has a significant effect on viscous fluid 

temperature in connection with the magnetic parameter. A higher Prandtl number has a 

greater accelerating effect on the temperature profile. For water (Pr = 0.71) with increasing 

M, the accelerating effect is more prominent than for air (Pr = 0.71). Therefore, the thermal 

boundary layer thickness is higher for water when compared with air. From these figures, 
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the temperature profile and thermal boundary layer thickness increase with the increase of 

M for all mentioned cases. In the case of air (Pr = 0.71), the profile is asymptotic and lower 

down toward the surface of the object, whereas in the case of water (Pr = 7.0), pick in the 

temperature distribution, is marked near the surface within the region η < 0.3 and then the 

profile decreases sharply to meet the boundary condition. These plots also represent that 

the temperature profile of the viscous fluid and thermal boundary layer thickness affected 

significantly with increasing magnetic parameters. Therefore, it is seen that for higher 

values of surface thickness parameter, the maximum temperature shows in the thermal 

boundary layer compared to that of lower surface thickness parameter. Again, in the case of 

water (Pr = 7.0), the highest temperature shows in the thermal boundary layer compared to 

that of air (Pr = 0.71). It happens because in an electrically conducting fluid if the magnetic 

field is applied a resistive type force like a drag force is produced, which is called Lorentz 

force? The nature of Lorentz force retards the force on the velocity field, and therefore, the 

magnetic field effects decelerate the velocity profiles. Therefore, it is possible for the 

increase in the temperature. 

 
(a) 

 
(b) 
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(c) 

 
(d) 

 
(e) 

 
(f) 

Figure 4. 10 Effect of magnetic parameter, M on temperature profile and local Nusselt 
number, when (a) ϵ = 0.2, s = 0.05, s = 2.0 (b) ϵ = 2.0, s = 0.05, s = 2.0 (c) s = 0.05,  

Pr = 0.71, Pr = 7.0 (d) s = 2.0, Pr = 0.71, Pr = 7.0 (e) ϵ = 0.2, s = 0.05, Pr = 0.71  
and (f) ϵ = 2.0, s = 2.0, Pr = 0.71. 

Hence, the thermal boundary layer thickness is lower in case of thinner surface (s = 0.05) 

than thicker surface (s = 2.0) because the heat transfer rate is higher due to thinner surface 
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(s = 0.05) than thicker surface (s = 2.0) for increasing effect of M. It is observed from Table 

4.2 that, when M changes from 1.0 to 15.5 for s = 0.2 and ϵ = 0.2, the Nusselt number 

decreases 22.9 % whereas for s = 2.0 and ϵ = 0.2 the Nusselt number decreases 25.52%. 

Hence, the Nusselt number is lower for the thinner surface (s = 0.05) than the thicker 

surface (s = 2.0). 

4.3.2.4 Effect of surface thickness parameter (s) on temperature profile and Nusselt 
number 

Figures 4.11(a) - 4.11(d) represent the variation of temperature profile and Nusselt number 

influence of the surface thickness parameter (s) when the stretching ratio parameter ϵ = 0.2, 

ϵ = 2.0, and also for air (Pr = 0.71), and water (Pr = 7.0) respectively. It shows that the 

temperature profile and thermal boundary layer thickness expand but Nusselt number 

squeeze with an increase of surface thickness parameter because the velocity profile 

increases for the effect of this parameter which tends to pass more fluid from the boundary 

layer region to the surrounding fluid. It is also observed that the variation of the Prandtl 

number has a significant effect on viscous fluid temperature in connection with the surface 

thickness parameter.  

 
(a) 

 
(b) 
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(c) 

 
(d) 

Figure 4. 11 Effect of surface thickness parameter (s) on temperature profile (a) s = 0.05, Pr 
= 0.71, Pr = 7.0 (b) s = 2.0, Pr = 0.71, Pr = 7.0 and Nusselt number when (c) ϵ = 0.2, Pr = 

0.71 and (d) ϵ = 2.0, Pr = 0.71 
A higher Prandtl number has a greater decelerating effect than a lower Prandtl number. For 

air (Pr = 0.71) with increasing s, the accelerating effect is more prominent than for water 

(Pr = 7.0). 

4.3.2.5 Effect of Eckert number (Ec) on temperature profile and Nusselt number  

Figures 4.12 (a) - 4.12 (f) illustrate the effect of  the Eckert number (Ec) on the temperature 

profile and Nusselt number when the stretching ratio parameter ϵ = 0.2, ϵ = 2.0, the surface 

thickness parameter s = 0.05, s = 2.0, and Pr = 0.71, 7.0 respectively. Figure 4.12 (a) and 

Figure 4.12 (b) depict the influence of Eckert number (Ec) on viscous fluid temperature for 

thinner surface (s = 0.05) and thicker surface (s = 2.0) when ϵ = 0.2 and 2.0 respectively. 

These plots represent that the temperature profile of the viscous fluid and thermal boundary 

layer thickness affected significantly with increasing Eckert number (Ec). It is noticed from 

these figures that the variation of the Eckert number has a significant effect on fluid 

temperature in connection with the surface thickness parameter and the Prandtl number. A 

lower surface thickness parameter has a lower accelerating effect than a higher surface 

thickness parameter. For thicker surfaces (s = 2.0)  with increasing Ec, the accelerating 



95 

 

effect is more prominent than for thinner surfaces (s = 0.05). Therefore, the thermal 

boundary layer thickness is higher due to the thicker surface when compared with the 

thinner surface. Hence, the temperature profile and boundary layer thickness expand for 

both of the thicker (s = 2.0) and thinner (s = 0.05) surfaces of the bullet-shaped object 

whereas the Nusselt number decreases (Figure 3.12 (e) and Figure 3.12 (f)).  

 
(a) 

 
(b) 

 
(c) 

 
(d) 
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(e) 

 
(f) 

Figure 4. 12 Effect of Eckert number (Ec) on temperature profile when (a) ϵ = 0.2, s = 0.05, s 
= 2.0 (b) ϵ = 2.0, s = 0.05, s = 2.0 (c) s = 0.05, Pr = 0.71, Pr = 7.0 (d) s = 2.0, Pr = 0.71, Pr = 

7.0 and Nusselt number when (e) ϵ = 0.2, s = 0.05, Pr = 0.71 and (f) ϵ = 0.2, s = 2.0, Pr = 0.71 
Again, Figure 3.12 (c) and Figure 3.12 (d) also represent the influence of Eckert number on 

viscous fluid temperature for air (Pr = 0.71) and water (Pr = 7.0) when s = 0.05 and 2.0, 

respectively. It is seen from these figures that the variation of the Prandtl number has a 

significant effect on viscous fluid temperature in connection with the Eckert number. A 

higher Prandtl number has a greater accelerating effect on the temperature profile. For 

water (Pr = 0.71) with increasing Ec, the accelerating effect is more prominent than for air 

(Pr = 0.71). Therefore, the thermal boundary layer thickness is higher for water when 

compared with air. From these figures, the temperature profile and thermal boundary layer 

thickness increase with the increase of Ec for all mentioned cases. These plots also 

represent that the temperature profile of the viscous fluid and thermal boundary layer 

thickness affected significantly with increasing Eckert number. 

Therefore, it is seen that for higher values of surface thickness parameter, the maximum 

temperature shows in the thermal boundary layer compared to that of lower surface 

thickness parameter. Again, in the case of water (Pr = 7.0), the highest temperature shows 

in the thermal boundary layer compared to that of air (Pr = 0.71). Hence, the thermal 

boundary layer thickness is lower in the case of thinner surface (s = 0.05) than the thicker 
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surface (s = 2.0) because the heat transfer rate is higher due to the thinner surface (s = 0.05) 

than the thicker surface (s = 2.0) for increasing effect of Ec. From these figures, it is 

revealed that the temperature profile and thermal boundary layer thickness increase but the 

Nusselt number decreases for both of the thicker (s = 2.0) and thinner (s = 0.05) bullet-

shaped objects. This happens because raising values of Eckert number produces extra heat 

energy in the fluid because of frictional heating as a result the temperature within the 

boundary layer enhances at any given point which can be seen in Figures 4.12 (a) - 4.12 (d). 

From the numerical values of the temperature gradient, it is observed that when the Eckert 

number increases from 0.5 to 3.5 then there is a 37.5% decrease in the Nusselt number in 

the case of s = 0.05, whereas, in the case of s = 2.0, the corresponding decrease is 65.15%. 

4.3.2.6 Effect of stretching ratio parameter (ϵ) on temperature profile and Nusselt 

number 

Figures 4.13(a) – 4.13(d) exhibit the effect of stretching ratio parameter, ( )0.2 2.0   on 

the temperature profile and Nusselt number when the surface thickness parameter, s = 0.05, 

and s = 2.0, respectively. It is perceived from these figures that the temperature profile 

inside the boundary layer region squeezes but the Nusselt number enhances with the 

increase of stretching ratio parameter because the velocity profile increases for the effect of 

this parameter which tends to pass more fluid from the boundary layer region to the 

surrounding fluid.  It is observed that in the case of a thinner surface the temperature 

profile within the boundary layer region reduces up to 0.6  then enhances. It is also 

noted that the stretching ratio is directly proportional to the temperature profile but 

adversely proportional to the Nusselt number. From the numerical values of the 

temperature gradient, it is observed that when ϵ increases from 0.2 to 2.0 there is a 12.5% 

increase in the Nusselt number in case of thinner surface (s = 0.05), whereas the 

corresponding increase is 49.5%, due to s = 2.0. 
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(a) 

 
(b) 

 
(c) 

 
(d) 

Figure 4. 13 Effect of stretching ratio(ϵ) on temperature profile and Nusselt number when 
(a) s = 0.05 (b) s = 2.0 (c) s = 0.05, and (d) s = 2.0 

4.3.2.7 Effect of mixed convection parameter (λ) on temperature profile and Nusselt 

number 

Figures 4.14(a) - 4.14(f) describes the influence of mixed convection parameter 

( )0.5 3.5   on the temperature profile and Nusselt number when the stretching ratio 
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parameter ϵ = 0.2, ϵ = 2.0, the surface thickness parameter s = 0.05, s = 2.0, and Pr = 0.71, 

7.0 respectively. It is evident from these figures that the mixed convection parameter does 

not affect the temperature profile inside the boundary layer region and also the Nusselt 

number. Figure 3.14 (a) and Figure 3.14 (b) depict the influence of mixed convection 

parameter on viscous fluid temperature for thinner surface (s = 0.05) and thicker surface (s 

= 2.0) when ϵ = 0.2 and 2.0 respectively. These plots represent that the temperature profile 

of the viscous fluid and thermal boundary layer thickness does not affect increasing mixed 

convection parameters. A lower surface thickness parameter has a lower effect than a 

higher surface thickness parameter. For thicker surfaces (s = 2.0)  with increasing λ, the 

effect is more prominent than for thinner surfaces (s = 0.05). Therefore, the thermal 

boundary layer thickness is higher due to the thicker surface when compared with the 

thinner surface. Hence, the temperature profile and boundary layer thickness does not 

change for both of the thicker (s = 2.0) and thinner (s = 0.05) surfaces of the bullet-shaped 

object whereas the Nusselt number also (Figure 3.14 (e) and Figure 3.14 (f)). Again, Figure 

3.14 (c) and Figure 3.14 (d) also represent the influence of mixed convection parameter on 

viscous fluid temperature for air (Pr = 0.71) and water (Pr = 7.0) when s = 0.05 and 2.0, 

respectively. It is seen from these figures that the variation of the Prandtl number has a 

significant effect on viscous fluid temperature in connection with the mixed convection 

parameter. A higher Prandtl number has a greater effect on the temperature profile. For 

water (Pr = 0.71) with increasing λ, the effect is more prominent than for air (Pr = 0.71). 

Therefore, the thermal boundary layer thickness is higher for water when compared with 

air. From these figures, the temperature profile and thermal boundary layer thickness are 

unchanged with the increase of λ for all mentioned cases. Therefore, it is seen that for 

higher values of surface thickness parameter, the maximum temperature shows in the 

thermal boundary layer compared to that of lower surface thickness parameter. Again, in 

the case of water (Pr = 7.0), the highest temperature shows in the thermal boundary layer 

compared to that of air (Pr = 0.71). Hence, the thermal boundary layer thickness is lower in 

the case of thinner surface (s = 0.05) than the thicker surface (s = 2.0) because the heat 

transfer rate is higher due to thinner surface (s = 0.05) than the thicker surface (s = 2.0) for 

increasing effect of λ. 
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(e) 

 
(f) 

Figure 4. 14 Effect of mixed convection (λ) on temperature profile and Nusselt number 
when (a) s = 0.05, ϵ = 0.2 (b) s = 2.0, ϵ = 2.0 (c) s = 0.05, ϵ = 0.2, Pr = 0.71, 7.0 (d)  

s = 2.0, ϵ = 0.2, Pr = 0.71, 7.0 (e) s = 0.05, ϵ = 0.2 and (f) s = 2.0, ϵ = 0.2 
 

 
(a) 

 
(b) 

Figure 4. 15 (a) Error infinity norms and (b) Residual error infinity norms for  ( )f  and ( )   
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Figure 4.15 denotes the convergence and accuracy of the SQLM. It is noticed that the error 

infinity norm decrease with an increase in the number of iterations, as a result, the method 

converges after only five iterations. Also, the decrease in residual error infinity norms 

ensures the accuracy of the numerical method. The SQLM achieves an accuracy of orders 

10-8 and 10-13 after only five iterations which recommend the method is highly accurate. 

The graph of temperature profile depicts that the fluid temperature within the boundary 

layer region is getting lower due to Prandtl number (Pr), stretching ratio parameter (ϵ), and 

mixed convection parameter (λ) whereas surface thickness parameter (s), magnetic 

parameter (M), heat generation parameter (Q*) and Eckert number (Ec) have a reverse 

effect on it throughout the boundary layer region. From these figures, it is also revealed 

that in the case of a thicker bullet-shaped object (s = 2.0) the temperature profile does not 

approach the ambient condition asymptotically but intersects the vertical axis with a steep 

angle and the boundary layer structure has no definite shape whereas in the case of a 

thinner bullet-shaped object (s = 0.05) the temperature profile converge the ambient 

condition asymptotically and the boundary layer structure has a definite shape. It is also 

seen that the thinner bullet-shaped object represents a thinner thermal boundary layer 

because the heat transfer rate is higher than the thicker bullet-shaped object in both static 

and moving bullet-shaped objects. 

Table 4.2 indicates the influence of magnetic parameter (M), power-law index parameter 

(m), Prandtl number (Pr), heat generation parameter (Q*), Eckert number (Ec), surface 

thickness parameter (s), and mixed convection parameter (λ) on the Nusselt number when ϵ  

= 0.0, ϵ = 2.0 and s = 0.2, respectively.  It is observed that the Prandtl number and power-

law index parameter enhance the Nusselt number whereas the magnetic parameter, heat 

generation parameter, Eckert number, and surface thickness parameter reduces the Nusselt 

number for both of the cases. Therefore, heat transfer rate is high in ϵ  = 2.0 case, when 

compared with ϵ = 0.0 case. At this point, it is highlighted that for enhancing the heat 

transfer rate we have to consider stretching (ϵ  = 2.0) bullet-shaped object. On the other 

hand, the mixed convection parameter (λ) does not affect the Nusselt number. 
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Table 4. 2 Variation in Nusselt number which is directly proportional to the temperature 
gradient, ( )   for different values of M, Pr, λ, Ec, s, Q*, and m with ϵ = 0.0, ϵ = 2.0 and  

s = 0.2 

M Pr λ Ec s Q* m ( ) −  

ϵ = 0.0, s = 0.2 

( ) −  

ϵ = 2.0, s = 0.2 

1.0 1.0 0.2 0.2 0.2 0.2 2.0 5.2632 5.4383 

5.0 1.0 0.2 0.2 0.2 0.2 2.0 5.1402 3.3227 

10.0 1.0 0.2 0.2 0.2 0.2 2.0 5.0176 0.6318 

1.0 0.71 0.2 0.2 0.2 0.2 2.0 5.1904 5.3048 

1.0 1.0 0.2 0.2 0.2 0.2 2.0 5.2632 5.4383 

1.0 7.0 0.2 0.2 0.2 0.2 2.0 6.5379 7.4078 

1.0 1.0 0.2 0.2 0.2 0.2 2.0 5.2632 5.4383 

1.0 1.0 1.5 0.2 0.2 0.2 2.0 5.2632 5.4383 

1.0 1.0 2.5 0.2 0.2 0.2 2.0 5.2632 5.4383 

1.0 1.0 0.2 0.2 0.2 0.2 2.0 5.2632 5.4383 

1.0 1.0 0.2 0.4 0.2 0.2 2.0 5.1071 4.7571 

1.0 1.0 0.2 0.6 0.2 0.2 2.0 4.9511 4.0748 

1.0 1.0 0.2 0.2 0.1 0.2 2.0 10.1482 9.8941 

1.0 1.0 0.2 0.2 0.2 0.2 2.0 5.2632 5.4383 

1.0 1.0 0.2 0.2 0.3 0.2 2.0 3.6482 3.9123 

1.0 1.0 0.2 0.2 0.2 0.2 2.0 5.2632 5.4383 

1.0 1.0 0.2 0.2 0.2 0.8 2.0 5.1225 5.3136 

1.0 1.0 0.2 0.2 0.2 1.5 2.0 4.9483 5.1622 

1.0 1.0 0.2 0.2 0.2 0.2 2.0 5.2632 5.4383 

1.0 1.0 0.2 0.2 0.2 0.2 3.0 5.4816 6.0044 

1.0 1.0 0.2 0.2 0.2 0.2 4.0 5.6919 6.4826 

4.4 Correlation Analysis of Velocity Gradient 

A positive correlation means higher values of one variable tend to higher values of other 

variables but the reverse case arises for the negative correlation. The correlations are 
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significant between the variables if the numerical value of 0.25 or above. Then we say that 

a 95% chance of a relationship between the parameters. So, from Table 4.3, the correlation 

is significant for the parameter, M, λ, and s with the velocity gradient which is highlighted 

in Table 4.3. Besides, it is also seen that the velocity gradient is negatively correlated with 

mixed convection parameter (λ), and surface thickness parameter (s) whereas positively 

correlated with the magnetic parameter. 

Table 4. 3 Correlation coefficient of the velocity gradient and controlling parameters by 
taking 3rd order coefficient in the case of ϵ = 0.0 

  M λ s ( )f   
M 1.00       
λ -0.31 1.00     
s -0.17 -0.12 1.00   
( )f   0.45 -0.29 -0.57 1.00 

Table 4. 4 Correlation coefficient of the velocity gradient ( )f   and controlling 
parameters by taking 3rd order coefficient in the case of ϵ = 2 

  M λ m s ( )f   
M 1.00         
λ -0.31 1.00       
m -0.17 -0.12 1.00     
s -0.17 -0.12 -0.18 1.00   
( )f   0.31 0.13 0.25 -0.96 1.00 

Table 4.4 represents that the velocity gradient is negatively correlated with surface 

thickness parameter (s) whereas positively correlated with mixed convection parameter (λ), 

power-law index parameter, and the magnetic parameter (M). 

4.5 Correlation Analysis of Temperature Gradient 

From Table 4.5 it is noticed that the correlation coefficient is statistically significant for the   

Prandtl number (Pr), surface thickness (s), and Eckert number (Ec) which are highlighted 

in the table. It is also noticed that the Prandtl number and power-law index parameter 

(m)are positively correlated with temperature gradient but magnetic parameter (M), surface 
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thickness (s), heat generation parameter (Q*), and Eckert number (Ec) are negatively 

correlated with a temperature gradient.  

Table 4. 5 Correlation coefficient between the temperature gradient ( )  and controlling 
parameters by taking 1st order coefficient 

  M Pr Ec s Q* m ( )   
M 1.00             
Pr -0.06 1.00           
Ec -0.09 -0.06 1.00         
s 0.00 0.00 0.00 1.00       

Q* -0.09 -0.06 -0.09 0.00 1.00     
m -0.09 -0.06 -0.09 0.00 -0.09 1.00   

( )   -0.22 0.64 -0.30 -0.44 -0.15 0.17 1.00 

Table 4. 6 Correlation coefficient between the temperature gradient ( )  and controlling 
parameters by taking 2nd order coefficient 

  M Pr Ec s Q* m ( )   
M 1.00             
Pr -0.08 1.00           
Ec -0.11 -0.08 1.00         
s 0.00 0.00 0.00 1.00       

Q* -0.11 -0.08 -0.11 0.00 1.00     
m -0.11 -0.08 -0.11 0.00 -0.11 1.00   
( )   -0.63 0.27 -0.57 -0.26 -0.14 0.32 1.00 

From Table 4.6 it is observed that the temperature gradient is positively correlated with the 

Prandtl number and power-law index parameter (m) whereas negatively correlated with 

magnetic parameter (M), surface thickness parameter (s), heat generation parameter (Q*), 

and Eckert number (Ec). Therefore, the temperature gradient is an increasing function of 

the Prandtl number and power-law index parameter but decreasing function of the magnetic 

parameter (M), surface thickness parameter, heat generation parameter, and Eckert number. 



 

 

CHAPTER FIVE 

MHD MIXED CONVECTION BOUNDARY LAYER FLOW WITH 
HEAT TRANSFER OVER AN EXPONENTIALLY STRETCHING 
BULLET-SHAPED OBJECT CONSIDERING THE EFFECTS OF 

HEAT GENERATION AND VISCOUS DISSIPATION 

This chapter investigates the exponential stretching effect on the mixed convection 

magnetohydrodynamic boundary layer flow with heat transfer over a bullet-shaped object 

by applying SQLM due to viscous dissipation and heat generation. So, chapter five 

performs the velocity and temperature distribution, local skin friction coefficient, and local 

Nusselt number by considering two different cases of surface thickness parameter s (s = 

0.05, s = 2.0) and also stretching ratio parameter such as (i) when stretching velocity is 

greater than the free stream velocity (  < 1)  and (ii) when stretching velocity is less than 

the free stream velocity (  > 1)  . The numerical results of velocity profile, temperature 

profile, the local skin friction coefficient (velocity gradient), and the local Nusselt number 

(rate of heat transfer) have been displayed graphically.  

5.1  Mathematical Formulation and Analysis of the Present Problem 

Let us suppose the axisymmetric steady two-dimensional mixed convection MHD 

boundary layer flow and heat transfer over an exponentially stretching bullet-shaped object 

( Figure 2.2 in chapter two). For developing the mathematical model of the present problem 

the detailed assumptions are discussed in chapter three. Assume that the surface of the 

bullet-shaped objects has been stretched exponentially. 

Therefore, the governing PDEs are as follows 

Equation of continuity: 

( ) ( ) 0ru rv
x y
 

+ =
 

         (5.1.1) 

Momentum equation:     

( ) ( )
22

0
2

σBu u U ν u uu v U U u
x x r r ρ

r g T T
r r

 

     
+ = + + + − + − 

     
  (5.1.2)  



107 

 

Energy equation: 

( )
2 2 22

0
2

T T α Tu v
x r r p p p

B uT Q ur T T
r r C C r C



 


      + = + + − + +   
      

  (5.1.3) 

The boundary conditions of the above equations are subjected to the following form. 

( ) ( )
( )

,  0,  
and , ,

w wu U x v T T at r R x
u U x T T as r 

= = = =

→ → →
      (5.1.4) 

Here ( )
x
L

wU x ae= is the stretching velocity, ( )
x
LU x be =  is the free stream velocity, a and 

b are the reference velocity, and L is the reference length.  

The following axisymmetric similarity transformations have been considered for finding 

the numerical solutions of the system of equation (5.1.1) – equation (5.1.3) according to the 

boundary conditions (5.1.4).  

( ) ( )2 2
2 2

,  ,
2

x x
L L

x
L

e ear e Le f T T e
L

     


= = =      (5.1.5) 

where  is called the stream function and is denoted by the velocity components 

1 1andu v
r r r x

  
= = −

 
, respectively?  The expression η denotes the shape and size of 

the bullet-shaped object and if we take η = s in the expression 
2 2

2

x
Lar e

L



=  then the 

dimensionless radius of the bullet-shaped object is ( )
22
x
LLseR x

a


= . The continuity 

equation (5.1.1) is identically satisfied by the equation (5.1.5). By applying the equation 

(5.1.5) into the equations (5.1.2) and (5.1.3), we obtain the following reduced ODEs as  

( ) ( ) ( ) ( ) ( )( )

( )( ) ( )

2 22 2

3
2 2

 -

- 0

X X

X X

f f e f f e f

Me f e

      

   
− −

   + + + +

 + =

    (5.1.6) 
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( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

2

3
2 * 2 2 2

1 1Pr  -   
2 2

Pr 2 0

X

X
X

e f f

e Q Ecf MEcf e

         

    
−

−

 
   + +  

 

 + + + =

   (5.1.7) 

 The transformed boundary conditions are 

( ) ( ) ( )
( ) ( )

'

'

   0,  1,   1,   0,  
,  0

f f at and
f as
    

    

= = = =

→ → →
    (5.1.8) 

The conditions of the stretching ratio parameter (ϵ) have been discussed in the previous 

chapter. 

The dimensionless parameters M, λ,  ,  Pr, Ec, Gr, Rex, X, and Q* are defined as  

( )

( ) ( )*

2
, ,2Re

3
, Re ,2

2
0 , ,  Pr ,  

  ,w

p

Gr Uw
C T Tp wx

g T T L U L xw wGr Xx L

B L bM Ec
a a

QL T T
Q

ac







 


 





=
− 

− = = =

= = = =

−
=

 

The skin friction coefficient and the local Nusselt number 

The shear stress and the rate of heat transfer (local Nusselt number) can be expressed in the 

following way. The shear stress and the local skin friction coefficient are defined as 

w
r

u
r 

 
=

 = −  
 

and 2

2  w
fC

U




−
= respectively. After applying the equations (5.1.4) and 

(5.1.5), the local skin friction coefficient can be written as 

( ) ( )2

2 Re 2
Ref f x

r x

u XC f C X f
U r 


 

 =

−  
 = = −  = − 

 
 (5.1.9) 
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The local Nusselt number can be defined as
( )

w
x

w

xqNu
T T 

=
−

. Where wq  is the wall heat 

flux and taken as w
r

Tq
r 


=

 = −  
 

? By using the equations (5.1.4) and (5.1.5), we obtain 

the local Nusselt number ( ) ( )
1
2Re

2x x
XNu  

−
= −   (5.1.10) 

5.2 The Procedure of Numerical Calculation  

The system of equations (5.1.6) and (5.1.7) are converted into the following iterative 

sequence of linear differential equations after applying the SQLM [82]. 

3 2
1 1 1

0, 1, 2, 3, 1 4, 1 1,3 2

2 2
1 1 1 1

0, 1, 2, 1 3, 4, 5, 1 2,2 2

r r r
r r r r r r r r

r r r r
r r r r r r r r r

f f fa a a a f a R

f fb b b b b b f R


  

 


   

+ + +
+ +

+ + + +
+ +

  
+ + + + =

  

   
+ + + + + =

   

 

This implies 

( ) ( ) ( ) ( ) ( ) ( )0,r 1 1,r 1 2,r 1 3,r 1 4,r 1,a a a a ar r r r r rf f f f R      + + + +  + + + + =  (5.1.11) 

( ) ( ) ( ) ( ) ( ) ( )0, 1 1, 1 2, 3, 4, 1 5, 1 2, r r r r r r r r r r r rb b b b f b f b f R        + + + +   + + + + + =       (5.1.12) 

 The variable coefficients obtained from the previous iteration are given by  

3
2 2 2 2 2

0, 1, 2, 3, 4,

22 2
0, 1, 2, 3,

3
2 2 2

4, 5,

, 1 , 2 , , ,

1 1, Pr , Pr Pr * , 4 ,
2 2

1 Pr 2 , Pr
2

X X X X X

r r r r r r r r
X X

X
r r r r r r r

X X X

r r r r r

a a e f a e f Me a e f a e

b b e f b e f Q e b Ecf

b e MEcf e b e

 

 

 

− −

−

−

 = = + = − − = =

 = = + = − + =

 = + =

 

The terms on the right side are defined as follows: 

( )1, 0, 1, 2, 3, 4,

2 22 2 2 2

, , , ......

           

n
r r r r r r r r r r r

X X X X

r r r

R a f a f a f a f a F f f f f

e f f e f e M e

  

 
−

     = + + + + −  

 = − − −
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( )2, 0, 1, 2, 3, 4, 5,

3 2
22 2 2

, , , ......

1Pr Pr 2
2

n
r r r r r r r r r r r r r

X X X

r r r r r r

R b b b b f b f b f F f f f f

e f e f MEce f Ecf

    

  
−

      = + + + + + −  

  = − + +
 

Evaluating Equations (5.1.10) and (5.1.12) at the collocation points and approximating 

derivatives with Chebyshev derivatives which provide in the vector-matrix form such as 

1,11 12 1

2,21 22 1

rr

rr

RA A F
RA A 

+

+

    
=     

     
, here  

3 2
11 0, 1, 2, 3, 12 4,

2 2
2,1 3, 4, 5, 2,2 0, 1, 2,

, ,
,

r r r r r

r r r r r r

A a D a D a D a A a
A b D b D b A b D b D b

= + + + =

= + + = + +
 

The transformed boundary conditions  

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

1 0 1 0 r+1 0 r

1 1 r+1 r 1

 0, 1, =1,R = 1 at 0
0, , = 0, R =  as 

r r N

r N r N N N

f f
f f

     

       

+ +

+ + +

= = =
= = →

 

5.3 Results and Discussion  

The non-linear ODEs of the present problem are solved by applying SQLM. The 

convergence criteria of the solution are performed by the use of solution-based errors. 

These errors are defined by the differences between approximate solutions at the previous 

and current iteration levels t and t + 1, respectively. The error norms have been defined in 

section 3.4. 

The infinity norms of the residual errors are defined by  

( )
( ) ( ) ( ) ( ) ( )( )

( )( ) ( )

2 22 2

3
2 2

  -  
Re 0

-  

X X

X X

f f e f f e f
s f

Me f e

      

   
− −

   + + +
= =

+ +
 and 

( )
( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

2

3
2 * 2 2 2

1 1Pr  -   
2 2Re 0

Pr 2

X

X
X

e f f
s

e Q Ecf MEcf e

         


    

 −
−

 
   + +  

 = =

 + + +

 

The impact of controlling parameters on velocity, temperature, skin friction, and the local 

Nusselt number has been represented graphically. The fluid velocity profile, skin friction, 

temperature profile, and Nusselt number depict graphically as a function of boundary layer 
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coordinate (η) in Figures 5.1 – 5.15 for different values of the magnetic parameter (M), 

Eckert number (Ec), heat generation parameter (Q*), mixed convection parameter (λ), 

stretching ratio parameter (ϵ), location parameter (X), and surface thickness parameter (s). 

The numerical values of skin friction and Nusselt number have been presented in Table 5.1 

and Table 5.4 which are directly proportional to velocity gradient and temperature gradient, 

respectively.  The numerical computation is done by taking N = 60 collocation points and 

solution-based errors are defined for the convergence of the numerical method. So, Figures 

5.16(a) and 5.16(b) show the convergence and accuracy of the present problem. Figure 

5.16(a) represents the infinity norms with iterations. The error infinity norm decreases with 

the increasing number of iterations that confirms the convergence of the present method. 

So the present method converges after five iterations. Figure 5.16 (b) represents the 

residual error norms of less than 10-14 for ( )f  and ( )  against after five iterations. It is 

seen that the residual error decreases with increasing the iterations. This proves the validity 

of the present method. The errors show that the SQLM is accurate giving errors of less than 

10-14 within the fifth iterations. In this chapter, the default parameters are taken as 

( ) ( ) ( ) ( ) ( )
( ) ( ) ( )

Pr 0.71 Pr 10.0 , 0.5 15.5 , * 0.2 * 3.5 , 0.5 3.5 , 0.0 2.0 ,
0.2 2.0 , 0.2 0.5 , 0.2 5.5 .

M M Q Q X X
Ec Ec s s

 

 

         

     

 

5.3.1 Velocity profiles and skin friction coefficient with parameter variations 

5.3.1.1 Effect of the magnetic parameter (M) on the velocity profile and skin friction 

Figure 5.1(a) - 5.1(d) show the effect of the magnetic parameter (M) when stretching ratio 

parameter 1.0  , or 1.0  and surface thickness parameter, s = 0.05, and 2.0 on the 

velocity profile and skin friction, respectively. From these figures, it is observed that the 

velocity profile and boundary layer thickness expand and the fluid flow forms an inverted 

boundary layer pattern when 0.0 1.0   but in the case of  1.0 2.0  , the fluid flow 

forms a definite boundary layer pattern, and the velocity profile and boundary layer 

thickness squeeze for both of the thinner (s = 0.05) and thicker (s = 2.0) bullet-shaped 
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objects. It is seen that the fluid velocity enhances just near the bullet-shaped object and 

reduces far from it when 1.0  but an opposite trend is observed when 1.0  .  

 
(a) 

 
(b) 

 
(c) 

 
(d) 

Figure 5. 1 Effect of magnetic parameter, M on velocity profile when (a) ϵ = 0.0, 1.0, 2.0, s = 
0.05 (b) ϵ = 0.0, 1.0, 2.0, s = 2.0 and skin friction when (c) ϵ = 0.0, s = 0.05, s = 2.0 and (d) ϵ 

= 2.0, s = 0.05, s = 2.0  
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Therefore, when 1.0  , the surface velocity dominates the free stream velocity and if 

1.0  , the free stream velocity dominates the surface velocity at the edge of the BL. From 

equation (5.1.9) it is seen that the skin friction coefficient is directly proportional to the 

dimensionless velocity gradient. Therefore, the velocity gradient at the surface is positive 

when 1.0  and negative due to 1.0   all values of the controlling parameters. On the 

other hand, the skin friction increases in both of the cases  1.0   and 1.0   , 

respectively. It happens because M is defined as the hydromagnetic body force and viscous 

force, so larger values of M enhance the hydromagnetic body force which tends to reduce 

the fluid flow. But the reverse results arise in the case 1.0  since in this case, viscous 

force dominates the hydromagnetic body force. The velocity profile is directly proportional 

to M when 1.0  but inversely proportional when 1.0  . From the numerical values of 

the velocity gradient, it is observed that when M increases from 1.0 to 15.0, then there is a 

67.4% increase of the skin friction in the case of thinner surface (s = 0.2) and in the case of 

thicker surface (s = 2.0) the corresponding increase is 97.93%. 

5.3.1.2 Effect of Eckert number (Ec) on the velocity profile and skin friction 

Figure 5.2(a) - 5.2(d) shows the variation of velocity profile and skin friction for different 

values of the Eckert number.  

 
(a) 

 
(b) 
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(c) 

 
(d) 

Figure 5. 2 Effect of Eckert number on velocity profile when (a) ϵ = 0.0, 1.0, 2.0, s = 0.05 
(b) ϵ = 0.0, 1.0, 2.0, s = 2.0 and skin friction when (c) ϵ = 0.0, s = 0.05 and (d) ϵ = 2.0, s = 

2.0  
From these figures, it is observed that the Eckert number does not affect the velocity profile 

as well as the skin friction coefficient. Therefore, fluid velocity into the boundary layer 

region is constant for the increasing effect of the Ec. 

5.3.1.3 Effect of heat generation parameter (Q*) on the velocity profile and skin 

friction 

Figures 5.3(a) – 5.3(d) illustrate the effect of heat generation parameter when stretching 

ratio parameter 1.0  , or 1.0  and surface thickness parameter, s = 0.05, and 2.0 on the 

velocity profile and skin friction, respectively. From these figures, it is observed that the 

heat generation parameter has no effect on the velocity profile as well as skin friction 

coefficient at the surface. From these figures, it is also observed that the fluid flow forms 

an inverted boundary layer pattern when 0.0 1.0   but in the case of  1.0 2.0  , the 

fluid flow forms a definite boundary layer pattern. Therefore, the fluid velocity is a 

constant function of the parameter Q* within the boundary layer region and also the 

velocity gradient. 
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(a) 

 
(b) 

 
(c) 

 
(d) 

Figure 5. 3 Effect of heat generation on velocity profile when (a) ϵ = 0.0, s = 0.05, s = 2.0 
(b) ϵ = 0.0, s = 0.2, s = 2.0 and skin friction when (c) ϵ = 0.0, s = 0.05 and (d) ϵ = 2.0 

 s = 2.0 
 



116 

 

5.3.1.4 Effect of mixed convection parameter (λ) on the velocity profile and skin 
friction 

Figures 5.4(a) - 5.4(d) exhibit the influence of mixed convection parameter, λ on the 

velocity profile and skin friction in the case of the stretching ratio parameter 1.0  , or 

1.0  and surface thickness parameter, s = 0.05, and 2.0, respectively. From these figures, 

it is observed that the fluid velocity profile and boundary layer thickness expands both of 

the thinner and thicker surface (s = 0.05, 2.0). Also, it is seen that the fluid flow form an 

inverted boundary layer pattern when 0.0 1.0  but a definite boundary layer pattern in 

case of  1.0 2.0   both of the thinner and thicker bullet-shaped objects. Therefore, the 

velocity gradient at the surface is positive when 1.0  and negative due to 1.0   all 

values of the controlling parameters. So, the skin friction increase in both of the cases  

1.0   and 1.0   also s = 0.05, s = 2.0 respectively. It is seen that the fluid velocity 

increases just near the bullet-shaped object and decreases far from it when 1.0   but an 

opposite trend is observed when 1.0  . This is because of an increase in the mixed 

convection parameter the buoyancy force increases which, in turn, reduces the viscous 

force as a result the fluid velocity increases. Therefore, the boundary layer thickness and 

skin friction decrease with an increase of the mixed convection parameter λ. 

 
(a) 

 
(b) 
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(c) 

 
(d) 

Figure 5. 4 Effect of mixed convection on velocity profile when (a) ϵ = 0.0, s = 0.05, s = 2.0 
(b) ϵ = 0.0, s = 0.05, s = 2.0 and skin friction when (c) ϵ = 0.0, s = 0.05 and (d) ϵ = 0.0 s = 2.0  

From the numerical values of the velocity gradient, it is observed that when λ increases 

from 0.5 to 3.5 and s = 0.2 there is a 9.7% decrease in the skin friction and the 

corresponding decrease is 18% for s = 2.0. 

5.3.1.5 Effect of stream-wise coordinate (X) on the velocity profile and skin friction 

Figures 5.5(a) – 5.5(d) represent the variation of velocity distribution and skin friction 

coefficient for different values of stream-wise coordinate. It is seen from these figures that 

the velocity profile and boundary layer thickness enhance on increasing X when  < 1  

whereas opposite trend is observed in case of  > 1  . This is because the stream-wise 

coordinate acts as a favorable pressure gradient in the direction of flow velocity which in 

turn increases the flow rate as a result the momentum boundary layer thickness increases. 

Besides, increasing the dimensionless coordinate X from the leading edge leads to an 

enhancement of the fluid velocity within the boundary layer region. Also, it is seen that the 

fluid flow forms an inverted boundary layer pattern when 0.0 1.0  but a definite 

boundary layer pattern in case of  1.0 2.0   both of the thinner and thicker bullet-

shaped objects. Therefore, the velocity gradient at the surface is positive when  > 1   and 

negative due to  < 1  all values of the controlling parameters.  
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(a) 

 
(b) 

 
(c) 

 
(d) 

Figure 5. 5 Effect of Stream-wise coordinate on velocity profile when (a) ϵ = 0.0, s = 0.05, s 
= 2.0 (b) ϵ = 0.0, s = 0.05, s = 2.0 and skin friction when (c) ϵ = 2.0, s = 0.05 and (d) ϵ = 2.0, s 

= 2.0  

So, the skin friction increases in both of the cases   > 1   and  < 1  also s = 0.05, s = 2.0, 

respectively. From the numerical values of the velocity gradient, it is observed that when X 
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increases from 0.5 to 3.5, there is a 31.3% increase in the skin friction and the 

corresponding increase is 45.4% when s = 0.2 and s = 2.0, respectively. 

5.3.1.6 Effect of stretching ratio parameter (ϵ) on the velocity profile and skin friction  

Figures 5.6(a) - 5.6(d) exhibit the variation of velocity profile and skin friction for different 

values of stretching ratio parameters. It is seen from these figures that the velocity profile 

and boundary layer thickness enhance on increasing ϵ  when  < 1  whereas opposite trend 

is observed in case of  > 1  . It is clear that the velocity profile and boundary layer 

thickness increases for raising the effect of stretching ratio parameter due to thinner (s = 

0.05) and thicker (s = 2.0) surface. Therefore, ϵ is directly proportional to the velocity 

profile. From these figures, it is also observed that when the term,  > 1   then the flow has 

a certain boundary layer structure and form a definite boundary layer pattern but  

 
(a) 

 
(b) 
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(c) 

 
(d) 

Figure 5. 6 Effect of stretching ratio on velocity profile when (a) s = 0.05 (b) s = 2.0 and skin 
friction when (c) s = 0.05,  < 1  and (d) s = 2.0,  < 1    

the term  < 1 , then the boundary layer flow has an inverse pattern and it becomes a reverse 

boundary layer. Again, the velocity gradient at the surface is positive when  > 1   and 

negative due to  < 1  for all values of the controlling parameters but the skin friction 

increases for both of the cases s = 0.05, s = 2.0, respectively. From the numerical values of 

the velocity gradient, it is observed that when ϵ increases from 0.0 to 0.4, there is a 35.6% 

increase of the skin friction and the corresponding increase is 35.43% when s = 0.2 and s = 

2.0 respectively. 

5.3.1.7 Effect of a surface thickness parameter (s) on the velocity profile and skin 

friction 

Figure 5.7 (a) and Figure 5.7(b) illustrate the influence of surface thickness parameter on 

the velocity profile and skin friction by taking the stretching ratio parameter  > 1  , or 

1.0 , respectively. The velocity profile and boundary layer thickness enhance with 

increasing values of s in case of  < 1  but in case of  > 1  the velocity profile and 

boundary layer thickness decreases which is significant because an increase in s which 

enhances the surface area of the object that provides more resistance against the fluid 
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motion, as a result, the fluid velocity decreases. Again, it is also seen that the velocity 

gradient at the surface is positive when  > 1   and negative when  < 1  for all values of 

the controlling parameters. 

 
(a) 

 
(b) 

Figure 5. 7 Effect of surface thickness (s) on velocity profile when (a) ϵ = 0.0, 1.0, 2.0 and 
skin friction (b) ϵ = 0.0, 2.0   

It is revealed from Figure 5.7(b) that the skin friction increases in the case of  > 1  and 

decreases in the case of  < 1 on increasing surface thickness parameter. From the 

numerical values of the velocity gradient, it is observed that when s increases from 0.2 to 

0.4, there is a 50.6% decrease of the skin friction and the corresponding decrease is 4.1% 

when s = 0.2 and s = 2.0 respectively. 

From these velocity distribution figures, it is observed that the velocity profile and 

momentum boundary layer thickness is getting expand due to magnetic parameter (M), 

mixed convection parameter (λ), location parameter (X), and stretching ratio parameter (ϵ) 

whereas surface thickness parameter (s) has a reverse effect on it in the case of ϵ > 1 for 

both of the thicker (s = 2.0) and the thinner (s = 0.05) surfaces. On the other hand, in the 

case of ϵ < 1 the velocity profile and momentum boundary layer thickness are getting 

squeezes due to magnetic parameter (M), and location parameter (X) whereas surface 
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thickness parameter (s) and mixed convection parameter (λ) have a reverse effect on it. On 

the other hand, Eckert number (Ec) and heat generation parameter (Q*) have no effect on 

the velocity profile for both of the thicker (s = 2.0) and the thinner (s = 0.05) surfaces.  

Therefore, in the case of a thicker bullet-shaped object (s = 2.0), the velocity profile does 

not approach the ambient condition asymptotically but intersects the vertical axis with a 

steep angle and the boundary layer structure has no definite shape whereas in the case of a 

thinner bullet-shaped object (s = 0.05) the velocity profile converge the ambient condition 

asymptotically and the boundary layer structure has a definite shape. It is also noticed that 

the thinner bullet-shaped object represents a thinner momentum boundary layer than the 

thicker bullet-shaped object in both static and moving bullet-shaped objects. 

Table 5.1 shows the influence of magnetic parameter (M), location parameter (X), Prandtl 

number (Pr), heat generation parameter (Q*), Eckert number (Ec), mixed convection 

parameter (λ) and surface thickness parameter (s) on the skin friction coefficient when ϵ  = 

0.0, ϵ = 2.0 and s = 0.2.  It is observed that the Prandtl number, heat generation parameter, 

and Eckert number do not affect the skin friction coefficient whereas the magnetic 

parameter and location parameter enhances the skin friction coefficient in the case of 

1.0  but reduce the skin friction in the case of 1.0  . A precisely reverse trend is 

observed for the surface thickness parameter. On the other hand, the skin friction reduces 

for the increasing effect of the mixed convection parameter either or <1  .  It is 

interesting to note that the friction factor coefficient is less in ϵ = 0.0 case when compared 

with ϵ = 2.0 case. At this point, it is highlighted that for reducing the friction between the 

particles we have to consider the ϵ = 0.0 case. It is evident from this table that the skin 

friction coefficient is higher in the ϵ = 2.0 case when comparing with ϵ = 0.0. It is worth 

mentioning that the skin friction is negative for all values of the mentioned parameters in 

the case of  < 1 but positive in the case of  > 1  . Physically, the negative value means 

that the bullet-shaped object applies a drag force on fluid and positive values of skin 

friction coefficient mean that the fluid exerts a drag force on the bullet-shaped object. 

Therefore, skin friction is an increasing function of the magnetic parameter and location 

parameter in the case of 1.0   but decreasing function in the case of 1.0   whereas it is 
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constant for the effect of the Prandtl number, heat generation parameter, and Eckert 

number. 

Table 5. 1 Variation in skin friction coefficient for different values of M, X, Pr, Q*,  
Ec, λ, and s with ϵ = 0.0, ϵ = 2.0, and s = 0.2 

M X Pr Q* Ec λ s Ref xC−  

ϵ = 0.0, s = 0.2 

Ref xC−  
ϵ = 2.0, s = 0.2 

1.0 0.5 0.71 0.5 0.2 0.5 0.2 6.3868 8.8939 
5.0 0.5 0.71 0.5 0.2 0.5 0.2 8.0175 10.1511 

10.0 0.5 0.71 0.5 0.2 0.5 0.2 9.5543 11.4398 

1.0 0.5 0.71 0.5 0.2 0.5 0.2 6.3868 8.8939 

1.0 1.5 0.71 0.5 0.2 0.5 0.2 6.8445 9.9342 

1.0 2.5 0.71 0.5 0.2 0.5 0.2 7.5062 11.6172 

1.0 0.5 0.71 0.5 0.2 0.5 0.2 6.3868 8.8939 

1.0 0.5 1.0 0.5 0.2 0.5 0.2 6.3868 8.8939 

1.0 0.5 7.0 0.5 0.2 0.5 0.2 6.3868 8.8939 

1.0 0.5 0.71 0.5 0.2 0.5 0.2 6.3868 8.8939 

1.0 0.5 0.71 1.5 0.2 0.5 0.2 6.3868 8.8939 

1.0 0.5 0.71 2.0 0.2 0.5 0.2 6.3868 8.8939 

1.0 0.5 0.71 0.5 0.2 0.5 0.2 6.3868 8.8939 

1.0 0.5 0.71 0.5 0.4 0.5 0.2 6.3868 8.8939 

1.0 0.5 0.71 0.5 0.6 0.5 0.2 6.3868 8.8939 

1.0 0.5 0.71 0.5 0.2 0.5 0.2 6.3868 8.8939 

1.0 0.5 0.71 0.5 0.2 1.5 0.2 6.0251 9.2584 

1.0 0.5 0.71 0.5 0.2 2.5 0.2 5.6691 9.6234 

1.0 0.5 0.71 0.5 0.2 0.5 0.1 11.5445 14.8115 

1.0 0.5 0.71 0.5 0.2 0.5 0.2 6.3868 8.8939 

1.0 0.5 0.71 0.5 0.2 0.5 0.3 4.6087 6.7212 
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5.3.2 Temperature profiles and Nusselt number with parameter variations 

5.3.2.1 Effect of Prandtl number (Pr) on temperature profile and Nusselt number 

Figures 5.8(a) - 5.8(d) show the influence of Prandtl number (Pr) on temperature profile 

and Nusselt number in case of the stretching ratio parameter 1.0 or < 1   and surface 

thickness parameter, s = 0.05, and 2.0, respectively. These plots depict that the temperature 

profile of the viscous fluid and thermal boundary layer thickness affected significantly with 

increasing Prandtl number. It is noticed from these figures that the variation of surface 

thickness parameter has a significant effect on fluid temperature in connection with the 

Prandtl number. It is also seen that the temperature profile and boundary layer thickness 

squeezes for both of the thicker (s = 2.0, and thinner (s = 0.05) surfaces of the bullet-

shaped object but the Nusselt number increases. It is also observed that the thermal 

boundary layer thickness is higher in the case of the thicker surface (s = 2.0) than the 

thinner surface (s = 0.05). Because raising the Pr tends to decrease the thermal diffusivity 

of the fluid and causes a weak entrance of heat inside the fluid. In the case of smaller 

Prandtl number heat is quickly diffuse from the heated surface than for higher values of Pr. 

So, for the cooling purpose, we can use the higher the Prandtl number. 

 
(a) 

 
(b) 



125 

 

 
(c) 

 
(d) 

Figure 5. 8 Effect of Prandtl number (Pr) on temperature profile when (a) ϵ = 0.0, s = 0.05, 2.0 
(b) ϵ = 0.0, s = 0.05, 2.0 and Nusselt number when (c) ϵ = 0.0, s = 0.05 and (d) ϵ = 0.0, s = 2.0  

A smaller surface thickness has a greater decelerating effect than a thicker surface. 

Therefore, it is noticed that for higher values of surface thickness parameter, the maximum 

temperature shows in the thermal boundary layer compared to that of lower surface 

thickness parameter. Again, the dimensionless numerical values of the Nusselt number 

show that the rate of heat transfer is about 65 % higher in the case of a thinner surface than 

a thicker surface. From the numerical values of the temperature gradient, it is observed that 

when Pr increases from 0.71 to 7.0, there is a 29.56% increase of the Nusselt number and 

the corresponding increase is 80.1% when s = 0.2 and s = 2.0 respectively. 

5.3.2.2 Effect of heat generation parameter (Q*) on temperature profile and Nusselt 

number 

Figures 5.9(a) - 5.9(d) illustrate the variation of temperature profile and Nusselt number for 

the effect of heat generation parameter when the stretching ratio parameter ϵ = 0.2, ϵ = 2.0, 

the surface thickness parameter s = 0.05, s = 2.0, and Pr = 0.71, 7.0 respectively. The 

positive values of Q* mean source i.e. heat generation in the fluid.  
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(a) 

 
(b) 

 
(c) 

 
(d) 

Figure 5. 9 Effect of heat generation (Q*) on temperature profile when (a) ϵ = 0.2, s = 0.05, 
2.0 (b) ϵ = 0.2, s = 0.05, Pr = 0.71, 7.0 and Nusselt number when (c) ϵ = 0.0, s = 0.05, and 

(d) ϵ = 0.0, s = 2.0 
Figure 5.9 (a) depicts the influence of heat generation parameter on viscous fluid 

temperature for thinner surface (s = 0.05) and thicker surface (s = 2.0) when ϵ = 0.2 

respectively. This plot represents that the variation of heat generation parameter has an 

insignificant effect on fluid temperature in connection with the surface thickness parameter 



127 

 

and the Prandtl number. A lower surface thickness parameter has a lower accelerating 

effect. For thicker surfaces (s = 2.0) with increasing Q*, the accelerating effect is more 

prominent than for thinner surfaces (s = 0.05). Therefore, the thermal boundary layer 

thickness is higher due to the thicker surface when compared with the thinner surface. 

Hence, the temperature profile and boundary layer thickness expand for both of the thicker 

(s = 2.0) and thinner (s = 0.05) surfaces of the bullet-shaped object whereas the Nusselt 

number decreases (Figures 5.9 (c) and (d)). Figure 5.9 (b) also represent the influence of 

heat generation parameter on viscous fluid temperature for air (Pr = 0.71) and water (Pr = 

7.0) when s = 0.05 and 2.0 respectively. It is seen from these figures that the variation of 

the Prandtl number has a significant effect on viscous fluid temperature in connection with 

the heat generation parameter. A higher Prandtl number has a greater accelerating effect on 

the temperature profile. For air (Pr = 0.71) with increasing Q*, the accelerating effect is 

more prominent than for water (Pr = 0.71). Therefore, the thermal boundary layer thickness 

is higher in the case of air when compared with water. However, the temperature attains its 

minimum in connection with the heat generation parameter and then the profile decreases 

sharply to meet the boundary condition as well. From these figures, the temperature profile 

and thermal boundary layer thickness increase with the increase of Q* for all mentioned 

cases. Therefore, it is seen that for higher values of surface thickness parameter, the 

maximum temperature shows in the thermal boundary layer compared to that of lower 

surface thickness parameter. Again, in the case of air (Pr = 0.71), the highest temperature 

shows in the thermal boundary layer compared to that of water (Pr = 7.0). From the 

numerical values of the temperature gradient, it is observed that when Q* increases from 

0.5 to 6.5, there is a 4.66% decrease of the Nusselt number when s = 0.05 and the 

corresponding decrease is 14.63% when s = 2.0. 

5.3.2.3 Effect of the magnetic parameter (M) on temperature profile and Nusselt 

number 

Figures 5.10(a) - Figure 5.10(d) show the effect of the magnetic parameter (M) on 

temperature profile and Nusselt number when the stretching ratio parameter ϵ = 0.2, ϵ = 

2.0, the surface thickness parameter s = 0.05, s = 2.0, and Pr = 0.71, 7.0 respectively. 
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Figure 5.10 (a) depicts the influence of magnetic parameter on viscous fluid temperature 

for thinner surface (s = 0.05) and thicker surface (s = 2.0) when ϵ = 0.2 respectively. It is 

noticed from these figures that the variation of the magnetic parameter has a significant 

effect on fluid temperature in connection with the surface thickness parameter and the 

Prandtl number. A lower surface thickness parameter has a lower accelerating effect. For 

thicker surfaces (s = 2.0)  with increasing M, the accelerating effect is more prominent than 

for thinner surfaces (s = 0.05). Therefore, the thermal boundary layer thickness is higher 

due to the thicker surface when compared with the thinner surface. Hence, the temperature 

profile and boundary layer thickness expand for both of the thicker (s = 2.0) and thinner (s 

= 0.05) surfaces of the bullet-shaped object whereas the Nusselt number decreases (Figures 

5.10 (c) and (d)). Figure 5.10 (b) also represents the influence of magnetic parameter on 

viscous fluid temperature for air (Pr = 0.71) and water (Pr = 7.0) when s = 0.05 and 2.0 

respectively. It is seen from these figures that the variation of the Prandtl number has a 

significant effect on viscous fluid temperature in connection with the magnetic parameter. 

A higher Prandtl number has a greater accelerating effect on the temperature profile. For 

air (Pr = 0.71) with increasing M, the accelerating effect is more prominent than for water 

(Pr = 7.0).  

 
(a) 

 
(b) 
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(c) 

 
(d) 

Figure 5. 10 Effect of magnetic parameter on temperature profile when (a) ϵ = 0.0, s = 0.05, 
2.0 (b) ϵ = 0.0, s = 0.05, Pr = 0.71, 7.0 and Nusselt number when (c) ϵ = 0.0, s = 0.05 and (d)  

ϵ = 0.0, s = 2.0  
Therefore, the thermal boundary layer thickness is higher for air when compared with 

water. However, the temperature attains its minimum in connection with the magnetic 

parameter and then the profile decreases sharply to meet the boundary condition as well. 

From these figures, the temperature distribution and the thickness of the thermal boundary 

layer increase with the increase of M  for all mentioned cases. Therefore, it is seen that for 

higher values of surface thickness parameter, the maximum temperature shows in the 

thermal boundary layer compared to that of lower surface thickness parameter. Again, in 

the case of air (Pr = 0.71), the highest temperature shows in the thermal boundary layer 

compared to that of water (Pr = 7.0).  Because, in an electrically conducting fluid if the 

magnetic field is applied a resistive type force like a drag force is produced, which is called 

Lorentz force? The nature of this force retards the fluid velocity, and therefore, the 

magnetic field effects decelerate the velocity profiles. This Lorentz force tends to slow 

down the fluid motion and the resistance offered to the flow. Therefore, it is possible for 

the increase in the temperature. From the numerical values of the temperature gradient, it is 
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observed that when M increases from 1.0 to 15.0, there is a 13.82% decrease of the Nusselt 

number when s = 0.05 and the corresponding decrease is 31.77% when s = 2.0. 

5.3.2.4 Effect of Eckert number (Ec) on temperature profile and Nusselt number 

Figures 5.11 (a) - 5.11 (d) represent the effect of the Eckert number (Ec) on temperature 

profile and Nusselt number when the stretching ratio parameter ϵ = 0.2, ϵ = 2.0, the surface 

thickness parameter s = 0.05, s = 2.0, and Pr = 0.71, 7.0 respectively. Figure 5.11 (a) 

reveals the influence of Eckert number (Ec) on viscous fluid temperature for thinner 

surface (s = 0.05) and thicker surface (s = 2.0) when ϵ = 0.2 respectively. It is noticed from 

these figures that the variation of the Eckert number (Ec) has a significant effect on fluid 

temperature in connection with the surface thickness parameter and the Prandtl number. A 

lower surface thickness parameter has a lower accelerating effect. For thicker surface (s = 

2.0) with increasing Eckert number (Ec), the accelerating effect is more prominent than for 

thinner surface (s = 0.05). Therefore, the thermal boundary layer thickness is higher due to 

the thicker surface when compared with the thinner surface. Hence, the temperature profile 

and boundary layer thickness expand for both of the thicker (s = 2.0) and thinner (s = 0.05) 

surfaces of the bullet-shaped object whereas the Nusselt number decreases (Figures 5.11 

(c) and (d)). Figure 5.11 (b) also represents the influence of Eckert number (Ec) on viscous 

fluid temperature for air (Pr = 0.71) and water (Pr = 7.0) when s = 0.05 and ϵ = 0.2 

respectively. It is seen from these figures that the variation of the Prandtl number has a 

significant effect on viscous fluid temperature in connection with the Eckert number (Ec). 

A lower Prandtl number has a greater accelerating effect on the temperature profile. For air 

(Pr = 0.71) with an increasing Eckert number, the accelerating effect is more prominent 

than for water (Pr = 7.0). Therefore, the thermal boundary layer thickness is higher for air 

when compared with water. However, the temperature attains its minimum in connection 

with the Eckert number for a low value of Ec 1  but the higher value of Ec 1  shooting 

up the profiles near the surface of the bullet-shaped object within the region η < 0.2 and 

then the profile decreases sharply to meet the boundary condition as well for both of air (Pr 

= 0.71) and water (Pr = 7.0).  
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(a) 

 
(b) 

 
(c) 

 
(d) 

Figure 5. 11 Effect of Eckert number on temperature profile when (a) ϵ = 0.2, s = 0.05, s = 2.0 
(b) ϵ = 0.0, s = 0.05, Pr = 0.71, 7.0 and Nusselt number when (c) ϵ = 0.0, s = 0.05, and (d) 

 ϵ = 0.0, s = 2.0. 
From these figures, the temperature distribution and the thickness of the thermal boundary 

layer increase with the increase of Ec for all mentioned cases. Therefore, it is seen that for 

higher values of surface thickness parameter, the maximum temperature shows in the 
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thermal boundary layer compared to that of lower surface thickness parameter. Again, in 

the case of air (Pr = 0.71), the highest temperature shows in the thermal boundary layer 

compared to that of water (Pr = 7.0).  It happens because increasing values of Ec produce 

extra heat energy in the fluid because of frictional heating as a result the temperature 

enhances at any given point within the boundary layer region. From the numerical values 

of the temperature gradient, it is observed that when Ec changes from 0.2 to 0.6, there is a 

42.77% decrease of the Nusselt number when s = 0.2 and the corresponding decrease is 

70.96% when s = 2.0. 

5.3.2.5 Effect of mixed convection parameter (λ) on temperature profile and Nusselt 
number  

Figures 5.12(a) - 5.12(b) describe the mixed convection parameter on the temperature 

profile and Nusselt number when 1.0 or < 1  . It is observed that the mixed convection 

parameter does not affect the temperature profile and also temperature gradient both of s = 

0.05 and s = 2.0 within the boundary layer.  

 
(a) 

 
(b) 
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(c) 

 
(d) 

Figure 5. 12 Effect of mixed convection on temperature profile when (a) ϵ = 0.0, s = 0.05, 
2.0 (b) ϵ = 0.2, s = 0.05, Pr = 0.71, 7.0 and Nusselt number when (c) ϵ = 0.0, s = 0.2 and  

(d) ϵ = 0.0, s = 2.0  

5.3.2.6 Effect of stretching ratio parameter (ϵ) on temperature profile and Nusselt 
number  

Figures 5.13(a) – 5.13(d) display the influence of the stretching ratio parameter 

( 0.5 1.5−   ) on the temperature profile and Nusselt number when the surface thickness 

parameter s = 0.05, s = 2.0, and Pr = 0.71, Pr = 7.0 respectively. Figure 5.13 (a) displays 

the influence of stretching ratio parameter on viscous fluid temperature for thinner surface 

(s = 0.05) and thicker surface (s = 2.0) respectively. It is noticed from these figures that the 

variation of stretching ratio parameters has a significant effect on fluid temperature in 

connection with the surface thickness parameter and the Prandtl number. A lower surface 

thickness parameter has a lower accelerating effect. For thicker surfaces (s = 2.0) with 

increasing stretching ratio parameters, the accelerating effect is more prominent than for 

thinner surfaces (s = 0.05). Therefore, the thermal boundary layer thickness is higher due to 

the thicker surface when compared with the thinner surface. Hence, the temperature 

variation and the thickness of the thermal boundary layer expand for both of the thicker (s 
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= 2.0) and thinner (s = 0.05) surfaces of the bullet-shaped object whereas the Nusselt 

number decreases (Figures 5.13 (c) and (d)). 

 
(a) 

 
(b) 

 
(c) 

 
(d) 

Figure 5. 13 Effect of stretching ratio (ϵ) on temperature profile when (a) ϵ = 0.2, s = 0.05, s = 
2.0 (b) ϵ = 0.2, s = 0.05, Pr = 0.71, Pr = 7.0 and Nusselt number when (c) ϵ = 0.0, s = 0.05 and 

(d) ϵ = 0.0, s = 2.0  
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Figure 5.13 (b) also represents the influence of the stretching ratio parameter on viscous 

fluid temperature for air (Pr = 0.71) and water (Pr = 7.0) respectively. It is seen from this 

figure that the variation of the Prandtl number has a significant effect on viscous fluid 

temperature in connection with the stretching ratio parameter. For air (Pr = 0.71) with an 

increasing stretching ratio parameter, the accelerating effect is more prominent than for 

water (Pr = 7.0).  

However, the temperature attains its minimum in connection with the stretching ratio 

parameter for a low value of 1.0   but the higher value of 1   shooting up the profiles 

near the surface of the bullet-shaped object within the region η < 0.1 and then the profile 

decreases sharply to meet the boundary condition as well for both of air (Pr = 0.71) and 

water (Pr = 7.0). From these figures, the temperature profile and thermal boundary layer 

thickness increase with the increase of stretching ratio parameter for all mentioned cases. 

Therefore, it is seen that for higher values of surface thickness parameter, the maximum 

temperature shows in the thermal boundary layer compared to that of lower surface 

thickness parameter. Again, in the case of air (Pr = 0.71), the highest temperature shows in 

the thermal boundary layer compared to that of water (Pr = 7.0). Therefore, the thermal 

boundary layer thickness is higher for air when compared with water. From the numerical 

values of the temperature gradient, it is observed that when ϵ increases from 0.0 to 0.4, 

there is an 8.58% increase of the Nusselt number when s = 0.2 and the corresponding 

increase is 15.65% when s = 2.0. 

5.3.2.7 Effect of location parameter (X) on temperature profile and Nusselt number 

Figures 5.14(a) – 5.14(d) depict the location parameter with η on dimensionless 

temperature and local Nusselt number. It is observed that an increase of location parameter 

leads to a decrease of the temperature profile within the boundary layer but the Nusselt 

number increases for both of the thinner surface (s = 0.05) and thicker surface (s = 2.0) and 

Pr = 0.71, Pr = 7.0 respectively. Figure 5.14 (a) displays the influence of location 

parameter on viscous fluid temperature for thinner surface (s = 0.05) and thicker surface (s 

= 2.0) respectively. It is noticed from these figures that the variation of location parameter 

has a significant effect on fluid temperature in connection with surface thickness parameter 
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and the Prandtl number. A lower surface thickness parameter has a lower decelerating 

effect. For thicker surfaces (s = 2.0)  with increasing location parameters, the decelerating 

effect is more prominent than for thinner surfaces (s = 0.05).  

 
(a) 

 
(b) 

 
(c) 

 
(d) 

Figure 5. 14 Effect of location parameter (X) on temperature profile when (a) ϵ = 0.2, s = 
0.05, 2.0 (b) ϵ = 0.2, s = 0.05, Pr = 0.71, Pr = 7.0 and Nusselt number when (c) ϵ = 0.0,  

s = 0.05, and (d) ϵ = 0.0, s = 2.0  
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Therefore, the thermal boundary layer thickness is higher due to the thicker surface when 

compared with the thinner surface. Hence, the temperature profile and boundary layer 

thickness squeeze for both of the thicker (s = 2.0) and thinner (s = 0.05) surfaces of the 

bullet-shaped object whereas the Nusselt number increases (Figures 5.14 (c) and (d)). 

Figure 5.14 (b) also represents the influence of location parameter on viscous fluid 

temperature for air (Pr = 0.71) and water (Pr = 7.0) respectively. It is seen from these 

figures that the variation of the Prandtl number has a significant effect on viscous fluid 

temperature in connection with the location parameter. A higher Prandtl number has a 

greater accelerating effect on the temperature profile. For air (Pr = 0.71) with increasing 

location parameters, the decelerating effect is more prominent than for water (Pr = 7.0). 

Therefore, the thermal boundary layer thickness is higher for air when compared with 

water. However, the temperature attains its minimum in connection with the location 

parameter and then the profile decreases sharply to meet the boundary condition as well for 

both air (Pr = 0.71) and water (Pr = 7.0) respectively. 

From these figures, the profile of temperature and thickness of the thermal boundary layer 

decrease with the increase of stretching ratio parameter for all mentioned cases. Therefore, 

it is seen that for higher values of surface thickness parameter, the maximum temperature 

shows in the thermal boundary layer compared to that of lower surface thickness 

parameter. Again, in the case of air (Pr = 0.71), the highest temperature shows in the 

thermal boundary layer compared to that of water (Pr = 7).  From the numerical values of 

the temperature gradient, it is observed that when X increases from 0.5 to 3.5, there is a 

9.77% increase of the Nusselt number when s = 0.05 and the corresponding increase is 

28.75% when s = 2.0. 

5.3.2.8 Effect of surface thickness parameter (s) on temperature profile and Nusselt 

number  

Figures 5.15 (a) - 5.15(d) depict the effect of the surface thickness parameter on the 

temperature profile and Nusselt number when the stretching ratio parameter 1.0 or < 1   

and Pr = 0.71, Pr = 7.0 respectively. Figure 5.15 (a) exhibits the influence of surface 

thickness parameter on viscous fluid temperature for ϵ = 0.2 and ϵ = 2.0 respectively. It is 
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noticed from this figure that the variation of surface thickness parameter has a significant 

effect on fluid temperature in connection with the stretching ratio parameter and the Prandtl 

number. A lower stretching parameter has a lower accelerating effect. For ϵ = 2.0 with 

increasing surface thickness parameter, the accelerating effect is more prominent than for ϵ 

= 0.2. Therefore, the thermal boundary layer thickness is higher due to ϵ = 2.0 case when 

compared with ϵ = 0.2 case. Hence, the temperature profile and thickness of the thermal 

boundary layer expand for both of the ϵ = 0.2 and ϵ = 2.0 cases whereas the Nusselt number 

decreases (Figures 5.15 (c) and (d)). Figure 5.15 (b) also represents the influence of surface 

thickness parameter on viscous fluid temperature for air (Pr = 0.71) and water (Pr = 7.0) 

respectively. It is seen from this figure that the variation of the Prandtl number has a 

significant effect on viscous fluid temperature in connection with the surface thickness 

parameter. A higher Prandtl number has a greater accelerating effect on the temperature 

profile. For air (Pr = 0.71) with an increasing surface thickness parameter, the accelerating 

effect is more prominent than for water (Pr = 7.0). Therefore, the thermal boundary layer 

thickness is higher for air when compared with water. However, the temperature attains its 

minimum in connection with the surface thickness parameter and then the profile decreases 

sharply to meet the boundary condition as well for both air (Pr = 0.71) and water (Pr = 7.0). 

From these figures, the temperature profile and thermal boundary layer thickness increase 

with the increase of surface thickness parameter for all mentioned cases. Therefore, it is 

seen that for higher values of surface thickness parameter, the maximum temperature 

shows in the thermal boundary layer compared to that of lower surface thickness 

parameter. Again, in the case of air (Pr = 0.71), the highest temperature shows in the 

thermal boundary layer compared to that of water (Pr = 7.0). This is because an increase in 

surface thickness parameter enhances the surface area of the object which provides more 

resistance against the fluid motion, as a result, more fluid particles are stored within the 

boundary layer that causes the temperature increase. From the numerical values of the 

temperature gradient, it is observed that when s change from 0.2 to 0.4, there is a 595% 

increase of the Nusselt number when s = 0.2 and the corresponding increase is 5.2% when s 

= 2.0. 
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(a) 

 
(b) 

 
(c) 

 
(d) 

Figure 5. 15 Effect of surface thickness parameter (s) on temperature profile when (a) ϵ = 
0.2, ϵ = 2.0 (b) ϵ = 0.2, Pr = 0.71, Pr = 7.0 and Nusselt number when (c) ϵ = 0.0 and (d) ϵ = 

2.0  
The graph of temperature profile depicts that the fluid temperature within the boundary 

layer region is getting lower due to Prandtl number (Pr), stretching ratio parameter (ϵ), 

location parameter (X), and mixed convection parameter (λ) whereas surface thickness 
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parameter (s), magnetic parameter (M), heat generation parameter (Q*) and Eckert number 

(Ec) have a reverse effect on it throughout the boundary layer region. From these figures, it 

is revealed that in the case of a thicker bullet-shaped object (s = 2.0) the temperature profile 

does not approach the ambient condition asymptotically but intersects the axis with a steep 

angle and the thermal boundary layer structure has no definite shape whereas in the case of 

a thinner bullet-shaped object (s = 0.05) the temperature profile converge the ambient 

condition asymptotically and the boundary layer structure has a definite shape. It is also 

observed that the thinner bullet-shaped object represents a thinner thermal boundary layer 

because the heat transfer rate is higher than the thicker bullet-shaped object in both static 

and moving bullet-shaped objects. 

Figure 5.16 denotes the convergence criteria and accuracy of the present numerical method.  

 
(a) 

 
(b) 

Figure 5. 16 (a) Error infinity norms and (b) Residual error infinity norms for  ( )f  and ( )   

This implies that the error infinity norm decrease with an increase in the number of 

iterations and the method converges after only six iterations. Also, the residual error 

infinity norms decrease against the number of iterations which confirms the accuracy of the 
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numerical method. Therefore, the numerical method (SQLM) achieves an accuracy of 10-13 

after only five iterations which means the method is highly accurate. 

Table 5. 2 Variation in Nusselt number which is directly proportional to the temperature 
gradient for different values of M, X, Pr, Q*, Ec, λ, and s with ϵ = 0.0, ϵ = 2.0 and s = 0.2 

M X Pr Q* Ec λ s ( )0−  
ϵ = 0.0, s = 0.2 

( )0−  
ϵ = 2.0, s = 0.2 

1.0 0.5 0.71 0.5 0.2 0.5 0.2 4.1743 2.9254 
5.0 0.5 0.71 0.5 0.2 0.5 0.2 3.6699 - 4.1791 

10.0 0.5 0.71 0.5 0.2 0.5 0.2 3.2087 - 13.1528 

1.0 0.5 0.71 0.5 0.2 0.5 0.2 4.1743 2.9254 

1.0 1.5 0.71 0.5 0.2 0.5 0.2 4.5471 4.8975 

1.0 2.5 0.71 0.5 0.2 0.5 0.2 4.9131 5.7091 

1.0 0.5 0.71 0.5 0.2 0.5 0.2 4.1743 2.9254 

1.0 0.5 1.0 0.5 0.2 0.5 0.2 4.3618 3.6715 

1.0 0.5 7.0 0.5 0.2 0.5 0.2 7.4634 9.1876 

1.0 0.5 0.71 0.5 0.2 0.5 0.2 4.1743 2.9254 

1.0 0.5 0.71 1.5 0.2 0.5 0.2 3.9126 2.5471 

1.0 0.5 0.71 2.5 0.2 0.5 0.2 3.7716 2.3411 

1.0 0.5 0.71 0.5 0.2 0.5 0.2 4.1743 2.9254 

1.0 0.5 0.71 0.5 0.4 0.5 0.2 2.9006 0.5816 

1.0 0.5 0.71 0.5 0.6 0.5 0.2 1.6356 - 4.1579 

1.0 0.5 0.71 0.5 0.2 0.5 0.2 4.1743 2.9254 

1.0 0.5 0.71 0.5 0.2 1.5 0.2 4.2678 2.8158 

1.0 0.5 0.71 0.5 0.2 2.5 0.2 4.3544 2.7025 

1.0 0.5 0.71 0.5 0.2 0.5 0.1 8.1784 5.4341 

1.0 0.5 0.71 0.5 0.2 0.5 0.2 4.1743 2.9254 

1.0 0.5 0.71 0.5 0.2 0.5 0.3 2.8365 2.0792 

Table 5.2 depicts the influence of magnetic parameter (M), location parameter (X), Prandtl 

number (Pr), heat generation parameter (Q*), Eckert number (Ec), mixed convection 

parameter (λ), and  surface thickness parameter (s) on the Nusselt number when ϵ  = 0.0, ϵ 
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= 2.0 and s = 0.2, respectively.  It is observed that location parameter, Prandtl number, and 

mixed convection parameter (λ) enhance the Nusselt number whereas magnetic parameter, 

heat generation parameter, Eckert number, and surface thickness parameter reduces the 

Nusselt number for both of the static and moving bullet-shaped objects. Therefore, the heat 

transfer rate is high in the static (ϵ  = 0.0) case, when compared with the moving (ϵ = 2.0) 

case. At this point, it is highlighted that for enhancing the heat transfer rate we have to 

consider the non-stretching (ϵ  = 0.0) bullet-shaped object.  

5.4 Correlation Analysis for Velocity Gradient 

The correlation coefficient and multiple regression model have been established for the 

thinner bullet-shaped object (s = 0.05) and ϵ < 1.  Therefore, from Table 5.3 it is observed 

that the skin friction which is equivalent to velocity gradient is positively correlated with 

magnetic parameter (M), and location parameter (X) but negatively correlated with mixed 

convection parameter (λ) and surface thickness parameter (s). Again, Prandtl number (Pr), 

heat generation parameter (Q*), and Eckert number (Ec) do not correlate with velocity 

gradient. A positive correlation indicates that higher values of one variable tend to be 

related to higher values for the other variable. A negative correlation indicates that higher 

values for one variable tend to be related to lower values for the other variable.  

Table 5. 3 Correlation coefficient between the velocity gradient and controlling parameters 
by taking 2nd order coefficient 

  M X Q* Ec λ s ( )f   
M 1.00             
X -0.30 1.00           
Q* -0.10 -0.04 1.00         
Ec -0.10 -0.04 -0.10 1.00       
λ -0.10 -0.04 -0.10 -0.10 1.00     
s -0.10 -0.04 -0.10 -0.10 -0.10 1.00   

( )f   0.48 0.19 0.0 0.0 -0.46 -0.36 1.00 

5.5 Correlation Analysis for Temperature Gradient  

The correlation coefficient and multiple regression model have been established by 

considering the thinner bullet-shaped object (s = 0.05) and 1  .  Therefore, from Table 
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5.4 it is observed that the temperature gradient, ( )   are positively correlated with 

Prandtl number (Pr),  location parameter (X), and mixed convection parameter (λ), but 

negatively correlated with magnetic parameter (M), surface thickness parameter (s),  heat 

generation parameter (Q*), and Eckert number (Ec). A positive correlation indicates that 

higher values of one parameter tend to be related to higher values for the other parameter. 

A negative correlation indicates that higher values for one parameter tend to be related to 

lower values for the other parameter.  

Table 5. 4 Correlation coefficient between the temperature gradient and controlling 
parameters by taking 1st order coefficient 

  M X Pr Q* Ec λ s ( )   
M 1.00               
X -0.30 1.00             
Pr 0.10 0.04 1.00           
Q* -0.10 -0.04 0.10 1.00         
Ec -0.10 -0.04 0.10 -0.10 1.00       
λ -0.10 -0.04 0.10 -0.10 -0.10 1.00     
s -0.10 -0.04 0.10 -0.10 -0.10 -0.10 1.00   

( )   -0.14 0.61 0.28 -0.27 -0.23 0.13 -0.66 1.00 



 

 

CHAPTER SIX 

UNSTEADY MHD MIXED CONVECTION BOUNDARY LAYER 
FLOW AND HEAT TRANSFER OVER AN EXPONENTIALLY 

STRETCHING BULLET-SHAPED OBJECT IN POROUS MEDIA 
WITH HEAT GENERATION AND VISCOUS DISSIPATION  

The present chapter deals with the unsteady mixed convection magnetohydrodynamic 

boundary layer flow and heat transfer over an exponentially stretching permeable bullet-

shaped object. The porous medium consists of pores, cavities, and void spaces. The flow-

through porous medium was described by Henry Darcy in Darcy law as the velocity is 

linearly proportional to the pressure gradient. It is valid only for low velocity and small 

porosity. The Darcy law is not applicable in the case of high velocities and nonlinear 

porosity. Therefore, to explain the high velocity of the flow and nonlinear porosity are used 

non-Darcy or inertial effects. Therefore, it is necessary to incorporate the non-Darcian 

terms in the study of convective transport in a porous medium. The Industrial sectors and 

the environmental setups involve with the heat and a mass flux such as geological setups, 

chemical reactions, and other heating systems are the main focus in convection through the 

porous medium. The porosity factor is involved in such systems which induce the 

incremental inertial influence that results in the variation of skin friction. These types of 

formulations help build heat insulation mechanisms, energy storage systems, fossil fuel 

beds, disposal reactors for nuclear wastes, and many more. This concept was first 

introduced by Darcy and the law which is known as Darcy’s law. This law is valid for a 

restricted range of velocity. In the case of porous media, it does not possible to ignore the 

high effects of inertial force and resistance given by the porosity term. Thus, a velocity 

squared term is added in the momentum equation to analyze the inertial influences which 

are known as the Forchheimer drag parameter or inertia term. The heat transfer through 

exponentially stretching sheet has many applications in science and technology such as 

annealing and thinning of copper wires and many more. The present chapter aims to 

explore the study of unsteady MHD mixed convection flow over an exponentially 

stretching bullet-shaped object in presence of viscous dissipation, heat generation, and 

Darcy Forchheimer's porous medium. So, this chapter performs the velocity and 
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temperature distributions, local skin friction coefficient, and local Nusselt number by 

considering two distinct cases of thinner surface and thicker surface. 

6.1 Mathematical Formulation and Analysis of the Present Problem 

Let us assume that the unsteady two-dimensional mixed convection MHD axisymmetric 

boundary layer flow with heat transfer over an exponentially stretching bullet-shaped 

object (Figure 2.2 in chapter two). For developing the mathematical model of the present 

problem the detailed assumptions have been discussed in chapter three.  

Therefore, the governing PDEs are as follows [78] 

Equation of continuity: 
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Momentum equation: 
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Energy equation: 
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 (6.1.3) 

The fluid and the surface are at rest when t = 0. Therefore, the no-slip boundary conditions 

at the surface of the body for the above problem (t > 0) are 
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Here ( ),
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 is the stretching velocity, ( ),
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= −  is a special class of velocity which ( )  0wv x  represents suction 
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normal to the flow direction, and  ( )
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 is the surface temperature of the 

bullet-shaped object, a, b, and d is constants with dt > 0, and both a, b, and d have 

dimension time−1, vw is the suction/injection parameter.  

To obtain the similarity solutions for the system of equation (6.1.1) – equation (6.1.3) 

subject to the boundary conditions (6.1.4), we use the following axisymmetric similarity 

transformation: 
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where  is the stream function and is denoted by the horizontal and vertical velocity 

components are 1 1andu v
r r r x

  
= = −

 
, η is the similarity variable.  The expression η 

represents the shape and size of the bullet-shaped object, if we take η = s in the expression 
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continuity equation (6.1.1) is satisfied by the similarity transformation (6.1.5) and after 

applying the similarity transformations then the equations (6.1.2) and (6.1.3) are 

transformed as 
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Where prime denotes differentiation concerning η, 
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The transformed boundary conditions for t > 0 are obtained as: 

( ) ( ) ( )
( ) ( )

'

'

  ,  1,   1,   0
,  0
wf f f at

f as
    

    

= = = =

→ → →
                                (6.1.8) 

Here, ϵ = 0 is for the static bullet-shaped object, 1  represents the free stream velocity is 

less than the object velocity, 1   means the object velocity is greater than the free stream 

velocity, and ϵ = 1 depicts the equal velocities of the bullet-shaped object and the free 

stream. 

The skin friction coefficient and the local Nusselt number 

The skin friction and the local Nusselt number have been discussed in section 5.1 (Chapter 

five).  



148 

 

6.2 Numerical Procedure  

The system of equations (6.1.6) and (6.1.7) are converted into the following iterative 

sequence of linear differential equations after applying the SQLM [83]. 
3 2

1 1 1
0, 1, 2, 3, 1 4, 1 1,3 2

r r r
r r r r r r r r

f f fa a a a f a R
  

+ + +
+ +

  
+ + + + =

  
                        (6.1.9) 
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The variable coefficients obtained from the previous iteration are given by  
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The terms on the right are defined as follows 
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Evaluating Equations (6.1.9) and (6.1.10) at the collocation points and approximating 

derivatives with Chebyshev derivatives which provide in a vector-matrix form such as 
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The transformed boundary conditions  
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6.3 Results and discussion  

The results have been discussed for both the cases of thinner (s = 0.05) and thicker (s = 2.0) 

bullet-shaped objects and also three values of stretching ratio parameter (ϵ = 0.0, 1.0 2.0). It 

is mentioned that a fixed object in a moving fluid represents when ϵ = 0.0, and while a 

moving object in a fixed fluid represents when ϵ = 0.2. On the other hand, ϵ = 1.0 

represents equal velocities of the bullet-shaped object and free stream fluid. Numerical 

simulations are carried out for different values of the magnetic parameter (M) ranging from 

0.5 to 15.5, Eckert number (Ec) in the range 0.2 to 0.8, heat generation parameter (Q*) 

ranging from 0.2 to 0.8, mixed convection parameter (λ) in the range 0.1 to 3.0, Darcy 

number (Da) ranging from 5.0 to 20.0, drag coefficient (γ) in the range 0.1 to 3.0, stream-

wise coordinate (X) ranging from 0.5 to 3.5, two values of the surface thickness parameter 

(s = 0.05 and 2.0), unsteady parameter (A) in the range 0.5 to 4.5, and suction/injection 

parameter (fw) ranging from -1.0 to 1.0 respectively. The velocity and temperature 

distributions, skin friction coefficient, and Nusselt number have been discussed in the 

following sub-sections. The non-linear ODEs of the present problem are solved by 

applying SQLM. The convergence criteria of the solution are performed by the use of 

solution-based errors. The impact of physical parameters on velocity, temperature, skin 

friction, and the local Nusselt number is shown graphically. In this chapter, the default 

parameters have been taken as 

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

Pr 0.71 Pr 10.0 , 0.5 15.5 , * 0.2 * 3.5 , 0.2 0.8 ,
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0.1 3.0 , 0.1 0.9 , 1.0 1.0 , 0.1 3.0 .w w

M M Q Q Ec Ec
X X A A Da Da

s s f f
 

   

       

       

    −    

  

The numerical values of skin friction and Nusselt number which are equivalent to velocity 

gradient and rate of heat transfer have been shown in Table 6.1 and Table 6.2 respectively. 

These errors are defined by the differences between approximate solutions at the previous 

and current iteration levels t and t + 1, respectively. The error norms have been defined in 

chapter three. 
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The infinity norms of the residual errors are defined as 
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The computations have been done by taking N = 60 collocation points and solution-based 

errors are defined for the convergence of the numerical method. So, Figures 6.1 (a) and 6.1 

(b) are show the convergence and accuracy of the present problem.  

 
(a) 

 
(b) 

Figure 6. 1  (a) Error infinity norms, and (b) Residual error infinity norms for ( )  f  and ( )   

Figure 6.1 (a) represents the infinity norms with iterations. The error infinity norm 

decreases with the increasing number of iterations that confirms the convergence of the 

present method. So, the present method converges after five iterations. Figure 6.1 (b) 

represents the residual error norms of less than 10-14 for ( )  f  and ( )  against after five 
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iterations. It is seen that the residual error decreases with increasing the iterations. This 

proves the validity of the present method. Also, the residual error infinity norms decrease 

against the number of iterations which confirms the accuracy of the numerical method. 

Therefore, the numerical method (SQLM) achieves an accuracy of 10-11 after only five 

iterations and orders 10-14 after the fourth iterations which means the method is highly 

accurate. 

6.3.1 Velocity profiles and skin friction coefficient with parameter variations 

6.3.1.1 Effect of the magnetic parameter (M) on the velocity profile and skin friction 

coefficient 

Figures 6.2(a) - 6.2(d) show the effects of the magnetic parameter on the velocity field and 

local skin friction coefficient when other parameters are fixed for both the cases of thinner 

(s = 0.05) and thicker (s = 2.0) bullet-shaped objects. It is clear that the velocity profile,  

skin friction coefficient, and boundary layer thickness increases in the case of ϵ > 1 for 

raising the effect of magnetic parameter due to both thinner and thicker bullet-shaped 

object whereas, the reverse results arise in the case of ϵ < 1. From these figures, it is also 

observed that when the term ϵ > 1, the flow has a certain structure and form a definite 

boundary layer pattern but the term ϵ < 1, the boundary layer flow has an inverse pattern 

and it becomes a reverse boundary layer. This is expected as the application of the 

transverse magnetic field always results in a resistance-type force called Lorentz force. 

This force is similar to a drag force, and increasing M means the drag force increases that 

tend to resist the fluid flow, thus reducing the fluid motion significantly but opposite results 

arise when ϵ > 1 because the free stream velocity dominates on surface velocity. Therefore, 

for controlling the flow of fluid during physical problems then one can regulate the 

intensity of the external magnetic field to obtain the desired flow rate. That is magnetic 

parameter is inversely proportional to velocity profiles and skin friction coefficient in case 

of ϵ < 1 but opposite trends arise in case of ϵ > 1. From equation (5.1.9) it is seen that the 

skin friction coefficient is directly proportional to the dimensionless velocity gradient. 
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(a) 

 
(b) 

 
(c) 

 
(d) 

Figure 6. 2 Effects of magnetic parameter on velocity profile, and skin friction coefficient 
when (a) ϵ = 0.0, 1.0, 2.0, s = 0.05 (b) ϵ = 0.0, 1.0, 2.0, s = 2.05 (c) ϵ = 0.0, 2.0, s = 0.05,  

and (d) ϵ = 0.0, 2.0, s = 2.0 
Therefore, the velocity gradient at the surface is positive when ϵ > 1.0 and negative due to ϵ 

< 1.0 for all values of the controlling parameters. Therefore, when M changes from 1.0 to 

15.0, there is a 35.2% increase of the skin friction coefficient and the corresponding 

increase is 186.3% when s = 0.2 and s = 2.0 respectively. 
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6.3.1.2 Effect of Eckert number (Ec) on the velocity profile and skin friction 

coefficient 

Figures 6.3(a) - 6.3(d) describe the effect of the Eckert number (Ec) on the velocity profile 

and local skin friction coefficient for the case of thinner surface (s = 0.05) and thicker 

surface (s = 2.0). It is seen from these figures that the velocity profile and boundary layer 

thickness decrease slightly but skin friction increase monotonically with an increase of 

Eckert number in the case of ϵ > 2.0 and s = 0.05, respectively. That is Eckert’s number is 

inversely proportional to the velocity profile and boundary layer thickness but directly 

proportional to skin friction coefficient for both thinner and thicker surfaces. The positive 

Eckert number implies cooling of the surface i.e., loss of heat from the surface to the fluid. 

Hence, greater viscous dissipative heat causes a rise in the temperature as well as the 

velocity. From the numerical values, it is noticed that when Ec increases from 0.2 to 0.8 

then the skin friction coefficient increases 0.9 % in the case of thinner surface (s = 0.5) and 

ϵ = 2.0, respectively. 

 
(a) 

 
(b) 
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(c) 

 
(d) 

Figure 6. 3 Effects of Eckert number on velocity profile and skin friction coefficient when 
(a) ϵ = 0.0, 1.0, 2.0, s = 0.05 (b) ϵ = 0.0, 1.0, 2.0, s = 2.0 (c) ϵ = 2.0, s = 0.05 and (d) ϵ = 2.0,  

s = 2.0.  
6.3.1.3 Effect of heat generation (Q*) on the velocity profile and skin friction 

coefficient 

Figures 6.4(a) - 6.4(d) represent the effect of the heat generation parameter (Q*) on the 

velocity profile and skin friction coefficient for the case of thinner surface (s = 0.05) and 

thicker surface (s = 2.0). From these figures, it is observed that the fluid flow forms an 

inverted boundary layer pattern when 0.0 1.0  but in case of  1.0 2.0  , the fluid 

flow forms a definite boundary layer pattern and the velocity profile and skin friction 

remain unchanged for both of the thinner (s = 0.05) and thicker (s = 2.0) bullet-shaped 

object. 
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(a) 

 
(b) 

 
(c) 

 
(d) 

Figure 6. 4 Effects of heat generation on velocity profile and skin friction coefficient when 
(a) ϵ = 0.0, 1.0, 2.0, s = 0.05 (b) ϵ = 0.0, 1.0, 2.0, s = 2.0 (c) ϵ = 2.0, s = 0.05 and  

(d) ϵ = 2.0, s = 2.0  
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6.3.1.4 Effect of mixed convection parameter (λ) on the velocity profile and skin 

friction coefficient 

Figures 6.5(a) - 6.5(d) display the plot of velocity profile and skin friction coefficient for 

studying the effects of mixed convection parameter (λ). It is seen that λ = 0 means pure 

forced convection. An increasing λ means the buoyancy force becomes stronger, as a result, 

the velocity distribution and thickness of the boundary layer increase but the skin friction 

coefficient decrease in the region near the solid surface for both of the thinner and thicker 

surfaces. From these figures, it is also observed that the fluid flow forms an inverted 

boundary layer pattern when 0.0 1.0  but in the case of  1.0 2.0  , the fluid flow 

forms a definite boundary layer pattern. The velocity gradient at the surface is positive 

when 1.0   and negative due to 1.0   all values of the controlling parameters. On the 

other hand, the magnitude of the skin friction increases in both of the cases  1.0   and 

1.0   , respectively. It is observed that when λ increases from 0.5 to 15.5, there is an 8.2 

% increase in the skin friction coefficient in the case of a thinner surface, whereas the 

corresponding increase is 15.5% in the case of a thicker surface. 

 
(a) 

 
(b) 
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(c) 

 
(d) 

 Figure 6. 5 Effects of mixed convection parameter (λ) on velocity profile and skin friction 
coefficient when (a) ϵ = 0.0, 1.0, 2.0, s = 0.05 (b) ϵ = 2.0, 1.0, 2.0, s = 2.0 (c) ϵ = 2.0,  

s = 0.05 and (d) ϵ = 2.0, s = 2.0 

6.3.1.5 Effect of Darcy number (Da) on the velocity profile and skin friction coefficient  

Figures 6.6(a) – 6.6(d) illustrate the effect of the Darcy number (Da) on the velocity profile 

and skin friction coefficient. These figures show that the velocity profile and boundary 

layer thickness increase in the case of 1.0  but reverse results arise in the case of 1.0   

both thinner and thicker surfaces. From these figures, it is also observed that the fluid flow 

forms an inverted boundary layer pattern when 0.0 1.0  but in the case 

of  1.0 2.0  , the fluid flow forms a definite boundary layer pattern. With a porous 

medium (Da = 1)  the movement of the fluid increases which results in a reduced velocity 

profile while in absence of a porous medium ( )Da → the velocity profile is enhanced. 

The presence of a porous medium in the flow presents the resistance to the flow, and in the 

limiting case, ( )Da →  the porosity disappears. The Darcy number (Da) is inversely 

proportional to the actual permeability of the porous medium. An increase in Da leads to 

enhance deceleration of the flow, and hence the velocity decreases.  
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(a) 

 
(b) 

 
(c) 

 
(d) 

Figure 6. 6 Effect of Darcy number on velocity profile and skin friction coefficient when (a) 
ϵ = 0.0, 1.0, 2.0, s = 0.05 (b) ϵ = 0.0, 1.0, 2.0, s = 2.0 (c) ϵ = 2.0, s = 0.05 and (d) ϵ = 2.0,  

s = 2.0 

Increasing Da increases the resistance of the porous medium (as the permeability 

physically becomes less with increasing). This decelerates the flow and reduces the 
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magnitudes of the velocity. This is explained by the fact that an increase in Da means a 

decrease in the size of the pores of the porous medium, and this causes increased resistance 

to the flow, leading to lower velocity, and consequently to a decrease in two respective 

coefficients of friction. Physically, it must be noted that as Da increases, the porous 

medium becomes tighter, therefore the resistance against the flow increases. The velocity 

gradient at the surface is positive when 1.0  and negative due to 1.0   all values of the 

controlling parameters. Therefore, the magnitude of the skin friction increases in both of 

the cases 1.0   and 1.0   , respectively. It is also observed that when Da changes from 

5.0 to 20.0 there is a 13.4 % increase in the skin friction coefficient in the case of a thinner 

surface, whereas the corresponding increase is 21.3%, in the case of a thicker surface. 

6.3.1.6 Effect of Forchheimer’s drag coefficient (γ) on the velocity profile and skin 

friction coefficient 

Figures 6.7(a) – 6.7(d) demonstrate the velocity profile, and skin friction coefficient for 

different values of Forchheimer’s drag coefficient as the other flow parameters are kept 

fixed. It is noted that the velocity profile and skin friction decrease for both the thinner and 

thicker surface by increasing the value of Forchheimer’s drag coefficient because the 

porous medium characterizes the fluid not to move freely through the boundary layer. 

Besides, the porous medium constitutes resistance to the flow. Thus, as the inertia 

coefficient increases, the resistance to the flow increases, causing the fluid flow in the 

porous medium to slow down. Therefore, the momentum boundary layer thickness also 

decreases for both surfaces.  So, it is confirmed from this graph that porosity has an 

important role in the present analysis. From these figures, it is also noticed that the fluid 

flow forms an inverted boundary layer pattern when 0.0 1.0  but in the case 

of1.0 2.0  , the fluid flow forms a definite boundary layer pattern.  It is observed that 

when γ increases from 0.5 to 4.5 there is an 18.5 % decrease in the skin friction coefficient 

in the case of a thinner surface, whereas the corresponding decrease is 28%, in the case of a 

thicker surface. 
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(a) 

 
(b) 

 
(c) 

 
 

(d) 
Figure 6. 7 Effects of drag inertia coefficient on velocity profile and skin friction coefficient 

when (a) ϵ = 0.0, 1.0, 2.0, s = 0.05 (b) ϵ = 0.0, 1.0, 2.0, s = 2.0 (c) ϵ = 2.0,  
s = 0.05, and (d) ϵ = 2.0, s = 2.0  

6.3.1.7 Effect of stream-wise coordinate (X) on the velocity profile and skin friction  

Figures 6.8(a) – 6.8(d) show the effects of the stream-wise coordinate on the velocity 

profile and skin friction for both thinner and thicker surfaces. From these figures, it is 
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noticed that the velocity profile, boundary layer thickness, and skin friction increase in the 

case of 1   both thinner and thicker surfaces.  

 
(a) 

 
(b) 

 
(c) 

 
(d) 

Figure 6. 8 Effects of stream wise coordinate on velocity profile and skin friction 
coefficient when (a) ϵ = 0.0, 1.0, 2.0, s = 0.05 (b) ϵ = 0.0, 1.0, 2.0, s = 2.0 (c)  

ϵ = 2.0, s = 0.05, and (d) ϵ = 2.0, s = 2.0 
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From these figures, it is also observed that the fluid flow forms an inverted boundary layer 

pattern when 0.0 1.0  but in the case of1.0 2.0  , the fluid flow forms a definite 

boundary layer pattern. This is because the stream-wise coordinate acts as the adverse 

pressure gradient in the direction of flow velocity which decreases the flow rate while 

increases the thickness of the momentum boundary layer. On the other hand, the opposite 

results arise in the case of 1  . It is observed that when X increases from 0.5 to 3.5 there 

is 53.9 % (s = 0.05) increase in the skin friction coefficient value, whereas the 

corresponding increase is 42.6%, (s = 1.0). 

6.3.1.8 Effect of stretching ratio parameter (ϵ) on the velocity profile and skin friction 

coefficient  

Figure 6.9(a) - 6.9(d) illustrate the effects of the stretching ratio parameter (ϵ) on the 

velocity profile and skin friction coefficient. It is observed that increasing the stretching 

ratio enhances the velocity and the skin friction coefficient for both the cases s = 0.05 and s 

= 2.0 because free stream velocity (U∞) dominates over the reference velocity (Uw). 

 
(a) 

 
(b) 
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(c) 

 
(d) 

Figure 6. 9 Effect of stretching ratio on velocity profile and skin friction coefficient when  
(a) ϵ = 0.0, 1.0, 2.0, s = 0.05 (b) ϵ = 0.0, 1.0, 2.0, s = 2.0 (c) ϵ = 2.0, s = 0.05, and (d)  

ϵ = 2.0, s = 2.0 

From these figures, it is also observed that the fluid flow forms an inverted boundary layer 

pattern when 0.0 1.0  but in the case of  1.0 2.0  , the fluid flow forms a definite 

boundary layer pattern. Again, when ϵ changes from 0.2 to 0.8 there is 63% (s = 0.05) 

increase in the skin friction coefficient value, whereas the corresponding increase is 65%, 

(s = 2.0). 

6.3.1.9 Effect of surface thickness parameter (s) on the velocity profile and skin 

friction coefficient  

Figure 6.10(a) and Figure 6.10(b) illustrate the effects of surface thickness parameter (s) on 

the velocity profile and skin friction coefficient. It is revealed from Figure 6.10(a) that the 

surface thickness parameter leads to an increase in the fluid velocity profile and boundary 

layer thickness when ϵ = 0.0 whereas, in the case of 1  , the surface thickness parameter 

has a reverse effect on it. Physically, the surface of the object in contact with the fluid 

particles decreases when the surface thickness is getting smaller. This causes the friction 
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force that occurs on the surface and the fluid flow will be reduced and this phenomenon 

leads to an increase in the skin friction coefficient.  

 
(a) 

 
(b) 

Figure 6. 10 Effect of surface thickness parameter (s) on velocity profile when (a) ϵ = 0.0, 2.0 
and skin friction coefficient when (b) ϵ = 2.0 

From Figure 6.10(b) it is seen that the skin friction decreases in the case of ϵ = 2.0. The 

result is significant when ϵ = 2.0 and the flow forms a certain boundary layer pattern. It is 

also observed that when s increases from 0.10 to 1.0 there is a 4.8 % ( 1  ) decrease in the 

skin friction coefficient. 

6.3.1.10 Effect of the unsteady parameter (A) on the velocity profile and skin friction 

coefficient  

Figures 6.11(a) - 6.11(d) show that an increase in time t causes a decrease in the velocity 

profile, boundary layer thickness, and skin friction in case of ϵ = 2.0 for both the thinner 

and thicker surfaces. In the case of ϵ = 0.0 and s = 0.05, the unsteady parameter does not 

affect the velocity profile within the boundary layer region.  In the case of ϵ = 0.0 and s = 

2.0, the velocity profile increases for increasing the within the region of the boundary layer.  
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(a) 

 
(b) 

 
(c) 

 
(d) 

Figure 6. 11 Effect of unsteady parameter on velocity profile and skin friction coefficient 
when (a) ϵ = 0.0, 1.0, 2.0, s = 0.05 (b) ϵ = 0.0, 1.0, 2.0, s = 2.0 (c) ϵ = 2.0, s = 0.05, and  

(d) ϵ = 2.0, s = 2.0 

This is because as time t enhances, the fluid velocity falls steeply near the fixed end of the 

stretching object, and the gradient decreases gradually as the distance from the fixed end of 
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the stretching surface increases. From Figures 6.11(c) and 6.11(d) it is noticed that the skin 

friction decreases for raising the unsteady parameter. It is also seen that when unsteady 

parameter (A) increases from 0.2 to 4.5 there is 8.7 % (s = 0.05) decrease in the skin 

friction coefficient, whereas the corresponding decrease is 23.9%, (s = 2.0). 

6.3.1.11 Effect of suction/injection parameter (fw) on the velocity profile and skin 

friction coefficient 

Figures 6.12(a) - 6.12(d) depict the effect of suction/injection parameter on velocity profile, 

and skin friction coefficient within the boundary layer. It is observed that the suction 

parameter decreases the velocity profile and the injection parameter increases the profile in 

the case of the thinner bullet-shaped object but the reverse trend happens in the case of 

thicker bullet-shaped object. The physical reason behind this behavior is that when the 

stronger injection is used, the heated fluid is pushed far from the surface where the 

buoyancy forces accelerate the flow with less influence on the viscosity. This effect tends 

to increase the shear by increasing the maximum velocity in the boundary layer. On the 

other hand, when suction increases, fluid comes near the surface, which decreases the 

velocity and temperature profiles.  

 
(a) 

 
(b) 
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(c) 

 
(d) 

Figure 6. 12 Effect of suction/injection parameter on velocity profile and skin friction 
coefficient when (a) ϵ = 0.0, 1.0, 2.0, s = 0.05 (b) ϵ = 0.0, 1.0, 2.0, s = 2.0 (c) ϵ = 2.0,  

s = 0.05, and (d) ϵ = 2.0, s = 2.0 
Therefore, an increase in porosity parameter causes greater obstruction to the fluid flow, 

thus reducing the velocity and temperature. So that the fluid velocity can be controlled by 

suction or injection parameters. The same behavior has been shown in the study of 

Khadijah [84]. This gives the accuracy of the present study. It is noticed that when fw 

changes from 0.2 to 0.4 there is a 165.6 % (s = 0.05) increase in the skin friction 

coefficient, whereas the corresponding increase is 57.5%, (s = 2.0) in the case of 1  . 

From these figures, it is observed that the velocity profile and momentum boundary layer 

thickness is getting expand due to magnetic parameter (M), mixed convection parameter 

(λ), location parameter (X), Darcy number (Da), suction parameter (fw), and stretching ratio 

parameter (ϵ) whereas surface thickness parameter (s), unsteady parameter (A), drag inertia 

coefficient (γ), and Eckert number (Ec) have a reverse effect on it in the case of 1  for 

both of the thicker (s = 2.0) and the thinner (s = 0.05) surfaces of the bullet-shaped object. 

On the other hand, in the case of 1   the velocity profile and momentum boundary layer 

thickness are getting squeezes due to magnetic parameter (M), Darcy number (Da), suction 

parameter (fw), and location parameter (X) whereas surface thickness parameter (s), and 
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unsteady parameter (A) have a reverse effect on it. On the other hand, Eckert number (Ec), 

mixed convection parameter (λ), drag inertia coefficient (γ), and heat generation parameter 

(Q*) have no effect on the velocity profile for both of the thicker (s = 2.0) and the thinner 

(s = 0.05) surfaces.  Therefore, in the case of a thicker bullet-shaped object (s = 2.0), the 

velocity profile does not approach the ambient condition asymptotically but intersects the 

vertical axis with a steep angle and the boundary layer structure has no definite shape 

whereas in the case of a thinner bullet-shaped object (s = 0.05) the velocity profile 

converge to the ambient condition asymptotically and the boundary layer structure has a 

definite shape. It is also mentioned that the thinner bullet-shaped object represents a thinner 

momentum boundary layer than the thicker bullet-shaped object in both static and moving 

bullet-shaped objects. 

Table 6.1  depicts the variation in skin friction coefficient for various values of the 

controlling parameters such as the magnetic parameter (M), unsteady parameter (A), heat 

generation parameter (Q*), surface thickness parameter (s), mixed convection parameter 

(λ), drag inertia coefficient (γ), Eckert number (Ec), location parameter (X), suction 

parameter (fw), Darcy number (Da), and  Prandtl number (Pr) for various movement of the 

bullet-shaped object. From Table 6.1, it is noticed that the magnetic parameter (M),  

location parameter (X), suction parameter (fw), and Darcy number (Da) boosting the friction 

factor coefficient in the case of 1  but reverse results arise in the case of 1  . The 

mixed convection parameter and surface thickness parameter reduce the friction factor in 

either of the cases ( )1 or > 1  . On the other hand, unsteady parameter and drag inertia 

coefficient do not affect the friction factor in the case of 1  but in the case of 1  the 

friction factor enhances. It is interesting to note that the friction factor coefficient is less in 

ϵ = 0.2 case when compared with ϵ = 2.0 case. At this point, it is highlighted that for 

reducing the friction between the fluid particles we have to apply ϵ = 0.2 cases. It is evident 

from this table that the skin friction coefficient is higher in ϵ = 2.0 cases when comparing 

with ϵ = 0.2 cases. 
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Table 6. 1 Values of skin friction coefficient which is equivalent to velocity gradient for 
different values of M, A, ϵ, λ, Pr, γ, X, fw, Da and s respectively 

 

 

 

 

 

 

 

 

 

 

 

 

 

M A s λ γ X fw Da Pr ( )f −  

ϵ = 0.2 

( )f −  

ϵ = 2.0 

0.5 0.2 0.2 0.5 0.5 0.5 0.2 5.0 0.71 7.7666 8.9674 

5.5 0.2 0.2 0.5 0.5 0.5 0.2 5.0 0.71 8.7991 10.3515 

10.5 0.2 0.2 0.5 0.5 0.5 0.2 5.0 0.71 9.6984 11.5581 

0.5 0.4 0.2 0.5 0.5 0.5 0.2 5.0 0.71 7.7817 8.4263 

0.5 0.6 0.2 0.5 0.5 0.5 0.2 5.0 0.71 7.7817 7.8949 

0.5 0.8 0.2 0.5 0.5 0.5 0.2 5.0 0.71 7.7817 7.3733 

0.5 0.2 0.2 0.5 0.5 0.5 0.2 5.0 0.71 7.7666 8.9674 

0.5 0.2 0.3 0.5 0.5 0.5 0.2 5.0 0.71 5.8671 6.9819 

0.5 0.2 0.4 0.5 0.5 0.5 0.2 5.0 0.71 4.9026 5.9328 

0.5 0.2 0.2 0.5 0.5 0.5 0.2 5.0 0.71 7.7666 8.9674 

0.5 0.2 0.2 1.5 0.5 0.5 0.2 5.0 0.71 7.2813 9.1121 

0.5 0.2 0.2 2.5 0.5 0.5 0.2 5.0 0.71 7.1224 9.2565 

0.5 0.2 0.2 0.5 0.5 0.5 0.2 5.0 0.71 7.7666 8.9674 

0.5 0.2 0.2 0.5 1.5 0.5 0.2 5.0 0.71 7.7666 6.7502 

0.5 0.2 0.2 0.5 2.5 0.5 0.2 5.0 0.71 7.7666 5.0271 

0.5 0.2 0.2 0.5 0.5 0.5 0.2 5.0 0.71 7.7666 8.9674 

0.5 0.2 0.2 0.5 0.5 1.0 0.2 5.0 0.71 7.9431 9.1254 

0.5 0.2 0.2 0.5 0.5 1.5 0.2 5.0 0.71 8.2801 9.4762 

0.5 0.2 0.2 0.5 0.5 0.5 0.2 5.0 0.71 7.7666 8.9674 

0.5 0.2 0.2 0.5 0.5 0.5 0.3 5.0 0.71 8.1461 9.3621 

0.5 0.2 0.2 0.5 0.5 0.5 0.4 5.0 0.71 8.5346 9.7668 

0.5 0.2 0.2 0.5 0.5 0.5 0.2 5.0 0.71 7.7666 8.9674 

0.5 0.2 0.2 0.5 0.5 0.5 0.2 7.0 0.71 8.1995 9.5375 

0.5 0.2 0.2 0.5 0.5 0.5 0.2 10.0 0.71 8.8001 10.3304 
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6.3.2 Temperature profiles and Nusselt number with parameter variations 

6.3.2.1  Effect of Pr, M, X, A on temperature profile and Nusselt number 

The influences of Prandtl number (Pr), magnetic parameter (M), stream-wise location 

coordinate (X), and unsteady parameter (A) on the non-dimensional temperature ( )  and 

corresponding variations have been plotted in Figures 6.1 3(a) – 6.13(d), respectively in the 

case of air (Pr = 0.71) and water (Pr = 7.0) with the thinner surface (s = 0.05). These plots 

depict that the temperature profile of the viscous fluid and thermal boundary layer 

thickness affected significantly with increasing the mentioned parameters. From Figure 

6.13(a) it is observed that the temperature profile and boundary layer thickness squeezes 

for thinner (s = 0.05) surface of the bullet-shaped object but the Nusselt number increases. 

It is also observed that the thermal boundary layer thickness is higher in the case 

0.6wf  than in the 0.6wf  case. Therefore, in the case of smaller Prandtl number heat is 

quickly diffuse from the heated surface than for higher values of Pr. So, for the cooling 

purpose, we can use the higher the Prandtl number. Temperature is seen to be squeezed and 

very close to the surface of the bullet-shaped object as Pr increases. In the case of Pr ≪ 1, 

the fluid is highly conductive so that heat diffuses faster than for larger values of Pr. It is 

seen from Figure 6.13 (b) that the variation of the Prandtl number has a significant effect 

on viscous fluid temperature in connection with the magnetic parameter. A higher Prandtl 

number has a greater accelerating effect on the temperature profile. For water (Pr = 7.0) 

with increasing M, the accelerating effect is more prominent than for air (Pr = 0.71). 

Therefore, the thermal boundary layer thickness is higher for water when compared with 

air. The temperature attains its minimum in connection with the magnetic parameter in the 

case of air but shooting up the profiles near the surface of the bullet-shaped object within 

the region η < 0.1 and then the profile decreases sharply to meet the boundary condition 

asymptotically. A similar behavior arises for the location parameter depicts in Figure 6.13 

(c). The temperature profile increase but Nusselt number decrease within the boundary 

layer for increasing the magnetic strength because in an electrically conducting fluid if the 

magnetic field is applied a resistive type force like a drag force is produced. The nature of 

this force retards the fluid velocity, and therefore, the magnetic field effects decelerate the 
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velocity profiles. This Lorentz force tends to slow down the fluid motion and the resistance 

offered to the flow.  

 
(a) 

 
(b) 

 
(c) 

 
(d) 

Figure 6. 13 Effect of Pr, M, X, and A on temperature profile when (a) ε = 0.2, s = 0.05, 
0.6wf  , 0.6wf   (b) ε = 0.2, s = 0.05, Pr = 0.71, 7.0 (c) ε = 0.2, s = 0.05, Pr = 0.71, 7.0,  

and (d) ε = 0.2, s = 0.05 
Therefore, it is possible for the increase in the temperature. It is observed that the increase 

of location parameter X leads to a decrease in the temperature profile and an increase in the 
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Nusselt number within the boundary layer. We observe that the effect of increasing the 

values of location parameters X and A is to decrease the temperature profile and increase 

the rate of heat transfer as a result the thermal boundary layer thickness reduces. Physically, 

when A increases the surface of the bullet-shaped object loses more heat that causes the 

temperature profile to decrease. Therefore, the parameters Pr, X, and A are adversely 

proportional to the temperature profile and thermal boundary layer thickness. 

6.3.2.2 Effect of Pr, M, X,  and A on Nusselt number  

Figures 6.14(a) - 6.14(d) depict the Nusselt number for the variations of the parameters Pr, 

M, X, and A respectively. From these figures, it is noticed that the Nusselt number increases 

with an increase of Prandtl number, location parameter, and unsteady parameter but 

decreases for the magnetic parameter. It is also mentioned that when Pr increases from 0.71 

to 7.0, X increases from 0.5 to 3.5, and A increases from 0.2 to 6.0 then there are 36 %, 

51.6%, and 17.7% increase in the Nusselt number in case of s = 0.2, whereas the 

corresponding increase is 20.7%, 91.5%, and 19.5% in case of s = 2.0. 

 
(a) 

 
(b) 

https://www.ncbi.nlm.nih.gov/pmc/articles/PMC5430769/figure/Fig12/
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(c) 

 
(d) 

Figure 6. 14 Effect of Pr, M , X , and A on Nusselt number when  (a) ε = 0.5, s = 0.05 ( b) 
ε = 0.5, s = 0.05 (c) ε = 0.5, s = 0.05, and  (d) ε = 0.5, s = 0.05. 

Again, when M increases from 0.5 to 15.5, there is a 25.6 % decrease of Nusselt number in 

the case of s = 0.2, whereas the corresponding decrease is 43.8% in the case of s = 2.0. 

6.3.2.3 Effect of Q*, fw, Da, and γ on the temperature profile  

The effects of heat generation parameter (Q*), suction/injection parameter (fw), Darcy 

number (Da), and drag inertia coefficient (γ) on the non-dimensional temperature 

( )  and corresponding variations have been plotted in Figures 6.1 5(a) – 6.15(d), 

respectively in the case of air (Pr = 0.71) and water (Pr = 7.0). These plots depict that the 

temperature profile of the viscous fluid and thermal boundary layer thickness affected 

significantly with increasing the mentioned parameters. It is seen from Figure 6.15 (a) that 

the variation of the Prandtl number has a significant effect on viscous fluid temperature in 

connection with the heat generation parameter. A higher Prandtl number has a greater 

accelerating effect on the temperature profile. In the case of water (Pr = 7.0) with 

increasing Q*, the accelerating effect is more prominent than for air (Pr = 0.71). Therefore, 

the thermal boundary layer thickness is higher for water when compared with air. The 
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temperature attains its minimum in connection with the magnetic parameter in the case of 

air but shooting up the profiles near the surface of the bullet-shaped object within the 

region η < 0.1 and then the profile decreases sharply to meet the boundary condition 

asymptotically. A similar behavior arises for the Darcy number (Da), and drag inertia 

coefficient (γ) that depicts in Figures 6.15 (c) and 6.15(d), respectively whereas a reverse 

trend arises for the suction/injection parameter. As expected, increasing the value of heat 

generation leads to higher temperatures but a lower Nusselt number. It has happened 

because heat sources produce more heat energy near the surface as a result the temperature 

of the fluid increases. Again, it is seen that the temperature profiles also increase but the 

Nusselt number decrease as Da, and γ increase. The Darcy number enhances means the 

convective mode is stronger due to an increase in the permeability of the medium. Hence, 

the heat transfer over the hot wall increases with the increase of the Darcy number. The 

suction parameter tends to decrease the temperature of the flow field. Therefore, thermal 

boundary layer thickness reduces when the suction parameter is applied but the opposite 

trend is observed due to the injection parameter.  

 
(a) 

 
(b) 
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(c) 

 
(d) 

Figure 6. 15 Effect of Q*, fw, Da, and γ on temperature profile ( )  when (a) ε = 0.5, s = 
0.05, Pr = 0.71, Pr = 7.0 (b) ε = 0.5, s = 0.05, Pr = 0.71, Pr = 7.0 (c) ε = 0.5, s = 0.05, Pr = 

0.71, Pr = 7.0, and (d) ε = 0.5, s = 0.05, Pr = 0.71, Pr = 7.0 
Therefore, the temperature profile and thermal boundary layer thickness are directly 

proportional to these parameters but inversely proportional to the suction parameter. 

6.3.2.4 Effect of Q*, fw ,  Da, and γ on Nusselt number  

Figures 6.16(a) - 6.16(d) display the Nusselt number for the variations of the parameters 

Q*, fw,,Da, and γ respectively. From these figures, it is noticed that the Nusselt number 

increases with an increase of Injection parameter, and Darcy number but decreases for heat 

generation and drag inertia parameter. It is also mentioned that when Q* increases from 0.5 

to 9.5 and γ increases from 0.5 to 5.5, there are 15 %, and 2.6%, decrease in the Nusselt 

number in the case of s = 0.05, whereas the corresponding decrease is 52.4%, and 5.2% in 

case of s = 2.0. Again, when fw increases from 0.2 to 3, and Da increases from 5.0 to 10.0, 

there are 147% and 1.7% increase of Nusselt number in the case of s = 0.05, whereas the 

corresponding increase is 91.5% and 0.4% in the case of s = 2.0. 

https://www.ncbi.nlm.nih.gov/pmc/articles/PMC5430769/figure/Fig12/
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(a) 

 
(b) 

 
(c) 

 
(d) 

Figure 6. 16 Effect of Q*, fw , Da , and γ on Nusselt number when  (a) ε = 0.5, s = 0.05 ( b) 
ε = 0.5, s = 0.05 (c) ε = 0.5, s = 0.05, and  (d) ε = 0.5, s = 0.05 

6.3.2.5 Effect of ϵ, Ec, s, and λ on the temperature profile  

Figures 6.17(a) – 6.17(d) exhibits the behavior of velocity profile for various values of the 

stretching ratio parameter (ϵ), Eckert number (Ec), surface thickness parameter(s), and 
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mixed convection parameter (λ) in the case of air (Pr = 0.71) and water (Pr = 7.0). These 

plots depict that the temperature profile of the viscous fluid and thermal boundary layer 

thickness affected significantly with raising the mentioned parameters except for the mixed 

convection parameter. From Figure 6.17(a), it is observed that in the case of air (Pr = 0.71), 

an increase in λ the velocity profile remains constant, that is, there is no change in the 

velocity profile is noticed throughout the boundary layer, whereas, for the case of water, 

the changes are insignificant. In the case of water (Pr = 7.0) with increasing stretching ratio 

parameter (ϵ), Eckert number (Ec), and surface thickness parameter(s), the accelerating 

effect is more prominent than for air (Pr = 0.71). Therefore, the thermal boundary layer 

thickness is higher for water when compared with air. The temperature attains its minimum 

in connection with the stretching ratio parameter, Eckert number, and surface thickness 

parameter in the case of air but shooting up the profiles near the surface of the bullet-

shaped object within the region η < 0.1 and then the profile decreases sharply to meet the 

boundary condition asymptotically.  

 
(a) 

 
(b) 
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(c) 

 
(d) 

Figure 6. 17 Effect of ϵ, Ec, s, and λ on temperature profile when (a) ε = 0.5, s = 0.05, Pr = 
0.71, Pr = 7.0 (b) ε = 0.5, s = 0.05, Pr = 0.71, Pr = 7.0 (c) ε = 0.5, s = 0.05, Pr = 0.71, Pr = 

7.0, and (d) ε = 0.5, s = 0.05, Pr = 0.71, Pr = 7.0 
The temperature profile inside the boundary layer region enhances with the increase of 

stretching ratio parameter because the velocity profiles decrease for the effect of this 

parameter which tends to store more fluid inside the boundary layer region.  Again, raising 

the values of Ec produce extra heat energy in the fluid because of frictional heating as a 

result the temperature enhances at any given point. On the other hand, an increase in s 

enhances the surface area of the object which provides more resistance against the fluid 

motion as a result more fluid particles are stored within the boundary layer that cases the 

temperature increases. 

6.3.2.6 Effect of ϵ, Ec, s, and λ on Nusselt number  

Figures 6.18(a) - 6.18(d) depict the variations of Nusselt number for the effect of ϵ, Ec, s, 

and λ respectively. From these figures, it is noticed that the Nusselt number decreases with 

an increase of Eckert number (Ec), and surface thickness parameter (s) but increases for 

stretching ratio parameter whereas mixed convection parameter has no effect.  

https://www.ncbi.nlm.nih.gov/pmc/articles/PMC5430769/figure/Fig12/
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(a) 

 

(b) 

 
(c) 

 
(d) 

Figure 6. 18 Effect of ϵ, Ec, s, and λ on Nusselt number when (a) ε = 0.5, s = 0.05 (b) ε = 
0.5, s = 0.05 (c) ε = 0.5, s = 0.05, and (d) ε = 0.5, s = 0.05 

It is also seen that ϵ increases from 0.2 to 0.8, and Ec increases from 0.2 to 3.0, there are 

13.6 %, and 173.6%, decrease in the Nusselt number in case of s = 0.05, whereas the 

corresponding decrease is 20% and 249.7% in case of s = 2.0. On the other hand, when s 
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increases from 0.2 to 1.0, there is a 64.8% increase in the Nusselt number in the case of s = 

0.05 and the corresponding increase is 25.6% in the case of s = 2.0. 

The graph of temperature profile represents that the fluid temperature within the boundary 

layer region is getting lower due to Prandtl number (Pr), stretching ratio parameter (ϵ), 

location parameter (X), unsteady parameter (A), and suction parameter (fw) whereas surface 

thickness parameter (s), magnetic parameter (M), heat generation parameter (Q*), Darcy 

number (Da), drag inertia coefficient (γ) and Eckert number (Ec) have a reverse effect on it 

throughout the boundary layer region. From these figures, it is also revealed that in the case 

of a thicker bullet-shaped object (s = 2.0) the temperature profile does not approach the 

ambient condition asymptotically but intersects the vertical axis with a steep angle and the 

thermal boundary layer structure has no definite shape whereas in the case of a thinner 

bullet-shaped object (s = 0.05) the temperature profile converge the ambient condition 

asymptotically and the boundary layer structure has a definite shape. It is also mentioned 

that the thinner bullet-shaped object shows a thinner thermal boundary layer because the 

heat transfer rate is higher than the thicker bullet-shaped object in both static and moving 

bullet-shaped objects. 

6.3.3  Stream function 

Figure 6.19 (a) – (d) portrays the streamline plotting for both the thinner and thicker bullet-

shaped objects. The streamlines are like a bunch of rays and later on, the branch grows, 

significant growth is observed. It is noticed that the fluid particle traces a definite curve 

along x-direction past fixed a bullet-shaped object. From Figures (a) - (d) it is revealed that 

the flow pattern growth ascends as the starching ratio parameter effect ascends whereas the 

reverse trend happens for stream-wise coordinates. It is also noticed that the isotherms look 

reduced in thinner bullet-shaped objects and the stream plots are less shaded than the 

thicker bullet-shaped object.  
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(a) 

 
(b) 

 
(c) 

 
(d) 

Figure 6. 19  (a) Stream lines for stretching ratio parameter (ϵ) when s = 0.1 (b) Stream 
lines for stretching ratio parameter (ϵ) when s = 3.0 (c) Stream lines for stream wise 
coordinate (X) when s = 0.1, ϵ = 0.0 (d) Stream lines for stream wise coordinate (X)  

when s = 2.0, ϵ = 0.0 
There is also a less-intensification in the isotherms for the thinner bullet-shaped object with 

its high yield stress.  The gap within the streamlines enhances as stream-wise coordinate 

enhances. 
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Figure 6.20 (a) – (d) also represents the streamline plotting for both the thinner and thicker 

bullet-shaped objects. The gap within the streamlines reduces as surfaces thickness 

parameter, magnetic parameter, and Darcy number enhances. From Figures (a) - (d) it is 

revealed that the flow pattern growth descends as the magnetic parameter and surface 

thickness parameter effect ascends whereas the reverse trend happens for the Darcy 

number. It is also noticed that the isotherms look reduced in thinner bullet-shaped objects 

and the stream plots are less shaded than the thicker bullet-shaped object. There is also a 

less-intensification in the isotherms for the thinner bullet-shaped object with its high yield 

stress. 

 
(a) 

 
(b) 
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(c) 

 
(d) 

Figure 6. 20  (a) Stream lines for surface thickness parameter (s) when ϵ = 0.0 (b) Stream lines 
for surface thickness parameter (s) when ϵ = - 1.0 (c) Stream lines for magnetic parameter (M) 

when ϵ = 0.0, s = 0.1, and (d) Stream lines for Darcy number (Da) when ϵ = 0.0, s = 0.1. 
Table 6.2 displays the variation in Nusselt number for different values of the magnetic 

parameter (M), unsteady parameter (A), heat generation parameter (Q*), surface thickness 

parameter (s), mixed convection parameter (λ), drag inertia coefficient (γ), Eckert number 

(Ec), location parameter (X), suction parameter (fw), and  Prandtl number (Pr) for various 

movement of the bullet-shaped object. From this table, it is possible to observe that the heat 

transfer rate increases for the magnetic parameter (M),  unsteady parameter (A), location 

parameter (X), suction parameter (fw), and  Prandtl number (Pr) but decreases for heat 

generation parameter (Q*), surface thickness parameter (s), and Eckert number (Ec)  in the 

case of ϵ  = 0.0, and ϵ  = 0.2. On the other hand, mixed convection parameter (λ), Darcy 

number (Da), and drag inertia coefficient (γ) do not affect the rate of heat transfer.  

Therefore, heat transfer rate is high in ϵ  = 0.2 cases, when compared with ϵ = 0.0 case. At 

this point, it is highlighted that for reducing the heat transfer rate we have to use static (ϵ  = 

0.0) bullet-shaped object. 
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Table 6. 2 Values of Nusselt number which is equivalent to temperature gradient for 
different values of M, A, Q*, ϵ, λ, γ, Ec, X, fw, Da, and Pr 

M A Q* s λ γ Ec X fw Pr Da ( )0−  

ϵ = 0.2 

( )0−  

ϵ = 0.0 

0.5 0.2 0.5 0.2 0.5 0.5 0.2 0.5 1.0 0.71 5.0 9.2492 8.8181 

5.5 0.2 0.5 0.2 0.5 0.5 0.2 0.5 1.0 0.71 5.0 8.9594 8.5771 

10.5 0.2 0.5 0.2 0.5 0.5 0.2 0.5 1.0 0.71 5.0 8.6957 8.3659 

0.5 0.4 0.5 0.2 0.5 0.5 0.2 0.5 1.0 0.71 5.0 9.3315 8.9134 

0.5 0.6 0.5 0.2 0.5 0.5 0.2 0.5 1.0 0.71 5.0 9.4155 9.0102 

0.5 0.8 0.5 0.2 0.5 0.5 0.2 0.5 1.0 0.71 5.0 9.5012 9.1086 

0.5 0.2 0.5 0.2 0.5 0.5 0.2 0.5 1.0 0.71 5.0 9.2492 8.8181 

0.5 0.2 1.5 0.2 0.5 0.5 0.2 0.5 1.0 0.71 5.0 9.1221 8.6873 

0.5 0.2 2.5 0.2 0.5 0.5 0.2 0.5 1.0 0.71 5.0 8.9924 8.5536 

0.5 0.2 0.5 0.2 0.5 0.5 0.2 0.5 1.0 0.71 5.0 9.2492 8.8181 

0.5 0.2 0.5 0.3 0.5 0.5 0.2 0.5 1.0 0.71 5.0 6.4382 6.1327 

0.5 0.2 0.5 0.4 0.5 0.5 0.2 0.5 1.0 0.71 5.0 5.1291 4.8903 

0.5 0.2 0.5 0.2 0.5 0.5 0.2 0.5 1.0 0.71 5.0 9.2492 8.8181 

0.5 0.2 0.5 0.2 1.5 0.5 0.2 0.5 1.0 0.71 5.0 9.2492 8.8181 

0.5 0.2 0.5 0.2 2.5 0.5 0.2 0.5 1.0 0.71 5.0 9.2492 8.8181 

0.5 0.2 0.5 0.2 0.5 0.5 0.2 0.5 1.0 0.71 5.0 9.2492 8.8181 

0.5 0.2 0.5 0.2 0.5 1.5 0.2 0.5 1.0 0.71 5.0 9.2492 8.8181 

0.5 0.2 0.5 0.2 0.5 2.5 0.2 0.5 1.0 0.71 5.0 9.2492 8.8181 

0.5 0.2 0.5 0.2 0.5 0.5 0.2 0.5 1.0 0.71 5.0 9.2492 8.8181 

0.5 0.2 0.5 0.2 0.5 0.5 0.4 0.5 1.0 0.71 5.0 8.4852 7.6875 

0.5 0.2 0.5 0.2 0.5 0.5 0.6 0.5 1.0 0.71 5.0 7.7237 6.5578 

0.5 0.2 0.5 0.2 0.5 0.5 0.2 0.5 1.0 0.71 5.0 9.2492 8.8181 

0.5 0.2 0.5 0.2 0.5 0.5 0.2 1.0 1.0 0.71 5.0 10.5666 10.0822 
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6.4 Correlation and Regression Analysis for Skin Friction Coefficient  

From Table 6.3 it is observed that the unsteady parameter (A) and drag inertia coefficient 

(γ), are positively correlated with the skin friction but magnetic parameter (M), Darcy 

number (Da), location parameter (X), mixed convection parameter (λ), surface thickness 

parameter (s), and suction parameter (fw) are positively correlated. Therefore, a positive 

correlation indicates that higher values for one variable tend to be related to higher values 

for the other variable but a negative correlation indicates that higher values for one variable 

tend to be related to lower values for the other variable. Hence, the skin friction is a 

decreasing function of the magnetic parameter (M), Darcy number (Da), location parameter 

(X), mixed convection parameter (λ), surface thickness parameter (s), and suction 

parameter (fw) but an increasing function of the unsteady parameter (A), and drag inertia 

coefficient (γ). 

On the other hand, it is seen that the statistically significant parameters are highlighted in 

the tables because the numerical values of these parameters are greater equal to 0.25. 

Therefore, at least a 95% chance for the true relationship between these controlling 

parameters and velocity gradient. 

 

0.5 0.2 0.5 0.2 0.5 0.5 0.2 1.5 1.0 0.71 5.0 12.2154 11.6588 

0.5 0.2 0.5 0.2 0.5 0.5 0.2 0.5 1.0 0.71 5.0 9.2492 8.8181 

0.5 0.2 0.5 0.2 0.5 0.5 0.2 0.5 1.2 0.71 5.0 10.0655 9.6031 

0.5 0.2 0.5 0.2 0.5 0.5 0.2 0.5 1.4 0.71 5.0 10.8885 10.3441 

0.5 0.2 0.5 0.2 0.5 0.5 0.2 0.5 1.0 0.71 5.0 9.2492 8.8181 

0.5 0.2 0.5 0.2 0.5 0.5 0.2 0.5 1.0 1.0 5.0 10.1785 9.2185 

0.5 0.2 0.5 0.2 0.5 0.5 0.2 0.5 1.0 7.0 5.0 29.4108 17.8296 

0.5 0.2 0.5 0.2 0.5 0.5 0.2 0.5 1.0 0.71 5.0 9.2492 8.8181 

0.5 0.2 0.5 0.2 0.5 0.5 0.2 0.5 1.0 0.71 7.0 9.2492 8.8181 

0.5 0.2 0.5 0.2 0.5 0.5 0.2 0.5 1.0 0.71 10.0 9.2492 8.8181 
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Table 6. 3 Correlation coefficient between the velocity gradient and controlling parameters 
by taking 3rd order coefficient in the case of 1   

  M A Da s λ γ X fw 
M 1.00               
A -0.03 1.00             
Da -0.07 -0.09 1.00           
s -0.08 -0.10 -0.09 1.00         
λ -0.07 -0.09 -0.08 -0.09 1.00       
γ -0.07 -0.09 -0.08 -0.09 -0.08 1.00     
Ec -0.07 -0.09 -0.08 -0.09 -0.08 -0.08     
X -0.07 -0.09 -0.08 -0.09 -0.08 -0.08 1.00   
fw -0.07 -0.09 -0.08 -0.09 -0.08 -0.08 -0.08 1.00 

( )f   -0.28 0.43 -0.32 -0.25 -0.15 0.35 -0.25 -0.26 

Table 6.4 depicts that the unsteady parameter (A), surface thickness parameter (s), and 

mixed convection parameter (λ), is negatively correlated with the skin friction but magnetic 

parameter (M), Darcy number (Da), location parameter (X), drag inertia coefficient (γ), and 

suction parameter (fw) are positively correlated. Therefore, the skin friction is an increasing 

function of the magnetic parameter (M), Darcy number (Da), location parameter (X), drag 

inertia coefficient (γ), and suction parameter (fw) but a decreasing function of the unsteady 

parameter (A), surface thickness parameter (s), and mixed convection parameter (λ) 

Table 6. 4 Correlation coefficient between the velocity gradient and controlling parameters 

by taking 2nd   order coefficient in the case of 1   

  M A s λ γ X fw Da 
M 1.00               
A -0.03 1.00             
s -0.06 -0.07 1.00           
λ -0.07 -0.09 -0.07 1.00         
γ -0.07 -0.09 -0.07 -0.08 1.00       
Ec -0.07 -0.09 -0.07 -0.08 -0.08       
X -0.07 -0.09 -0.07 -0.08 -0.08 1.00     
fw -0.07 -0.09 -0.07 -0.08 -0.08 -0.08 1.00   
Da 0.03 0.04 0.03 0.04 0.04 0.04 0.04 1.00 
Pr -0.04 -0.05 -0.04 -0.05 -0.05 -0.05 -0.05 -0.45 

( )f   0.27 -0.19 -0.31 -0.17 0.19 0.27 0.91 0.19 
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In Table 6.5, the parameters heat generation and Eckert number are not statistically 

significant because the P – VALUE is not less than 0.05 which are highlighted in the table. 

So from Table 6.5, the significant variables are magnetic parameter, unsteady parameter, 

location parameter, mixed convection parameter,   stretching ratio parameter, surface 

thickness parameter, Drag inertia coefficient, suction parameter, and Darcy number.  

Table 6. 5 Regression analysis between the velocity gradient and controlling parameters by 
taking 1st order coefficient 

Regression Statistics 
Multiple R 1.00           
R Square 0.99           
Adjusted R 
Square 0.96           
Standard Error 0.28           
Observations 42.00           
  df SS MS F Significance 

F 
  

Regression 12.00 344.48 28.71 393.11 0.00   
Residual 30.00 2.39 0.08       
Total 42.00 346.87         
  Coefficients Standard 

Error 
t Stat P-

value 
Lower 95% Upper 

95% 
Intercept -10.77 0.34 -31.85 0.00 -11.47 -10.08 
M -0.18 0.02 -10.81 0.00 -0.21 -0.14 
A -0.16 0.09 -2.02 0.05 -0.35 0.00 
Q* 0.03 0.03 1.29 0.21 -0.02 0.09 
ϵ 6.85 0.41 16.64 0.00 6.01 7.70 
λ 0.11 0.06 1.95 0.06 -0.01 0.23 
γ 0.36 0.06 6.27 0.00 0.24 0.48 
Ec -0.04 0.09 -0.47 0.65 -0.23 0.14 
X -1.58 0.08 -19.15 0.00 -1.75 -1.41 
fw -4.60 0.09 -51.26 0.00 -4.79 -4.42 
Da 1.18 0.41 2.86 0.01 0.34 2.02 
s 13.65 0.82 16.57 0.00 11.97 15.34 

From this table, the regression model can be written as 

( ) 10.8 0.2 1.6 0.03 * 0.04 0.1 0.2 6.9 0.4 4.6 1.2 13.7
 

wf M X Q Ec A f Da s    = − − − + − + − + + − + +

From this regression model, it is observed that if we increase the one unit value of the 

controlling parameter M, then the average decrease of the skin friction by -10.0. In the 



188 

 

same way, we can predict the other values of the skin friction for the remaining parameters. 

It is also mentioned that the negative coefficient of the parameters means a decrease of the 

velocity gradient and the positive coefficient means an increase of the velocity gradient. 

6.5 Correlation and Regression Analysis for Nusselt number 

From Table 6.6 it is observed that the Nusselt number is negatively correlated with 

magnetic parameter (M), heat generation parameter(Q*), Eckert number (Ec), surface 

thickness parameter (s) and drag inertia coefficient (γ) whereas positively correlated with 

unsteady parameter (A), Prandtl number (Pr), location parameter (X), and suction parameter 

(fw). Therefore, the Nusselt number is an increasing function of the unsteady parameter (A), 

Prandtl number (Pr), location parameter (X), and suction parameter (fw), and decreasing 

function of magnetic parameter (M), heat generation parameter(Q*), Eckert number (Ec), 

surface thickness parameter (s) and drag inertia coefficient (γ).  

Table 6. 6 Correlation coefficient between the temperature gradient and controlling 
parameters by taking 3rd order coefficient 

  M A Q* Pr s γ Ec X fw 
M 1.00 

      
  

A -0.06 1.00 
     

  
Q* -0.06 -0.06 1.00 

    
  

Pr -0.05 -0.05 -0.05 1.00 
   

  
s 0.00 0.00 0.00 0.00 1.00 

  
  

γ -0.07 -0.07 -0.07 -0.06 0.00 1.00 
 

  
Ec -0.07 -0.07 -0.07 -0.06 0.00 -0.08 1.00   
X -0.07 -0.07 -0.07 -0.07 -0.07 -0.07 -0.06 1.00  
fw -0.06 -0.06 -0.06 -0.05 0.00 -0.07 -0.07 -0.04 1.00 

( )   -0.11 0.13 -0.29 0.67 -0.16 -0.13 -0.43 0.23 0.36 

Table 6.7 represents the regression analysis for the controlling parameters and temperature 

gradient. It is noticed that the stretching ratio parameter, mixed convection parameter, and 

Darcy number does not statistically significant because the P-values is greater than 0.05 

whereas the significant variables are magnetic parameter, unsteady parameter, heat 

generation parameter, location parameter, surface thickness parameter, Prandtl number, 

Drag inertia coefficient, suction parameter, and Eckert number.  
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From Table 6.7, the regression model is 

( ) 8.68 0.05 0.67Pr 0.11 * 1.21  0.03 0.57 0.15 8.53 0.14 2.13 0.02wM Q Ec A s f Da     = − + − − + + + − − + −

From this model, it is observed that if we change the one-unit value of the parameter M 

then we will get the average decrease of the temperature gradient. It is also mentioned that 

the negative coefficient of the parameters means a decrease of the temperature gradient and 

the positive coefficient means the increase of the temperature gradient.  

Table 6. 7 Regression analysis between the temperature gradient and controlling 
parameters by taking 1st order coefficient 

Regression Statistics 
Multiple R 0.94           
R Square 0.89           
Adjusted R 
Square 

0.84           

Standard Error 0.45           
Observations 43.00           
  df SS MS F Significanc

e F 
  

Regression 11.00 49.27 4.48 21.80 0.00   
Residual 31.00 6.37 0.21       
Total 42.00 55.64         
  Coefficients Standar

d Error 
t Stat P-value Lower 95% Upper 

95% 
Intercept 8.68 1.64 5.29 0.00 5.33 12.03 
M -0.05 0.03 -1.81 0.05 -0.10 0.01 
A 0.57 0.31 1.85 0.04 -0.06 1.20 
Q* -0.11 0.03 -4.37 0.00 -0.17 -0.06 
ϵ 0.15 0.23 0.65 0.52 -0.32 0.62 
λ 0.03 0.13 0.22 0.83 -0.24 0.29 
Pr 0.67 0.07 10.1 0.00 0.54 0.81 
s -8.53 3.21 -2.66 0.01 -15.07 -1.99 
γ -0.14 0.07 -2.01 0.05 -0.28 0.00 
Ec -1.21 0.19 -6.42 0.00 -1.59 -0.82 
Da -0.02 0.01 -1.40 0.17 -0.04 0.01 
fw 2.13 0.40 5.27 0.00 1.31 2.96 

For the affirmation of the present numerical method, it has been compared to MATLAB 

routine bvp4c which is a shooting iterative scheme. This has been depicted in Table 6.8. 

From Table 6.8, it is observed that the present results completely agree with the results 

obtained by bvp4c. It is noticed that convergence of SQLM occurs as early as the fifth 
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iteration and the method is very faster which saving CPU time. This provides confidence to 

the proposed method. It is also observed in Table 6.8 that the friction factor and heat 

transfer rate are greatly affected by the surface thickness parameter (s). 

Table 6. 8 Comparison of the SQLM results of velocity gradient and temperature gradient   
with those obtained by bvp4c for different values of the surface thickness parameter (s)  

by taking M = X = λ = γ = Ec = 0.5, Pr = 1.0, A = fw = 0.1, Da = 5.0, ϵ = Q* = 1.5 

Parameter ( )0f   ( )0−  

s SQLM bvp4c % Of error SQLM bvp4c % Of error 

0.10 5.908170 5.908149 0.0000035 5.420916 5.420909 0.0000013 

0.15 4.398754 4.398695 0.0000134 3.790928 3.790942 -0.0000035 

0.20 3.597668 3.597645 0.0000063 2.971469 2.971479 -0.0000034 

0.25 3.091667 3.091659 0.0000026 2.476453 2.476443 0.0000042 

0.30 2.738730 2.738695 0.0000125 2.143961 2.143958 0.0000014 



 

 

CHAPTER SEVEN 

CONCLUSION AND RECOMMENDATIONS 
Conclusion and recommendations have been incorporated in this chapter. Numerical 

computations have been carried out for encountered linear and non-linear ordinary and 

partial differential equations in various flow problems. The governing equations have been 

solved under particular initial and boundary conditions with the help of SQLM and the 

standard software package MATLAB. 

7.1 Conclusion 

The axisymmetric MHD boundary layer flow and heat transfer have been analyzed in this 

dissertation while the bullet-shaped object moves with power-law velocity in a Newtonian 

fluid. In sequence, the fluid flow and heat transfer have been investigated in two types of 

flow geometries such as the thicker surface ( )2s  and the thinner surface ( )0 2s  of the 

bullet-shaped object. The influence of mentioned controlling parameters on velocity 

profile, temperature profile, skin friction coefficient, and Nusselt number has also been 

studied. The transformed ordinary differential equations have been solved using SQLM. 

This method was found to be very accurate with tolerance levels of between10-12 and 10-13. 

The numerical computations have been done through the collocation method by MATLAB 

package. The accuracy and convergence of the SQLM have been determined with the error 

infinity norms and the residual error infinity norms, respectively. 

The present analysis enables us to draw the following conclusions: 

I. The SQLM along with the Chebyshev collocation method provides a more accurate 

and quicker convergence scheme. 

II. Velocity profile squeezes for the limit 1  and in the limit, 1  the velocity 

profile expands with increasing the shape and size (surface thickness parameter, s) 

of the bullet-shaped object but the boundary layer thickness expands in both cases. 

III. The skin friction coefficient is higher in the limit 1  compared to the case 1  . 

Therefore, for reducing the friction between the fluid particles and the surface of the 

bullet-shaped objects we have to apply 1  case. 
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IV. The velocity profile and momentum boundary layer thickness expand due to the 

effects of the magnetic parameter (M), mixed convection parameter (λ), location 

parameter (X), Darcy number (Da), suction parameter (fw), and stretching ratio 

parameter (ϵ) whereas surface thickness parameter (s), unsteady parameter (A), drag 

inertia coefficient (γ), and Eckert number (Ec) have a reverse effect on it in the case 

of 1  for both of the thicker ( )2s  and the thinner ( )0 2s  surfaces of the 

bullet-shaped object. On the other hand, in the case of 1   the velocity profile 

squeezes but boundary layer thickness enhances due to the effects of the magnetic 

parameter (M), Darcy number (Da), suction parameter (fw), and location parameter 

(X) whereas surface thickness parameter (s) and unsteady parameter (A) have a 

reverse effect on it. 

V. In the case of the thinner bullet-shaped object, ( )0 2s   the fluid velocity profile 

converges asymptotically to the free stream velocity at infinity whereas for a thicker 

bullet-shaped object ( )2s  boundary conditions do not satisfy. 

VI. Within the boundary layer region is to find lower due to the effects of Prandtl 

number (Pr), stretching ratio parameter, location parameter, unsteady parameter, 

and suction parameter (fw) whereas surface thickness parameter, magnetic 

parameter, heat generation parameter (Q*), Darcy number, drag inertia coefficient, 

and Eckert number (Ec) have a reverse effect on the fluid temperature throughout 

the boundary layer region. In the case of a thicker bullet-shaped object, ( )2s  the 

temperature profile does not approach the ambient condition asymptotically but 

intersects the axis with a steep angle and the thermal boundary layer structure has 

no definite shape. In the case of a thinner bullet-shaped object, ( )0 2s   the 

temperature profile converges the ambient condition asymptotically and the 

boundary layer structure has a definite shape. 

VII. Heat transfer rate is high in the case of stretching bullet-shaped object (ϵ  = 0.2 

cases) compare to the static bullet-shaped object (ϵ = 0.0 case). At this point, it is 
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highlighted that for reducing the heat transfer rate we have to consider the static 

bullet-shaped object. 

VIII. A thinner bullet-shaped object acts as a good cooling conductor compared to a 

thicker bullet-shaped object for both the cases of fixed and moving ( )0 or > 0 =  

bullet-shaped objects. 

IX. The skin friction coefficient at the bullet-shaped object decreases with increasing 

the magnetic parameter, unsteady parameter, location parameter, suction parameter, 

Darcy number, and drag inertia coefficient in the case of 1  . 

X. The wall friction can be reduced much when a thinner bullet-shaped object 

( )0 2s   is used rather than the thicker bullet-shaped object ( )2s  in the case of 

stretching bullet-shaped object. 

XI. The skin friction is a decreasing function of the magnetic parameter, unsteady 

parameter, location parameter, injection parameter, Darcy number, and drag inertia 

coefficient when 1   but an increasing function of stretching ratio parameter, 

surface thickness parameter, and mixed convection parameter. 

XII. A thin momentum boundary layer thickness has been found in a thinner bullet-

shaped object ( )0 2s   than the thicker bullet-shaped object ( )2s  .  

XIII. The thinner bullet-shaped object ( )0 2s  represents a thinner thermal boundary 

layer because the heat transfer rate is higher than the thicker bullet-shaped object 

( )2s  . 

XIV. At the bullet-shaped object the heat transfer rate is a decreasing function of the 

magnetic parameter, Eckert number, Darcy number, drag inertia coefficient, heat 

generation parameter, and surface thickness parameter while heat transfer rate is an 

increasing function of  Prandtl number (Pr), suction parameter, location parameter, 

mixed convection parameter, stretching ratio parameter, and unsteady parameter. 
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XV. The skin friction coefficient is positively correlated with the unsteady parameter (A) 

and drag inertia coefficient (γ) but negatively correlated with the magnetic 

parameter (M), Darcy number (Da), location parameter (X), mixed convection 

parameter (λ), surface thickness parameter (s), and suction parameter (fw). On the 

other hand, no correlation exists with the heat generation parameter, Prandtl 

number, and Eckert number. 

XVI. At the bullet-shaped object heat transfer rate is negatively correlated with the 

magnetic parameter, Eckert number, Darcy number, drag inertia coefficient, heat 

generation parameter, and surface thickness parameter but it are positively 

correlated with the  Prandtl number, injection parameter, location parameter, mixed 

convection parameter, stretching ratio parameter, and unsteady parameter. 

XVII. The skin friction decreases with the increasing effects of surface thickness 

parameter, in the case of the steady flow but enhances in the case of the unsteady 

flow. The rest of the controlling parameters have a similar effect on fluid velocity 

and skin friction for both the steady and unsteady flow. 

7.2 Recommendations 

The present work has been carried out the axisymmetric boundary layer flow and heat 

transfer over a power-law stretching bullet-shaped object by using the SQLM.  Since, the 

result indicates that the velocity and temperature distribution converge asymptotically to 

the free stream velocity at infinity in the case of the thinner bullet-shaped object 

( )0 2s  whereas in the case of a thicker bullet-shaped object ( )2s  it does not satisfy 

the far-field boundary conditions, so it is suggested to study this problem in the laboratory 

experiment for the application in the real-world problem. The present work can extend for 

further research: 

➢  to determine the appropriate geometrical parameters of the bullet-shaped object 

such as width, thickness, angle of attack, and orientation. 
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➢  to determine the effects of various parameters such as variable fluid properties, 

thermal conductivity, and the number & the dimensions of pores on thermal heat 

and fluid flow. 

➢  can be oriented in three-dimensional modeling and simulation studies of the bullet-

shaped object by considering non-Newtonian fluids. 
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