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Abstract

Artificial intelligence (Al) is comparable to human intelligence in many cases.
Especially in the case of graph-structured data, there are many Al algorithms and
machine learning models which not only can understand these graph-structured
data successfully but are also able to predict the future with high precision. Many
researchers developed machine learning models to be applied to the graph-structured
data. The most successful machine models acting on the graphs are the graph
convolutional networks (GCNs). Some research has considered applying GCNs
to tackle the overlapping community detection problem. Indeed, overlapping
community detection is a key problem in graph-structured data mining. However,
the existing GCN-based approach considered a shallow (2-layered) GCN which has
an essential limitation in the detection of communities with larger sizes. A viable
solution can be the use of deep GCNs. However, training deeper GCNs is notoriously
difficult due to several key issues like over-smoothing and vanishing/exploding
gradient problems. Some researchers have attempted to resolve these issues in
the case of regular graphs generated from point clouds. Unfortunately, it is still
challenging how to incorporate deep GCNs in the case of general irregular graphs. In
this study, we have resolved the issues of deep GCNss in the case of irregular graphs
in an overlapping community detection framework. In particular, we design a deep
dynamic residual GCN (DynaResGCN) based on our dynamic dilated aggregation
mechanisms in general irregular graphs. Additionally, we introduce weighted dilated
aggregation mechanisms to incorporate the information coming from edge-weights
of weighted graphs. Finally, we develop a unified end-to-end encoder-decoder based
framework to detect overlapping communities in networks. The deep DynaResGCN
model is used as the encoder, whereas we incorporate the Bernoulli-Poisson model
as the decoder. Consequently, we apply our overlapping community detection
framework in a research topics dataset, a set of networks from Facebook, and in
a set of very large co-authorship networks. Our experimentation on these datasets
shows significantly superior performance over many state-of-the-art methods for
the detection of overlapping communities in networks. Finally, this work has many
different important applications, ranging from bioscience to social science and any

tasks where there is a network structure.



Chapter 1

Introduction

1.1 Overview

Network structured data are ubiquitous. Almost every domain of science and engineering has
to deal with networks. The nodes of real-world networks often form special groups where
link density is high, and the density of edges is low among these groups. This property of
networks is called community structure [3]. Human society is composed of communities
that are in many cases virtual due to the wide use of online social platforms. Indeed, social
communities are of great importance to social scientists and have been studied thoroughly for
a long time [4-7]. Communities in the global financial network play a key role to influence
the transitions of the global economy and financial system [8]. In protein-protein interaction
networks, protein communities act as functional modules to perform specific tasks in cells [9-11].
As a consequence, community detection is an essential tool to analyze different kinds of
networks such as social networks, research topics networks, protein-protein interaction networks,

ecological networks, financial networks, etc., and to understand their structure.

The communities in most real-world networks, especially social networks, overlap [12]. The
same participant participates in different communities at the same time. Therefore, detecting
overlapping communities in different networks is of utmost importance, especially in the case
of social networks. Every network is naturally represented by a graph. We can consider every
participant in the network as a node and every connection as an edge of a graph. As a result, the
overlapping community detection problem in different kinds of networks is exactly the same
as the overlapping community detection problem in graphs. In the case of graphs, we define a
community as a set of nodes having higher connectivity among the nodes of the community than
the connectivity from community nodes to outside nodes. In the case of overlapping communities,
two different communities have nodes in common. Thus a single node may belong to multiple
communities. If the number of communities is given, we can define a community affiliation

matrix where columns represent the communities and rows represent the nodes. The value of
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each cell is either zero or one. If a node belongs to a community, the value of the corresponding
cell would be one. A zero in a cell denotes that the corresponding node does not belong to the
corresponding community. In Figure 1.1, we show a simple community affiliation matrix as F'.
In this study, our aim is to find the community affiliation matrix given a graph. There are many
different approaches to attack this problem. For instance, non-negative matrix factorization of
the adjacency matrix generates both community embedding and community affiliation matrix.
Some recent works [13] consider a graph neural network-based approach to solving this problem.
In this thesis, we focus on graph neural networks to generate a community affiliation matrix of a
given network/graph. We also resolve several challenges to train deep graph neural networks on
general irregular graphs/networks. Finally, we develop an encoder and decoder-based framework
for overlapping community detection where the encoder is a deep graph neural network and the
decoder is the Bernoulli-Poisson model. We also considered several strategies to incorporate the
edge-weight of the weighted graphs. We perform experimentation over many datasets where our

developed methods perform significantly better than many state-of-the-art methods.

1.2 Problem Definition

We focus on solving overlapping community detection problems in networks. Every network
can be represented as a graph. Thus we have to detect overlapping communities in graphs.
A disjoint community detection algorithm assigns every node of a given graph to a single
community whereas an overlapping community detection algorithm may assign a node to
multiple communities. Indeed, community associations of all the nodes can be represented by a
community affiliation matrix F' where rows represent nodes and columns represent communities.
Each entry I; contains the information on whether ¢-th node belongs to the j-th community.
This information can be represented by a binary constant where one would indicate community
association. In this problem, our input is a graph that may have attributes and the output is the
community affiliation matrix. In a more concrete sense, the adjacency matrix A and attribute

matrix X would be given as input to generate/construct the affiliation matrix F.

1.3 Motivation and Applications

Overlapping community detection has applications in every area of science and engineering
which deals with network structured data. For instance, in the case of social networks, overlapping
community detection is essential to understand the functional structure of the network, predict
social dynamics, understand how rumor propagation works through overlapping nodes, grasp
and control public sentiments, product marketing, identify fraudulent groups of people, etc. In

fact, outliers communities often correspond to adversarial activities. In neuroscience, functional
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C1 C2
a 1 0
b 1 0
C 1 0
d 1 1
e 0 1
f 0 1

Figure 1.1: Overlapping communities and affiliation matrix.
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parts of the brain can be identified through overlapping community detection in biological
neural networks [14]. Overlapping community detection gives us the nodes which are involved
in more than one community. These overlapped nodes have various applications in different
domains. For instance, in the case of social networks, these nodes are crucial for information
propagation from one community to another community. In an ecological system/network, these
overlapped nodes denote special species which are important for the balance of the ecosystem.
In telephone networks, outlier communities can be observed closely as they can be potential
suspicious communities. In fact, the security department of a country must observe different
communities in different types of networks such as social networks, telephone communication

networks, cell phone call networks, etc.

Real life networks or graphs are mostly non-regular. The degree distribution often follows the
power-law distribution. For example, the Facebook graphs consist of small number of nodes with
very high degrees while a large number of nodes have low degrees. This implies that Facebook
graphs are irregular graphs. Other examples include protein-protein interaction networks. Each
protein interacts with different number of proteins which eventually makes the protein-protein
interaction network irregular. In fact, community detection in regular graphs has no significance
because regular graphs have no communities at all. Therefore it is of utmost importance to
consider irregular graphs in overlapping community detection setup.

Our work advances deep graph convolutional networks to a new stage where they can handle
variable-sized neighborhoods of irregular graphs in a better way. Indeed, graph neural networks
have applications in many areas of science and engineering. In particle physics, particle
interaction networks can be modeled as graphs. Many researchers [15] considered graph neural
networks to predict particle interaction behavior, particle reconstruction dynamics, etc. Therefore,
our work would benefit particle physics in a better way. In fact, this is an example application of
graph neural networks. In reality, there are thousands of applications of graph neural networks in
many different scientific domains. As a consequence, our research has numerous applications

and an immense impact on overall science and engineering.

1.4 Literature and Challenges

Many works in the literature are related to non-overlapping community detection [16, 17]. In the
case of non-overlapping community detection, node embedding approaches perform well [18,19].
However, most of these approaches are not well suited for overlapping community detection due
to the lack of scalable and reliable clustering methods for high-dimensional vectors. A viable
approach to resolve this issue is to generate the node embedding as community affiliation which

can be done effectively and efficiently using GCNs [13].

Among the classical approaches for overlapping community detection, label propagation

algorithms are prominent [20]. For instance, SLPA is an overlapping community detection
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algorithm based on the idea of label propagation [21]. DEMON [22], a node-centric bottom-
up overlapping community detection algorithm, also leverages ego network structure with
overlapping label propagation. Other algorithmic approaches include seed-set expansion [23,24],
evolutionary algorithms [25], and heuristics-based methods [26-29]. Some heuristics-based

works considered game-theoretic concepts [30].

Many studies consider some kinds of matrix factorization along with probabilistic inference
[1,31-36]. One of the earliest works in this regime is BigClam [1]. BigClam was designed for
overlapping community detection in large networks [1]. BigClam uses gradient ascent to create an
embedding which is later used for determining the community affiliation of nodes. MNMF [37]
uses modularity-based regularization with non-negative matrix factorization. DANMEF uses a
telescopic non-negative matrix factorization approach based on a deep auto-encoder to learn
membership distribution over nodes [2]. Some works [38, 39] performed factorization of
modularity matrices using neural nets, while other works considered adversarial learning [40,41]
or deep belief networks [42] to learn community affiliation. However, they did not use graphs in
their neural network architecture, which is crucial to achieving superior performance [13]. Finally,
NOCD [13] used special neural networks called graph neural networks to detect overlapping

communities.

Graph neural networks (GNN) are a class of specialized neural networks that can operate on
graph-structured data [43—45]. In general, GNNs use a special kind of convolution operation
called graph convolution [44]. In graph convolution, each node aggregates information from the
neighboring nodes. Before aggregation, the information of neighboring nodes is transformed
by a learnable kernel. One of the major goals of graph learning is to generate node embedding
to perform downstream induction tasks, such as node classification, edge labeling, clustering,
or community detection [46—49]. The authors of NOCD [13] first developed a graph neural
network-based approach for overlapping community detection. In that approach, they used a
two-layer shallow graph convolutional network as an encoder to generate community embedding
and a decoder based on the Bernoulli-Poisson model [1,31,50] to reconstruct the original graph
from the embedding. However, a shallow GCN has essential limitation to capture communities
with a larger community diameter (> 2) as it can aggregate information only up to two hops from
a node. Community diameter [51] refers to the maximum shortest path distance between any two
nodes of a community-induced subgraph (Figure 1.2). One solution to the issue is to consider a
deep graph convolutional network (DeepGCN) [52] instead of the shallow GCN. However, Li et
al. [52] proposed the DeepGCN in the case of point cloud learning where the considered graph is
a regular graph while the real-world networks are mostly irregular graphs (having variable-sized
neighborhoods). Thus it is essential to design a DeepGCN which can handle the irregular graphs

to detect overlapping communities with a larger diameter.

In fact, training deeper GCNss is challenging because of over-smoothing and vanishing gradient

problems [52]. Li et al. [52] overcame this challenge in the case of point cloud learning by
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borrowing the idea of residual connection and dilated aggregation from a classical CNN-based
architecture called ResNet [53]. Residual connection means having direct connectivity from
the input of a layer to the output of that layer bypassing the non-linearity in the activation
function. In the case of GCNs, each node aggregates information from the neighboring nodes. If
this aggregation mechanism aggregates information from some of the distant neighbors while
skipping some of the nearest neighbors, it is called dilated aggregation. In the case of dilated
aggregation, it is possible to incorporate some sort of randomization while considering neighbors,
which introduces the concept of edge dynamicity. Dilated aggregation with edge dynamicity is

called dynamic dilated aggregation.

It is still challenging to introduce dynamic dilated aggregation in the case of irregular graphs in

order to train deep GCN:ss.

1.5 Research Aim and Objective

Our research aim consists of three parts. Firstly, we would like to solve the overlapping
community detection problem in the real world networks effectively and efficiently. Then we
would like to handle the irregular nature of the real world graphs and finally we wish to consider

edge weights whenever it is available. Our research objectives are summarized below:

* Detect overlapping communities in real-world networks effectively and efficiently

* Develop a deep graph convolutional network (GCN) which can operate on graphs having
variable neighborhood sizes and hence develop an overlapping community detection

framework based on deep GCNs.

* Design methodologies to incorporate information coming from edge-weights of weighted
graphs in deep GCN in order to improve the effectiveness of overlapping community

detection systems.

1.6 Thesis Contribution

In this study, we design dynamic dilated aggregation mechanisms in the case of irregular graphs.
We incorporate our dynamic dilated aggregation schemes along with residual connection into
the GCN to obtain a deep GCN that is able to learn from any graphs. Eventually, we apply
our designed deep GCN to detect overlapping communities in different kinds of networks with
different sizes. In the case of overlapping community detection, we adopt an encoder-decoder
based approach similar to NOCD. Our encoder is a deep GCN model called DynaResGCN which

generates the community embedding and the decoder attempts to reconstruct the original graph.
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For evaluation, we consider a large research topics network [54], a set of Facebook datasets [55]
having reliable ground truth information, and a set of very large co-authorship networks (nodes
> 10K) [13] as an additional benchmark. In the case of the topics network, ground truth
information related to overlapping communities does not exist. Therefore, we have to rely on
unsupervised metrics called fitness functions or quality measures such as conductance, clustering
coefficient, density, and coverage [1,56] to determine the quality of the detected overlapping
communities. In addition to the evaluation metrics, we generate heatmaps or colormaps to
illustrate community overlap. We compare our results in topics network with existing overlapping
community detection approaches, such as NOCD, BigClam, SLPA, DANME, and DEMON. Our
methods show superior performance over most of the considered existing methods in terms of
both quality metrics and visualization. In the case of the datasets having ground truth information,
we compare with exactly the same baselines as in NOCD considering both node features and
without node features in terms of normalized mutual information (NMI) [57]. Our method,
DynaResGCN, achieves a clear superior performance over all the baselines in almost every case

in terms of NMI. In summary, our contributions are as follows:

* Developed a deep residual GCN (DynaResGCN) model based on novel dynamic dilated
aggregation in irregular graphs

* Designed an effective and scalable overlapping community detection framework based on
DynaResGCN and Bernoulli-Poisson model

* Detection of overlapping communities in real-world networks outperforming many state-
of-the-art methods

1.7 Thesis Organization

The remainder of the thesis is organized as follows. In chapter 2, we introduce preliminary
terminologies and some of the prominent related works. Some of the related works considered
algorithmic approaches to solve the problem and others considered machine learning based
methods. We describe our methodology in chapter 3 where we explain the overlapping
community detection model in detail. Indeed, we follow an encoder-decoder based approach to
solve the problem. Chapter 4 deals with our experimental study. We also present our results in
this chapter. Additionally, the results are analyzed thoroughly in in chapter 4 where we discuss
our insights with overall findings. Finally, chapter 5 provides our conclusions with necessary

discussions on limitations and future work.
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Diameter = 3 Diameter = 4

Figure 1.2: Two overlapping communities with community diameter > 2.



Chapter 2

Background and Related Works

In this chapter, we introduce the necessary terminologies that will be used throughout the thesis.
We consider an undirected unweighted graph as G = (V, E), where V is the set of vertices and
FE is the set of edges and weighted graphs as G = (V, E/, W). We represent the adjacency matrix
as A € {0,1}™*", the number of vertices as n, the set of vertices as V' = {1,...,n}, and the set
of edges as £ = {(u,v) € V x V : A,, = 1}. For each node, we may consider a d-dimensional
feature vector. We denote the feature matrix as X € R™*9, If there is no feature associated with
anode, X is an identity matrix. Let us assume C' is the set of communities and the cardinality
of C'is k. In the case of overlapping community detection, we assign each node to some of the
communities in C. However, for each node, there is a strength associated with each different
community. We define this strength as the community affiliation of the node. For each node,
there is a k-dimensional community affiliation vector. We assign the community affiliation as a
non-negative real number. Therefore, we can obtain a community affiliation matrix as /' € R%k.
For a node u, we denote the membership strength of community c as F;,.. We use a threshold
to obtain a binary community affiliation matrix as F' € {0, 1}"**. Therefore, each node can be
assigned to multiple communities. It is also possible that some nodes have no communities at all.
The following text first describes the basic concepts related to our thesis, and then some related

works.

2.1 Background

Here, we discuss some necessary concepts related to our thesis. We mainly discuss about neural
networks, convolutional neural networks, graph neural networks, graph convolutional networks,

and related community detection methods.
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Figure 2.1: Operation of a single artificial neuron

Figure 2.2: A simple neural network where neurons are connected in a computational graph
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2.1.1 Neural Network

Artificial neural networks are a class of machine learning models. The smallest computing unit
of a neural network is a neuron (Figure 2.1). The input of a neuron is a vector. A neuron is like a
parameterized function whose output varies with different parameters for the same input. These
neurons connected in a computational graph are called a neural network (Figure 2.2). For more

information, readers may study the overview article by Schmidhuber [58].

2.1.2 Convolutional Neural Network

A convolutional neural network (CNN) is a class of neural network based on convolution
operation (Figure 2.3). A convolution operation is a process that filters different important
features from the given image. A convolutional neural network consists of multiple convolutional
layers. Each convolutional layer extracts specific features. In fact, deeper layers capture more
high level features. For example, if build a convolutional neural network for animal classification,
the deeper layers will capture features ear, eyes, nose, etc., while the initial layers may capture
low level features which would make the high level features finally. There are a lot of online
resources to understand convolution in detail including this [59]. Earlier works required hand-
designed feature engineering. However, CNNs do feature engineering inherently. We apply CNN
on image structured data. It is possible to consider an image as a regular graph, where each pixel
is a node and each pixel is connected to eight neighboring pixels. Thus, we may consider an
image as an 8-regular graph. Therefore, we may use a CNN for a regular graph. However, these
classical CNNs are not able to process general graphs. Special treatment is required to perform

convolution on general graphs.

2.1.3 Graph Neural Network

Graph Neural Networks (GNN) is designed to handle the inability of classical Neural Networks
(NN) to process general graphs. Scarselli et. al. proposed the graph neural network model [60] to
alleviate the limitations of classical neural networks to process graph-structured data. According
to this model, a label vector and a feature vector are associated with each node of a graph. This
model predicts the class of the graph or the classes of the nodes of the graph and provided the
labels and feature vectors for all nodes. There are two types of function associated with this
model: 1) transfer function and 2) output function. The transfer function transforms the feature
vector of each node to a new transformed vector based on the features of neighboring nodes.
The transfer function is applied until the node features come to a stable state, i.e., the features
do not change anymore. Finally, an output function is applied to obtain the predicted class of

each node. The output function can be node-wise or entire graph-wise. The transfer function and
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output function are realized using a classical neural network. This is the basic idea of the very

first graph neural network model.

2.1.4 Graph Convolution Networks

Graph Convolution Networks (GCN) are GNNs that can perform convolution operations in
general graphs (Figure 2.4). In the case of GCNs, each node aggregates the feature vectors of
its neighboring nodes to achieve a richer feature vector. For each vertex u, a d-dimensional
feature vector is considered as h, € R%. The whole graph G can be represented by concatenating
the feature vectors of all the nodes as hg = [hu,; Puy, - - -5 Iy, ]t € R™% A general graph
convolution operation is defined based on two operations: an aggregation operation and an

update operation.
Gi1 = Update(Aggregate(Gy, W99), Wy, (2.1)

G is the input graph with features at the [-th layer and (G}, is the output graph with updated
features at the (I + 1)-th layer. For the aggregation operation, the learnable weights matrix
is W99 and for the update operation, the learnable weights matrix is W*P9¢_ In most graph
neural networks, the aggregation function aggregates the features from the neighbors and the
update function updates the feature vector of a node based on the output of the aggregation
function. In most cases, the update function is a non-linear function. Many variations of these
functions are also possible. The mean aggregation function [44], max-pooling aggregation
function [43,61,62], attention aggregation function [63], LSTM aggregation function [64], etc.,
are some of the existing aggregation functions. MLP (multi-layer perceptrons) [43,65], gated

network [66], etc., are some of the variations of update functions.

2.1.5 Shallow GCN Model

GCNs have very low numbers of layers. In previous work, NOCD [13] used a two-layered graph
convolution network that was first proposed by Kipf and Welling [44]. We refer to this two-layer
GCN as a shallow GCN. According to NOCD [13], the GCN model is defined as follows:

F := GCNy(A, X) = ReLU(AReLU (AXW M)W 2) (2.2)

Here, A = D~Y/2AD~%/2 is the normalized adjacency matrix, and A = A + I is the adjacency
matrix considering self-loops. The diagonal degree matrix of Ais Dy = > ; flij. Here, the
ReLU function works as a non-linear update function, and aggregation is done through a
weighted sum of the features of neighbors. This weight is a learnable parameter. According to

this model, deep architectures do not work well [13,44]. Some modifications to this shallow



2.1. BACKGROUND

Image
28x 28 L 32x14x 14 64x14 x 14
32x28x28 . 128x10

Convolution Convolution 3136 x 128

padding =1, padding = 1, Max pooling x

kernel = 3x3, Max pooling kernel = 3x3, Kemnel=2x2,  Flatten

stride = 1 Kernel = 2x2, 5‘”": =1 Stride = 2
+ Stride = 2
RelU RelU

Figure 2.3: A CNN to predict image classification

Figure 2.4: A high-level architecture of shallow graph convolutional networks with 2 hidden
layers [44]
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model were introduced [13]. These are: (1) batch normalization after the first GCN layer and (2)

L, regularization applied to all weight matrices. In fact, shallow GCNs have some limitations.

For instance, the number of layers is limited. When the number of layers is increased, a GCN

faces the over-smoothing and the vanishing gradient problem.

2.2 Overlapping Community Detection Methods

In the following, we include most of the prominent related works. More specifically, we discuss
speaker-listener label propagation algorithm, cluster affiliation model for big networks, neural

overlapping community detection model, etc.

2.2.1 Speaker-listener Label Propagation Algorithm

The Speaker-listener Label Propagation Algorithm (SLPA) [21] is a general framework to analyze
overlapping communities in social networks. According to this algorithm, nodes exchange
information (label) based on dynamic interaction rules. This framework is designed to analyze
both individual overlapping nodes and also the whole community. SLPA is an extension of the
previous label propagation algorithm (LPA) [67]. Each node in the LPA has a single label. This
label is iteratively updated by the majority of labels in the neighborhood. After completion
of the algorithm, non-overlapping (disjoint) communities are discovered. To allow overlap,
each node is allowed to have multiple labels. There are two issues related to this algorithm: 1)
disseminating node information efficiently and, 2) aggregating/processing information received
from neighbors in an information preserving way. Another critical issue is related to information
maintenance. To resolve all of these issues and manage data at different nodes, the authors of
SLPA designed a speaker-listener-based algorithm to resolve all of these issues and manage
data at different nodes. In the SLPA, each node can act as a listener or a speaker, depending
on whether it is absorbing information or disseminating information. The algorithm consists of
three stages. First, each node label is initialized with a unique value. Then, an iterative process

continues until a stopping condition is met. The process is as follows [67]:

¢ A node is considered a listener

* Each neighboring node sends a label to the node, according to some predefined speaking

rule

* The listener accepts one label from all of the labels received, according to a predefined

listening rule

Finally, post-processing of the accumulated labels for each node determines the communities.

The algorithm runs in O(7T'n). Here, n is the number of nodes in the graph and 7" is the maximum

number of iterations.



2.2. OVERLAPPING COMMUNITY DETECTION METHODS

15

2.2.2 Cluster Affiliation Model for Big Networks

BigClam (Cluster Affiliation Model for Big Networks) was originally designed for large
networks [1]. It is a probabilistic generative model for graphs to capture network community
structure based on the community distribution of each node. The whole idea of BigClam is based
on a bipartite community affiliation network. The nodes of a network (graph) form one partite set,
and the communities form another partite set. The links between the nodes and the communities
represent the membership of a node in a community. This link or community affiliation edge
has a non-negative weight representing the membership strength of a node to a community. The
generative model is based on the fact that the higher number of communities two nodes share,
the greater the probability of connecting these two nodes with an edge. Let us assume a graph
G(V, E), the corresponding set of communities C', and the set of affiliation edges as M. Then the
bipartite affiliation network is represented as B(V, C, M). BigClam is a generative model, where
the edges of the graph can be generated from the affiliation network. The bipartite affiliation
network B(V, C, M) is given and we have to generate a graph G(V, E). The vertices V of G are
already specified in the affiliation network B. We need to generate the £ for GG. For each node
u € V and community ¢ € C, there is a non-negative weight F,.. When there is no affiliation
edge between u and ¢, then F),. = 0. If two nodes u, v belong to the same community ¢, then this
community ¢ will connect these two nodes u, v with probability 1 — exp(— F,..F,.). This is the
edge probability for one community. The overall edge probability between u and v, considering
all communities, is 1 — exp(— >, Fyc.Fye). If F is the non-negative matrix where F,. is the
affiliation weight between node u and community ¢, then the edge probability p(u, v) between

nodes u,v € V:
p(u,v) = 1 — exp(—F,.F)) (2.3)

Here, the weight vector of node u is F,,.

Community detection using the BigClam model is the reverse problem of generating the graph
G(V, E) given the model B(V, C, M) and the community affiliation matrix F'. In community
detection, the community affiliation matrix F is determined by the underlying graph G(V, E).
The number of communities k is given, and the BigClam model finds the most likely affiliation
matrix F' maximizing log-likelihood I(F) = log P(G|F).

A

F = arg max[(F) (2.4)
F>0
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(F)= Y log(1—exp(-F,F))— Y F.F. (2.5)

(uv)EE (u,v)€E

This optimization is similar to the non-negative matrix factorization approach (NMF) [68]. The
goal of the optimization is to learn the affiliation matrix F’ that best approximates the underlying
graph G(V, E). Existing NMF methods [68, 69] have been modified by BigClam for large
networks [1]. BigClam a block coordinate ascent algorithm [69,70] to solve the optimization
problem. After finally obtaining the community affiliation matrix F, a threshold 9 is used to
determine the community affiliation of each node. If F,. < 4, then node u does not belong to

the community c.

To solve the optimization problem in (2.5), the authors of [1] considered a block coordinate

ascent algorithm. In this approach, they update for one node while keeping fixed for all the other

nodes. This makes the problem a convex optimization problem for each node u. As consequence,

for each node u the following subproblem is solved:

argmax [(F,), (2.6)
Fyc>0
where
(F,)= ) log(l—exp(~F,F))— >  F,F/ 2.7
veEN (u) vihN (u)

where NV (u) is the set of neighbors for node u. This convex optimization problem is solved using

projected gradient ascent as follows:

exp (—F,
I(F,) = F, E, 2.8
VItR) = D P FFT -2 28)
vEN (u) vEN (u)

The step size is computed using a backtracking line search. Moreover, F), is projected into a
non-negative vector space using F,. = max(F,., 0). In the case of large networks, this approach

is not scalable

2.2.3 Democratic Estimate of the Modular Organization of a Network

DEMON stands for Democratic Estimate of the Modular Organization of a Network [22], an
algorithm designed to discover communities in complex networks. In this approach, each
node gives community labels to its neighboring nodes. Thus, every node obtains community
labels from its neighboring nodes. This approach is called a democratic approach because

each node can vote for every neighboring node. Then, the communities are discovered from
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the labels for each node. Since one node can have multiple labels, one node can belong to
multiple communities. After obtaining labels from the neighborhood, the communities can be
discovered using different merging algorithms. For each node, its corresponding ego network is
extracted. Then, a label propagation community detection algorithm [67] is applied to remove

the corresponding node. Finally, a combination step is executed to obtain the communities.

2.2.4 Modularized Non-negative Matrix Factorization

Wang et al. [37] proposed the Modularized Nonnegative Matrix Factorization (M-NMF) model.
In this approach, the authors designed a community-preserving matrix factorization scheme. The
modularity-based community detection model and NMF-based representation learning model are
jointly optimized in a unified learning framework. Basic intuition indicates the nodes belonging
to the same community should have similar representations. The proposed M-NMF model is
optimized to preserve both pairwise node similarity and community structure. For pairwise
node similarity, the first-order and second-order proximities of nodes are incorporated to learn
representations using matrix factorization. A modularity constraint term is incorporated to detect

communities. In the following text, we describe their model.

Modeling Community Structure

The M-NMF model considers an undirected graph G = (V| E). The number of nodes is
considered as n and the number of edges is considered as e. The graph G is represented as
A = [A;;] € R™*". The goal is to learn embedding of nodes as U € R™ "™ where m(m < n) is
the length of the embedding vector for a single node. In this work, a modularity maximization-
based approach was incorporated in order to detect overlapping communities. For a network

with two communities modularity is defined as follows [37]:

1 kik;
= — Ay — —2L)hih; 2.
Q 46 ;( J 26 ) J ( 9)
where k; is the degree of node 7 and h; = 1 if node ¢ belong to the first community and h; = —1

if node ¢ belong to the second community. The expected number of edges between node ¢ and
node j is % when edges are placed at random. In fact, modularity is a metric that measures the
difference between the number of edges in the communities and the expected number of edges
in an equivalent network where edges are placed at random. A modularity matrix B € R™*" is

defined with element

ki
2e
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Now () becomes as follows:

1
Q= @hTBh (2.11)

where h = [h;] € R" is the community membership vector for all the nodes.

It is possible to extend this notation to more than 2 communities. Let us assume we have £ > 2
communities. It is possible to generalize this modularity metric for more than 2 communities
with a community affiliation matrix H € R™** where in each row of H only one element is 1

and all other elements are zero. Thus the formulation becomes as follows:

Q = tr(H"BH), (2.12)
st. tr(H'H)=n (2.13)

where tr(HT H) is the trace of the matrix H H.

Modeling Microscopic Structure

To model microscopic structure it is required to define first-order proximity and second-order
proximity. This work considered the adjacency matrix as the first-order proximity. The first-order
proximity is the most obvious structural representation of a network. It is important to maintain
first-order proximity when embedding vectors for different nodes are generated. Indeed, if two
nodes are connected by an edge in the network then it is plausible to have similar embedding
vectors for these two nodes. However, it does not imply that if two nodes do not share any edge
then these nodes are dissimilar. In many cases, two nodes share many common neighbors even if
they are not directly connected. In such a case, these two nodes having many common neighbors
should have similar embeddings. Let us assume S* is the first-order proximity matrix. Then
second-order proximity matrix is defined as S? and we also assume N; = (S} Ly-ees S}n) is the
first order proximity vector for node ¢ where S}, ; defines the first order proximity of node ¢ with
node j. The cosine similarity of vector V; and N is used to define the second-order proximity
of node 7 and node j. Thus second-order proximity between nodes ¢ and nodes j is defined as

follows:

92 — NiN;

VATTEVATR 2.14
AT @19

where ||V;|| is the euclidean norm of the vector \V; and ||\ || is the euclidean norm of the vector
N;. We know that the second-order proximity should be between 0 and 1 as it is the cosine

distance between two vectors. The overall similarity matrix is obtained as follows:

S =8 +ns? (2.15)
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where 7 > 0 is the weight for the second-order proximity. The authors [37] set the value of n = 5.

Now it is possible to introduce a framework similar to non-negative matrix factorization (NMF).

In this framework, we would like to factorize the matrix S into two non-negative matrices where

one matrix is called the basis matrix, and another matrix is called the representation matrix.

The basis matrix is represented by M € R"*™ and the representation matrix is denoted by
U € R™™ where m is the length of the representation vector for a single node. Indeed, the i-th
row of the matrix U denotes the representation vector or embedding for node 7. With these two
matrices U and M, the goal is to approximate the similarity matrix S, which makes the objective

function as follows:

min||S — MU"||% (2.16)
st. M >0,U >0 (2.17)

It is also possible to add higher-order proximity in this model. In fact, in our future work, we plan
to add this similarity as a loss function to train the GCN encoder. Currently, we are optimizing
Bernoulli-Poisson decoder-based loss function which assumes the affiliation matrix based on only
first-order proximity. It would be interesting to consider a loss function considering second-order
proximity too. Indeed, we are currently planning to consider second-order proximity-based loss

optimization which is similar to the triangular decoder method in some other related works.

Unified Network Embedding Model

Now the authors combine the modularity maximization model and similarity maximization
model in a single framework. Then they introduce a non-negative community representation
matrix. This community representation matrix is denoted as C' € R¥*™_ Each row of this matrix
C represents a community. For example, the i-th row denotes the representation vector of the
i-th community. In fact, the affiliation of node 7 to community 7 can be formulated as U,C:.. In
fact, the goal is that the community affiliation matrix H should be very close to UCT. Therefore,

the overall objective function is as follows:

3 . T2 . T2 _ T
M],(IUl,II?,cHS MU ||5+a|H —UC" || — ptr(H" BH) (2.18)
S't'7MZO’UZO’H20702O,t’l”(HTH):n (219)

In our work, we will incorporate this type of loss function in our future work. We are mostly
interested to consider the second-order proximity part in our current loss function. The intuition
is that if two nodes share many nodes in common, then there is a very high probability that
these two nodes will belong to the same community, and also the chance of having an edge
between these two nodes is also very high. Therefore, it is very important to consider this type

of second-order proximity score in our future work.
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2.2.5 Deep Auto-encoder like Non-negative Matrix Factorization

Non-negative matrix factorization (NMF) is a prominent approach for community detection
[1,34,36]. NMF approaches have better interpretability and are a natural fit for both overlapping
community detection and disjoint (non-overlapping) community detection. DANMF [2]
(Deep Auto-encoder like Non-negative Matrix Factorization) is a variant of NMF. NMF-based
approaches factorize the adjacency matrix A into two non-negative matrices U, V, where
A~UV(U >0,V > 0). Normally, the columns of V' represent the community strength of the
nodes of the network. NMF methods typically follow shallow methods, i.e., the adjacency matrix

is factorized in one level. The authors of DANMEF proposed a hierarchical matrix factorization

scheme. Inspired by deep auto-encoders, the adjacency matrix is factorized into multiple levels.

DANMF is like auto-encoders where there is an encoder component and a decoder component.

Both components have deep structures. The encoder part transforms the original adjacency matrix
into a community affiliation matrix and the decoder part reconstructs the original adjacency
matrix. Unlike deep-autoencoders, the loss function in DANMEF is unified with both the encoder

and decoder. Thus, DANMEF is similar to deep auto-encoders for representation learning [71].

Deep Non-negative Matrix Factorization

Using Non-negative Matrix Factorization (NMF) we can learn a one-layer mapping U and
community affiliation matrix V. This is explained in Figure 2.6. However, real-world networks
are complex and have variational structures and hierarchical relationships. Therefore, a single
layer of matrix factorization is not sufficient to capture the complex attributes of real-world
networks. Perhaps, there are multiple levels of abstractions. As a result, it is natural to consider
deep learning-based approaches to learn multiple levels of abstractions. Indeed, the authors
of [2] proposed to factorize the mapping matrix U multiple times to capture different structures
and hierarchies of the hidden representation. In a more concrete sense, it is possible to factor the
adjacency matrix into p + 1 non-negative matrices. The scheme is described through the product

of factor matrices as follows:

AxUU,... UV, (2.20)

where V, € RF" U; e R 1 <i<pandwegetn =1y >1r > ...>1, 1 >7,=k.

This hierarchical formulation allows multiple level of abstractions which can be achieved as
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follows:
Vo1 = UV, (2.21)
(2.22)
Vom Us...UpV,, (2.23)
VizUsy.. .UV, (2.24)

Moreover, we consider non-negativity constraints for V; (1 < i < p). As a consequence, each V;
captures the similarity between nodes with different granularity. Indeed, these abstractions can
capture first-order proximity, second-order proximity, third-order proximity, etc., and structural
similarity and community-level similarity. It is possible to learn the factor matrices by optimizing

the following objective function:

min Lp = |A— U Uy... UV, (2.25)

sLV,>0,U;>0Vi=12...p. (2.26)
After optimizing this equation it is possible to achieve hidden attributes V; (i < p) by solving:

|A— U Us... UVi| (2.27)

Deep Autoencoder-like NMF

It is clearly evident that the previous Deep NMF formulation is similar to the decoder component
of an autoencoder framework. Therefore, it is essential to consider the encoder component in
the NMF-based community detection system. The formulation is straightforward. It should be
possible to reconstruct the original adjacency matrix from the community affiliation matrix V'
with a small error if the community affiliation matrix is almost perfect and ideal. Moreover, it is
possible to obtain the community affiliation matrix V' very easily from the mapping matrix U and
the adjacency matrix A. The idea is that we can project the adjacency matrix in the community

affiliation space through the mapping matrix U as follows:
V=U"A (2.28)

In fact, if the encoder component and decoder component are unified through a unified loss
function, then each component can guide the other through a whole learning process. This
strategy may help to obtain the ideal community affiliation matrix of a given network. Therefore,

the authors of [2] proposed an objective function to be optimized for the encoder component.
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This objective function of the encoder component is described as follows:
[I]mél Lg=|V,-Ul .. .USU A% (2.29)
st. V, >0,U; >0,Vi=1,2,...,p. (2.30)

Finally they proposed a unified objective function for deep autoencoder-like Non-negative Matrix

Factorization (DeepANMF). This unified objective function is described as follows:

min L =Lp+ Lg+ )\ﬁreg 2.31)

U;,Vp
=|A=UU;...UV,llz + |V, = U} .. .U UL A|l7 + Xer(V, LV, (2.32)
st.V,>0,U;>0,¥i=1,2,...,p. (2.33)

where the graph regularizer L,., = tr(VpLV;)T) is incorporated to introduce intrinsic node pairs
properties which are mainly geometric structures and A is the regularization parameter, L is the
Laplacian matrix corresponding to the network. In fact, there are many ways to define L [2]. In
this DANMF work, the graph Laplacian matrix is defined as follows:

L=D-A (2.34)

where D is a diagonal matrix which is defined as follows:
j=1
In this D matrix all the entries are zeros except the diagonal entries.

Optimization

The authors of [2] considered an optimization based on pre-training. They train each layer to
have good initial factor matrices U; and V;. This pretraining approach helps to reduce the overall
training time. Indeed, pre-training has been proved effective in many areas of deep learning
considering transformer networks for natural language processing, evoformer for predicting
3D structures of proteins which is done by DeepMind (Google). The authors of [2] performed

pre-training to reduce training time. They firstly, decompose the adjacency matrix as follows:

A~ UV, (2.36)
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To decompose the adjacency matrix they minimize the following function,
1A = UAllz + [IVi = U AllE (237)
where U; € R and V; € R*™". Then they decompose the matrix V; as follows:
Vim UsVs (2.38)
To do so, they minimize the following function:
Vi = UaVall + Ve = Uy Vil (239)

where Us € R’?*" and V5 € R’2*". After all the layers are pre-trained, they propose fine-tuning

by alternating optimization of the considered overall final loss function.

Time Complexity

DANMEF is composed of two stages as follows:

1. Initial pre-training process, and

2. Final fine-tuning process.

The computational complexity of the pre-training process is
O(pt,(n’r + nr?)) (2.40)

where p is the number of layers and ¢, is the number of layers to achieve convergence and r is
the maximal layer size among all the layers. The computational complexity of the fine-tuning

stage is in the order,
O(pty(n*r +nr® +1%)) (2.41)

where ¢ is the number of iterations in the fine tuning process. In general r < n. Thus overall

complexity is as follows [2]:

O(p(t, + t5)(n* + nr?)) (2.42)

2.2.6 Neural Overlapping Community Detection

NOCD stands for neural overlapping community detection [13]. The model consists of an

encoder and a decoder. The encoder is a shallow graph convolution network (GCN) with two
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layers. The decoder is based on the Bernoulli-Poisson model [1]. The output of the encoder is a
community affiliation matrix. The decoder attempts to reconstruct the original graph. Finally, a
loss is generated based on the reconstruction error. This loss is used to train the GCN model. We

use the same framework in this study.

Bernoulli-Poisson model

The Bernoulli-Poisson (BP) model was originally proposed by the authors of [1] is a graph

generative model. This graph generative model can be used to detect overlapping communities.

This model is somewhat similar to NMF-type models. The Bernoulli-Poisson model is used
to generate graphs using the following rules. If the community affiliation matrix is given as

Fe ]RJEVOXC, then the adjacency matrix A,, can be generated using the following distribution:
Ay ~ Bernoulli(1 — exp(—F,F1)) (2.43)

where F’, is the community affiliation matrix of node u and F;, is the community affiliation vector
of node v. Indeed, the higher number of communities nodes » and v have in common, the higher
the probability to have an edge between these nodes. In a more concrete sense, the higher the
value of the dot product F,, F'! is, the more likely to have an edge between the nodes u and v. In
other words, the probability of an edge between two nodes u and v is positively correlated with
the value F,FT.

This BP model is interesting as it can be used to model nested communities. Moreover, we can
also model hierarchical communities using this model [13]. In fact, this model may lead to dense
overlaps between communities [12] and it is computationally efficient and scalable [13]. The
authors of BigClam proposed to perform community detection in the Bernoulli-Poisson model
using maximum likelihood estimation with the coordinate ascent. Some other authors proposed

Markov chain Monte Carlo estimation or block coordinate ascent.

Model definition

The authors of NOCD [13] propose to optimize a graph neural network instead of considering a
free variable optimization over the community affiliation matrix £'. The main idea is to generate

a community affiliation matrix given the graph neural networks (GNN):
F := GNNy(A, X) (2.44)

It is important to ensure the non-negativity of the affiliation matrix. A rectified linear unit
in a neural network can perform this operation. Therefore, a ReLU non-linearity is applied

element-wise to the output to make the non-negativity of the community affiliation matrix F'.
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The negative log-likelihood of the Bernoulli—Poisson model is

—logp(A|F) ==Y log(l —exp(—F,F1))+ > F,FY (2.45)

(u,v)EE (u,v)¢FE

Due to the sparsity of many real-life graphs, non-edges are much more common than edges. To
overcome this issue, the authors of NOCD [13] proposed balancing the terms of the negative

log-likelihood according to the standard technique for imbalanced data [72].

L(F) = —E(uu)~ppllog(l — exp(—=F,F] )] + Ewompy [FuF)y | (2.46)

Here, uniform distributions over edges and non-edges are represented by Pr and Py respectively.

In our case, we follow the same approach as in NOCD [13]. To learn the community affiliation
matrix F', the authors of BigClam [1, 73] directly optimized the affiliation matrix F'. Unlike
these traditional approaches, we optimize the parameters of the GNN to obtain a more accurate
affiliation matrix. The equation (3.9) generates the loss. This loss is back-propagated in the GNN

encoder to learn the parameters V.

It has several advantages to use graph neural networks for community detection. First, due
to the nature of the aggregation scheme in a graph neural network, the graph neural network
generates similar community embedding for neighboring nodes. As a consequence, the quality
of predictions is improved compared to simpler models. Moreover, these settings help us to
incorporate node attributes into the model without any extra formulation. If the node features X

are not found, we can simply consider A as node features [44].

Scalability

The Bernoulli-Poisson model may allow us efficiently compute the loss L(F') and its gradients
w.r.t. /'. Combining the catching trick [1] with this NOCD model, it is possible to reduce the
computational complexity from O(N?) to O(N + M). It is also possible to consider mini-batches
of edges and non-edges from a graph when computing the loss function. This will help us to get
rid of computing loss for the whole adjacency matrix. Now if the mini-batch size is .S, then we

can compute the gradient of the loss VL in O(S). thus approximately computing VL in O(S).
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Figure 2.5: BigClam community affiliation network [1].

Figure 2.6: NMF and deep NMF [2])



Chapter 3
Overlapping Community Detection Model

Communities are defined on a graph as the dense sub-graphs of the graph. According to the
most recent research, a community is a group of nodes. These nodes have a higher probability
of forming edges within the group than forming edges with nodes outside of the group [13,74].
We adopt this definition of a community to develop our framework of overlapping community
detection. We consider a graph generative model p(G|F'), for a graph G [1, 13]. Here, F is the
community affiliation matrix. This is a N x C' matrix, where N is the number of nodes in the
graph and C' is the number of communities in the graph. F;; represents the strength of node 7 in
community j, i.e., the affiliation of node ¢ to community j. According to this model p(G|F),
we can generate the graph G given F'. However, overlapping community detection is exactly
the opposite task. We have to find the unobserved affiliation matrix F' given a graph G [1, 13].
We can optimize F' by minimizing some loss function based on the model p(G|F') [1]. On the
contrary, we can feed the graph GG into a GNN; then we can optimize the GNN to generate a
more accurate F' [13]. The latter approach performs better in most cases [13]. In this thesis, we

follow the GNN-based approach to optimize F'.

3.1 Model Overview

We consider an unsupervised approach in this study. Essentially, we design an encoder and
decoder-based approach to tackle the problem of overlapping community detection (Figure [3.1]).
The encoder takes a graph G as input and generates the community affiliation matrix F' as output.
The decoder takes F as input and produces a loss. We use the loss generated by the decoder
to train the encoder. Indeed, we use a GNN-based encoder [13,44] and the Bernoulli-Poisson
decoder [13]. A shallow GNN with two layers was used in the previous study [13]. However,
GNNs can have up to 1000 layers [75]. These deep GNNs are better than shallow GNNs in
terms of learning capability [52]. Increasing the number of layers causes some issues such as

over-smoothing and the vanishing gradient problems [52]. Consequently, learning completely

27
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fails. In the case of point cloud learning, these issues are resolved by residual connections [53],
dynamic edges [52, 61, 76], and dilated aggregation [52,76] where the considered graph has
a fixed neighborhood size. However, in the case of general graphs, the number of neighbors
for each node varies widely. Moreover, the information coming from the edge weights of
weighted graphs is also crucial. It is still open to incorporating the concept of dilated aggregation,
dynamic edge, and the information from edge weights in the case of general graphs (having
variable-sized neighborhoods) to achieve deep GCN models. We are the first to introduce these
concepts successfully in the case of general irregular graphs to achieve deep GCNs. We term
our deep GCN model DynaResGCN. Moreover, we explore different approaches to considering
edge-weights of weighted graphs. These approaches combined with DynaResGCN are described
in Table 3.1. Finally, we unify the idea of dynamic edges, dilated aggregation, and consideration
of edge weights in an encoder-decoder-based framework for overlapping community detection.
In the following, we describe our approach to achieving the Deep GCN (DynaResGCN) encoder,
the corresponding Bernoulli-Poisson decoder to train the Deep-GCN encoder, and the training

algorithm.

3.2 Deep Dynamic Residual GCN encoder

A deep-GCN encoder is a GNN with many layers having the capability of effective learning.
However, it is not possible to achieve a deep-GCN by increasing the number of layers in shallow
models due to the over-smoothing and vanishing gradient problems [52]. In this study, we
introduce a deep-GCN encoder for overlapping community detection in graphs. We incorporate
the idea of residual connections, dynamic edges, and dilated aggregation in a single framework
which we term DynaResGCN (Figure 3.2). This figure explains the whole architecture of the
deep DynaResGCN encoder where message passing of GNN is shown for only a single node
(for simplicity). At each layer, information is aggregated from a fixed number of random nodes.
Some of these nodes are chosen from the first hop and others are chosen from the second hop
neighbors based on the dynamic dilated aggregation algorithm. The descriptions of each part of

the architecture are provided in the following text.

3.2.1 Residual Connection

The idea of residual connections was first introduced in CNN for image classification [53]. Later,
this idea was transferred into GCN for point cloud learning [52] and has been successfully
applied to achieve deep models. In fact, residual connections solve the vanishing gradient
problem [53]. In this study, we incorporate residual connections into the GCN encoder for
overlapping community detection. If A is the normalized adjacency matrix [13], the feature

matrix is X at layer [ and the learnable weight matrix is 1/} at layer /, then computation of the
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Figure 3.1: The overlapping community detection model based on the deep DynaResGCN
encoder and the Bernoulli-Poisson decoder.
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Figure 3.2: The architecture of the deep DynaResGCN encoder.
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GCN encoder at layer [ is expressed as:
X141 = ReLU(AX,W)) (3.1)
In our study, we incorporated residual connection at layer [, as follows:

X141 = ReLU(AX,W)) + AX, (3.2)
= X7+ AX, (3.3)

The additional term in equation (3.2) is AX,. This term connects the input X; with the output
Xi+1. Consequently, a direct connection is created in the computation path, which enables
smooth flow gradients, and therefore, gradients do not vanish away, which potentially solves the

vanishing gradient problem.

3.2.2 Dilated Aggregation

The concept of dilation came from the wavelet processing domain. Specifically, the algorithm
named dilated wavelet convolution was designed for wavelet processing [77,78]. For predictive
learning, Yu and Koltun [76] proposed dilated convolution for dense prediction tasks. Their aim
was to compensate for spatial information loss due to pooling operations. Dilated convolutions
were shown to significantly improve the accuracy of dense prediction tasks through aggregating
multi-scale contextual information [76]. In fact, dilation increases the receptive field without
leading to a loss of resolution [52]. Consequently, dilated aggregation was applied to GNNs
for point cloud learning [52]. In the point cloud, a neighborhood is constructed for each point
using the k-nearest neighbor (k-NN) approach [52]. Then, dilation is applied through sub-
sampling from the fixed neighborhood [52]. For instance, let us assume that £ = 10. Then the
nearest neighborhood of size 10 is constructed from the point cloud for each point. For each
point, the nearest neighbors can be ordered based on the distance. To perform dilation, every
even-numbered neighbor can be skipped and every odd-numbered neighbor can be considered.
Thus, aggregation for information could be done from the first, third, fifth, seventh, and ninth
neighbors. As a result, this aggregation is called dilated aggregation. Using dilated aggregation,
it is possible to reach distant neighbors without increasing the number of neighbors considered

for aggregation.

However, there is no flexibility in the neighborhood size in general graphs. For each node, the
neighborhood is defined according to the graph structure. In fact, the size of the neighborhood
in general graphs varies widely. Therefore, the fixed-sized k-NN approaches are not applicable
to the general graphs. An adaptive approach, that accounts for the variable neighborhood size,
is required to be designed. It is also possible to define the neighborhood of the general graphs

based on proximity. For instance, we can define first-order proximity based on the first-hop
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neighbors of a node. Accordingly, second-order proximity may be defined considering all the
first-hop and second-hop neighbors. If we consider the first-order proximity and sub-sample
from the first-hop neighbors, there is a possibility of information loss due to losing a number of

first-hop neighbors. In the case of higher-order proximity, the neighborhood size can be large and

intractable in practical cases. Moreover, a large number of neighbors can boost over-smoothing.

Over-smoothing means very similar features for all the nodes in such a way that all the nodes lose
distinguishability. To tackle these challenges, we designed novel dilated aggregation algorithms
that can be combined with the concepts of dynamic edges and edge weights.

In our design, we have to handle two rival issues. Firstly, dilation in first-order proximity results

in information loss. On the contrary, the neighborhood size increases at a quadratic rate when

second-order proximity is considered. To achieve a fair balance between these rival issues, we

choose the augmented neighborhood size of a node as 2 x m where m is the degree of the node.

Then, we choose m nodes from the first hop and the remaining m nodes from the second hop.

We design augmentation algorithms (Algorithm 1, Algorithm 2) to choose the nodes from the
second hop neighbors. Using a weighted augmentation algorithm, we can exploit the information
in the weights of the edges to choose neighbors from the second hop. Finally, we introduce
dilation in this augmented neighborhood. We have designed different dilation schemes where
we can exploit information coming from the edge weights. The simplest dilation scheme is to
sub-sample 50% nodes randomly from this augmented neighborhood. After sub-sampling, each
node would have m neighbors effectively. Thus, we do not increase the effective neighborhood

size while we can aggregate information from the distant nodes.

Let us consider an m-regular graph. In this case, first-order proximity considers a neighborhood
of size m. However, the second-order proximity would consider m? 4 m neighbors. In our
approach, we consider an augmented neighborhood of size 2 * m which is not much larger. To
implement dilation, we sample 50% nodes from this augmented neighborhood. Therefore, the
effective number of neighbors is 2 x m % 0.5 = m, which is the same as the number of original
first-hop neighbors. Therefore, the possibility of information loss due to dilation is diminished

with the advantage of a larger receptive field.

Now, the question arises that how to achieve the augmented neighborhood. It is possible to
choose m nodes from the first-hop neighbors. However, the issue is, how to choose the remaining
2 * m — m = m nodes from the second-hop neighborhood of size m?. To resolve this issue, we
designed augmentation algorithms, which are explained later. Finally, to implement dilation, we

designed different sampling procedures based on various criteria.

3.2.3 Dynamicity of Edge

The dilated aggregation procedures inherently lose some first-hop neighbors. When the same

dilated neighborhood is considered at every layer of the GNN, some of the first-hop neighbors
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are never explored for each node. This fixed neighborhood at every layer effectively alters the
original graph. Moreover, this introduces over-smoothing as the information from the same
neighbors is aggregated at each layer. Consequently, learning is not possible. To remedy this
issue, we consider different sub-sample of neighbors from the augmented neighborhood at every
different layer. Therefore, the neighborhood is different at every layer. In essence, the edge set of

the graph becomes dynamic. Interestingly, the concept of dynamic edge and dilated aggregation

can be unified. As a result, learning becomes stable and better than static approaches [61,79, 80].

In the case of point clouds, the nearest neighbor graph is dynamically constructed after every

layer [61,79]. To introduce this concept into the DynaResGCN encoder, the adjacency matrix is

constructed differently at each layer based on the augmentation algorithm and dilation scheme.

Let us assume A; is the adjacency matrix at layer [ where A; is different in different layers.

Therefore, the computation at layer [ defined in (3.2) is updated to the following

X1 = ReLU(AX, W) + A X, (3.4)
= X7+ A X (3.5)

Algorithm 1 Graph Augmentation (Random) : Input G = (V, E)

1: for each node u in the graph do
Let S, be the set of original neighbors of u
Let S/, be the set of augmented neighbors of u
Initialize S;, with the elements of S,
for eachnode v € S, do
Obtain a random node w ¢ S!, from the neighbors of v (w € S,)
Assign w in S,
8:  end for
9: end for
10: Return G’ = (V, E) considering augmented neighborhood

A A o

Algorithm 2 Graph Augmentation (Weighted): Input G = (V, E)

1: for each node « in the graph do

2:  Let S, be the set of original neighbors of u

3:  Let .S/ be the set of augmented neighbors of u

4:  Initialize S, with the elements of S,

5 for each node v € S, do

6 Obtain the most weighted node w ¢ S!, from the neighbors of v (w € S,)
7 Assign w in S},

8:  end for

9: end for
10: Return G’ = (V, E’) considering augmented neighborhood
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3.2.4 Dynamic Dilated Aggregation Schemes

The ideas of residual connection, dilated aggregation, and dynamic edge are unified in a single

framework by the equation (3.4). In this section, we define augmentation algorithms and different

dilated aggregation techniques. The adjacency matrices A, are generated using these algorithms.

We employ two augmentation algorithms: 1) random augmentation (Algorithm 1), and 2)
weighted augmentation (Algorithm 2). The random augmentation algorithm is applicable to any
graph. However, the weighted augmentation algorithm exploits the information coming from the
edge weights of a weighted graph. In Figure 3.3, we show random augmentation and random

sampling for a single node. In the following text, we describe different dilated aggregation

schemes based on the different sub-sampling/dilation procedures of an augmented neighborhood.

Random Dynamic Dilated Aggregation:

For random dynamic dilated aggregation, at first, we apply Algorithm 1. All the first-hop
neighbors are considered in this algorithm. Additionally, for each first-hop neighbor, a new
node from the second-hop neighborhood, connected to the first-hop node, is considered. Now,
at each layer, we randomly sample 50% of the nodes from the augmented neighbors. The
sampling at each layer differs from the sampling at other layers, which allows to explore
different neighborhoods. Thus, we employ the concept of dynamic edges, in terms of dynamic
neighborhoods, with dilated aggregation. This random dynamic dilated aggregation helps in

resolving the over-smoothing problem [52].

Weighted Dynamic Dilated Aggregation:

For weighted dynamic dilated aggregation, we first apply Algorithm 2. All of the first-hop
neighbors are considered in this algorithm. Additionally, for each first-hop neighbor, a new node
is considered from the second-hop neighborhood connected to the first-hop node. This new
node is the most weighted node connected to the first-hop node. The remainder of this process
is similar to random dynamic dilated aggregation. In this aggregation scheme, we attempt to

exploit the information coming from edge-weights.

Weighted Differential Dilated Aggregation:

In this approach, a weighted augmentation algorithm (Algorithm 2) is used to augment the graph.

Then at each layer, importance sampling is performed, in which the first-hop neighbors are given
more importance than the second-hop neighbors. However, the amount of priority to be given to
the first-hop neighbors over the second-hop neighbors is a hyper-parameter. In our experiment,
we consider 80% importance for the first-hop neighbors and 20% importance for the second-hop

neighbors. As a result, the first-hop neighbors are selected with a probability of 0.80, and the
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Figure 3.3: (a) A graph (network) (b) in which a node (red) is considered, (c) first-hop neighbors
and second-hop neighbors are indicated in yellow and green, respectively, (d) graph augmentation
up to second-hop neighbors, (e) dilated neighborhood at one layer (random), and (f) dilated
neighborhood at another layer (random)
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second-hop neighbors are selected with a probability of 0.20. The intuition behind this step is

that if a neighbor is more important to a node, then it should be directly connected to the node.

Being a second-hop neighbor automatically implies less importance, irrespective of the weight.

3.3 Bernoulli-Poisson Decoder

In this section, we describe the Bernoulli-Poisson decoder and the process of computing loss
function based on the generated affiliation matrix £'. Indeed, the final layer of the GCN encoder
generates the affiliation matrix, F'. To train the GCN, we need to calculate the loss. To generate
the loss, we exploit the Bernoulli-Poisson model. In fact, the BigClam model [1] and other
works [31,50] proposed the Bernoulli-Poisson (BP) model. The BP model is a graph generative
model. According to this model, for each node u, there is a community affiliation vector F;, with
dimension k. This model generates the adjacency matrix, A, for a given community affiliation

matrix I, as follows:
Ay ~ Bernoulli(1 — exp(—F,F1)) (3.6)

For a community ¢ and nodes u and v, there is a probability of forming edge between u
and v. This probability is related to the affiliation of nodes u and v to community c. That
probability is 1 — exp(—F..F,,). Each community has an independent probability of forming
edge between every pair of nodes in the graph. In essence, the probability of an edge between
and v, considering every community, is given by 1 — exp(—Y__ F,..Fy.) [1]. This BP model
can generate nested and hierarchical communities and also can model densely overlapping
communities [12, 13]. Yang et al. [1] performed maximum likelihood estimation (MLE) to infer
communities in the BP model with the coordinate ascent. In contrast, Zhou et al. [31] applied
a Markov chain Monte Carlo estimation to infer overlapping communities. For our case, we
assume F' is generated by the GNN encoder. For a given graph with adjacency matrix A and
feature matrix X, we generate the community affiliation matrix using the DynaResGCN encoder
as follows:

F = DynaResGCN, (A, X) (3.7)
Now, according to the BP model, the negative log-likelihood is [13],

—logp(A|F) =— > log(1—exp(l1—F,Fl)+ Y F[F (3.8)

(uv)eE (uv)EE

Due to the sparsity of many real-life graphs, non-edges are much more common than edges. To

overcome this issue, the authors of NOCD [13] proposed balancing the terms of the negative
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log-likelihood according to the standard technique for imbalanced data [72].

L(F) = —E@n~ppllog(l — exp(—F EN))] + Euuypy [FuF ] (3.9)

Here, uniform distributions over edges and non-edges are represented by Pr and Py respectively.

In our case, we follow the same approach as in NOCD [13]. To learn the community affiliation
matrix F', the authors of BigClam [1, 73] directly optimized the affiliation matrix F'. Unlike
these traditional approaches, we optimize the parameters of the GNN to obtain a more accurate
affiliation matrix. The equation (3.9) generates the loss. This loss is back-propagated in the GNN

encoder to learn the parameters 1/;. Next, we describe our training algorithm.

3.4 Training Algorithm

This section describes our end-to-end training algorithm to optimize the deep DynaResGCN
encoder for generating better community affiliation matrix. For simplicity, we consider 7 as the
total number of epochs. In our implementation, we consider early stopping criteria when the

learning becomes stable. In step (10) of this algorithm (Algorithm 3), we sometimes vary the

Algorithm 3 Training Algorithm

1: Perform graph augmentation (random, weighted)
2: Build the GNN encoder with a predefined number of layers n
3: For each layer, generate the adjacency matrix A, based on the dilated aggregation scheme
4: for each epoch e in 7 do
For stochastic learning, sample a batch edges F.
Feed the normalized feature matrix X to the GNN as follows
for each layer [ in total p layers do
Xl+1 = RCIU(AZXIVVI> + Ale
end for
10:  Get the community affiliation matrix /' = X, from the output of the GNN
11:  Calculate loss using equation (3.9)
12:  Calculate gradients using this loss
13:  Update the network parameters W; using the gradients
14: end for

R

loss function by adding the conductance to the loss calculated by equation (3.9). Conductance
is one of the most important evaluation metrics, as explained later. The lower the conductance
value, the better the quality of detected overlapping communities [1]. Therefore, conductance

behaves like a loss. Consequently, we can add conductance directly to the loss function.
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3.5 Differences with Existing Works

In this section, we discuss differences of our work with the relevant literature. Our method

consider the DynaResGCN model as the encoder and the Bernoulli-Poisson model as the decoder.

On the decoder perspective, we use the same decoder as the NOCD. However, we work mainly
on the encoder part. Our DynaResGCN encoder is a deep GCN model which can handle irregular

graphs whereas the state-of-the-art deep GCN model [52] is designed for only regular graphs.

Therefore, our model is more suitable for graphs having larger community diameter. We also
consider residual connection and edge dynamicity which are not considered in the shallow GCN
of NOCD. Other related works such as SLPA, BigClam, DEMON, DANMF, MNMEF, etc., do
consider any graph convolutional network. Therefore, these works are inherently different from
our work. Finally, in Table 3.2, we provide a complete conceptual comparison of our method

with the relevant literature and existing works.
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Table 3.1: Our studied methods considering different dilated aggregation schemes and loss
functions

Method Dilation Algorithm | Weight | Loss Function

DynaResGCN random no reconstruction error (3.9)
DynaResGCN+cond random no reconstruction error (3.9) + conductance
DynaResGCN+weight weighted yes reconstruction error (3.9)
DynaResGCN-+differential weight | weighted differential | yes reconstruction error (3.9)

Table 3.2: Conceptual comparison of our method to the relevant literature.

Overlapping  Large Dil.Agg. Deep

Algorithm/ . . Residual Edge .
community community . . .. inirregular GCN Reference
Model . . connection dynamicity 1
detection  diameter graphs  model
DynaResGCN+BP v v v 4 4 v Ours
NOCD v X X X X X [13]
DeepGCN X N/A v v X 4 [52]
BigClam v v X X X X [1]
SLPA 4 v X X X X [21]
DEMON 4 4 X X X X [22]
DANMF v v X X X X [2]

(1) Dilated aggregation in the graphs having variable-sized neighborhoods.



Chapter 4
Experimental Study

In this study, we propose different methods based on the different dilated aggregation schemes
and different types of graphs (weighted/unweighted). These methods are listed in the Table
3.1. In order to perform evaluation and validation, we have extended the code base of NOCD
to implement our ideas. We have two types of datasets: 1) without ground truth, and 2) with
ground truth. The research topics dataset (n ~ 6K) [54] is a medium-sized dataset without
ground truth information. All other datasets have ground-truth information [13, 55]. These
datasets with ground truth are of two types: 1) small (n < 800) datasets (Facebook datasets [55]),
and 2) very large (n > 20K up to 65K) datasets ( [13]). We vary the number of layers from
10 to 90 in steps of 10 for the topics dataset. However, for the small datasets, we vary the
number of layers starting from 2 up to 15 in the set {2,3,5,7,10,15}. For the very large
datasets, we vary the number of layers up to 50 in the set {2,3, 5,7, 10, 15, 20, 30,40, 50}. We
also consider network widths of 16, 32, 64, or 128. We determine the width for a dataset
and use it for all other cases. The threshold to consider a node in a community was also
varied in the set {0.05,0.10,0.125, 0.20, 0.30, 0.35, 0.40, 0.50}. For each dataset on each of our
considered methods, we find the best model depth and threshold through grid search. Then,
for the best hyper-parameter set, we run 50 iterations with different initialization. Finally, we
report the mean value of the respective metric over these 50 iterations. In the topics network,
we set the number of communities to 100 which is determined based on searching in the set
{25,50,100,200} and considering the best performing one. For the datasets having ground
truth, we set the number of communities as it is in the ground truth (similar to NOCD). We also
perform a statistical test to determine the statistical significance in the case of the datasets having
ground truth. In the following text, we elaborately describe our baselines, datasets, metrics,
statistical testing procedure, experimental setup, results and analyses. Our code is available at

https://github.com/buet—-gd/Deep-DynaResGCN-community.
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4.1 Baselines

In the case of the topics dataset, we use SLPA [21], DEMON [22], MNMF [37], BigClam [1],
DANMEF [2], and NOCD [13] as the baselines. For NOCD [13], we use their publicly available
code. For other baselines, we use the implementations in the CDIlib python library with default
parameters [81]. In the case of other datasets with ground truth, we compare our methods
with the same baselines used in the NOCD [13]. Our method DynaResGCN-G denotes the
DynaResGCN method without considering node attributes while DynaResGCN-X denotes the

same method considering node attributes. As we consider the exact same baselines on the

same datasets as described in NOCD [13], we report the results already published in [13].

These baselines include BigClam [1], EPM [31], SNetOC [50], CESNA [73], SNMF [36],
CDE [35], DeepWalk [46] with Non-exhaustive Ovelapping K-means [82](DW/NEO) , and
Graph2Gauss [49] with Non-exhaustive Overlapping K-means [82] (G2G/NEO).

4.2 Datasets

All of our datasets are described in Table 4.1. We use a topics graph dataset [54] which is based

on various research-topics. We can observe a small portion of the topics network in Figure 4.1.

Every topic is a node in the graph. Two topics are connected by an edge if a researcher works on
both topics. One of the main motivations of using the topics network is the use of visualization to

understand overlapping community structures. Most works in the literature evaluated the results

of experiments on community detection by just observing the values of the evaluation metrics.

In fact, the similarity/dissimilarity between two different topics is evident from the name of the
topics. For instance, if we consider computer science and algorithms, then it is clearly evident

that they should belong to the same community. On the contrary, if we consider bio-chemistry

and graph theory, then it is also obvious that they should not belong to the same community.

Thus, we can generate a heatmap of similar topics groups and dissimilar topics groups which

would help us understand the results empirically/visually. This heatmap is explained later.

We also consider very large co-authorship networks compiled by authors of NOCD from

Microsoft Academic Graph [13]. In these datasets, the communities are assigned roughly

based on the respective research areas. In this case, hand-labeled ground truth is not available.

Therefore, these datasets are not reliable. However, these datasets may help to understand the

scalability of the different methods in the case of very large graphs.

Finally, we consider real-world social network datasets [55]. These are small datasets with
reliable ground truth where communities are hand-labeled. Using these datasets we can estimate

community recovery with much better reliability.

In essence, we experiment on datasets having different sizes/scales with the number of nodes

ranging from 66 up to 65K . Along with very different sized datasets, we use datasets with
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Figure 4.1: Two overlapping communities in a small portion of the topics network.
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hand-labeled ground truth, datasets with empirically assigned ground-truth, and datasets without

ground truth which ensure the robustness, reliability, and strength of the evaluation procedure.

4.3 Evaluation Metric, Visualization and Statistical Signifi-

cance Test

To evaluate our methods, we considered several evaluation metrics including conductance,
clustering coefficient, density, coverage, normalized mutual information. We also considered
a heatmap visualization. Finally, we performed statistical significance tests. These things are

described in detail in the following text.

4.3.1 Evaluation Metric

In the case of the topics dataset, we consider different quality measures or fitness functions to
evaluate the detected communities. These quality measures include conductance [1], clustering
coefficient, density, and coverage. Among these fitness functions, conductance is considered
as the main evaluation metric [83]. However, conductance can show very good performance in
some corner cases where the actual performance is not good at all. To detect these degenerate
cases of conductance, we incorporate other metrics such as the clustering coefficient, density,
and coverage. It is impossible that corner cases with very poor actual performance would show
good performance in terms of conductance and all other metrics. Among all of the metrics, we
consider, conductance is the most important metric, because it captures the basic definition of a
community [1]. The higher the density of edges among the internal nodes of a community, and
at the same time, the lower the density of edges from the community nodes to the nodes outside
of the community, the better community is detected. Conductance captures this definition of a
community. However, some degenerate cases can occur in the case of conductance, if the number
of communities is very low. In this case, conductance will be very good (very low). However,
other metrics will indicate poor performance in such cases. The clustering coefficient captures
the percentage of triangles in a community. Thus, this metric measures how strong a community
is, without considering the outside nodes of a community. Therefore, if a method performs
well in terms of conductance and also comparatively well in terms of all other metrics then this
method is a good method. In the case of topics network, we also use heatmaps to understand the
overlapping tendency of various communities. In the case of other datasets, we use normalized
mutual information (NMI) [57], to measure the similarity between ground-truth communities and
predicted communities. In the case of the Facebook datasets, we visualize the largest detected
community to understand the quality of the detection. To understand the definitions below, let

us assume S is the set of nodes in a single community. S1,Ss, ..., Sk denotes the set of nodes
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in different communities. F' is the affiliation matrix defined earlier. In the following text, we

describe each of the measures and also the visualization processes.

Conductance: We consider the average conductance of the detected communities (weighted by
community size); The lower the conductance, the better the performance. In fact, conductance

covers the intuitive definition of community [1].

Outside(S) = > Ay, (4.1)
ueS,vg¢S
Inside(S) = ) Aw (4.2)
u€S,vESvFU
Outside(.5)
Conductance(S) = Ins,1de(5)+0utside(8) 43

AvgConductance (S, ..., Sk) = | ZConductance(S) |S;] 4.4)

Z|5

Coverage: Coverage refers to the percentage of edges explained by at least one community i.e.,
if (u, v) is an edge and both nodes share at least one community, then this edge is explained by

at least one community; the higher the density, the better the performance.

Coverage(Sy, ..., Sk) = \E| Z 1[FI'F, > 0] 4.5)

uveEER

Density: The average density of the detected communities (weighted by community size); the

higher the density, the better the performance.

number of existing edges in S

p(S) =

) 1
Angensr[y(Sl, vy Sk) = W Z p(Sl) : ‘Sz‘ (47)

4.6
number of possible edges in S (4.6)

Clustering Coefficient: The average clustering coefficient of the detected communities

(weighted by community size); a higher clustering co-efficient is better.

number of existing triangles in S

ClustCoef(S) = (4.8)

number of possible triangles in S

AvgClustCoef(S,, ..., Sp) = ‘ZCIUStCoef( ) - 1S (4.9)

Z\S

Normalized Mutual Information (NMI): It is an information similarity measure between the
ground truth communities and the detected communities [57]. We use this measure when we

have ground truth information. If we are given two community affiliation matrix X"*%= and
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Y™Ky We have to measure the similarity between these two community structures. To compare
community ¢ of X with the community j of Y, we get the column vectors X; and Y);. Then we

find the following quantities.

a= i[xim:()/\yjmzo] (4.10)
m=1

b:i[xim:m\ygm:u @.11)
m=1

= i[xim:myjm:m (4.12)
m=1

d= zn:[ximzmyjm: 1] (4.13)
- (4.14)

If a4+ b =mnand b = c = 0, then two vectors X; and Y; are in complete agreement. The lack of

information in X; given Y is as following:

H(Xi|Y;) = H(X;,Y;) — H(Y;) (4.15)
= h(a,n) + h(b,n) + h(c,n) + h(d,n) — h(b+ d,n) — h(a + ¢, n) (4.16)

where h(w,n) = —wlog, . However, this measure has a problem that if two vectors X; and Y
become near complement of each other, then mutual information will be high. It is not expected.

We want that mutual information should be zero in this case. Thus it is refined as follows:

H(X,|Y; it hi(a,n) + h(d,n) > h(b,n) + h(c,
ey - [HOA) i ha,m) + h(d.n) > hibn) < hlen)
h(c+d,n) + h(a+b,n) otherwise.

This allows us to compare two vectors. Now we compare X; with the entire Y matrix as follows,

HX,|Y)= min  H'(X,|Y). (4.18)

HX|Y)= Y  HXlY) (4.19)

We define H (Y| X) as we have defined H (X |Y') where the roles of X and Y is reversed. Now
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we define whole entropy of X as,

Ky
H(X) =Y H(X)) (4.20)
Z;Il n n
— (h (Z[Xim = 1],n> +h (Z[Xim = 0],n)> . (4.21)
i=1 m=1 m=1
We need the following identities based on the Figure 4.2.
HX)=I1(X:Y)+ HX|Y) (4.22)
HY)=I1(X:Y)+ HY|X) (4.23)
H(X,Y)=H(X)+ H(Y|X) (4.24)
H(X,)Y)=H(Y)+ H(X|Y) (4.25)
HX,)Y)=I(X:Y)+ HX|Y)+ HY|X) (4.26)
Mutual information is defined as
I(X:Y):%[H(X)—H(X|Y)—|—H(Y)—H(Y|X)] (4.27)

Now our normalized mutual information

I(X:Y)

NMI,0r = max(H (X),H(Y))

(4.28)

This normalized mutual information is more accurate than many previous methods like N M I p g,
RandIndex, Omegalndex, etc [84]. Most previous works considered NMI as a comparison
metric whenever the ground truth available [13]. This NMI metric reduces unintuitive behaviour

of previous metrics.

4.3.2 Heatmap Visualization

In the case of the topics dataset, we know the name of the topics which are similar and the name
of the topics which are dissimilar. To generate each heatmap we consider a total of nine topics.
Among these nine topics, every three topics are similar. Thus we have three groups of similar
topics. However, two topics from two different groups should be dissimilar. Then, for each topic,
we find the community with the strongest affiliation (as described earlier, we generate community
strength for each community for each node). Now, we know the strongest community for each
topic. Therefore, we have nine communities corresponding to the nine topics. Then, we find
the number of overlapped nodes for each pair of the communities which can be presented as an

overlapping matrix where communities are indexed in the same order both in rows and columns.
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Table 4.1: Our considered datasets

Dataset Nodes | Edges | MCD! | Connectivity? | Ground truth | Comment

Topic 5947 | 26695 N/A v Not available | Research topics network [54]
Facebook 348 227 6384 4 X Hand-labeled | Social network [55]
Facebook 414 159 3386 2 X Hand-labeled | Social network [55]
Facebook 686 170 3312 5 X Hand-labeled | Social network [55]
Facebook 698 66 540 2 X Hand-labeled | Social network [55]
Facebook 1684 792 28048 5 X Hand-labeled | Social network [55]
Facebook 1912 755 60050 3 X Hand-labeled | Social network [55]
Computer Science | 21957 | 193500 | INF v Empirical® Co-authorship network [13]
Engineering 14297 | 98610 INF v Empirical® Co-authorship network [13]
Medicine 63282 | 1620628 | INF 4 Empirical® Co-authorship network [13]

(1) MCD stands for the maximum community diameter. N/A refers to that ground truth is unavailable. INF
refers that every community-induced sub-graph in the corresponding dataset is a disconnected graph. Therefore,
MCD is undefined and theoretically infinite.

(2) Connectivity says whether the whole graph is connected.

(3) Community assignment is not hand-labeled by a human agent.

oS ¥

Figure 4.2: Mutual information and variation of information



4.4. EXPERIMENTAL SETUP

47

Finally, we normalize this overlapping matrix. This normalized overlapping matrix is shown as a
heatmap. Each cell of the heatmap shows the overlapping strength between the corresponding

communities. The higher the overlapping, the darker the cell.

4.3.3 Statistical Significance Test

We use NMI in the case of the datasets having ground truth. We use a statistical ¢-test to measure
the significance of the difference in mean NMI between NOCD and DynaDesGCN. We perform
a standard t-test with 95% confidence (significance o = 0.05) to test whether the difference
between two means from two different distributions is statistically significant [85,86]. Let 27 is
the mean over n; = 50 (as we run 50 independent initializations for each method) independent
samples from one method where s; is the standard error and 75 is the mean over ny = 50
different samples from another method where s; is the standard error. Then, our null hypothesis
(Hy) is that the difference in the mean is zero (; = po) or statistically not significant. The
alternative hypothesis is that the difference in the mean is statistically different 1 # ps. Now,

we calculate the standard ¢-statistic as follows:

e (4.29)

For a t-test with a significance level of o = 0.05, we calculate upper sided critical value from
the ¢-distribution with degrees of freedom 49 (min(n; — 1,ny — 1)). Let us assume t* is the /2
upper critical value ((1 — «/2) % 100 = 97.5th percentile). If the absolute ¢-statistic is greater
than the ¢*, then we reject the null hypothesis and state that the difference of means is statistically

significant.

4.4 Experimental Setup

We perform our experimentation on GTX GPU in the Linux platform. Some of the experiments
are performed in the Cyverse cloud computing platform [87]. We have implemented our codes
in the PyTorch library with Python version 8. We use weight decay rate as 0.01, learning rate
0.001, batch-normalization, and stochastic loss [13] based on the sampled edges of the original

graph during training. We also use the early stopping criterion for training with a maximum of
500 epochs.



4.5. RESULTS

48

4.5 Results

A previous study [13] demonstrated the effectiveness of graph neural networks for detecting
overlapping communities. They showed that GNNs perform better than free variable optimization
or other direct methods such as BigClam [1, 13], EPM [31], SNetOC, [50] etc. In this study,
we aim to develop a better GNN-based method to detect overlapping communities with higher
detection quality. Specifically, we design a deep GCN encoder considering dynamic dilated
aggregation for the overlapping community detection model [13]. Eventually, we achieve
significantly better results and detection quality compared to other related studies. For evaluation,

we use three different types of datasets. In the following text, we describe our results.

4.5.1 Results on Dataset without Ground Truth

Table 4.2 compares the performance of our various methods with the existing various methods on
topics dataset [54] which has no ground truth. In practice, there are no sufficiently large datasets
with reliable overlapping ground truth information. Overlapping ground truth information is also
more challenging because of subjectivity. It is not impossible to have different ground truths
for the same dataset if the dataset is labeled based on two different perspectives. Moreover,
the amount of overlap between two communities is also subjective. Indeed, large graphs with
hand-labeled ground truth are not openly available. Therefore, though some authors [13] claim
they have overlapping ground truth datasets with large graphs, these are not reliable. Moreover,
these datasets are also not hand-labeled. As a result, it is necessary to evaluate different methods
on unsupervised (having no ground truth) datasets with reliable evaluation metrics. In fact, it
is also good to assess with some auxiliary metrics/fitness functions to detect the corner cases.
Therefore, in this study, we use conductance as the main evaluation metric [1], as well as three
auxiliary metrics to determine whether the main metric (conductance) is actually performing

well. Finally, we attempt to visualize overlapping tendencies using a heatmap.

We compare our methods, DynaResGCN, DynaResGCN+cond, DynaResGCN+weight, and
DyanResGCN+differential weight with NOCD [13], SLPA [21], BigClam [1], DANMEF [2],
DEMON [22], and MNMF [37] on the topics dataset. The results are presented in Table 4.2. In
terms of conductance, DynaResGCN performs the best (the lower the conductance, the better the
performance). Bigclam has the closest performance to DynaResGCN in terms of conductance.
However, in terms of clustering co-efficient and density, BigClam performs the worst. In terms of
coverage, the performance of BigClam is also not good. Therefore, the performance of BigClam,
in this case, is a degenerate case. Among all of the metrics, we consider, conductance is the most
important metric because it captures the basic definition of a community [1]. The higher the
density of edges among the internal nodes of a community, and at the same time, the lower the
density of edges from the community nodes to the nodes outside of the community, the better

community is detected. Conductance captures this definition of a community. However, some



4.5. RESULTS

49

degenerate cases can occur in the case of conductance, if the number of communities is very low.
In this case, conductance will be very good (very low). However, other metrics will indicate
poor performance in such cases. This situation happens for BigClam, which detects only six
communities (automatically). The clustering coefficient captures the percentage of triangles in
a community. Thus, this metric measures how strong a community is, without considering the
outside nodes of a community. Therefore, if a method performs well in terms of conductance
and also comparatively well in terms of all other metrics then this method is a good method. Our
best method DynaResGCN performs the best in terms of conductance and also comparatively

well in terms of the other metrics.

Instead of relying on just numbers, we attempt to understand overlapping community detection
through a novel heatmap visualization approach. We choose three groups of topics to create
heatmaps based on the topic network dataset. The first group consists of graph theory, algorithms,
and theoretical computer science. The second group consists of music, emotion, and cognition.
The third group consists of electro-chemistry, material science, and chemistry. In the heatmap in

Figure 4.3, the topics are arranged in order of the first group, second group, and third group.

The heatmaps show the effectiveness of each method for detecting overlapping regions. It
is evident from the heatmaps that the GNN-based models are very effective for detecting
overlapping communities. It is also evident from the heatmaps that the DynaResGCN-based
models better detect overlapping communities than the shallow models. There is an interesting
observation related to the BigClam model. Based on conductance, BigClam performed very well.
However, in terms of the other metrics, BigClam performed poorly. The heatmaps clearly reveal
that the performance of BigClam based on conductance is a corner case or degenerate case,
where conductance does not reflect the true phenomenon. Therefore, based on the heatmaps,
we confidently conclude that if a method performs well in terms of conductance and also in all
other metrics, only then we can refer that the method is a good/better method. In fact, we are the
first to visualize overlapping communities using heatmaps to better understand the detection of

overlapping communities.

Finally, if we consider the performance with weighted dilated aggregations, then the performance
is almost similar to DynaResGCN. However, in terms of the heatmap, the weighted method seems
to have a better heatmap. Therefore, it is reasonable to consider weighted dilated aggregations. It
also remains a future work to consider weights in the DynaResGCN model in a more meaningful
way.

We also used another visualization technique to assess the quality of clustering. In this approach,
we marked the largest cluster identified by each method. The largest cluster should not contain the
whole network and, also, should not contain a very small portion of the entire network (graph).
The weighted model, unweighted model, shallow model, and SLPA show natural/intuitive
behavior in terms of the largest cluster identification. However, BigClam includes the whole
graph in the largest cluster. NMNF, DEMON, and DANMEF include very small portions of the
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(a) DynaResGCN (ours)

(d) SLPA

(c) BigClam

(f) DANMF

(e) NMNF

dataset. The darker the cell,

1CS

from the top

1CS

tendency of selected topi

ing

Overlapp

Figure 4.3

the higher the overlap.



4.5. RESULTS

51

whole graph as the largest cluster. Therefore, it is evident that the GNN-based models perform

better in community detection.
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Table 4.2: Results from Topic dataset

Method Conductance (|) clustering coefficient (1) Density (1) Coverage (1)
DynaResGCN+cond 0.2144 0.00021 0.00759 0.9984
DynaResGCN 0.1807 0.00037 0.00781 0.9986
DynaResGCN+weight 0.1957 0.00023 0.00767 0.9989
DynaResGCN+differential weight 0.2126 0.00019 0.00652 0.9985
NOCD [13] 0.3049 0.00016 0.01135 0.9999
SLPA [21] 0.3058 0.00217 0.04867 0.8273
BigClam [1] 0.2129 0.00000 0.00175 0.8698
DANMEF [2] 0.2753 0.00008 0.00869 0.7250
DEMON [22] 0.4873 0.00151 0.04199 0.8965
MNMF [37] 0.3965 0.00009 0.00907 0.6179
(a) weighted model (b) unweighted model (c) shallow model
(d) BigClam (e) SLPA (f) NMNF
(g) DANMF (h) DEMON

Figure 4.4: The largest cluster identified from each method in TOPIC dataset
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4.5.2 Results on Datasets with Ground Truth

We compare our best method DynaResGCN model on a set of hand-labeled graphs/networks
and on a set of very large graphs with empirically assigned ground truth. In both of the cases,
we compare the DynaResGCN and NOCD with attributes of the nodes and without attributes of
the nodes in terms of NMI. To evaluate in terms of NMI, we require ground truth. The methods
DynaResGCN-G and NOCD-G are compared without considering the attributes of the nodes
in Table 4.3 and the details on DynaResGCN-G are described in Table 4.4 . On the other hand,
the methods DynaResGCN-X and NOCD-X are compared considering node attributes in Table
4.5 and details on DynaResGCN-X are described in Table 4.9. We explain the results in the

following text:

Dataset with Hand-labeled Ground Truth

These are small graphs from Facebook [55] with reliable (hand-labeled) ground truth. From the
Table 4.3, and Table 4.5, it is clearly evident that our method DynaResGCN significantly
outperforms the nearest best method NOCD in all of the Facebook networks irrespective
of the node attributes. In fact, only in the case of the dataset Facebook 414 NOCD-X
has comparative performance with DynaResGCN-X. In these datasets with ground truth,

DynaResGCN outperforms all the other methods by a large margin.

One of the key implications of our method is the robustness to node features. In fact, in
some cases, DynaResGCN-G outperforms DynaResGCN-X. For instance, in the datasets
including Facebook 348, Facebook 698, Facebook 1684, and Facebook 1912, DynaResGCN-G
is surprisingly robust outperforming all the methods even with node attributes. This implies
that our method can exploit structural information lying in the graph very well. From Table 4.4
and Table 4.9, it is prominent that different datasets have different model depths and thresholds
which in turn proves that model depth and thresholds are subjective to the datasets.

Achieving the state-of-the-art performance from deeper models implies that our method can train
deep GCNs successfully in the general irregular graphs. This proves that DynaResGCN can
resolve the over-smoothing problem and vanishing gradient problem. It also proves that we are
successful to incorporate the concepts of residual connection, dilated aggregation, and dynamic

edges in our DynaResGCN model effectively.

We also attempt to understand the results from the Facebook dataset by visualizing the largest
cluster. Interestingly, the GNN-based methods can clearly identify the largest cluster. Among the
GNN-based methods, the DynaResGCN-X model identified the largest cluster in a clearer way
(Figure 4.5a). The NOCD-X (GNN-based) model can identify the largest cluster in a fairly good
manner. However, in Figure 4.5b, we mark some part that should be in the largest cluster but is
excluded from the largest cluster by NOCD. Other methods like SLPA and DEMON clearly fail
to identify the largest cluster as in Figure 4.5¢c, 4.5d. It is evident that the DynaResGCN based
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Table 4.3: Results for community recovery in terms of overlapping NMI without node attributes
using 50 different initializations.

Dataset BigCLAM CESNA EPM SNetOC CDE SNMF DW/NEO G2G/NEO NOCD-G DynaResGCN-G Significant!
Facebook 348 26.0 294 6.5 240 248 135 312 17.2 34.7 39.8 v
Facebook 414 483 50.3 175 520 28.7 325 40.9 323 56.3 58.1 v
Facebook 686 13.8 133 3.1 10.6 135 11.6 11.8 5.6 20.6 254 v
Facebook 698 45.6 394 92 449 31.6 28.0 40.1 2.6 49.3 51.0 v
Facebook 1684 327 28.0 6.8  26.1 288 13.0 372 9.9 34.7 4.3 4
Facebook 1912 214 212 98 214 155 234 20.8 16.0 36.8 40.1 v
Computer Science 0.0 33.8 DNF DNF DNF 9.4 32 31.2 342 374 v
Engineering 79 243 DNF DNF DNF 10.1 4.7 334 184 373 v
Medicine 0.0 14.4 DNF DNF DNF 4.9 5.5 28.8 274 37.3 v

(1) The significance of the mean difference of NMI between NOCD-G and DynaResGCN-G is determined with
95% confidence based on the standard ¢-test.

Table 4.4: DynaResGCN-G experimental details and results

Dataset Mean NMI  Std error (NMI) Layers Threshold
Facebook 348 39.80 +2.2 7 0.40
Facebook 414 58.02 +3.2 2 0.50
Facebook 686 25.40 +1.9 7 0.35
Facebook 698 51.00 +3.3 5 0.50
Facebook 1684 44.30 +2.6 3 0.50
Facebook 1912 40.10 +1.7 3 0.50
Computer Science 37.4 +1.7 15 0.50
Engineering 37.3 +1.2 15 0.35
Medicine 37.3 +1.1 15 0.35

Table 4.5: Results for community recovery in terms of overlapping NMI considering node
attributes using 50 different initializations.

Dataset BigCLAM CESNA EPM SNetOC CDE SNMF DW/NEO G2G/NEO NOCD-X DynaResGCN-X Significant!
Facebook 348 26.0 29.4 6.5 240 248 135 312 17.2 36.4 39.8 v
Facebook 414 48.3 50.3 175 520 28.7 325 40.9 323 59.8 59.0 X
Facebook 686 13.8 133 3.1 10.6 135 11.6 11.8 5.6 21.0 273 v
Facebook 698 45.6 394 92 449 316 28.0 40.1 2.6 41.7 50.1 v
Facebook 1684 327 28.0 6.8  26.1 288 13.0 372 9.9 206.1 41.0 v
Facebook 1912 214 21.2 98 214 155 234 20.8 16.0 35.6 39.6 v
Computer Science 0.0 33.8 DNF DNF DNF 94 3.2 312 50.2 46.0 v
Engineering 7.9 24.3 DNF DNF DNF 10.1 4.7 334 39.1 39.0 X
Medicine 0.0 14.4 DNF DNF DNF 49 5.5 28.8 37.8 40.0 v

(1) The significance of the mean difference of NMI between NOCD-X and DynaResGCN-X is determined with
95% confidence based on the standard ¢-test.

Table 4.6: DynaResGCN-X experimental details and results

Dataset Mean NMI  Std error (NMI) Layers Threshold
Facebook 348 39.8 +2.2 7 0.35
Facebook 414 59.0 +3.1 3 0.50
Facebook 686 27.3 +2.0 5 0.125
Facebook 698 50.1 +2.3 7 0.50
Facebook 1684 41.0 +2.1 7 0.50
Facebook 1912 39.6 +1.7 3 0.50
Computer Science 46.0 +2.2 2 0.50
Engineering 39.0 +3.3 40 0.35

Medicine 40.0 +2.1 2 0.35
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method is clearly the best method to identify overlapping communities in graphs/networks.
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(a) DynaResGCN models (b) NOCD model

(c) DEMON (d) SLPA

Figure 4.5: The largest cluster identified by each method in Facebook 1912 dataset
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Datasets with Empirical Ground Truth

These datasets include Computer Science, Engineering, and Medicine. These are very large
datasets having nodes up to 65K . Reliable ground truth information is not available for these
datasets. As these are co-authorship networks, ground truth is roughly assigned based on
the research area. In this case, DynaResGCN outperforms NOCD by a large margin when
node attributes are ignored. When node attributes are considered, NOCD can outperform
DynaResGCN only in a single case. In most other cases, DynaResGCN significantly outperforms
NOCD. Moreover, it also proves that DynaResGCN is much more robust to node attributes. In
fact, in some cases, DynaResGCN can reach the best performance even without considering

node attributes.

4.5.3 Execution Time

The execution times for NOCD and DynaResGCN are reported in Table 4.7. In this table,
pre-processing time refers to the time for graph augmentation before training. In the case of
DynaResGCN method, the execution time is reported for the optimal number of layers for each
dataset as it is in the Table 4.4. For the smaller datasets from Facebook, the execution time
for DynaResGCN is less 15 seconds even with deep model upto seven layers. In the case of
very large datasets upto 65 thousands nodes, the execution time of DynaResGCN is less than 15
minutes with deep model upto 15 layers. In fact, the execution time of DynaResGCN is less than

2 minutes even with 15 layers except for the largest dataset (Medicine).

4.5.4 Theoretical Complexity

In this section, we determine the theoretical computational complexity of our DynaResGCN
encoder. For simplicity, we ignore graph augmentation before pre-training. We would like to
find the computational complexity of each iteration of the forwarding pass of the algorithm to
generate the community affiliation matrix from the given graph and feature matrix. We consider
M as the number of edges, D the dimension of the input feature space for each node, C' is
the number of communities, 11 is the network width in every layer except the output layer, L
is the total number of hidden layers. As we sample 50% of the nodes at each layer from the
augmented neighborhood, the effective node degree distribution remains the same. Thus the total

number of effective edges for information aggregation in each layer is the same as M. Now, we

calculate the computational complexity over each effective edge for information aggregation.

The computational complexity from the input layer to the first hidden layer is O(DW). For each

internal hidden layer, it is O(7/?), and for the final hidden layer to the output layer it is O(WC).

Thus, the overall complexity for an edge is O(DW + (L — 1)W? + W (') as the computation of

internal layers is repeated (L — 1) times. Thus overall time complexity considering all the edges
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is,
O(M(DW + W?*(L — 1)+ WCQ)) (4.30)

As we only augment the number of edges by two times for each node, thus memory complexity

would be,
O(M). 4.31)

Our overall computational complexity depends on two things: 1) the number of hidden layers
(model depth) and 2) the number of communities. However, the effect of model depth is more
dominant than the effect of the number of communities. In real life, the number of communities
is unknown in advance and hence we consider a constant number of communities for every case.

In that case, we can ignore the effect of the number of communities.

4.6 Analyses

In the following text, we discuss our insights learned from the experimentation and results. We
analyze the effects different aspects of our model in detail. These includes model depth, residual
connection, dynamic dilated aggregation, edge weights, threshold sensitivity, network comlexity,

etc. We also attempt to find out our limitations and subsequent future directions.

4.6.1 Model Depth

From the experiments on the different datasets, we find that the best model depth is subjective
to the dataset. Sometimes we find that the smaller datasets have the best results with a smaller
number of layers and comparatively larger dataset such as the topics dataset achieves the best
results with a large number of layers. The reason behind this is that the smaller datasets have
smaller community sizes while the larger datasets have larger community sizes. It is evident
that the deeper the GCN model, the more distant neighbors are aggregated. Therefore, the
deep model can aggregate information from distant neighbors, which is required to discover
a larger community. Accordingly, when the community size is smaller, we should explore
closer neighbors which require less deep models. It is clearly evident in Figure 4.6 that the
best model depth is highly correlated with the maximum community diameter (MCD). Even in
some cases model depth is exactly the same as MCD. The key insight here is that we should
not define a fixed depth for the model beforehand, rather we should vary the depth of the model
depending on the nature of the dataset. This implies that the GCN model depth is subjective to
the dataset. However, training deeper models is not trivial. We have to overcome several key

issues in the course of training our Deep DynaResGCN model. One of the key challenges is
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the vanishing/exploding gradient problem which is resolved by residual connection. Another
challenge includes the over-smoothing problem. We have resolved this over-smoothing problem
using randomized dynamic aggregation in the deep DynaResGCN model. In the future, It would
be interesting to explore the relationship between model depth and community detection from a

theoretical perspective.

4.6.2 Dynamic Dilated Aggregation

However, then one question arises why should we need the small depth DynaResGCN model
for the smaller datasets? In fact, the DynaResGCN model achieves superior performance than
the NOCD model in the case of smaller datasets also. Here comes the power of the dynamic
dilated aggregation scheme in the DynaResGCN model. Because of the dilated aggregation

in the DynaResGCN model, it can aggregate information from the second hop neighbors in

one layer of the GCN without increasing the effective number of neighbors (explained earlier).

It is the dynamicity coming from the random sampling of the augmented neighbors, which
allows exploring a number of new neighbors at every different layer because we perform a new
sub-sampling of the neighbors at every different layer. Therefore, the model gets some new
information at every layer. In fact, dilated aggregation mechanism also helps to alleviate the
over-smoothing problem [52]. Moreover, weighted dilated aggregation (in weighted graphs)
allows for the exploitation of the information lying in the edge weights. Hence, dynamic dilated

aggregation is one of the key ideas to achieving better results in the DynaResGCN model.

One of the most important effects of dynamicity of aggregation is the introduction of variance
due to randomness. This variance is one of the keys to resolving the over-smoothing problem. On
the other hand, this variance of node features introduces the distinguishability of the nodes which
may help to identify different clusters. Another source of randomness may be the introduction of
some random noises while aggregating. Let us assume ( is a random noise vector with dimension

d chosen from a zero-mean normal distribution as follows:
¢ ~N(0,10?)

Here we consider uniform variance o over all the dimensions. For n nodes of the graph, we
may consider a matrix of random noises as X"*? which would be added to the features matrix

before each aggregation step as follows:
X=X+X

This approach will ensure a provable variance of o to each value. In the future, we have plans
to explore this idea to reduce over-smoothing in deep GCNs. Interestingly, if we follow the

same distribution to sample noise vectors, the overall noise would be zero in expectation with
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Table 4.7: Comparison of execution time of NOCD and DynaResGCN without node attributes.
Time of DynaResGCN is reported for the best number of layers as in table 4.4. All the times are
reported in seconds.

Dataset NOCD — DynaResGCN —
training  pre-processing + training
Facebook 348 6 12 12
Facebook 414 5 5 5
Facebook 686 5 8 8
Facebook 698 6 9 9
Facebook 1684 6 8 8
Facebook 1912 10 12 12
Computer Science 13 109 113
Engineering 10 63 65
Medicine 28 759 808
71 —#— MCD
—8— Model Depth
6 .
5 -
4
3 .
2 -

66 159 170 227 755 792
Number of nodes in different datasets

Figure 4.6: Maximum community diameter (MCD) with the best model depth.
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considered variance.

4.6.3 Residual Connection

Although the dynamic dilated aggregation mechanism solves the over-smoothing problem and
gives better learning capability, the deep GCN models would still fail to learn because of
the vanishing gradient problem [45,52]. It is the residual connection that provides the direct
connections in the computation path of the deep neural networks. This direct computation
path allows the smooth backward flow of the gradients from the last layer to the beginning
layers. Consequently, the gradients do not vanish away when they reach the beginning layers.
Therefore, the residual connection is essential to train deep GCN models which we use in our
deep DynaResGCN model.

Another important property of residuals is the generalization capability. Some research showed
that residuals increase generalization power [88]. Indeed, residual connection increases the loop
in the neural network which significantly increases the complexity of the hypothesis space to be
learned. A O(1/+/N) generalization bound is proved for neural networks with N sample size. It
would be interesting to explore the generalization bounds of residual graph neural networks in
terms of residual connections. In general, there is a negative correlation between the product of
the norm of all weight matrices and generalization ability. In fact, very complex models do not
generalize well. Therefore, it is required to use regularization of the norm of weight matrices. To
enforce this idea, we also considered L2 regularization of the weights in our model which gives
us better generalization. Most important thing is that, though it seems that residual connection
makes the model complex, it does not increase any learnable parameters or weights. As a result,

residual connections do not affect the generalization in a negative way.

Another interesting benefit of residual connection or skip connection is the preservation of the
norm of the gradient. As it helps to preserve the norm of the gradient, it becomes possible to train
deep neural networks/graph neural networks in a much more stable way with many layers [89].
Indeed, it is theoretically proved that residual connections or skip connections preserve the norm
of the gradient. The more skip connections, the more norm preserving it is. Therefore, adding
residual connections in our DynaResGCN model makes it much more norm preserving while
considering deeper networks. However, deeper networks are more prone to over-smoothing

which hampers the performance of community detection in some cases.

4.6.4 Edge Weight

The topic dataset is the only dataset where we can perform experiments on our dynamic weighted
dilated aggregation algorithms. Though our weighted dilated aggregation algorithms/schemes do

not outperform the random dilated aggregation algorithm, these weighted algorithms achieve
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much better performance than all other considered methods. In the heatmap, we can observe
a better heatmap in the case of weighted methods. Therefore, consideration of edge-weight is

promising. However, it is still an open problem to consider edge-weights in a more meaningful

way so that these weighted methods can outperform random dilated aggregation algorithms.

In our case, we consider weights only in the case of the sub-sampling of nodes. One more
meaningful way is to consider some type of weighted adjacency matrix. It is also possible to
borrow ideas from some shallow models where weights of edges are considered. To the best of
our knowledge, none of the works in the literature considered edge weight in the case of deep

graph neural networks.

4.6.5 Network Property

Another important thing is the property of the network being studied. For example, if the network
is very dense (almost fully connected) then no method can find a community structure in the
network because the network has essentially no community structure. This property of a network
is called the information-theoretic detection threshold [90, 91] which is well defined in the
stochastic block model of community detection [92]. In general, if the graph being studied
is almost regular, then there will be no community structure at all, eventually, no algorithm
can detect a community structure. Therefore, when we study community detection in some
graphs/networks we should also consider the network property of the detection threshold though

it is well defined only for the special stochastic block model [92].

4.6.6 Evaluation Metric

The metric to determine the quality of the detected community is also crucial. In fact, using
only a single metric is always highly risky because if the metric fails due to a corner case then
there is no way to detect this failure. Therefore, having multiple metrics to detect different
characteristics of the detected communities is of utmost importance. We alleviate this issue using
multiple metrics which capture different characteristics of the detected communities. We refer to

a method winning only when it performs better/good in terms of all the metrics considered.

4.6.7 Threshold Sensitivity

We have already discussed that every dataset is different from every other dataset. Therefore,
the cut-off value (threshold) of the community strength (community affiliation) to determine the
community belonging (whether a node belongs to a community) should be varied based on the
dataset. It is not a clever idea to use the same threshold for every dataset. In our experiments,
we vary the threshold in a specified range and determine the best threshold for every dataset. In
the Table 4.4 and Table 4.9, we can observe the best threshold for every dataset. In these tables,
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we can observe that the best threshold is not the same for all datasets. Therefore, it is necessary
to consider variable thresholds in order to achieve the best result from every dataset. The key
finding here is that the threshold value to determine the community belonging is subjective to

the dataset being considered.

4.6.8 Robustness

From the results in Table 4.3 and Table 4.5, it is clearly evident that the DynaResGCN method is
much more robust to node features than that of NOCD or other methods. In fact, the performance
of DynaResGCN-G is much better than NOCD-G. When we do not have specific node features,
then we consider one hot encoded feature vector for every node. As a result, the feature vector
for each node is unique which helps to achieve a deeper model without over-smoothing. When
we have node features, the deeper model does not work well in the case of very large graphs.
The most probable reason is the over-smoothing due to similar feature vectors of many nodes.
Therefore, DynaResGCN achieves better performance without node features due to lower over-
smoothing and it also performs better with node features due to additional information coming
from node features. These two advantages in the two different cases make the DynaResGCN

method much more robust than other related methods.

4.6.9 Statistical Significance

Our best method DynaResGCN is significantly better than the nearest best method in almost every
case. We measure the significance based on a standard ¢-test [85,86] with 95% confidence. In fact,
very few works in the literature provided statistical significance for their results. Therefore, we
can provably state that DynaResGCN is a significantly better method than many state-of-the-art

methods for overlapping community detection.

For all the datasets having ground truth, we performed statistical tests to determine the
significance of the mean difference. For each case of the results, we performed statistical
significance test with 95% confidence. As we are considering 50 iterations, and each case
performed random initialization, we can consider the t—test to measure the statistical significance
of our results. If the difference is not statistically significant, then we marked both as the best.

Otherwise, the best one is marked.

4.6.10 Scalability

GCN-based methods are extremely scalable for overlapping community detection. The execution
time for DynaResGCN is less than 15 seconds even with 7 layers for small datasets. In this

case, DynaResGCN does not impose any extra burden on the execution time. In the case of



4.6. ANALYSES

64

datasets up to 22 thousand nodes, DynaResGCN took less than 2 minutes of execution time
with a deep model up to 15 layers. In fact, the execution time of DynaResGCN is not more
than 15 minutes even with a very large dataset (65K nodes) with the deep model. Therefore,
our method DynaResGCN is highly scalable even with a very deep model. As a result, the
GCN-based deep methods would be much more suitable than any other method in practice where
real-time overlapping community detection is required and even in the case where networks are

very dynamic such as social networks.

4.6.11 Effect of Community Structure

Community structure plays a key role in the computational complexity, execution time, and

inference time. For instance, if the community diameter is large, then we need a deeper model.

However, if we have to detect a large number of communities, it will affect the computation of
the last layer of the model. Indeed, the effect of the model depth is larger than the effect of the
number of communities in terms of execution time and computational complexity. Therefore,
the overall execution time is highly dependent on the community structure of the graph which is

better explained by community diameter and number of communities.

4.6.12 Limitations and Future Directions

First of all, weighted dynamic dilated aggregation-based methods can not outperform the
random dynamic dilated aggregation-based method. Therefore, there are scopes to incorporate
information coming from edge weights in a more meaningful and sophisticated way. In
the very large datasets with node attributes, the DynaResGCN-based method achieves the
best performance with only 2 layers in some cases. This implies that the DynaResGCN
model can not resolve the issues with over-smoothing problems perfectly. As a result, in
some cases, deeper models do not outperform. Resolving the over-smoothing problem in
better ways would be an interesting future research direction. In this study, we focus on
the improvement of the encoder part of the whole framework. There are scopes to research
on improved decoder considering different properties of community. Finally, we apply our
developed methods/algorithms in a completely unsupervised setting. It would be interesting to
incorporate our ideas/methods/algorithms in supervised settings of graph learning. In the case of
very large (nodes > 10K) and dense graphs with feature vectors for the nodes, deep models are
not outperforming the shallow model with a large margin. In some cases, we get the best results
in our DynaResGCN model with only two layers. Therefore, we can not state that the deeper
models are always the best methods in case we have node features that may be co-related. We
found that different datasets have different model depths. Therefore, we have opportunities to

develop a method where model depth would be learned adaptively.
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Table 4.8: Model depth of DynaResGCN-G on the different datasets

Dataset Model Depth
Facebook 348 7
Facebook 414 2
Facebook 686 7
Facebook 698 5
Facebook 1684 3

Facebook 1912 3

Computer Science 15
Engineering 15
Medicine 15

Table 4.9: Model depth of DynaResGCN-X on the different datasets

Dataset Model Depth
Facebook 348 7
Facebook 414 3
Facebook 686 5
Facebook 698 7
7
3
2

Facebook 1684
Facebook 1912
Computer Science
Engineering 40
Medicine 2



Chapter 5
Conclusion

Artificial intelligence can be more powerful than human intelligence in many cases. Finding
patterns and statistical properties in structured data like graphs/networks are not trivial for human
beings. Understanding structured data like graphs/networks is essential in many cases. Indeed,
graphs/networks are ubiquitous. This physical world consists of objects. These objects are
not disjoint but rather connected/related in various ways. There are a lot of efforts done by
scientists in every domain to understand their specific structured data. However, these structured
or related data can be represented by graphs/networks irrespective of domain. This allows us
to analyze graphs/networks without getting into many details of what the objects/nodes of the
graphs/networks actually represent. As a consequence, any kind of advancement in the way of
analyzing/understanding/learning graph-structured data would benefit science in thousands of
ways. In this thesis, we have advanced graph-structured data learning into a new stage in the

case of an overlapping community detection framework.

In chapter 1, we have provided an introduction to our study. In particular, we have defined our
problem of overlapping community detection framework. We have introduced our motivations
and an overview of prominent applications in different areas of science and engineering. We also
have included our research aim and objectives as the detection of overlapping communities in real-
world networks effectively and efficiently and developing a deep graph convolutional network
(GCN) which can operate on graphs having variable neighborhood sizes. Our contributions
have also been discussed in chapter 1. Moreover, we have included a detailed discussion of the
literature and challenges. We have discussed how the researchers attempted to develop deep graph
neural networks and what are the key challenges of training deep graph convolutional networks.
For example, in a regular graph, every node has the same number of neighbors. Unfortunately,
in almost every case graphs/networks are irregular where every node has a different number of
neighbors. As a consequence, the techniques developed by [52] to handle deeper graph neural
networks are not applicable for general irregular graphs. Moreover, we also have described
how some work considered graph convolutional networks in the case of community detection

framework.
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In chapter 2, we have explained terminologies related to this thesis and described most of the
prominent works related to overlapping community detection. In particular, we have given
an overview of neural networks, graph neural networks, convolutional neural networks, graph
convolutional networks, shallow graph convolutional networks, etc. Among the related works, we
have discussed BigClam [1], NOCD [13], DANMF [57], M-NMF [37], SLPA [21], DEMON [22],

etc. We also have included all the baseline works compared in this research.

Chapter 3 describes our methodologies. In this chapter, we have introduced the concepts of
dilated aggregation, dynamic edge, and edge weights successfully in the case of general irregular
graphs to achieve deeper graph convolutional networks in an overlapping community detection
setup. We have termed our deep graph convolutional model as Dynamic Residual Graph
Convolutional Network or DynaResGCN. Moreover, we have explored different approaches to
considering edge-weights of weighted graphs. These approaches combined with DynaResGCN
have been described in Table 3.1. Finally, we have unified the idea of dynamic edges, dilated
aggregation, and consideration of edge weights in an encoder-decoder-based framework for

overlapping community detection.

Our experimentation has been described in chapter 4. We have proposed to experiment with
different methods based on the different dilated aggregation schemes and different types of
graphs (weighted/unweighted). In order to perform evaluation and validation, we have extended
the code base of NOCD (Neural Overlapping Community Detection) [13]. We have two types of
datasets: 1) without ground truth, and 2) with ground truth. The topics dataset (n ~ 6K) [54] is
the medium-sized dataset without ground truth information. All other datasets have ground-truth
information [13,55]. However, the datasets having ground truth are of two types. Some datasets
have ground-truth collected by humans through hand-labeling. In some cases, datasets are so
large that hand-labeled information is not openly available in the literature. In the case of these
very large datasets, empirically assigned ground truths are considered. It is clearly evident
that the empirically assigned ground truth is much less reliable than the hand-labeled dataset.
However, these large datasets are important to consider for scalability evaluation. For each
dataset and for each of our considered methods, we have found the best hyper-parameter set
through grid search. We also have performed a statistical significance test to determine the
statistical significance in the case of the datasets having ground truth based on normalized mutual
information (NMI).

We have described and analyzed our results in chapter 4 too. We have described how a previous
study [13] demonstrated the effectiveness of graph neural networks for detecting overlapping
communities where the authors showed that graph neural networks perform better than free
variable optimization or other direct methods such as BigClam [1, 13], EPM [31], SNetOC, [50]
etc. We have discussed how we have developed a better deep graph convolutional network-
based method to detect overlapping communities with higher detection quality and much better

reliability. Specifically, we have designed a deep dynamic residual graph convolutional encoder
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considering dynamic dilated aggregation for the overlapping community detection model [13].
Eventually, we achieved significantly better results and detection quality compared to other
related studies. In fact, our methods are much more robust to node features than the other
existing methods. In almost every case, our methods achieve significantly better results than

many state-of-the-art methods.

We have discussed the insights learned in this study, the limitations, and future works also
in chapter 4. We have learned from experiments that deep models are important to boost the
performance of the overlapping community detection model. However, there are scenarios where
deep GCNs do not outperform shallow models. Therefore, we have room for improvement of
deep models in the case of overlapping community detection framework. We have discussed
in detail how the DynaResGCN model achieves superior performance to the NOCD model. In
fact, because of the dilated aggregation in the DynaResGCN model, it can aggregate information
from the second hop neighbors in one layer of the GCN without increasing the effective number
of neighbors. The impact of residual connection has also been discussed in detail. We have
explained/interpreted the impact of other factors including edge weight, threshold sensitivity,

network property, evaluation metric, robustness, statistical significance, and scalability.

5.1 Limitations

In every research work, there are some limitations that arrive due to the scope and range of the
project. Our study also has some limitations which will drive future research directions and
studies. For instance, weighted dynamic dilated aggregation-based methods do not outperform
the random dynamic dilated aggregation-based methods in terms of quality metrics. However,
we also do not have any ground truth information for weighted datasets. As a result, our
evaluation and comparison of the weighted methods are somewhat limited. We attempt to
alleviate these shortcomings in the evaluation by using a novel heat-map visualization technique.
Interestingly, heat-maps show that weighted methods are sometimes better than randomly
considered dilated aggregation methods. As a consequence, there are scopes and opportunities
to incorporate/consider the information coming from edge weights in a more meaningful and
sophisticated way which will improve overall performance. There are other issues related
to over-smoothing problems. For example, in very large datasets with node attributes, the
DynaResGCN-based method achieves the best performance with only 2 layers in some cases.
This implies that the DynaResGCN model can not resolve the issues with the over-smoothing
problems perfectly. As a result, in some of the cases, deeper models do not outperform. Resolving
the over-smoothing problem in better ways would be an interesting future research direction. In
this study, we focus on the improvement of the encoder part of the whole framework. There are
scopes to research on improved decoder considering different properties of community. Finally,

we apply our developed methods/algorithms in a completely unsupervised setting. It would be
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interesting to incorporate our ideas/methods/algorithms in supervised settings of graph learning.

One such use case can be protein function prediction from the 3D structure. In fact, the 3D
structure of proteins can be represented through 2D contact maps from which it is possible to get
a contact graph where graph neural networks can operate. Thus our developed methods may help
in bioinformatics and biomedical engineering. In the case of very large (nodes > 10K) and
dense graphs with feature vectors for the nodes, deep models are not outperforming the shallow
model with a large margin. In some cases, we get the best results in our DynaResGCN model
with only two layers. Therefore, we can not state that the deeper models are always the best

methods in case we have node features that may be co-related.

5.2 Future Directions

In the following, we propose some open problems related to overlapping community detection
and graph neural networks. These future directions actually arise from the limitations and scopes

of our work.

e It is found that model depth is subjective to the dataset which is determined by
hyperparameter tuning. Therefore, it is an open direction to consider a deep graph neural

network where model depth would be adaptive based on the dataset.

* Provide theoretical guarantees of the capability/power of graph neural networks in the case
of overlapping community detection. How much of the detection threshold DynaResGCNs

can achieve in special cases like Stochastic Block Models.
* Find the theoretical limit of DynaResGCN in resolving the over-smoothing problem.
* Explore better ways of resolving over-smoothing problems.

* How to model community detection problems in the case of weighted graphs and how to
evaluate and understand communities in the context of weighted graphs where both nodes
and edges have weights.

* How to rethink learning of structured data like graphs in a different framework of message
passing. Design/Develop/Invent a framework based on subgraph kernels or patches/filters

similar to CNN to learn global structure in a better way.

* Quantum computer consists of a network of qubits. Therefore, a graph neural network
seems to be a natural choice as a viable learning model in quantum computers. The
research question is how to incorporate graph neural networks in the case of learning on
quantum computers. Some interesting options include considering Variational Quantum

Autoencoders to learn the parameters of graph neural networks.
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* How to perform training/optimization/prediction in the case of very large graphs in a

distributed setup like a federated learning setup where the whole graph is so large that

it is not possible to store on a single device or the whole graph is inherently distributed.

Moreover, it is also important to consider distributed learning on graphs to get the benefit

of parallelization.

* Online learning in graphs is also another interesting research direction. In many areas like

social networks, graphs are dynamic where online learning would help a lot.

* Invent/Develop/Design better global readout operation in GNNs which would not destroy

the distribution of node-specific features.
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