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ABSTRACT

In this work, many known universal objects such as products, equalizers,
pullbacks and their duals, namely, coproducts, coequalizers and pushouts for fuzzy
topological spaces are studied in detail. Another known concepts of inverse and direct
limits on inverse and direct system of fuzzy topological spaces are also studied in more
detail. Besides this, we explored some properties of the singular homology groups of

fuzzy topological spaces by using the concepts of direct limits on fuzzy direct systems of

fuzzy topological spaces.
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INTRODUCTION

In 1965, Zadeh L.A. first introduced the concept of fuzzy sets in his classic paper
[127]. He interpreted a fuzzy set on a set X is a mapping from X into the unit interval
I=[0, 1] and generalizing the notion of characteristic function on a set X. In 1967, Goguen
[42] defined fuzzy set by replacing the unit interval I by a completely distributive lattice
L with an order reversing involution. This extended idea of fuzzy sets using the
completely distributive lattice L became a suitable framework for the theory of L-fuzzy
sets.

Fuzzy sets have become a concem and tool for persons working in a variety of
fields. Particularly, Mathematicians working in many different areas such as logic,
topology, algebra, probability theory, category theory etc. have shown keen interest and
have done a lot of research in the area of fuzzy sets. In the same way, researchers are
applying fuzzy sets in the areas of general systems, intelligent systems, artificial
intelligence, decision theory and optimization, approximate reasoning, sociology and
behavioral science etc. Also, the theory of fuzzy sets has already affected a wide variety
of disciplines such as control theory, medicines, information processing, cluster analysis,

genetics, electrical engineering, operations research and pattern recognition etc.

The notion of fuzzy sets as stated by Zadeh inspired many mathematicians to
generalize the important abstract concepts and structures of the present mathematics into
the framework of fuzzy sets. In this regards, we could like to mention that fuzzy
topological spaces, fuzzy groups, fuzzy vector spaces and fuzzy topological vector
spaces, fuzzy topological groups, a categorical accommodation of various notions of
fuzzy topology and singular homology groups of fuzzy topological spaces were
introduced by Cang C. L.[24], Rosenfeld A.[96], Katsara A. K. and'Liu D. B.[55], Foster
D. H.[36], Rodabaugh S. E.[97] and Liu Wang-jin and Zheng Chong-you [63]

respectively.

In 1984, Katsara and Petalas [57] also introduced a unified theory of fuzzy
topologies, fuzzy uniformities and fuzzy proximities. Considerable progress has also been

made in successful development of fuzzy algebra, fuzzy calculus, fuzzy logic, fuzzy



operations research, fuzzy category theory and singular homology groups of fuzzy

topological spaces etc.

In fact, in 1968 Chang C. L. [24] paved the way for subsequent growth of
numerous topological concepts. It is worth to mention that in 1976, Lowen R. [66]
pointed out that in Chang’s definition of fuzzy topological spaces [24], constant functions
between fuzzy topological spaces need not be fuzzy continuous. It was a major deviation
from the corresponding result in general topology. To deal with this situation, Lowen R.
[66] modified the definition of fuzzy topological spaces by including all constant fuzzy
sets in a fuzzy topology. He also gave a new definition of fuzzy compactness which he
proved to be a natural generalization of compactness in ordinary topology and which also
safeguards the Tychonoff theorem. Furthermore, in 1977 Lowen R. [65] introduced the
notions of initial and final fuzzy topologies, which are two appropriate concepts to

generalize the topological ones from the categorical point of view.

A further development of fuzzy topology was made be Sarkar Mira [101] and
Hutton B.[50], where they considered L-fuzzy sets and which was introduced by Goguen
J. A. [42]. This developing fuzzy topology was considered as a L-fuzzy topology. The
present state of ongoing research in fuzzy topology can be divided into two separate
sections, one of which is exclusively using the unit interval I to describe fuzziness
(Chang’s fuzzy topologies) and the other using L-fuzzy topologies. In our investigation,
we have preferred the concepts of fuzzy topology, which has developed by Chang C. L.
[24].

In 1980, Pu Pao-Ming and Liu Ying-Ming [88] successfully gave a new definition
of fuzzy point, which takes singleton or ordinary point as a special case. They also
introduced the very important notions of quasi-coincidence and quasi-neighborhoods of
fuzzy points. With this new concept of fuzzy points and quasi- neighborhoods, they

successfully established the Moore-Smith convergence in fuzzy setting,

Two of the important topologies, which play very vital roles in general topology,
are product and quotient topologies. Wong C. K [122] extended these notions to fuzzy

setting and later extensively investigated by many authors including Lowen R. [65],



Hutton B. [50], Pu Pao-Ming and Liu Ying-Ming [89], Mashhour et al [73], Christoph F.
T. [25] and Erceg M. A. [32] etc. We have made good use o f these fuzzy spaces for
mvestigation of universal objects such as product, equalizer, pullback and their duals,
namely, coproduct, coequalizer, pushout and also in the study of direct and inverse limits

on direct and inverse system of fuzzy topological spaces.

The present thesis entitled “On Some Universal Constructions for Fuzzy
Topological S paces”is devoted to the study of some important concepts of category
theory for fuzzy topological spaces. There are many interesting universal objects such as
products, equalizers, pullbacks and their duals, namely, coproducts, coequalizers,
pushouts that are introduced by Mac Lane S. [69] in general topology. But only two
objects, namely, products and coproducts have been studied in fuzzy setting by Hutton B.
[50], Mashhour et al [73], Pu Pao-Ming and Liu Ying-Ming [88, 89] and Wong C.
K.[122]. Behera A. [17] has introduced the concepts of fuzzy equalizers, fuzzy pullbacks
and their duals, namely, fuzzy coequalizers, fuzzy pushouts for fuzzy topological spaces
and explored the results concerning all such universal objects. Sahu J.K. [98] has
introduced the concepts of fuzzy inverse and direct limits on inverse and direct system of
fuzzy topological spaces and explored their properties and characterizations. We studied
these universal objects in more detail and developed of theories of the above-cited
universal objects. Also, we explore some properties of singular homology groups of
fuzzy topological spaces in terms of fuzzy direct limit on direct system of fuzzy

topological spaces to give them an enriched flavor.

The materials of this thesis has been divided into six chapters and a brief

discussion of this we mention below:

The first chapter is incorporated with some basic concepts, definitions and known
results on fuzzy sets, fuzzy topological spaces and different mappings on fuzzy
topological spaces, which are necessary for the subsequent chapters. Results are included

without proof and can be seen in the papers referred to.

We have started our research work from the second chapter. In this chapter, we

recall definitions of fuzzy products, fuzzy equalizers, fuzzy pullbacks and their duals,



namely, fuzzy coproducts, fuzzy coequalizers, fuzzy pushouts and results on such
universal objects, which are introduced and proved by Behera A.[17]. Also, wehave

added some new results of these concepts.

In chapter three, we recall the definitions of fuzzy inverse system, fuzzy inverse
limit, fuzzy direct system, fuzzy direct limit, which are introduced by Sahu J.K.[98]. We

have added some new results and presented the explicit constructions of these limits.

In chapter four, We have studied the mappings between two inverse systems and
the mappings between two direct systems of fuzzy topological spaces. Also, Wehave
constructed the mappings between two inverse limits and the mappings between two

direct limits of fuzzy topological spaces and explored some of their properties.

In chapter five, we have characterized fuzzy inverse limits in terms of fuzzy
products, fuzzy equalizers, fuzzy pullbacks and fuzzy direct limits in terms of fuzzy

coproducts, fuzzy coequalizers, and fuzzy pushouts.

In the last chapter of this thesis, we recall the entire construction of singular
homology theory of fuzzy topological spaces, which are developed by Liu Wang-jin and
Zheng Chong-you [63]. We have added some new results to fuzzy algebraic topology

using the concepts of direct limits of fuzzy topological spaces.



CHAPTER-1

Pre-requisites

In this chapter we recall some definitions and known results on fuzzy sets, fuzzy
topological spaces and fuzzy groups. Some more definitions and results are included in
the relevant chapters. We consider this chapter as the base and background for the study

of subsequent chapters and we shall keep on referring back to it as and when required.

1.1 FUZZY SETS:
In 1965, Zadeh L. A. introduced the following revolutionary concepts of fuzzy set.

1.1.1. DEFINITION ([127]):
Let X be a set ofpoints{x:x EX}. A fuzzy set Ain X is a functionA: X =/,
where I is the unit closed interval [0,1]. For eachx € X', A(x) e I denotes a degree or the

grade of membership of x. We denote the set of all fuzzy sets in X byl ¥, Ordinary

subsets of X (crisp sets) are those members of /¥ which take the values 0 and 1 only. In
particular, the crisp sets that always take the values 0 and 1 on X are denoted by 0 and 1

respectively.

1.1.2. DEFINITION:
Let Abe a fuzzy set in X. Then the set{x € X : A(x) > 0} is called the support of

A and is denoted by A, or supph. If AcX, thenl, will denote the characteristic function of
A. We also write 1_ for the characteristic function of {x}cX.

We will denote the fuzzy sets on a set X by the letters A, u,a, B,7,7,......and

ordinary functions will denote by the letters f, g, %, p,q,7,5,......etc.

1.1.3. DEFINITION ([127]):
Let crand Bbe fuzzy sets in X. Leta® be the complement of the fuzzy set ain X.

Then for all x € X, we define
(i) o = Bif and only if a(x) = B(x).



(i) a c pifand only if a(x) < B(x).

(i) A=au B ifand only if A(x) = max[a(x), B(x)].
(iv) p=an B ifandonlyif u(x)=min[a(x), B(x)].
v) n=ca° ifand only if 77(x) =1-a(x).

More generally, for a family of fuzzy sets {ai,i eJ }, their unionUa,. and
ieJ

intersection ﬂa',. are also fuzzy sets which are defined by
ieJ

(1) 0= Uar. if and only if 8(x) = sup{a,. (x)}, forall xe X and

iet ieJ

(i) Q= ﬂai if and only if @(x) = inf {a,.(x)}, for all x € X respectively.

it
1.1.4. REMARK:

We shall usually denote the union (supremum) and intersection (infimum)
operations on fuzzy sets by v and A respectively. For a, el *we have the following
properties:

1. ava=a,ara=a(ldempotent law),

2. av pB=pva,anf=pa(Commutative law),

3. (avPB)vy=av(Bvy)and (@ B) Ay =anr(BAy)(Associative law),

4. (av B)aa=aand (a A B)va=a(Absorption law),

5. (avPalavy)=av(Bay)and(@nfv(aeny)=an(Bvy) (Distributive
law),

6. avi=l,aanl=caand av0=c,a0=0(Bipolarity),
! (a”)c =1-a° =1-(1-«) = (Reflexivity),
8. (avp) =aApB(anp) =av B (De-Morgan’s law).
Complementary law of cantor set does nothold for a fuzzy set, such as ifael”,

thenave #l,anra® #0.



For the proof of this, take for instance a(x) = 1 ,

1 1, 1.1 1
tt ‘X)==v(l-")==v—=—=%1
hen(x) v & (x) 2v( 2) 2v2 5
anda(x)/\o:“(x)—l/\(l—l)——l-/\l—lqﬁo forallxe X
2 2" 22 2 7 '

1.1.5. DEFINITION:
If » e Tand A is a fuzzy set in X defined by A(x) =r, for allx € X, then we called

A is a constant fuzzy set in X.

1.1.6. DEFINITION ([13]):

If X and Y are any two sets anda € I*, B € I", then their Cartesian product

oxp is a fuzzy set in XxY defined by (ax B)(x,y) = min{a(x), ﬁ(y)}, for (x,y)e XxY.

1.2. FUZZY POINT AND FUZZY SINGLETON :
In 1980, Pu Pao-Ming and Liu Ying-Ming [88] presented the following definition
of fuzzy point.

1.2.1. DEFINITION ([88]):

A fuzzy point x,in X is a special type of fuzzy set in X with membership function
x,(y)=r,forx=yandx, (y)=0, forx # y, where O<r<] and V x, y € X. The fuzzy

point x,is said to have support x and value r. We also write this as rly.

1.2.2. DEFINITION:

A fuzzy point x,in X is said to belong to a fuzzy set & in X, denoted x, € zif and

only if x, (x) < a(x)and x, (¥) < a(y)if y # xi.e. x, €ex=>r <a(x).

1.2.3. DEFINITION:
A fuzzy singleton in X is a fuzzy set in X which is zero everywhere except at one

point, say x, where it takes value, say r, withr € (0,1Jie.0 <r < 1. We denote it by x,.

Also, x, e x> r < a(x).



1.2.4. THEOREM ([59]):

For all fuzzy points x,in X, we have
@ ac Bifandonlyif x, ea=x, € 8,
(i1) a=fBifandonlyif x, eax>x, € 3,
(ili) x, eavpifandonlyifx eaorx, €4,
(ivy x eanfifandonlyifx, ea andx, € S.

More generally,

n
(v) x, € v, ifand only ifx, € &;, for some «;,1=1,2,......n,

i=1

vi) x, e N if and only ifx_ € «;, for all ieJ, where J is an arbitrary index set and n

is a natural number.

1.2.5. THEOREM ([88]):

A fuzzy set o in X is the union of all its fuzzy points’ i.e. = V x,.

X €

1.3. FUNCTIONS ON FUZZY SETS:
In 1968, Chang C. L. presented the following definitions relating to function on
fuzzy sets.

1.3.1. DEFINITION ([24]):

Let /: X — Y be a mapping and o be a fuzzy set in X. Then the image f(a)is a fuzzy
set in Y which is defined by f(a)(y)=sup{e(x): f(x) = v, [ ()= ¢}, f(a)(y) =0if
7 =¢.

1.3.2. DEFINITION ([24]):

Let f: X — Y be a mapping and B be a fuzzy set in Y. Then the inverse image

F7'(B) is a fuzzy set in X which is defined by £~ (8)(x} = B(f(x)),x € X.

1.3.3. THEOREM ([24]):
Let f: X — Y be a function. Then

(i) o <a, = f(a) c fla,), forall ,a, e I".



() B<B=7"B)cs(B,), foral §,p,el".

(i) eacf(f(@),forany ael”.

(v) B2f(f7(B),forany fel’.

™ SB)=(T(B), forany fel.

i)  (f@) < f(a®),forany ael”.

(vii) Letf:X —Yandg:Y¥ — Zbe two functions and go f: X — Z be the

composition of fandg. Then(go f)" (&)= f (g7 (w)), forany pe I*.

1.3.4. REMARK:
Iff: X —Yis a function and if{ai:ieK}is a family of fuzzy sets in X

and {,B tJjed }is a family of fuzzy sets in Y, then
O r(v8)=y e

@ r(p8)= A6

i) slva )= v r@);

@) flaa)= A fl@).
1.3.5. THEOREM ([76]):

Let f: X — ¥ be a mapping from a set X into aset Y with e [*and S e I".

Then

(1) If x is a fuzzy point in X, then f(x,) =[f(x)], is a fuzzy point in Y;

(i)  If x,is a fuzzy point in a, then f(x,)is a fuzzy point in f(a);

(iii)  The fuzzy point f(x,)in B if and only if x,is a fuzzy point in £7(B3);

(iv)  If x,is a fuzzy point in Y, then f~'(x,)need not be a fuzzy point in X. However,
if fisinjective and x, € f(X), then f~'(x,)is a fuzzy point in X and is then
definedas f7'(x,)=[f" (x)],.
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1.3.6. DEFINITION ([13]):
Let f : X — Y be a function. The graph of f is a function g: X — X x¥ such
that g(x) = (x, f(x))for all x € X,y € Y such that f(x) = y.

1.3.7. THEOREM ([13]):
Ifg: X — X xYis the graph of a function f/: X =7, then for any fuzzy sets

ael*andfel”, theresult g™ (ax B)=an f'(B)holds.

1.4. FUZZY TOPOLOGICAL SPACES:
Chang C. L gives the following definition of a fuzzy topological space.

1.4.1. DEFINITION ([24]):
Let X be a set. A class t of fuzzy sets in X is called a fuzzy topology on X if t
satisfies the following conditions:
1) Oler;
(i) Ifa,Bet,thenanpfet,

(i) If {a,. e K}is a family of fuzzy sets in t, then ACTES ‘.

The pair (X, t) is called a fuzzy topological space, in short fts. The members of't are
called t-open fuzzy sets and their complements are called t-closed fuzzy sets. When there
is no risk of confusion, we will denote an fis (X, t) simply by X and t-open or t-closed

fuzzy sets by open and closed fuzzy sets respectively.

1.4.2. DEFINITION ([66]):
Lowen R. modified the definition of a fuzzy topological space of Chang C. L.[24]
by adding another condition. In the sense of Lowen R., the definition of fuzzy topological

space is as follows:
Let X be a set andf < I* . Then t is called a fuzzy topology on X if the following
condition holds:
@) Olet;
(i) Ifa,Bet,thenanpfet;

(i) Iffo,:ie K}is a family of fuzzy sets in t, then v et and



11

(iv)  tcontains all constant fuzzy sets in X.
The pair (X, t) is called a fuzzy topological space.
We shall use the concept of fuzzy topological space due to Chang C. L.[24] unless

otherwise stated.

1.4.3. DEFINITION:

Let X be a set and d be the class of all fuzzy sets in X. Observe that d satisfies the
axioms for a fuzzy topology t on X. This fuzzy topology d on X is called the discrete
fuzzy topology and the pair (X, d) is called a discrete fuzzy topological space.

1.4.4. DEFINITION:
Let X be a set and i be a fuzzy topology on X consisting of fuzzy sets 0 and 1
alone. Then i = {0, 1} is called the indiscrete fuzzy topology and the pair (x, 1) is called

the indiscrete fuzzy topological space.

1.4.5. DEFINITION:
Let (X, t) be a fuzzy topological space with fuzzy Ti-space. Then {x}, for all xeX
is a closed fuzzy set in (X, t).

1.4.6. DEFINITION ([24]):
Let Abe a fuzzy set in an fis (X, t). Then the fuzzy closure 2and fuzzy interior A°

of Aare the fuzzy sets in X defined by i=inf{;t:ﬂ.g/z,;tetc}and

A° =sup{u: 4 = A, pt € t}respectively.

1.4.7. NOTE:
We observe that

QX =(;})
(i)  Ael¥isafuzzyopenifand onlyif A=21".

(i) A el%isafuzzyclosed if and onlyif A= A.

' 0 _— IX . . .
(v) L cAci,foranyie Rajshahi University Library
Documentatjon Section

]l));)[(:iu-]'e.x.lt-l\lo - J)‘Q'ﬂ.94
9_[1-57036"'“"- e
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(v) Ifagc B,then o_:g;B anda® < B°. Also, z=aand(a°)o =a’.

1.4.8. DEFINITION ([41]):

Let (X, t) bean fts and AcX. We define the relative fuzzy topology for A by
t,= {A AT E t}. Then ¢ ,is a fuzzy topology on A. This fuzzy topology on A is called
the subspace fuzzy topology on A. The pair (A,z A)is called the fuzzy subspace of (X, t).

A subspace (A,t A)of the fts (X, t) is called fuzzy open (closed) subspace if and only if
the set A is fuzzy open (closed) in X.

1.4.9. THEOREM ([41]):
Let(4,¢, )be a fuzzy subspace of an fis (X, t) and & be any fuzzy set in (4,2,).
Then

(1) ais t ,~closed if and only if & = A A i, for some t-closed fuzzy set ¢ in X.

(i)  The ¢,-closure cl,(cr)and the t-closure o of arare related by ¢l (@) = A A a.

1.4.10. DEFINITION ([36]):

Let (X, t) be an fs. Then a subfamily B of t is called a base for t if and only if
each member of t can be expressed as a supremum (union) of members of B; and a
subfamily S of t is a subbase for t if and only if the family of all the finite infimum

(intersection) of members of S is a base for t.

1.4.11. DEFINITION ([24]):
Let (X, t) and (Y, s) be two fuzzy topological spaces and f: (X ,t) — (Y ) s)be any
function. Then f is called
6] Fuzzy continuous if and only if /™' (u) € ¢, for each ues.
(i)  Fuzzy open if and only if f(u) € s, for each pLet.
(iii)  Fuzzy closed if and only if (1) € s°, for eachd e’
(iv)  Fuzzy homeomorphism if f is bijective, fuzzy continuous and fuzzy open.

(v)  Fuzzy identification if f is fuzzy continuous, surjective and for each y € J s

f'(u)etimpliesues.
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1.4.12. DEFINITION ([122]):
Let{(X,,t;):ie K}be a collection of fuzzy topological spaces. Let X =HX,. be

iek
their Cartesian product and p, : X — X, be the projection map from X on to X;. Then the
fuzzy topology t on X is called the product fuzzy topology for X if all the projections

p;: X = X,are fuzzy continuous. The product fuzzy topology t is also called the

coarsest fuzzy topology on X and the pair (X, t) is called the product fuzzy topological

space.

1.4.13. DEFINITION ([122]):
Let (X, t) be an fts and R be an equivalence relation on X. Let X/Rbe the

quotient set and p: X — %be the projection (quotient map). Let u be the family of

fuzzy sets in X defined byu = {,u p () e t}. Then u is obviously a fuzzy topology. This
topology u is called the quotient fuzzy topology for% . The pair (% ,u)is called the

fuzzy quotient space of (X, t). When no confusion arise, the fuzzy quotient space will be

denoted by % ;

1.5. SOME FUZZY CONCEPTS:
Several concepts of fuzzy compactness, fuzzy Hausdorffness, fuzzy t;-space,
fuzzy regular space and fuzzy normal space are available in fuzzy literature. We recall

some of these notions below which we have used in our subsequent works.

1.5.1. DEFINITION ([77]):

Let (X, t) be an fts ander € I . A collection u < I”is called a fuzzy cover of eif
and only if[v Y. eu}](x) =1, for all x € a,(support ofa). If the members of uare
fuzzy open, thenu is called a fuzzy open cover of .

A fuzzy set o e I*is fuzzy compact if and only if every fuzzy open cover ofahas

a finite sub-cover.
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1.5.2.DEFINITION:

An fis (X o )is called fuzzy T;-space if and only if for all pair of fuzzy singletons

X, Y, (x # y) in X, there exists u,v € such that x, eu c coy,and y, € v C cox, .
1.5.3.THEOREM:

For an fts (X ,l‘)the following are equivalent:

(i)For each pair of distinct fuzzy singletons x_, y, in X, there exists ,v € such that

x, euccoy.andy, €vccox,.

(i) For allx, y € X ,x # y, there exists »,v € such that #(x) =1,u(y) =0, and

v(x)=0,v(y)=1.
(iii) {x}, forall x e X, is a closed fuzzy set in (X,t).

(iv) D (X), the diagonal of X is closed in (X x X, x d) where d is the discrete fuzzy

topology on X.

1.5.4. DEFINITION ([108]):
An fts (X, 1) is called ty-space or Hausdorff space if and only if it satisfies the

following axiom:
Each pair of distinct fuzzy points x,andy,,(x# y)in X, there exists fuzzy open sets

u,v el suchthat x, eu,y, evandunv=0.

1.5.5. PROPOSITION:
Let {(X Ht)iieK }be a collection of fuzzy Hausdorff spaces and let (X, t) be the

product fuzzy topological spaces. Then (X, t) is also a Hausdorff space.
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PROOYF:

Letx, = {a,. e K}and Y, = {,8,. e K} be distinct fuzzy points in X. Then x, and
y,must differ in at least one co-ordinate space, say X, i.e. o, # f, . By the hypothesis,
X, is fuzzy Hausdorff space. Then there exists fuzzy open setsu and vof X, such
thate, eu,f; evanduAav=0. By the definition of product fuzzy topological space,
the projectionp, : X — X, is fuzzy continuous. Accordingly p jo" (u)and p ju_'(v) are

fuzzy open disjoint sets of X containing x, and y,respectively. Hence (X, t) is also a

fuzzy Hausdorff space.

1.5.6. DEFINITION ([88]):

Let X, t) be an fts and @ be a non-empty fuzzy set in X. Thene is called dense if

a =1. Note that a fuzzy set « in X is dense if each non-zero fuzzy open set intersects .

We need the following definition and result for our subsequent work.

1.5.7. DEFINITION ([98]):
Let (X, t) and (Y, s) be two fts with equivalence relation R and S defined on them

respectively. A map 1 : (X ,t) - (Y , S)is called relation-preserving ifxRx = f(x)Sf (x),

for eachx,x € X.

1.5.8. THEOREM ([98]):
Let (X, t) and (Y, s) be two fuzzy topological spaces with equivalence relations R

and S respectively defined on them and let f: (X )= (7, s)be a relation-preserving
fuzzy continuous map. Then there is a unique fuzzy continuous map I :-% - % such

that f, o p, = p, o f i.e. the following diagram

XL sy

pxl lpy 1)
%T’%

is commutative. Furthermore if £ is a fuzzy identification, then so also is £, .
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1.5.9. DEFINITION:
Let G be a set, which is closed under binary operations. Then a fuzzy setin G is a

function x : G = I =[0,1] from G into I=[0, 1].

1.5.10. DEFINITION:
Let G bea group. A fuzzy groupoid win G will be called a fuzzy group in G

if u(x™) > p(x), forall xeG.
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CHAPTER-2

Constructions of Some Universal Objects
In Fuzzy Topological Spaces

2.1. INTRODUCTION:

In general topology, there are many interesting universal objects, such as
products, equalizers, pullbacks and their duals, namely coproducts, coequalizers and
pushouts. Only products and coproducts have been studied in fuzzy setting by Hutton
[50], Mashhour et al [73], Pu and Liu [88, 89] and Wong [122]. Behera [17] has
introduced the concepts of fuzzy equalizers, fuzzy pullbacks and their duals, namely,
fuzzy coequalizers, fuzzy pushouts for fuzzy topological spaces and has tried to get the
result about all such universal objects. In this paper, we study and prove some results on
these universal objects. We use several definitions and results relevant to this article,
without record, as they are standard by now.

2.2. FUZZY PRODUCTS:

In fact, the concepts of fuzzy products have already appeared in the research work
of Hutton [49] , Mashhour et al [73] , Pu and Liu [88,89] and Wong [122] .The
following definition of fuzzy product is given by Behera [17] in the form of a universal
property:

2.2.1. DEFINITION [127]:

Let {Xi,icI}be a family of fuzzy topological spaces. Then a fuzzy product

(X, of the family{X; :ieI}is a fuzzy topological space X together with a family of



fuzzy continuous (f-continuous) maps ¢; : X—X; having the universal property: given
any fts Y and a family {@i:Y—X;} of f-continuous maps, there exists a unique f-
continuous map 6:Y—X such that
0;°0 =@ , for each iel.
In other wards, the following diagram

X% X,

;\T . @
Y

is commutative for eachiel.
2.2.2. REMARKS:
(i) By abuse of language, X is called a product of the family of objects {X;: 1 e I}.
(ii) By abuse of notation, we often write a product of the family of objects
{Xi:i eI} by IIX; We observe that IT X; is just a fuzzy topological space.

2.2.3. PROPOSITION [17]:

If (X, o) is a fuzzy product of the family {Xi: i e I} of fuzzy topological spaces and

o,y : Y — X, Y being an fts , are f-continuous maps such that a,°¢ = aey for each
1 el then @ =y.

PROOF:

Since (X, o) is a fuzzy product of the family {X: iel} of fuzzy topological spaces, then
ai: X —'X; is a family of f-continuous maps and having universal property: given any
fts Y and a family {¢;: Y — Xi}of f-continuous maps, there exists a unique f—

continuous map ¢: Y — X such that ai°¢ = ¢@; i.e. the following diagram
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X—25X,
;\T z 3)
Y
is commutative. Also, sincey: Y — X is an f-continuous map, then we have o; ey = o; .
Therefore, ai°@ = ooy
= (ce@)(y) = (ciey)(y)
= oi(@(y)) = oi(w(y)
= 0 (y) =w(y), by left cancellation law for fuzzy products.
==y 3 by right cancellation law for fuzzy products.
~.@ =y , this completes the proof.
2.2.4. PROPOSITION:
Consider a fuzzy product (X, o) of the family {X;: i =1,2} of fuzzy topological
spaces with injections u; up and projections pj, pz with zero. Then u, is the kernel of p;,
PROOF:
Let X = X;xX;. Then the injections and projections are written as u;: X; — X and
pi:X — X, for i=1,2 . Since (X,a;) is a fuzzy product ,then {a; : X — Xj}isa family of f-
continuous maps and having universal property: given any fts Y and a family
{¢ 1 Y—X,;,i=1,2}of f-continuous maps, there exists a unique f-continuous map

o: Y— X such that piea=; and u; °g; i.e. the following diagram

P2

X &&=,
Ny 0
Y
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is commutative for i=1,2.
Also, since p; and p; are projections with zero, then piea=0 i.e. pjea=0 and pea=0 .
Now, Uie@i=o

= u.g=a , for i=1

= p2 (Weg) =pzea=0

= p2eu; =0 ,as u; 1s injection.

= u;€ Kernel of p,.
Therefore, u, is the kernel of pa. The proof is now complete.
2.3. FUZZY COPRODUCT:

The dual notion of fuzzy products of the family {X: ieI} of fuzzy topological
spaces is called the fuzzy coproduct of the family {X;: ieI}.The concept of fuzzy
coproduct has already been appeared in the research work of Wong [116] and Pu and

Liu [88,89] . The following definition of fuzzy coproduct is given by Behera [17] in the

form of a couniversal property:

2.3.1. DEFINITION [17]:

Let {X;: ieI} be a family of fuzzy topological spaces. Then a fuzzy coproduct (X,o)
of the family {X;:ieI}is a fuzzy topological space X together with a family of f-
continuous maps {o;: X;— X}having couniversal property: given any fis Y and a
family {@;: X; — Y, ie I} of f-continuous maps, there exists a unique f-continuous map

0:X— Y such that 8ec;= ¢; for eachi € Ii.e. the following diagram
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_B)Y

o T(P[ (5)
i
is commutative, for eachi e L
2.3.2. REMARK:
(i) By abuse of language, X is called the fuzzy coproduct of the family of objects
{X;: iel}.
(ii) By abuse of notation,we often write a fuzzy coproduct of the family of objects
{Xi:iel} by H X; We observe that H X; is just a fuzzy topological space.
2.3.3. PROPOSITION [17]:

If {X,a;} is a fuzzy coproduct of the family {Xi: ieI}of fuzzy topological spaces
and ¢, y: X — Y, Y being an fts ,are f-continuous maps such that @ea;= yea; for each
ie I, then = \.p .

PROOF:

Since (X,o) is a fuzzy coproduct of the family {X;: €I} of fuzzy topological
spaces, then {0y X;— X} are family of f-continuous maps having couniversal property:
given any fts Y and a family {¢i: X; — Y} of f-continuous maps, there exists a unique
f-continuous map ¢: X — Y such that @oa;= ¢; i.e. the following diagram

XX,

N P, ©)

Y

is commutative.
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Also, sincey: X — Y is a f-continuous map, then yeo;= @;,
Now, we have
Qo0 = Yoo
= (pea)(Xi) = (Weay) (X;), for each x;eX;
= @(au(x1)) = w(aui(xi))
= @=vy ,by left cancellation law for fuzzy co-products.

This completes the proof.

2.4. FUZZY EQUALIZERT:
We now recall another universal construction for fuzzy topological spaces that will

be important to us, namely, the fuzzy equalizer from Behera[17].

2.4.1. DEFINITION [17]:

Let X and Y be two fuzzy topological spaces and &,  : X — Y be a parallel pair of
f-continuous maps between X and Y . An equalizer (E,A) of o and f is an fts together
with an f-continuous map A : E — X with the following properties:

(1) o°A=pBeA
(ii) (Universal property) for any fts Z and f-continuous map ¢: Z — X satisfying
oo = Bog, there exists a unique f-continuous map p: Z— E such that ¢ = Aep. i.e. the
following diagram
E—25X—=>Y

N

Z

is commutative.
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2.4.2. PROPOSITION:

Let (E,A) be an equalizer of the parallel pair of f-continuous maps c,: X — Y. Then
a f-continuous map A: E—X is an injective map. Moreover, any two equalizers of o and
B are isomorphic subobject of X.

PROOF:

Let X and Y be two fuzzy topological spaces and o,p: X — Y be the parallel pair
of f~continuous maps. Since (E, A) is an equalizer together with a f-continuous map
AME— X ,then we have, o e A =peA. Also, for any given fts Z and f-continuous
map ©:Z— X satisfying ae@ =Be ,there exists a unique f-continuous map p: Z— E
such that ¢ = Aep i.e. the following diagram

E—2tsx 2L 5y

;\ Tco @

Z

is commutative .

Suppose W), M2 :Z — E are f-continuous maps with Acpy =Aep; = @. Then oe@
=cedep=PeAepy =Pep =ae@ =poo ,so there is a unique f-continuous map p: Z— E
with ¢ =2Aep .But both p; and py are such f-continuous maps, S0 Hi = Ha. This
implies that A is an injective map.

2" part:

We know, if (E, &) and (E',\') are both equalizers of o and B ,then there is a unique
isomorphism p: E — E’ for which A'ep=2.

Now, suppose (E',A’) is also an equalizer of o andp. Then we have an f-continuous map



p': E' — E such that Aep =\".
Now, Aopept” = (A'op) o popy’
=AW e I
= Aop
= (Aep)op
= Ae(op)
= \olg
=}
= pep’ =Ig , by left cancellation law.
Similarly, we can show that p'ep=1Ig and p isan isomorphism with inverse p' and

hence any two equalizers of o and  are isomorphic. This completes the proof.

2.5.FUZZY COEQUALIZER:

Already we introduced the concepts of fuzzy equalizer. The dual notion of fuzzy
equalizer is called the fuzzy coequalizer.
2.5.1. DEFINITION [17]:

Let X and Y be two fuzzy topological spaces and o, : X — Y be a parallel

pair of f-continuous maps between X and Y. Then a fuzzy coequalizer (Q,8) of o
and B is an fts together with an f-continuous map &: Y — Q with the following
properties:

()  Seo=5ep

24
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(ii) (Couniversal property) for any fts Z and an f-continuous map @Y = Z

satisfying @eo = @°P ,there exists a unique f-continuous map p: Q — Z such that ¢

= uod i.e. the following diagram
Q 8 Y < a.p X

#\ @ ®)

Z
1s commutative.
2.5.2. THEOREM;

Show that any fuzzy coequalizer is surjective.

Proof:

Let X and Y be two fuzzy topological spaces and o, : X — Y be a parallel pair of
f-continuous maps between X and Y. Also, let (Q,5) be a fuzzy coequalizer of o and B
together with a f-conyinuous map 8:Y — Q such that dec.= §B. For any fts Z
and an f-continuous map ¢:Y — Z satisfying @°co = @B ,there exists a unique f-
continuous map w: Q — Z such that ¢ =pe8. Let g Q and zeZ such that p(q) = z.
Also, for every yeY, ¢(y)=z andthen o(y)=u(q).

Thus we have @ =pe

= o(y) = (ue8) (y) ,foreachyeY.
= ¢(y) = n@())

= Q) = KB{))
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= q=38(y), by left cancellation law. This implies that & is surjective and

hence a fuzzy coequalizer is surjective. This completes the proof.

2.6. FUZZY PULLBACK:

We shall introduce another universal construction for fuzzy topological spaces in this

section, namely, the fuzzy pullback.

2.6.1. DEFINITION [17]:

Leto. X — Z and B:Y— Z be a pair of f-continuous maps. Then the triplet

(P,A,p) is called the fuzzy pullback of cand B if

() Pis an fts and A:P—X,p:P— Y are the f-continuous maps such that oA =

Be i.e. the following diagram

Pt ¥

)
is commutive.

(ii) (Universal property) for any fts W and f-continuous maps ¢ : W— X, y: W— Y

satisfying o =Bey ,there exists a unique f-continuous map

0 : W — P such that ¢ =Ae0 ,y =u°0 i.e. the following diagram
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Pty

" o (10

Y— 27

is commutative.

2.6.2. THEOREM:

In the diagram (9),if a« is surjective, then so is p (i.e. one can say that a fuzzy

pullback of a surjective is a surjective ).

PROOF:
Let a: X —Z and B:Y— Z be a pair of f-continuous maps and the triplet (P,A,p)
bea fuzzy pullback of ccand p.Then Pis an fts andA:P— X, u:P— Y are the

f-continuous maps such that aeh = Beo u i.e. the following diagram

P25 x

7 & (11)

is commutative.
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According to our theorem, @ is a surjective. Then for every xe X, ze Z, we have o (x)

=z.Letye Y. Then for every ze Z, B(y) =z Thus o (x) = B(y).
Now, oeh =Bop

= (@*A)(p) = (B> 1) (p) , foreach p e P.

= a(A(P)) =B(1 ()

=aX)=B(pr@) ., for each peP, x =A(p).

=By)=B(un®)

=y=up) by left cancellation law. This implies that p is surjective

and we can say that a fuzzy pullback of a surjective is surjective. Hence the proof is

complete.

2.6.3. EXAMPLE

If o:X—Z and B:Y— Z is a pair of f-continuous maps ,then the fuzzy

pullback

Pty x
U o (12)

is constructed by setting
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P={(xy) a(x)=B®)},with A (x,y)=x and K (x,y) =y .This example is

a characteristic of fuzzy pullback with fuzzy products and P is asubobject of XxY.

2.6.4. PROPOSITION:

If the diagram (1.12) is a fuzzy pullback with fuzzy products, then
< A,pu>:P— XxY is monic.
PROOF:

Let o X — Z and B:Y— Z be a pair of f-continuous maps. Since the above
diagram (1.12) is a fuzzy pullback with fuzzy products then the fuzzy pullback

can be constructed by setting P = { (x,y): o (x )= B(y)} , with A (x,y) =x and
RY)=y.

Now, < A(xy), n(xy)> =(xy)
= < A, B> (%) = (%) ,this relation means that < A, p>:P— XxY is
I

monic. This completes the proof.
2.7. FUZZY PUSHOUT:

The dual notion of fuzzy pullback is that of fuzzy pushout and here we

use the couniversal property.
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2.7.1. DEFINITION [17]:

Let a: X —Y and B:X— Z bea pair of f-continuous maps. Then the triplet

(Q, %, is called the fuzzy pushout of o and B if

() Qis an fts and A: Y—Q , u:Z— Q are f-continuous maps such that Aeq =

pep i.e.the following diagram

X—=5Y
B A (13)
Z —0
is commutative .
(ii) ( Couniversal property) for any fts W and f-continuous maps ¢ :Y— W,

Y 1 Z— W satisfying @eo = yeop , there exists a unique f-continuous map 0 :Q — W such
that @ =0°A, y =0 i i.e. the following diagram

X2y

B A (14)
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is commutative.

2.8. SOME IMPLICATIONS:

We now show that fuzzy pullbacks and fuzzy equalizers are related and

fuzzy pushouts and fuzzy coequalizers are also related.

2.8.1. THEOREM [17]:

The following are equivalent:
(a)The fuzzy equalizer of any two f-continuous maps o,B: X— Y exist.

(b) The fuzzy pullback of any two f-continuous maps f: X —Z and g: Y—> Z are

exist.

PROOF:

Firstly, suppose that (a)is true. Then there is an fts E and a f-continuous
map 8: E— X such that oed=p°8:E— Y. Consider any two f-continuous maps f:
X—7Z and g: Y—>Z and an fis E together with 8: E— X and

A=00°3=p5: E— Y. Then we have fo8 =geA i.e. the following diagram

X—oL 57

Sla\B g (15)

E——Y
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is commutative. This implies that the triplet (E, 8, %) is a fuzzy pullback and hence

(@)= (b).

Next, let (b) is true. Then for any fis P and f-continuous maps A: P— X and p:P-Y

such that fo A = gop :P— Z.

Consider any two f-continuous maps o ,p : X— Y and an fts P. Then there exists
a f- continuous map A: P— X such that oo A = Be A. This implies that (P, 1) is a

fuzzy equalizer. Thus (b)=(a). This completes the proof.
The above theorem can be dualized as follows:
2.8.2. THEOREM [17]:
The following are equivalent:
(a) The fuzzy coequalizer of any two f-continuous maps o ,p : X— Y exist.
(b) The fuzzy pushout of any two f-continuous maps £: X — Y and g: X— Z exist.
PROOF:
Firstly, suppose that (a) is true. Then forany fts Q and a f-continuous map

8: Y— Qsuch that 8ea.=8°p:X— Q.Let f: X — Yandg: X— Z be two f-continuous
maps. For an fts Q and f-continuous maps 8: Y— Q and A :Z— Q such that §f

=A° g :X— Q. This implies that (Q, §,\) is a fuzzy pushout. Thus (a) =(b).
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Next, let (b) is true. Then for any fts Q and f-continuous mapsd: Y— Qand A:Z—Q

such that 8of =\ g: X— Q.

Let o,B:X— Y be two f-continuous maps and Q be an fts . Then there exists an f-

~ continuous mapd: Y— Q such that §ea. = 8o . This implies that (Q, &) is a fuzzy

coequalizer. Therfore (b) = (a). This completes the proof.
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CHAPTER-3

Inverse and Direct Limits with
Fuzzy Topological Spaces

 3.1. INTRODUCTION:

In this section, we introduce the concepts of inverse system and direct system for

l fuzzy topological spaces and study inverse limits and direct limits on such spaces. We

l

l

L S L=,

also introduce the explicit constructions of these limits. We shall use many important
concepts of fuzzy topology such as product fuzzy topology, quotient fuzzy topology,
fuzzy continuity etc. in the study of inverse Jimits and direct limits for fuzzy topological
spaces.

3.2. INVERSE LIMITS FOR FUZZY TOPOLOGICAL SPACES:

In this section, we introduce the concepts of an inverse system and the inverse
limits of this system for fuzzy topological spaces.
3.2.1. DEFINITION ([17]):

A directed set L is a partially ordered set (L, <) such that for each ., B € L, there
exists y € L witha <yand B <.
3.2.2. DEFINITION ([98]):

An inverse system {Xos fap: 0, B € L} of fuzzy topological spaces consists of
® a collection of fuzzy topological spaces { Xa: O € L } indexed by the

directed set L.
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(ii)  a collection of fuzzy continuous functions {f.p: Xp —> Xo } one for each pair
(o, B) of indices satisfying a. <P such that
(@) foa =1dxa: Xo—> Xo foreach o e L.
(b) for a <P <y, fpy fap = foy i-e. the following diagram .
X,—l25x,
S Tf - (16)
Xy

is commutative.
3.2.3. DEFINITION ([98]):

An inverse limit of an inverse system {Xo fop: 0, B € L} of fuzzy topological
spaces is an fts X together with f-continuous maps Qo : X = Xq,00 € L such that

(a) for <P , Pa= fup °>Pp j.e. the following diagram

Sa
X, X,

'% Tcoa (17)

X

is commutative .

(b) (Universal property) given any fts Y and fuzzy continuous maps Ya - Y > Xa

o e Lwith wa=fop cwp for &= B ie. the following diagram

X, X,

VM Tt/fﬂ (18)

Y
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is commutative , then there exists a unique f-continuous map p : Y > X such
that Yo =Pa o B i.e.the following diagram

X s

N2 "

Y

is commutative .
The inverse limit of an inverse system { X .fup: O B e L} of fuzzy

topological spaces is denoted by limX, and is defined by {X,@e:0€L}.

3.2.4. LEMMA:

If in an inverse system {X wrSap G PE L}of fuzzy topological spaces, all the f-
continuous functions  f,z 1 X = X, are one-one, then all the f-continuous maps

@, X —> X, are also one-one.
PROOF:
Let x,y € X , where x = (X, 2%y 2% ay r)s Y=VarYay> Yay ,....yand

9, (%) =0, () Now, let S e L, we want to prove that @, (x) = @ (»). Let a,p<y.

Thenwrfay (xy) = qﬁrfay (yy) JSO (Dy(x) = goy (.V) ® Thus’ wﬂ (x) = qoyfﬂr (y) = gpﬂ (y)
Therefore ¢, is one-one. This completes the proof of the lemma.

3.2.5. PROPOSITION ([98)):

The inverse limits (X, Qu Q€ L} and {Y,Yo: L E L} of an inverse

system { Xo fop:o, P € L} of fuzzy topological spaces is unique up to fuzzy

homeomorphism .
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PROOF:

Let{X,po:0tel} and {Y,ys: aeL}be two inverse limits of the
inverse system { Xq,fap: &, B € L } of fuzzy topological spaces . Since { X, @a : 0
eL}is an inverse limit of an inverse system { Xq,fap:0,p el } of fuzzy
topological spaces , then there exists a f—continuous map p :Y - X such that
Yo =@o oy ie. the following diagram

XX,

x T ) (20)

Y
is commutative .
Similarly, since { Y,Wo: €L }is an inverse limit of an inverse system

{Xe fap:a,peL}of fuzzy topological spaces ,then there exists a f— continuous
map 1 : X = Y such that Yan =@a i.e. the following diagram

y—Ye s X,

N/

X

is commutative.

Now, consider the diagrams
XX,
H :N T% 2
- :

and
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YH X,
U:N TV/a (23)
Y
By the uniqueness condition from the definition of inverse limits of an inverse
system , we conclude that pem=Idx and mn-p =Idy . Hence the inverse limits
{X,00:00eL} and {Y,yq: ael}of an inverse system { Xo ,fap: 0, p € L} of

fuzzy topological spaces are fuzzy homeomorphic and is therefore unique. This

completes the proof.
3.2.6. INVERSE LIMIT SYSTEM FOR THE SEQUENCE OF FUZZY

TOPOLOGICAL SPACES:

The concepts of inverse limit system in this section are of recent importance in
fuzzy topology .We begin with a special case of an inverse limit system; we study that

special case and then indicate how the general concept is defined.

3.2.7. DEFINITION:

Let Xo, X1, X2, coeene be a countable collection of fuzzy topological spaces

and suppose that for each n>0, there is a f-continuous map f, : X, =X, . The

sequence of fuzzy topological spaces and mappings {X,, f,} is called an inverse

limit sequence and may be represented by means of the diagram

Clearly , if n>m, there is a f-continuous mapping Som 1 X, = X, given by the

compOSitiOl’l fn,m = fm+] 2 fm+2 Oenree f"'-' ° -f"'
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Consider a sequence of points (xy,%,,......x, ,....) such that x, = f,,,(x,,;) foralln=0.

Consider amap @ :n —> H X, by @(n)=x,,where n is anon- negative integers.
n=0

n=0

such sequences is in this way asubset of HX , and has a fuzzy topology as a
n=0

subspace. This fuzzy topological space is the inverse limit space of the sequence

{X",fn}. We shall denote itby X .

3.2.8. LEMMA:

If {X 5 f"} is an inverse limit sequence,if each f, is anonto mapping and

if {xnl,xnz,...xnk, ...... }is a set of points with x,in X, for i=1,2, 3,......andif
i<j such that f, ., (x,,)=x, then there is 2 point in X, whose co-ordinate in
X, isx,,i=1,2,3 ...

PROOF:

We prove the abovelemma (3.2.8) for two cases .The first in which the set

{x,,' } is infinite and in the second case, the set is finite.

The first case is easy. For arbitrary n, there is a least integer n; with nj>7, if n; =n, set Xq

= 'xnj’

. if n;>n, define x,

defined is a point of X, -

In the second case, there is a greatest nj, say k. For n < ng, we may define

x, = f, . (x, ). Now, suppose that for some m 2 ny, we have already defined x. Since
n m N\ 2
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£, is onto, there is at least one point x in X,,,, such that f,

I

. (X) = x,,. Choose any such

m+1
point as Xm+1. Now, by induction the existence of our desired sequence follows.

3.2.9. REMARK:

In fact, if the mappings f, are not onto in the above lemma (3.2.8), then the

inverse limit spaces X may be empty.

PROOF:

Consider a sequence of countable discrete fuzzy topological space

X =

n

x n=0,1,2,....

(s

am ?

1

3
Il

Define a f-continuous map £, : X, = X,y [, (%,.0) = Xpima- Then we have an

inverse limit sequence. But if we begin with a point x,, of X, and attempt to
form a point of X, , we can only construct the first j co-ordinates and then are

forced to stop and X, has no points in it at all. Therefore X is empty, if the

mappings f, are not onto.

3.2.10. EXPLICIT CONSTRUCTION OF THE FUZZY INVERSE LIMITS:

There is no guarantee of the existence of an inverse limit for an inverse system

of fuzzy topological spaces in the definition of inverse limit of an inverse system

which are given above. For this, we introduce the explicit construction in the

following way:

Let { Xa, fap: O BeL} be an inverse system of fuzzy topological spaces

Consider the fuzzy product HXa = t}’:L -V X, /fl@)e L}and for each aeL.

ael
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Let ™o be its projection on to the factor X, i.e. 7, :HXa — X, be a map

ael.

such that wo(f ) = f (o ) . Now, for fop: Xp —> Xo and

HXa = if L—> = X,/f(@)e L}, whenever a<p in L, we define

ael

X = if € a\E/LXa S (f(B) = f(a)}, whenever a<p in L.

Let Ty : X—> X be the restriction of the projectionsz,, :HX > X

ael

3.2.11. LEMMA:
If {X,0o : o € L }is the inverse limit of an inverse system

{ X fap: @ Bp € L } of fuzzy topological spaces , then  each projections

- ; :
T, .HXa —» X, is continuous.

ael.

PROOF:

Let {X,pq:0eL} bean inverse limit of an inverse system

=HXa . Also , we have for an

ael

{(Xo fop: 0, p € L} of fuzzy topological spaces and X

inverse system { Xo ,fup: 0, B €L yof fuzzy topological spaces , {fap: Xp > Xa} is

the collection of fuzzy continuous functions one for each pair (o, ) of indices

satisfying o < . Define 'q : HXH —>X, by e (N=F()

ael

Now, consider amap o : X—> X, such that 'a=fop° ™'p i.e. the following diagram

:NTn (24)
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is commutative .
Given any fts Y and f-continuous maps o : Y— Xo , 0 € L with Wo = fap e Wp
for o <P, there exists a unique f- continuous map p:Y— X such that y, = Mool .
Since {X,pq: o€ L }is the inverse limit of an inverse system { Xo,fop: O BeLl}
and Ty = Qq ,then from the above discussion we can say that { X, m'q: 0t € L} is

a fuzzy product . By the definition of fuzzy product,we have {7'q : X—> Xy }is

a family of f-continuous maps . Therefore, each projection ' : HX . X, are

ael

continuous. This completes the proof of the lemma.

3.2.12. LEMMA:

The inverse limit {X ,py: o€ L } of an inverse system { Xefapi0, el } is a

closed subspace of the fuzzy product space HX .

ael

PROOF:

Let { Xo,0e L} bea family of fuzzy topological spaces and {X ,¢a: 0.€ L}is
the inverse limit of an inverse system { Xo,fop: @ B eL} Then {fop:Xp—> Xa}
are the collection of fuzzy continuous functions with o <P in a directed set L

such that fap(Xp) = Xa » fOr each xp €Xp » Xa€Xo . Let { xq } be a fuzzy topological

space consisting of one point X, from each fuzzy topological spaces X, and

satisfying the condition Fop(xp) = %o for o<P in a directed set L.

LetX = [ [X. ={f 1L v X|f(@eXe f. Then such an fis {xo} identified with the

ael

spaces HX , having coordinates f (o) = Xo. Hence the

ael

point f in the fuzzy product
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collection of all such fis {x,} constitutes a subspaces of the fuzzy product spaces

HX « and this subspaces is the inverse limit of the inverse system
ael

{Xo .fop: &, P € L }. Next, we have to show that this inverse limit is a fuzzy closed

subspace of the fuzzy product spaces HX .

ael
We know, every fuzzy singleton set is closed, Therefore, the fuzzy singleton set {Xq} is
closed and hence the collections of all such fts are closed. Hence the inverse limit

{X ,0u: € L } of an inverse system { Xq,fop: @, B €L} is a closed subspace of

the fuzzy product space HX « . This completes the proof of the lemma.

ael
[Remark: This theorem may not be true be To- space]
3.2.13. THEOREM ([98]):

Show that {X,m,:oe L} = lim{Xa,faﬂ a,fe L}.

PROOF:

Consider a fuzzy product | [ X, = if L v X, |f@eX, ; of fuzzy

ael

topological spaces {Xa ,oeL } and

X ={fe HXa S (F(B)) = f(c),whenevera £ in L} .Then for any a<p and

ael

any feX , we have faﬁ(ﬁa(f))zfaﬂ(f(ﬁ))=f(a)=7ra(f).Thus we have the

following commutative diagram:
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fu[]
Xp—">X,

ﬂ:\ T Mo (25)

X
Next, consider an fts Y and a family of fuzzy continuous maps yo : Y= Xo,0t € L
with Yo =fop - W for a<p i.e.the following diagram
X, 25X,
\;NT% | (26)
Y

is commutative . Define p:Y — HX by (U (y) (@) = e (v for anyyte Y and

ael

any o € L. Suppose that B , then fup (4 (v0) (B) = Fap(wp)(¥0))

= Yo ()= (L (y) (o) and this shows that p (y) € X . Thus, we have a fuzzy
continuous map p: Y—>Xand p is uniquely defined. Hence for any y: € Y,

() =y Ne@) =y, (y).ae Land we have the following commutative

diagram:

@7

This completes the proof of the theorem.

3.2.14. EXAMPLE:

Let L be a partially ordered set and X be any fts. If each Xy =X and each f,,is

the identity map, then { oo fup OB E L}is called the trivial inverse system. Then

obviously the inverse limit of this system is X itself.



45
3.2.15. EXAMPLE:

Let L be a partially ordered set. Then the inverse limit {X,p,:xeLl} of an
inverse system {X arJop 10 B € L} is the fuzzy product of the fuzzy topological spaces
{Xo:aeL}.

3.3. DIRECT LIMITS FOR FUZZY TOPOLOGICAL SPACES:

Now, we discuss the dual notion of the inverse limit for fuzzy topological spaces.

The dual notion of the inverse limit is called the direct limit. In this section, we

define direct limit on direct system of fuzzy topological spaces.

3.3.1. DEFINITION ([98)):

A direct system {X aS% e, Be L}of fuzzy topological spaces consists of
(@) a collection of fuzzy topological spaces {X,:ae L}indexed by the directed set
L.

(b) a collection of fuzzy continuous functions { f X, > X, }one for each pair(a, )

of indices satisfying a<f such that

() f* =1d, :X,—> X,for each aeL.

(ii) for a<P <y, f# o f# = [ ie. the following diagram

X -—f"ﬂ—>X,,

24

et £PY (28)

1S commutative .
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3.3.2. DEFINITION ([98]):
A direct limit of a direct system {X sF¥ imPe L}of fuzzy topological spaces,

is a fuzzy topological space X together with f-continuous maps ¢, : X, = X, € Lsuch

that

(a)for a<B, @, =@zo f *ie. the following diagram

x 7 s x

a B
%\lm (29)
X

1S commutative .

(b) (Co-universal property) for any fts Y and f-continuous maps

w,: X, >Y,aelLwithy, =ygze f* for a<p .ie. the following diagram

A
X, —F— X,

\Nl\pﬁ (30)

Y

is commutative , then there exists a unique f-continuous map u: X — Ysuch that
W, =pop,,xc Lie. the following diagram

X—t£5Y

%T /' ) 31)

Ka

is commutative .
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The direct limit of a direct system {X o f? a,Be L}of fuzzy topological spaces
is denoted by li_r)n X, and is defined by {X,p, :a e L}.
3.3.3. LEMMA:
If in a direct system {X W SPa,pe L}of fuzzy topological spaces, all the f-
continuous functions % :X, - X 5 are one-one, then all the f-continuous maps

@, : X, —> X are one-one.

PROOF:

Letx,,y, € X, and suppose that ¢, (x,) = ¢, (,) that is [x, ]=1[»,]. Then there
exists a.<p such that % (x,) = f% (y,), since * are one-one. Thus we infer

thatx, = y, . Thus we see that@, is one —one. This implies the proof of the lemma.

3.3.4. PROPOSITION ([98]):

The direct limits {X,p, i€ L}and Vi, :ae L}of a direct system
{X nfP a,pe L}of fuzzy topological spaces are unique up to fuzzy homeomorphism.
PROOF:

Let {X P, (O E L}and {r,w, ae L}are two direct limits of a direct system
{Xa7 % .a,fe L}Of fuzzy topological spaces. Since {X,p, :a€ L}is a direct limit ,
then by definition of a direct limit of a direct system , there exists a unique f-

continuous map g : X —> ¥ such that , = o @, X E Li.e. the following diagram



is commutative .

(32)

Similarly, since {Y W, i€ L}is a direct limit, then there exists a unique f-

continuous map A:Y — X such that Aoy =g, i.e. the following diagram

y—2 3 X

w:\Tcpa

Xa

is commutative .

Now, consider the diagrams

Yete X

He N l\lfa
Y

By the uniqueness condition in the definition of a direct li
we have A o pu =Idx and p - ¥

{t,w, :a e L}are fuzzy homeomorphic and ther

(33)

(34)

and

(33)

This completes the proof of the proposition.

48

mit of a direct system,
=Idy . Hence the direct limits X,p,:a¢€ L}and

efore they are fuzzy homeomorphism.
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3.3.5. LEMMA:

fa<pf,a,peland 7z, :X, - Xthen show that ﬂﬂof”” =7, .
PROOF:

Let {X,rra X e L}be a direct limit of a direct system {Xa,f"ﬂ a, P e L}of fuzzy
topological spaces. Since {X,7,:aelLlis a direct limit of a direct system

{Xa,faﬂ e, B e L}, then we have 7, o f% =7, .ie. the following diagram
af
X, —LI—Xx,

T i (36)
X
is commutative. This completes the proof of the lemma.
3.3.6. LEMMA:
If x is any element of X, then there is an o in L and an Xq in X, such that
Ty (%g) =%.
PROOF:

Let {X,7,:a€ L}be a direct limit of a direct system {Xa,f“ﬂ a,fe L}of
fuzzy topological spaces. Since {X,7,:ae L}is a direct limit of a direct system
{Xa’faﬁ a,fBe L}, then we have 7, : X, — Xis a fuzzy continuous map. Let x € X

and x, be the any element of X Then for each o € L, we have 7, (x,) = x.This

completes the proof.
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3.4. EXPLICIT CONSTRUCTION OF THE FUZZY DIRECT LIMIT:

There is no guarantee of the existence of a direct limit for a direct system of fuzzy
topological spaces in the definition of direct limit, which are given above. Now, we give

an idea about explicit construction of the fuzzy direct limit as follows:

Let {Xa, f? a,Be L}be a direct system of fuzzy topological spaces. Consider the

disjoint union VLX ,of fuzzy topological spaces. Define a relation ~ on Vv X, as

ael
follows: For X, € Xo ,xp € Xp ,we have xq ~ xp iff there exists y € L such that

o,p <y,since Lis directed and £ (x,)= " (x,).

3.4.1. LEMMA ([98]):

Show that ~ is an equivalence relation on v, B.
[r 4]

PROOF:

We prove ~ is an equivalence relation on v X, and we need to show that ~ 1s
ae

(2) Reflexive relation
(b) Symmetric relation and
(c) Transitive relation.

Now, for any X € Xa > Xa ~ Xa because f** =Idxgand <. Hence ~ is a reflexive

relation.
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For Xg € Xa and xp € Xp, let X~ Xp - Then there exists y € L such that o ,p =Y and
— there exists y € L such that B, <Y =

) = f7 )= S G = ST )

XD ~ X(x.

This implies that ~ is a symmetric relation.

Finally, let Xa ~ Xp- Then there exists € € L such that a. ,p <& and

e (x,)= f’” (x5)- Again, let xg ~Xy. Then there exists 8 € L and

fP(xp)= f”s (x,)- Choose 1 such thate, $ <m. Then we have

Fan(x) = (f 7o fFNxD) = FSE D= Farre) =" )= (f% o f7)0xp)
= (%)= oS = £ )= o f7)(x,) =T (x))

itive relation. Therefore ~ is an

= Xq~ Xy.This implies that ~ is a trans

his completes the proof.

equivalence relation on vLX P 4
aE

3.4.2. NOTE:

lation can also be proved bya lattice diagram.

The transitivity of an equivalence 1€

Consider the lattice diagram
n \
e / 5 )

/\/\

ates that o <g and that there exists a fuzzy

where the arrow from & to ¢ indic

continuous map
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f%: X, = X, . Similarly, another f-continuous map £’ : X, — X, . Thus

S =0 LX) = TS = P w0 = () = (7 0 7 )(%p)
= ) =L ) = LS (x,) = (7 e £7)(x,) = F7(x,)

= Xg~ Xy . This implies that ~ is a transitive relation.

3.4.3. REMARK:

(VX,)
Let [xa] denote the equivalence class of x, and let X = @<L o be the quotient

fuzzy topological spaces. Let ¢_:X, > X,z e Lbe the usual quotient map such

thate,(x,) = [xa]. Note that each @ is f-continuous and 0 c X is fuzzy open (closed)
iff ;‘a(O) is fuzzy open (closed) in X, , for each o € L . Clearly,
X =V, {goa(Xa) ae L}, so that X is non-empty, whenever at least one X, is non-
empty. Now, we show that {X P, X E L}is the fuzzy direct limit of the direct system
{X of% e, fe L} of fuzzy topological spaces.
3.4.4. THEOREM ([98]):

Show that {X,¢, :a e L}=1i_r>n{Xa,f“ﬂ o, fe L}.
PROOF:

Define ¢, : X, > X,aeL by ¢,(x,)=[x,] for any Xa € Xq . Also,

let f% : X, — X ;be a f-continuous map. Then

@5 o fNx) =0, (P N =/ (x,)]. Thus @, (x,) = (@ 0 F%)(x,) for w<p

=% @, =050 f7ie. the following diagram
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X —f 3 X

f“‘*l /; (38)
Xp
is commutative .

Next, we established the universal property of {X,p, :a € L}. Let {¥,y, :a € L} with

Wy ' X, >Ybesuchthaty, =y, o f% for o < B i.e. the following diagram

X,—2=>Y
i Ve (39)
Xp

1s commutative . Defineamap u: X — Y by ,u([xa]) =y,(x,). Then p is well defined.
For Xq~ xp, t here exists y € L such that o, B<1, then £ (x,) = f* (x3). Thus
Val52) = (0, © ST = (0, 0 S 7)) =y (5p) = pa({, D = g, D= s uniqe.

Clearly, pis f- continuous. Thus (o, Xx,)=w,(x,) = ,u([xa]) i.e. the following

diagram
X557
Qo /V o (40)
Xa

is commutative .
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From the above discussion we conclude that {X,p, :e e L} is the direct limit of the
direct system {X S? a,pe L} of fuzzy topological spaces.
Therefore, {X,p, e L}=1i_r)n{Xa,f°’ﬂ a,fe L}.

3.4.5. EXAMPLE:

Let L be any directed set and X be any fis. The direct system
{Xa,f”” ‘a,fBe L}in which each X, = Xand f“ =Identitymap is called the trivial

direct system and the direct limit of this system is X.
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Chapter-4

Mappings on Inverse Systems and Direct Systems of
Fuzzy Topological Spaces

4.1. INTRODUCTION:

In this section, we introduce the mappings between two inverse systems of fuzzy
topological spaces such that this map gives us a map between the two inverse limits of
the inverse systems of fuzzy topological spaces. Also, in the same way we introduce the
mappings between two direct systems of fuzzy topological spaces and obtain a map
between the direct limits of the respective direct systems of fuzzy topological spaces and

study the various properties of both the mappings.

4.2. MAPPINGS OF INVERSE SYSTEMS:
In this section, we introduce the concepts of the mappings between two inverse

systems of fuzzy topological spaces and examine some of their properties.

4.2.1. DEFINITION ([98]):

Let {Xa, Jop 10, BE L}and {Y,,84 1@, fe L} be two inverse systems of
fuzzy topological spaces over the same partially ordered set L. Then the map
go:{Xa,faﬂ a,fe L}—) {Ya,gaﬁ e, fe L} between two inverse systems of fuzzy

topological spaces is called a mapping of inverse system if ¢ is a collection {ga,,}of fuzzy
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continuous maps ¢, : X, — Y, one for each aceL such that Lap°Pp =P, ° Jop whenever

a<p i.e. the following diagram
X, —2=>Y, .
Jep T Tg ap (41)
Yo=Y

is commutative,

4.2.2. DEFINITION;

Let gaz{Xa,faﬂ:a,ﬁe L}—){Ya,ga/,:a',ﬂe L}be a continuous map of
inverse systems. Then the unique fuzzy continuous map ¢:X —Y, where

{X,4,: e L}and {Y W, e L}are the inverse limits of the inverse systems
{X wsden LB E L}and {Y,:8.5 1, Be L}respectively is called the mapping between
two inverse limits if for each aeL, y, og=¢,_ o @, 1.¢. the following diagram

X—& yp

%J/ J/ a (42)

Xe— 1,
is commutativeld.
Lt {X asJop 1 €0, ﬁeL}be an inverse system of fuzzy topological spaces with

directed set L and let J < Lsuch that J is also a directed set. Let {X o fa. r a,B ed }be

another inverse system of fuzzy topological spaces with directed set J.
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4.2.3. THEOREM:
Let {X wsSop i, P E L}be an inverse system of fuzzy topological spaces with
directed set L and let J < Lsuch that J is a directed set co-final with L (i.e. for

everya € L there exists a a e Jsuch that asa). Then
lim{X,,f,:a,feL}l= lim{X ., f. g, B el
PROOF:

Let lim{Xa,faﬂ ra,f e L}= (X,p,:axe L) and

lim{Xa.,fa.ﬂ. o, f e J}= (X',0_. ' €J). Consider the mappingy : X — X by

w(x,}=x_,where x, € HX Landx . € HX . - Then  is a homomorphism. Now,

ael ael

we show that y is one-one. If y(x,) = x_.and @ € L, then for any &' € Jwitha <«
we haveg, = f, .p . i.e.x . determines x,and so  is one-one.

To prove that y is onto. For any givenx . € X ', define a x, € HX . as follows: For

acl

givena € L choose a2 @ € Jwitha <&’ and define @o =f, ¢, . Note that x_is well
defined because ifar < " € J, then we can choose an upper boundy'of ¢ and B'in J.
Thenf .p . = S fa.r.gor‘ = fw.gor. =7, 5 f 5P, = faﬂ.qo . and thus ¢, does not depend
on the choice of .

To prove x, € X, chooser < 8,a, 8 € L. Then there exists any' € Jwith 8 < y
since J is co-final with L. Let us compute JopPs =S f o Py = far-¢r~ = @, which was to
be proved. Since w(x,)= x_.is ftrivial, we conclude that y is an isomorphism,

completing the proof of the theorem.
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4.2.4. DEFINITION:

Let {X . fn}and {Yn,gn}be two inverse limit sequences of fuzzy topological
spaces. Then the mapping ¢:{X,,/,} = {¥,,g, }is called a mapping of inverse limit
system for the sequence of fuzzy topological spaces if @ 1is a collection { ,,}of fuzzy
continuous mapping ¢, : X, — ¥, satisfying the conditiong, o, =g, o f,, 01 i.e. the

following diagram

J/‘:’f’n J/(on-l J/(Dn-z ----- \Lqpl l/(”o (43)

is commutative.

4.2.5. THEOREM:
The mapping  : X, — ¥, induced by the mapping ¢ : {X . } — {Yn ' &n }is f-

continuous.
PROOF:

Since Y_ is contained inHYn » then the mappingy : X — ¥_may be regarded as

n=0

n=0

w(x) = (w(x,).¥(x,),......)is defined by a f-continuous mapping @,: X, =Y and is

indeed a point of Y, follows from the equations

g" ° (¢n (xn)) = ¢n-l e (.fn (xn )) = ¢r:-l (xn—l)' Since the mappings (9,, : X,, d Y,, are f—
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continuous and ¢ is the collection {go,, }of fuzzy continuous mappings ¢, : X, = Y, , then

the mappingsp:{X , f"}~> {Y,,,g,, }induces a f-continuous mapy : X, > Y,. This
completes the proof of the theorem.

4.2.6. LEMMA.:

If X is an fts and if for each o in an index set L, X » =X, then the diagonal in

H X, consisting of all constant functionsy : L — v X , 1s homeomorphic to X.

ael

(Its proof'is easy)

4.2.7. LEMMA:

Let X, X, X,,0men. each be the same fts X and let f, : X, = X

n-12

n>0, be the
identity mapping. Then the inverse limit spaceX_of the sequence {X 0 fn}is

homeomorphic to X.

PROOF:
The points of X are sequences (%, X, X,...), x in X, and there is an obvious f-
continuous map /2 : X, — X defined by h(x,x,x,....) = x.The only question that remains

is whether the fuzzy topologies of X and X, are equivalent. But X’ »18 the diagonal in
HX . - Therefore by the lemma (4.2.6) we can say that the inverse limit space X of the
=0

sequence {X,, £, }is homeomorphic to X. This completes the proof of the lemma.
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4.2.8. THEOREM:
Let {X s [, }and {Yn ,g,,}be two inverse limit sequences of compact 7, —spaces
and letp = {qo,, }be a mapping of{X , 7, }into {7, g, }such that each ¢, : X, — ¥, is onto.

Then the induced mappingy : X_ — Y, is also onto.

PROOF:

Let(yo, ¥, ¥;5-...)be a point in Y_. For each n, let e the setqpn'] (»,)- The subsets
X exists, since @,is onto. Define the mappings f, = f,,/X L ( f,restricted to X ,,').
Then {X - fn'}is an inverse limit sequence of compact spaces, forif x,isin X, ,and
then fn'(x,,) isin o, "'g (y,) = e ) =X . Hence X . exists and any point in

X_,'is mapped by wonto (¥, 1, Vyser).

4.2.9. REMARKS:
The concepts of an inverse limit sequence of fuzzy topological spaces are closely

related to an inverse limit sequence of fuzzy groups. Let {G,,G,,G,,......} be a countable
collection of fuzzy groups and ¢, : G, - G, ,,n>1be a f-continuous homomorphism.
The inverse limit group G, of such a sequence is the collection of all sequences
(80-81,8;»---) With g, € G,and such that g, = ¢, ,(g,,,) for all i. Clearly G, is indeed a
fuzzy group. Note thatG, always contains at least one element, namely, (e,,e,,e,,...),

where e;denotes the identity element of G, .
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4.2.10. DEFINITION:

Let {Ga’faﬂ ‘a,fe L}and {G;.,f;ﬁ, a',p e L’}be two inverse systems of fuzzy
groups over directed sets L and L. respectively. We define an f-homomorphism
@: {Ga’faﬂ a,Be L} - {G;-, Jop e, B e L’} with an order-preserving mapping
¢:L'—> Land for each a'elL',a f-homomorphism ¢ : Gyay = Gysuch  that
Por © Fywarsy = Sap © @ 1.€. the following diagram

Gy —2—G,,
1, ¢(a')¢(ﬁ’)T Tf ap (45)
Gﬁ(ﬂ') e G;"

is commutative.

4.2.11. THEOREM:

The f-homomorphism ¢ : {Ga,faﬂ a,fe L} - {G;.,fa'm, ', B e L’}induces a
f-homomorphisme,_ : G, — G-,
PROOF:

The inverse limit group G, of the inverse system {Ga, Jop i, B e L}of fuzzy

group over the directed set L is that fuzzy subgroup of the direct sum ZG,z consisting of

ael,

all sets {xa}, one element from each fuzzy group G, , for which Jop(x5) = x, whenever
a < finL. Thus let {x,}be an element of G_ . The f-homomorphism

Q: {Ga,fap a,fe L} - { s Sag 10, B € L’} consists of an order-preserving
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map#:L'— Land for eacha'eL’,a f-homomorphism ¢, :G ey —> G . Thus we
havex, =@, (xyqy) . Also, ifa’ < B, then we have g, o fyarecpy = Jup © @pie. the
following diagram
Pyt !
G¢(a") >Gy
Ay ¢(a‘)¢(ﬁ’)/]\ Tf ap (46)
Pp
G¢(ﬂ') — G,’B'
is commutative. The above commutative relation tells us that /. g (X5) =x., . Thus {x. }is

an element of G,,. Now, we definep_:G_ — G, byp, ({xa }) = {x;} Then ¢ is the

induced f-homomorphism ¢ . This completes the proof of the theorem.

4.3. MAPPING OF DIRECT SYSTEMS:
In this section, we introduce the mappings between two direct systems of fuzzy

topological spaces and study their several features.
4.3.1. DEFINITION ([98]):

Let {Xa,f"’ﬁ ‘a,fBe L}and {Ya,g"” ca,fe L}be two direct systems of fuzzy
topological ~spaces over the same directed set L. Then the map
Q: {Xa,f""’j a,fe L}—) {Ya,g”” a,fe L}between two direct systems of fuzzy
topological spaces is called a mapping of direct system if gis a collection {p, }of fuzzy
continuous maps ¢, : X, =Y, for each a € L such that g* o Po =@z0f “ whenever

a < f i.e. the diagram
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X, —2>7Y,

f"”l lg“ﬂ @7)

Xﬁ—“’f—>Yﬂ

is commutative.

4.3.2. DEFINITION:

Let{Xa,f"” o, f e L}and {Ya,g“ﬂ a,fe L}be two direct systems of fuzzy

topological spaces over the same directed set L with direct limits {X,d, : e € L} and

{Y,w,: :aeL} respectively and let go:{Xa,f"’ﬂ :a‘,ﬁeL}—){Ya,g“ﬁ :a,ﬂeL} be a

map between two direct systems of fuzzy topological spaces. Then the unique f-

continuous mapg:X —Yis called a mapping between two direct limits if

Wqo@, =pop,foreach a e Li.e. the following diagram

X, —2>Y

Pe l lWa (48)

X—t>y
is commutative.
4.3.3. DEFINITION:
The map ¢ as constructed in the above definition (4.3.2) is called a direct limit of

¢ and written as¢ = lim¢ .
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4.3.4. PROPOSITION:

Ifp: {Xa,f""’ a,fBe L}—) {Ya,g"’"" ca,f e L}and
n: {Ya,gaﬁ ra,fe L}—> {Za,h”ﬂ a,fe L}are fuzzy continuous maps between direct
system of fuzzy topological spaces over the same directed set L, then
ne@: {meap ra,pe L}—> {Za,h“‘” a,fe L}is also a fuzzy continuous map between
direct system of fuzzy topological spaces and li_r)n(n °op)= li_r)my o li_r)n .
PROOF:

Let Q:{Xa,f“ﬂ:a,ﬁeL}a{Ya,g“ﬁ:a,ﬁe[.}and
n: {Ya,g"’ﬁ a,fe L}—) {Za,h“ﬁ o, f e L}be mappings of direct systems. Then ¢ is the

collection{p, }of f-continuous map ¢, X, —>Y,and nis the collection {na}of f-

continuous map7, : ¥, — Z,. Also, we have the following commutative diagrams

f"”l g””l nt and (49)
X

ml wal Gal (50)

Xt sy & o5

Then we have the relations, g% e g, =@, o /¥, k% oy, =1, 0 g

andy,op, =dod,, 6, 0n, =00y, , where{X, 4, :aeL}=li_1)n{Xa,faﬁ :a,ﬁeL},
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{tr,w, @el}= IEH{Ya,g"” a,fe L},{Z,QH ael}= Ii_l)n{Za,h"’” a, B e L},
¢=1i_13'1§9"9=ﬁ_1}”7-HenC€ 9°¢=1i_1’nn011_r’nqo. But fogis the direct limit of 770¢
ie.fog= Ii_rbn(r] o ). Therefore Ii_r)n(n op)= li_r)m] olilnqo and this completes the proof of

the proposition(].

Let {X Y a,fe L}be a direct system of fuzzy topological spaces with
directed set L and let J < Lsuch that I is also a directed set. Let p( L el }be

another direct system of fuzzy topological spaces with directed set I.

4.3.5. THEOREM:

Let{Xa, o g ﬂeL}be a direct system of fuzzy topological spaces with
directed set L and let / < Lsuch that I is a directed set co-final with L (i.e. for
everya € Lthere exists a a' e Isuch that asa). Then
lim{X,, /% ;a0 < L}=lim{¥X,., r 10,8 e 1},

PROOF:

Letlim{Xa,f"” a,fBe L}:(X,q;a cael)
andlim{X ,, /% ', ' € I}=(X',p, e’ €1). An element of X is of the form[x, ],

where the index L indicates that we take its closure in the system {X 5T? o Be L},

Consider the mappingt//:[xL]—>[x,], where x, eX, a eTland the subscripts I
denotes the closure in the system{){ o «f a,pB el}. The domain of y is X,

becalxse[xL]eX,xa.eXa,aeL, then there exists a « €l such thater < ',
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Since f* (xy)=x,, then we get [x,]= [f"“’" (xL)Jandf“"" (x,)€ X ,a ellt is
obvious that y maps X onto X and y is a homomorphism.

Next, we show that y is oneone. Assume that [x,]=[y, Jand
x;,€X, .y, €X, ,a,f el. Then there exists ay' esuch thate' <y',f <y'and
f ay (x)=f sr (y y )- This implies that [xL]= [yL ], so i is one-one. This completes the

proof of the theorem.
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Chapter-5

Some Properties of Inverse and Direct Limits for
Fuzzy Topological Spaces

5.1. INTRODUCTION:

In this section, we recall some definitions such are fuzzy products, fuzzy
equalizers, fuzzy pullbacks and their duals, namely, fuzzy coproducts, fuzzy coequalizers
and fuzzy pushouts. Also, we show that fuzzy products, fuzzy equalizers, and fuzzy
pullbacks are the substitute limits of the fuzzy inverse limits and dually fuzzy coproducts,

fuzzy coequalizers and fuzzy pushouts are the substitute limits of the fuzzy direct limits.
5.2. FUZZY PRODUCT AS A FUZZY INVERSE LIMIT:

We can obtain fuzzy product as an inverse limit of certain inverse system of fuzzy

topological spaces.

5.2.1. THEOREM ([98]):

Let {X wsJap 1B E L}be an inverse system of fuzzy topological spaces, where all
the f,;’s are identity fuzzy continuous maps. Then
{X, @, aE L}= lim{Xa,f[,ﬁ ‘a,pe L}if and only if (X,gpa)is the fuzzy product of the

fuzzy topological spaces {X . OE L}.
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5.3. FUZZY COPRODUCT AS A FUZZY DIRECT LIMIT:

We can obtain fuzzy coproduct as a direct limit of certain direct system of fuzzy

topological spaces.

5.3.1. THEOREM:

Let {X S, B eL}be a direct system of fuzzy topological spaces. Then
X,0,:ac L}= lim{Xa,f"‘” a,fBe L}if and only if (X,¢, )is the fuzzy coproduct of

the fuzzy topological spaces {X , (OE L}.
PROOF:

Let{X,p, :a e L} = lim{Xa,f"” e, pe L}. Then we have fuzzy continuous

maps ¢, : X, - X, for eacha € L. Consider a fuzzy topological space Y and a family of
fuzzy continuous mapsy, : X, — ¥, for eacha e L. Then by the co-universal property

of fuzzy direct limit, there exists a fuzzy continuous map u:X — Ysuch that

¥, =Hop,,a € Lie. the following diagram

X——Y
Po \ Va (51)
X

a

is commutative. Therefore (X,¢,)is the fuzzy coproduct of the family{X_:a e L}of

fuzzy topological spaces.



69

Conversely, suppose that (X g goa)is the fuzzy coproduct of the family {X 4 (OE L}of
fuzzy topological spaces. Thus we have fuzzy inclusion maps ®, X, > X for each
aeL.If'Y is any fuzzy topological space and y, : X, — Y are fuzzy continuous maps,

then by the d efinition o f fuzzy ¢ oproduct, there exists a unique fuzzy continuous map

4:X — Ysuch thaty, = pueg ,ael, showing that
{X P, O E L} = lim{X o fP e, Be L}. This completes the proof of the theorem.
5.4. FUZZY EUALIZER AS FUZZY INVERSE LIMIT:

We can obtain fuzzy equalizer as an inverse limit of certain inverse system o f

fuzzy topological spaces.

5.4.1. THEOREM ([98]):

Consider the fuzzy inverse system {Xl,Xz,f, g ldy . ld, /| f,g: X, — Xz}.
Then the fuzzy inverse limit of{X Xy f.8.ddy  1d }can be obtained as the fuzzy

equalizer of f,g: X, — X, and vice-versa.

5.5. FUZZY COEQUALIZER AS A FUZZY DIRECT LIMIT:

We can obtain fuzzy coequalizer as a direct limit of certain direct system of fuzzy

topological spaces.
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5.5.1. THEOREM:

Consider the direct system {X S a,Be L}with a<p ande, f =1,2. Then the
fuzzy direct limit of {X af% i fe L}can be obtained as the fuzzy coequalizer of

f?.g%:X,>X,, fora<pand o, f=102.

PROOF:

First suppose that {X ,goa,aeL}is the direct limit of the direct system

{X,.f% o, p e L}with 0<B ande,f=12. Then fora<p, we have the following

diagram
X, L5 x,

@ @, (52)

X

withg, =@, 0 f' =, 0 g'. Now, for any fuzzy topological space Y and fuzzy
continuous mapsy, : X, >Y, a=12; we havey, =y,0 2 =y, 0. By the
couniversal property of the fuzzy direct limit, there exists a unique f-continuous map

H:X — Ysuchthat , = po@,,a € Li.e. the following diagram

12 12
Xl 4 3 XZ 2] 5

¥, H (53)
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is commutative. Thus (X, )is the fuzzy coequalizer of £'and g'2.

Conversely, let f'?,g" : X, — X,be the f-continuous maps having fuzzy coequalizer

(Q, q). Then we have a f-continuous map ¢q:X, — Qsuch that go f'2 =gog'and

therefore a diagram
X L=, x,
gof?=gqog' q 59
Q

with go f> = go g'. Hence (Q,q o f1%, q)is the fuzzy direct limit of the direct system

{X o f% i, fe L}with a<p anda =1,2. This completes the proof of the theorem.

3.6. FUZZY PULLBACK AS A FUZZY INVERSE LIMIT:

We can obtain fuzzy pullback as an inverse limit of certain inverse system of

fuzzy topological spaces.
5.6.1. THEOREM ([98]):

Consider the inverse system{X,Y,Z,f,g/f:X—)Z,g:Y—) Z}. Then the fuzzy

inverse limit of {X s ¥k [ g}can be obtained as the fuzzy pullback of fandg.
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5.7. FUZZY PUSHOUT AS FUZZY DIRECT LMIT:

We can obtain fuzzy pushout as a direct limit of certain direct system of fuzzy

topological spaces.
5.7.1. THEOREM:

Consider the fuzzy direct system {X % a,pBe L}with o<P ande, f=1,23.

Then the fuzzy direct limit of {X oS, fe L}can be obtained as the fuzzy pushout of

X > X, and P X, - X,.
PROOF:

First suppose that {X,@, :@ e L}is the fuzzy direct limit of the fuzzy direct

system {X oS?Pa,pe L}with a<p ande, f =1,2,3. We consider the diagram

flJ flz .
X, < X, > X,

D3\, @ ®, (55)

X

and then we have g =p3 - 71> =, - 712, For any fuzzy topological space Y and a family of f-

continuous maps v, : X, = Y,a =12,3 satisfyingy, o f2 =y, o f13,

wehave , =y, o f'* : X| = ¥ as shown in the following diagram
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13 fﬂ
Xje—— X| —"— 5 X,

YN W ¥, (56)
Y

By the couniversal property of the fuzzy direct limit, there exists a unique fuzzy

continuous map 4 : X — Y such that y, = gog_,a =2,31.e. the following diagram

RS
W, X2 X,
@ | (57)
X3<—ITXl

is commutative. Thus {X, ¢, : @ € L,a = 2,3}is the fuzzy pushout of /"and fl

Conversely, suppose that {x,p, :a e ,a =23} i the fuzzy pushout of
S? X, > X,and 21 X, > X;. Then we havegp, =@,0 f? =g, 0 f*: X, > X ie.

the following diagram
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X2 x,

Z N (58)

X3<__,-13—X1

is commutative and showing that {X @, € La= 1,2,3} = lim{X WP, pe L}with

a<P and «, 8 =1,2,3. This completes the proof of the theorem.

5.8. Fuzzy inverse and direct limits in a special way:

In this section, we mark the character of fuzzy inverse and fuzzy direct limits in a
special way. This special way is that in the presence of fuzzy product, fuzzy inverse
limits can be expressed in terms of fuzzy equalizer and fuzzy pullbacks individually.
Also, dually in the presence of fuzzy coproduct, fuzzy direct limits can be expressed in

terms of fuzzy coequalizer and fuzzy pushout differently.

5.8.1. THEOREM:
Let{ wrJop OB E L}be inverse systems of fuzzy topological spaces. Then in the

presence of fuzzy product, fuzzy equalizer is a substitute fuzzy inverse limit of the

inverse system {X wsJap OB € L}of fuzzy topological spaces.
PROOF:

Let {Xa, Jop 10t B eL}be inverse systems of fuzzy topological spaces and let

d( f,;) denote the domain of f,,and c(f,,) the codomain of f,;.Let U be the class of
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all fuzzy continuous maps { Jopi0 f € L}of the inverse system {X g i, BE L}. Let X

and Y denote the following fuzzy products:

X=HXQ, Y= Hc(faﬂ). Then we have the projectionsz, : X — X,,a € L and

ael JuseU

Peis ) 1Y = ¢(f,4), f,p € U respectively. Also, we have two different fuzzy continuous

maps 7, faﬂO;rrd(fnﬁ) : X > c(f,4), fop €U, which are shown in the following

X
ﬂd(f.z/:/ \”C(fan) (59)

d(faﬂ)T) c(faﬂ)

diagram:

Take a fts X and a f-continuous map 7, )" Then by the universal property of fuzzy

product, there is a unique f-continuous map f : X — Y such thatz, ., , = p, PRLN

Jop € U i.e. the following diagram
X
s &2 (60)

Y ——=—¢(fop)
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is commutative. Similarly, Take a fts X and a f-continuous map f,; o 7,(, . Then by the

universal property of fuzzy product, there is a unique f-continuous map g : X — ¥ such

that f5 © T sy = Peis,y ° & 5 fop € U i.e. the following diagram
X
g Sop Tty (61)

Y ———>c(fyp)

Pecsap)

is commutative.

Let e: E — X be the fuzzy equalizer of fand g, where f,g: X — Y are the f-

continuous maps with fee=goe. For eachf,elU, we haveX,=d(f,)and

Xa =C(faﬂ) .NOW,
fczﬂ °(7[p oe) =faﬂ °(7Td(fu,,) oe)= (fap °”d(fdﬂ))°e
=(Puy,) °8)0€ =Py, °(8°€) = Dy, o (fo€)

=Poy,yoflee=myy, 0e=7, 08

i.e. the diagram

E
Tpoe nT,oe (62)
Xﬁ TX“
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commutes. This implies that {E,na ce:q € L}is a fuzzy inverse limit of the inverse

system {Xa,fm[i a,p e L}.

Next, we check the universal property for fuzzy inverse limits. Letg, : Q — X,

,a € L be f-continuous maps with, g, i Jep °bags,y i.e. the following diagram

Q
Qs ets,p) (63)
d(faﬂ)T)c(faﬁ)

commutes. Then by the universal property of the fuzzy product, there is a unique f-

continuous map ¢ : @ — X such thatz, o ¢ = g, for each « € Li.e. the following diagram

Q

¢ 9, (64)
X '”_> Xa

is commutative. Thus we haver ) 0P =du fuﬂ)and Totrgy © P = ey, - Observe that

Pty o(fop)= (pc(f,,,,) oflogp= Tt °P = etsy) = faﬁ °Qatsp

= Jap © Tairyy °P) = ap ° as,)) 0 P = (@i, © 8) 0P = Py, © (€2 9)
= fop=gop, by cancellation law. Then by universal property of fuzzy equalizer,

there exists a unique f-continuous map z:(Q — Esuch thatgp =eo uie. the following

diagram
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c s X 1E 5y

E
/UI ¢ (63)
Q

commutes. Thusq, =7, c@ =7, o(eou)= (7, ce)o u, for eacha € Li.e. the diagram

e

H 9. (66)

commutes and is showing that{E,z, ce:a € L}is a fuzzy inverse limit of the inverse

system {X wlg i BE L}. This completes the proof of the theorem.

5.8.2. THEOREM:

Let {X oS, Be L}be direct systems of fuzzy topological spaces. Then in the
presence of fuzzy coproduct, fuzzy coequalizer is a substitute fuzzy direct limit of the

direct system {X % a,Be L}of fuzzy topological spaces.
PROOF:

Follows from the dual version of theorem (5.8.1).
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5.8.3. THEOREM:
Let {X end g ) B L}be inverse systems of fuzzy topological spaces. Then in the

presence of fuzzy product, fuzzy pullback is a substitute fuzzy inverse limit of the inverse

system {X,,, Lo ity } = L}of fuzzy topological spaces.

PROOF:

Firstly, we prove that fuzzy pullback is a fuzzy equalizer. Let the triplet (P,/I, u)
be the fuzzy pullback of and B, wherea:X —>Zand f:Y — Zare the pair of f-
continuous maps. Then we have P is an fts and A:P—>X,u:P — Y are the fuzzy
continuous maps such thata o 4 = fo ui.e. the following diagram

p_tax
U a 67)

is commutative. Consider a pair of f-continuous maps f,g: X — Y. Then for the f-
continuous mapA:P — X we have fodl=goA.This implies that(p,A)is a fuzzy
equalizer of fandg.

To check the universal property of fuzzy equalizer. Let W be an fts and
0:W > X,0:W — Y be two f-continuous maps satisfying fod =go@. Then by the
universal property of fuzzy pullback, there exists a unique f-continuous map A:W — P
such thatd = Ao hand @ = p o k. Thus for the fts W and the f-continuous mapé : W — X
satisfying f o =god, there exists a unique f-continuous map#s:W — P such

that§ = Ao hi.e. the following diagram
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Pt XL S ¥
h'\ (68)

is commutative. This implies that(p, 1) is a fuzzy equalizer of f and g together with an -

continuous map A : P — X . Therefore, fuzzy pullback is a fuzzy equalizer.

Now, by the theorem (5.8.1), we can easily show that fuzzy equalizer is a

substitute fuzzy inverse limit of the inverse system {Xa, Jog i, B eL}of fuzzy

topological spaces. This completes the proof of the theorem.

5.8.4. THEOREM:
Let {X WP a,Pe L}be direct systems of fuzzy topological spaces. Then in the
presence of fuzzy coproduct, fuzzy pushout is a substitute fuzzy direct limit of the direct

system {X % i, fe L}of fuzzy topological spaces.

PROOF:
Firstly, we prove that fuzzy pushout is a fuzzy coequalizer. Let the triplet (Q, A, y)
be the fuzzy pushout ofe and #, wherea: X »>Yand 8: X — Z are the pair of f-
continuous maps. Then we have Q is an fts and A:Y >Q,u:Z — Qare the fuzzy
continuous maps such that 4 o @ = z1 0 Bi.e. the following diagram
X—Y
yéj A (69)



81

is commutative. Consider a pair of f-continuous maps f,g: X — Y. Then for the f-
continuous mapA:Y — Qwe havelo f =1og This implies that({, A)is a fuzzy
coequalizer of fandg.

To check the couniversal property of fuzzy coequalizer. Let W be an fts and

§:Y >W,0:Z — W be two f-continuous maps satisfying o =8¢ . Then by the

couniversal property of fuzzy pushout, there exists a unique f-continuous map

h:0—>W such that§ = hoAand@=hou. Thus for the fts W and the f-continuous
mapS5:Y > W satisfyingSo f =8og, there exists a unique f-continuous map

h:Q — W such that § = ho Ai.e. the following diagram

X153y 450

5 h (70)

is commutative. This implies that (Q, 1) is a fuzzy coequalizer of f and g together with an

f-continuous map A : ¥ — Q. Therefore, fuzzy pushout is a fuzzy coequalizer.

Now, by the theorem (5.8.2), we can easily show that fuzzy coequalizer is a

substitute fuzzy inverse limit of the inverse system {Xa, Jop 100 B eL}of fuzzy

topological spaces. This completes the proof of the theorem.
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Chapter-6

On Singular Homology Groups of
Fuzzy Topological Spaces

6.1. INTRODUCTION:

The fundamental concepts of fuzzy algebraic topology, in particular, the singular
homology groups of L-fuzzy topological spaces are introduced by Liu and Zheng
[63]. They has defined L = (L; S,/\,v)being a completely distributive lattice with order
reversing involution, in such a way that they took the (usual) cubical singular
homological groups of topological spaces as a special case. They have proved that
singular homology groups are L-fuzzy homeomorphic invariants. In this section, we shall

add some new results to fuzzy algebraic topology by using the concepts of direct limits of

fuzzy topological spaces.
6.2. SINGULAR HOMOLOGY GROUPS OF FUZZY TOPOLOGICAL SPACES:
From the completeness point of view of the thesis developed by Liu and Zheng

[63], we recall the entire construction of singular homology theory of fuzzy topological
spaces. Le L = (L;s,/\,v)be a completely distributive lattice which has least and greatest
elements, say 0 and 1 respectively. Let X be a non-empty (usual) set. An L-fuzzy set in X
isamap A:X — Land the families of all L-fuzzy sets in X are denoted by Z* . It is clear

that L = (L; S,/\,v)is completely distributive lattice, which has least and greatest elements

6and 1 respectively in a natural manner, where (_)(x) =0and i(x) =1, forany x e X,
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6.2.1. DEFINITION ([63]):

Let 7 < L*.Then 7 is called an L-fuzzy topology on X if it satisfies the following

conditions:

()0,1e7

(ii)ifA,uez,then Anpuer

(1) if A, e r,i € A, then v A; € 7 ,where Ais an index set.

The pair (X , T)iS called an L-fuzzy topological space (in short L-fts).
6.2.2. DEFINITION ([63]):

Let (X , T)and (Y s O')be two L-fuzzy topological spaces. A map f: X — Yis
called L-fuzzy continuous if and only if for everyueo,f'(u)er, where
' (w)(x) = u(f(x)),for xeX. The map f: (X, 7:) - (Y, O')is called L-fuzzy
homeomorphism if and only if 7:X — Yis bijective and both fand f~'are L-fuzzy
continuous. Also, the L-fuzzy topological spaces (X ; r)and (Y,0) are said to be L-fuzzy
homeomorphic if there exists an L-fuzzy homeomorphism £ : (X , 1') - (Y , o-).

6.2.3. REMARKS ([63]):

The properties of L-fuzzy continuous maps have been discussed in [11] and I

(orll.)always denotes  (usual unit interval throughout  this paper and

I" =IxIxIx....xI(nfactors, n > 0) unit n-cube. R is the set of real numbers.

6.2.4. DEFINITION ([63]):

Let I be the set of all monotonic decreasing maps A : R — L satisfying

(i) A(r) =1, for t<0,
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(ii) A() =0, for 0.

ForA,ue }, we define that A=y if and only if for allz € R, A((t7) = pu(t™)and

M) = p(t"), where A(1™) = inf A(s), A(t*) = supA(s). Then ~is called an

s<t $>1

equivalence relation on’ . The quotient set %is called the L-fuzzy interval (in short

I(L)) and [A] will be used to denote the equivalence class of A e I.

We define an L-fuzzy topology T on I(L) by taking {L, R, ite R} as a subbase,

where L, ([A]) = A(t")e LandR,([A])=A(t*)eL. Then T is called the standard

topology on’ .

6.2.5. DEFINITION ([63]):
Let 7"(L)be the product spaces of L-fuzzy intervals 7,(L),1,(L),......,] . (L) with
standard topology T,,7,,....,T, respectively, for n>1. Then I"(L)is called the L-fuzzy

basic n-cube and T” denotes the product topology.

6.2.6. NOTE ([63]):

Let p;:I"(L)y—> I, (L)be the natural projection,i=1,2,3,.. ., then
{pi"] (L™, 2 (RV):teR,i= 1,2,3,...,n}is a subbase of I'" where {L,‘”,R,"’ ite R}is
the subbase of standard topology T on I,(L).

6.2.7. DEFINITION ([63]):

Letv, € ! V() =1, for t<0 and v, (¢) = 0, for t>0. Then I°(L)=[v,]e I(L)is

called L-fuzzy basic 0-cube and 7°(L) has the relative topology T° .
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6.2.8. DEFINITION ([63]):

Let (X ; r)be an L-fuzzy topological space. Then an L-fuzzy singular n-cube in
(X,7)is an L-fuzzy continuous map&” :(I ”(L),T”)—> (X ,7), n20. Let S,(X,7)be
denote the set of all L-fuzzy singular n-cube in (X , r).

6.2.9. DEFINITION ([63]):

Let {"be an L-fuzzy singular n-cube, n>1. Then &"e S, (X,7)is called
degenerate  if and only if there exists L1<i<msuch that for
any[A'],[u e I(L),& Cors[A ) = E" e[ ],00) L E'([A )y [A ]y [A7]) doES
not depend on[A'].

6.2.10. PROPOSITION ([63]):

Let (X : r)be an L-fuzzy topological space. Then
(1)<&" €S, (X,7)if and only if £" : I” (L) — X is an L-fuzzy singular n-cube in X, n>0;
(i) £" € S, (X,7)is degenerate if and only if &" : " (L) > X is a degenerate singular n-
cube in X, n>1.

PROOF:

Let (X , r)be an L-fuzzy topological space and 7" (L) be the product spaces of L-
fuzzy intervals I,(L),I,(L),...... ,1, (L) with standard topology T\,T,,....,T, respectively,
where 7' denotes the product topology.

(1) Lets" € S, (X,7). Since S,(X,7)is the set of all L-fuzzy singular n-cubes in (X ,r),
then &" : 1" (L) — X is an L-fuzzy continuous map, n>0 and hence ¢":I"(L)—> Xis an

L-fuzzy singular n-cube in X.
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Conversely, let £ : 1"(L) - X be an L-fuzzy singular n-cube in X, n20 and S,(X,7)be
the set of all L-fuzzy singular n-cubes in (X ; r). Then obviously,&” € S, (X, 7).
(i)Suppose thaté" € S, (X,7), n>1,is degenerate. Then there exists 1,1 <i < msuch that
for any[A],[4' 1€ I,(L),&" (o) [H],...) = &7 (oos[pt'],). Thus &€":I"(L) > Xis a
degenerate singular n-cube in (X, 7).

Conversely, leté” :7"(L) > Xis a degenerate singular n-cube in (X , r), n>1. Then
¢":I"(L) > Xis an L-fuzzy singular n-cube in X and hencel" € §, (X,7), n>l,is

degenerate. This completes the proof of our proposition.

6.2.11. REMARKS:

Let[A'],[2’],...,[ A" ] be the vertices of " (L)and we define these vertices are the
face of I"(L). Fori=12,....,n,lets! :(I"“1 (L),T"")—) (I”(L),T" )be a f-continuous map
such thate, ([4'],....,[A""]) = (X Lo [V, LA L, [A7']), where [v,]e I(L) and v,() =1,
for t<0 andv, (¢) = 0, for t>0.

6.2.12. DEFINITION:

Let £"eS (X,7), n>1. Fori= L2,...n, any L-fuzzy singular n-cube
¢":I"(L) > Xhave n facesd,&"defined byd £ = &£ og, :I"(L)> X . In other
wards, d,£"is the map obtained by restricting &£"to the ith face of 7 "(L)and regarding
this restriction as a map defined on /""'(L)and d <"eS, (X,1).

6.2.13. PROPOSITION:

Leté" € S, (X,7)and i<j.Thendd " =d, dé".
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PROOF:

Letf"be a L-fuzzy singular n-cube in §,(X,7). Then the map d,£"defined
bydig" ([A LI ]s [ ) = &7 (A ], [A7 LW, LIAT, ... [A™]), where
g (I "), T "")—) (I (D), T" )is a f-continuous map such that
A ] [A ] = (A e[V, LIA L, [ ]), where [v,]leI(L)and v, () =1, for t<0
and v,(¢) =0, for t>0.

First setting [A/]=0and then [A]=0for i<jin E"([A LA ], [A"]) O dd;¢"
amounts to the same as first setting [A']=0 and then setting equal to 0 the variable with
the new number j-1 of d jad:¢" . Therefore, d.d,&" =d 14;¢" . This completes the proof

of our proposition.

6.2.14. DEFINITION ([63]):
Let(X , r)be an L-fts and Z be the (usual) additive group of integers. For n>0,

0, ((X »T), Z)denotes the free abelian group with generators of all L-fuzzy singular n-
cube£” in (X, T)ie. everyc, € 0, (X ,7),Z)has a unique representation as finite linear

combination o f L-fuzzy singular n-cubes, that is,c: = Za a,6",a, €Z, £" e S, (X,7)

and otherwise zero. We shall not distinguish between an L-fuzzy singular n-cube &"and

1" € 0,((X,7),2)
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6.2.15. DEFINITION ([63]):

Let (X , r)be an L-fts, n>1. We define a homomorphism

5,:0,((X,0,2) > 0, ((X,7).2)by3, (¢,) = 3 a,8, ("), for that

0,£" =Y (-1)'d&.
i=1
6.2.16. THEOREM:
For n>1, the composited, , <3, : 0, ((X,7),Z) - 0, ,((X,7), Z)is the null
homomorphism i.e. (8, , 08, )¢" =0.

PROOF:

From the proposition (2.13), we have
dd" =d,_ d&", fori< . (D

Letd, 10, ((X AW ) -0, ((X T2 )be a homomorphism such that

8,£" = Z{:(~1)"d,.§”. Then(8,,28,)6" = > (D™ dd,&" +3 (-)"/ d.d ;&" . Now,
i= i<j izj

using the relation (1) and switching the labels i and j in the second sum, then we

have(3,,08,)¢" = > (1) d, d&" +> (-1 d,d,£" . These two sums are equal but

j12i kai
opposite in sign and hence equal to zero i.e. (0,,00,)"=0.
Also, (8,_,00,)¢" =0.

=(0,,°0,)(¢")=0&".

=(0,.,°0,) =0, by L-fuzzy cancellation law.

=(0,., ©9,)is a null homomorphism. This completes the proof of our theorem.
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6.2.17. DEFINITION ([63]):

Let 0,:0, ((X T),Z)—> 0, ((X ,7),Z)be a homomorphism. Then by theorem
Kero :
(2.16), we have Imd,, < Kerd,.Then C, ((X ,7),Z) = ma 18 called the
n+l

homology group. The elements of Kerd , are called the cycles, the elements of Im d,, are
called the boundaries and the elements of C, ((X ,T), 2 ) are called the homology classes.

Now, we define a homomorphism
8,:C,((x,2,2)>C,_((x, r),Z)bya,,[{c/:,}J = {a,, e )}, forc, € Kerd,. Then 9. is

an induced homomorphism ofd, .

6.2.18. DEFINITION ([63]):

Let (X , ‘r)be an L-fuzzy topological space. We define
Z,,((X,‘r),Z)= Ker@i, = {c" eC, ((X,z'),Z): 6." (c,)=0,n2 1} and
B,((X,7),2)=1ma,, =9,,(C,.,(X,7), Z)}n20.Then Z,((X,7),Z)and B, ((X,7), Z)

are called the group of singular n-cycles and group of n- boundaries in

(x, 7)respectively. Particularly, let Z, (X, 1), Z )= Co((X,7),2 ). From the theorem

(2.16) we have B, (X, 7),Z)  Z,((X,7),Z),n > 0.Hence we define
H, ((X, £); Z) =2 ((X’ 7 Z)B,, ((X, 7), Z)’n 2 Oand called it singular nth homology

group of L-fis (X , r) (with integral coefficient).
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6.2.19. THEOREM ([63]):
Let L ={0,1}and L-fis (X, 7)be the (usual) topological space.
ThenH,((X,7),Z ) =H,(X,Z),n>0, where H,(X,Z)is the n-dimensional cubical

singular homology group of X.

6.2.20. DEFINITION ([63]):

Let f:(X,7) = (¥,0) be a L-fuzzy continuous map. We define a homomorphism
[ :0,((X,7),2) > Q,((Y,06),Z),n 20 such that £, (§") = fo&" forany ¢" € S, (X, 7).
6.2.21. PROPOSITION ([63]):

For n20, the homomorphism £, : 0, (X,7),Z) - 0,((Y,0),Z)induces a

homomorphism );n :C((X,1),2) > C,((Y,0),Z),n>0.
6.2.22. PROPOSITION ([63]):

Let(X, 7),(7, o) and U ,@)be the three L-fuzzy topological spaces. Then we have
(1) the homomorphism 1d, : C, (X, 7),Z) > C,((X,7),Z),n > Oinduced by the identity
map /d : (X,7) — (X,7),is the identity homomorphism.

1) if f:(X,7) > (Y,0)and g : (¥, o) = (U, o) are the L-fuzzy continuous maps, then

(g,°f,) and g,o f, are the same homomorphisms from C, ((X, ), Z)to
C,(U,0),Z)n>0.
6.2.23. PROPOSITION ([63]):

Let f:(X,7) = (¥,0)be an L-fuzzy continuous map, n>1. Then

() £,400, =8, 5 f,:0,((X,),2) = O, . (V,0),2);
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y*
> X

(i) £,100, =9, f, : C,(X,),2) > C, ,(V,0), Z).

As results of proposition (2.23), for n>0, we have

f;(Z" (X,0),Z) <= Z, ((Y,0),2) andf: (B,((X,7),Z2)) c B,((Y,0),Z).Thus ];,, induces
a homomorphism f* : H,(X,7),Z) - H,((¥,0),Z),n > 0.
6.2.24. PROPOSITION ([63]):

Let(X,7),(¥,0)and (U, )be the three L-fuzzy topological spaces. Then we have
(1) the homomorphism /d. : H,((X,7),Z) —> H, ((X,7),Z),n 2 Oinduced by the identity
map /d : (X,7) = (X, 7), is the identity isomorphism, n>0.

() if f:(X,7) > (Y,0)and g : (Y,0) = (U, ®) are the L-fuzzy continuous maps, then

(g,° f,) and gf" ° ;" are the same homomorphisms from H, ((X ,7),Z)to
H,(U,»),Z),n=0.
6.2.25. PROPOSITION ([63]):

Let f:(X,7) = (¥,0)be an L-fuzzy homomorphism. Then
Pl H,((X,1),Z)> H, ((Y,0),Z),n>0is a group isomorphism.
PROOF:

From the proposition (2.23), we have f* H,(X,7),2) > H,((Y,0),Z),n>0is
. X. X‘ ' y‘
a group homomorphism. Let ¢, € Kerd, such thatd (c,)=0and ¢, € Ker 0, such that

5; (c,)=0. Then we have f*({c,})={c,}.
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Now, f*{(e.} e, })= 1" (e, )= ou e }= e, Hiew t = £7(ies 1) (e, ). Hence
f"is a group isomorphism, n>0.

6.3. SOME CHARACTERS OF SINGULAR HOMOLOGY GROUPS OF AN

L-FTS IN TERMS OF FUZZY DIRECT LIMITS:
In this section, we express the homology groups of an L-fts (X ,T)in terms of the

homology groups of its fuzzy compact subspaces by using the concepts of fuzzy direct

limits. Let {(X w:Tg) X E L}be the collection of all fuzzy compact subspaces of L-fuzzy

topological spaces (X , r), where L is a directed set.

6.3.1. THEOREM:

The singular homology group of an L-fuzzy topological space commutes with
fuzzy direct limits.

PROOF:

Let {X T s, B E L}be a direct system of fuzzy topological spaces over the
directed set L and let {X ,@, 1 € L}be the direct limit of this system i.e. @, 1 X, > X
and if a<p, then f* : X, — X ;and hence ¢, =@,o f%,

Let {(X 2:Ty) O E L}be the collection of all fuzzy compact subspaces of L-fuzzy
topological spaces (X, z), where L is a directed set. Fix an integer n>0 and let
M,=H, ((Xa,ra),Z).For asP, the fuzzy inclusion map f% : X, - X pinduces the
group homomorphism6* = £ : M, — M ;.Since f% o f* = fo and f** = Id, , for

a<f<y, then by proposition (2.24) we have 6% c0% =@ and9** =1d, . Thus
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{Ma,e“” a,fe L}is therefore a direct system of fuzzy abelian groups. Now, we are to
show that {M s P (X E L}is the direct limit of this system.
Now, for each a.eL, we have a fuzzy inclusion mapg, : X « > X, so we have a

homomorphismg,. : M, — M . Moreover, for a<p the commutative diagram

X —f"ﬂ—>X[,

a

R l P, (71)

X

Le. g, =@pgof “? and by the proposition (2.24), we have a commutative diagram

M,—" M,

Pas P g (72)
M
Le. @pe =@ 0 0% For any abelian homology group H,((X,7),Z)and a homomorphism
Yoo 1 M, = H,(X,7),Z),a € Lwithy,, = W g 0 0%, fora<p, there exists a unique
homomorphism y : M — H,((X,7),Z) such that W o @, = i.e. the following
diagram
M,—=>H (X,7),Z
Pore W (73)
M

is commutative . Therefore {M,p,. ;e L}is the direct limit of the direct system

{MQ,H"‘” ‘a,fe L}and is a singular homology group of an L-fuzzy topological space M
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together with homomorphismg,. : M, — M, a.eL. Also, the direct limits of this system
are denoted by lim M ,. This completes the proof of the theorem.
6.3.2. NOTE:

The homology groups of an L-fuzzy topological space do not commute with

inverse limits.

PROOF:

For the proof of the theorem (6.3.2) we present an example. For any integer n>1
let (X ,,,‘r,,)be the chain complexes of L-fuzzy topological spaces with (X 2y =0 if
g#0or 1 and (X,), —&2 (X, ),equal to Z—Z, where the homomorphism is
multiplication by 2. For each n let f, tX, > X, be the chain map, which is

multiplication by 3 on each chain groups, and for n<m define £

n,m

: X, = X, to be the

composite f, . = f,.;° fr.2 0. fiy o f,. Then {X ns fnlm}is an inverse system whose
inverse limit is the trivial chain complex of L-fuzzy topological spaces. Therefore

Hq(li‘l_n{X",fn’m})=Ofor all q. However H(X,)~Z,for all n and

S um 1 Hy(X,)~ H,(X,) for all n<m. Therefore lim{H,(X,), Iz,



6.3.3. THEOREM:

The homomorphism y: M — H, ((X,7),Z)is an isomorphism.

PROOF:

For its proof (cf. [98)).
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