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ABSTRACT

The behaviour of prestressed. rectangular beaTIs containing a

single hole or an array of circular holes is reported. Theoretical

and experimental studies are described, attention being given to

th~ elastic stress distribution around the holes, the deflection

of beams containing multiple holes, the ultimate load carrying

capacity and to possible methods of strengthening perforated beams

by additional reinforcement.

Computer programmes are developed for the calculation of the

stress distribution around holes for the application of prestress,

pure bending and bending with shear.

The experimental results from tests on a total of thirty-

Seven beams show good agreement with the theoretical results •
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f' c. compressive strength of concrete (cylinder strength)

the ultimate tensile strength of the tendon
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fsu stress in the tension reinforcement at failure

f compressive stress in concrete due to prestress onlype
f' ultimate strength of prestressing steels
fd stress due to dead load at the extreme fibre (bottom)

F stress concentration factora
G shear modulus of elasticity (lb/sq.in.)

2h depth of beam

I second moment of area

equivalent second moment of area

second moment of area of the net section about its
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second moment of area of the section above or below the
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Pm the remaining tensile stress in the compression steel
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CHAPTER I

INTRODUCTION

1.1 GENERAL INTRODUCTION

•

In modern, and particularly in industrial, building construc-

tion, there is an ever-increasing need for holes and openings at

different positions in beams. These holes permit the passage of

pipes and ducts for sanitation, heating, ventilation, air-condi-
tioning and other electrical and mechanical services. Openings are

often necessary to provide access to the inside of box beams. The

dead space in false ceilings can be put to economical use by

arranging services in two directions; without such openings, this

would be possible only at the expense of additional headroom.

Moreover, in the case of T-beams with monolithic slab construction,

it is preferable to provide holes just below ceiling level.
Holes may also have to be provided in buildings for architec-

tural requirements. Holes and perforations may be arranged in a

beam in various patterns in order to provide aesthetic beauty.

Proper provision should initially be made in the design office

for these openings instead of the later knocking out of holes on

site to suit installations, which might possibly weaken the

structure to a critical degree. The need for enlarging the holes

in the field and the danger of accidentally reducing the structural
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capacity of a beam can thus be eliminated. Lorentsen1 reports in

the Swedish Journal "Byggml!staren" that a hole was cut in aT-beam

in such a way that the web was completely removed close to the

support, where the shear capacity was critical •

The structural engineer is thus often faced with the problem

of providing holes in structural elements. By providing suitable

reinforcement in proper places, it is possible to have large per-

forations in reinforced and prestressed concrete beams without
reducing the load-carrying capacity.

1.2 THE PROBLEM

The effect of perforations on beam strength and stiffness is

at present imperfectly understood. The problem remains less dealt

with from the point of view of the structural designer and is
rarely mentioned in current specifications for design.

Only a limited amount of research work on prestressed beams

containing perforations has been performed and published, and only

a few of the possible parameters have been investigated. In

practice the openings may be of different shapes and sizes and may

cut the beam in various positions. The ultimate strength and de-

flection of such a beam may be affected depending on the position

and relative size of the holes. The design of such openings has in

the past been mainly intuitive and has not been adequately support-
ed by tests.
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The provision of holes in flexural members changes their

simple mode of behaviour to a complex and highly indeterminate one.

The exact mathematical solution of such a problem is very diffi-

cult and requires great time and effort which may not be justified

in the structural design office. Research work should, therefore,

explore the behaviour of such members under load and provide a

reasonably simple procedure for their analysis and design.

1.3 SCOPE OF RESEARCH
The work described in this thesis involves a fundamental

investigation of the web-opening problem in terms of stress con-

centrations and distribution for different sizes and positions of

circular holes in rectangular prestressed beams, the effect on the

cracking load, ultimate strength and the stiffness of the beams. A

sensibly exact analytical solution is established as a part of the

programme which will, with the help of the digital computer, give

the stress pattern at the boundary of a circular hole either in

pure bending or in bending with shear. A relatively simple proce-

dure is developed that will indicate, in an approximate manner,

the weakness in a prestressed concrete beam resulting from the

presence of circular perforations and the way in which they can be

possibly strengthened so that the beam retains its full strength.

The first part of the programme did not consider opening re-

inforcement. The need for reinforcing and the most appropriate
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form which it should assume out of a number of probable methods

was established in later parts nf the work.

The main parameters considered in the study are:

a) size of the hole (the hole diameter being 40%, 50% and 60% of

the beam depth),

b) location of the hole (either in a pure bending zone or in a

combined bending and shear zone),

c) position of the hole with respect to the centroidal axis of

the beam (on, above or below the horizontal axis of synmetry),

d) level of prestress,

e) effect of bond (bonded or unbonded tendons),

f) different methods of reinforcing the holes (bonded steel

liners, bonded ring reinforcement around the hole or vertical

stirrups at the sides of the holes).

The objective:

The programme had the objective of providing sufficient expe-

rimental information on the behaviour of rectangular prestressed

beams containing one or an array of circular perforations, with or

without reinforcement, by testing model beams in the laboratory in

order to develop a design method for such members.

1.4 PROGRAM}IE OF WORK
This thesis consists of a review of related work, a theoreti-

cal investigation, a report on materials, instrumentation and test
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progranme, experinental verification, discussion and conclusions.

In the appendices are given the analyses of test beams and compu-

ter programmes which calculate the stresses around the holes.

Photographic plates showing crack and failure patterns of the beams

are also presented.
The review of related work conprises the available oethods and

results of solutions given by different authors for the problecl of

holes and openings in plates, steel beams and reinforced and pre-

stressed concrete beans subject to different kinds of loading.

The theoretical analysis deals with the developoent of the

exact mathematical elastic solutions for beams with circular open-

ings, the centre being situated on, above or below the centroidal

axis. Computer programLleS were developed to predict the stress

trajectories at the boundary of the hole and the principal stresses

around the hole for uniforo compression and pure bending or bending

with three different ratios of bending Doment to shearing force,

arising out of the prestressing force and laading. An "equivalent

second noment of area" method for predicting the deflection of

perforated beams due to bending moment and shearing force is

developed.
The ultimate strength of beams having holes in the pure

bending zone and in the shear span is examined on the basis of

CP 115:1959 and ACI Building Code. A design oethod for reinforce-
nent against splitting (due to tensile stress concentration at the
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ends of the horizontal diameter of the hole arising out of pre-

stress) and diagonal cracking due to bending with shear is evolved •

A method of calculation of the reinforruement against failure by

excessive principal tensile stress on top of a hole is presented.

Test Programme
The experimental work involved the testing of thirty-seven

model beams, all rectangular, post-tensioned and of the same length

(90 in. effective span) subject to third-point loading, with the

exception of three beams tested with a central point load on a span

of 48 in. Of these beruns, eight had bonded and the rest unbonded

tendons. A detailed report on the method of preparation and instru-

mentation, testing procedure and test results is presented. It was

investigated in the tests whether the weakness of the beams con-

taining perforations could be compensated by providing bonded steel

liners on the inside surface of the holes, or by providing bonded

ring reinforcement with the oinimum cover. A third possibility was

to provide straight stirrups at the sides of the holes. To investi-

gate the effect of holes situated above the ultimate neutral axis,

holes were located above the centroidal axis so as to lie just

below the depth of the ultioate rectangular stress block. In two

cases, the holes actually extended into the depth of the ~fuitney

stress block. The deflection, ultimate load and the reduction in

weight due to the perforations were studied.

The experimental stress trajectories on the boundary of the

d
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circular hole, either in the pure bending zone or in the shear span
are compared with the theoretical curves. The observed deflections,
cracking loads and ultimate loads are compared with the theoreti-
cally predicted values.
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CHAPTER II

REVIEl1 OF RELATED WORK

The study of the problem of holes and perforations in members

subjected to different conditions of stress has been, until very

recently, from the point of view of the machine designer rather

than as a structural engineering problem. Only a linited amount of

work has been carried out on the behaviour of concrete beams con-

taining perforations, more work being devoted to steel beams and

the use of castellated construction.

2.1 SOLUTIONS FOR PLATE PROBLEMS

The first important theoretical investigation2 dealing with

stress concentrations was made by Larmor3 at the end of the nine-
teenth century. Following him a number of mathematical solutions

for stresses in plates containing various types of holes under

different stress systems was made by different authors.

Experimental methods have been widely used in the study of

stress concentrations around holes. To obtain the maximum stresses

produced at holes, fillets and grooves, tests were made using

models made of elastic materials, the strains being measured by

mechanical extensometers, mirror extensometers and Dore recently

by precise electronic gauges.4
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The method of brittle coating has been used to detoct the

weakest spots in complicated cases.5 The magnitude of the stresses

can ?e approximately determined if a preliminary test of a cali-

bration bar coated with the sane kind of lacquer is made.
Photo_elasticity6,7 provides a nore accurate experimental

method for determining the magnitude and distribution of stresses

around a hole.

2.1.1 Analytical Solutions

Single hole

Kirsch8 investigated the stress distribution around a small

circular hole in a wide plate subject to uniform longitudinal

tension,9 p.

Using the principle of superposition on a Lame thick cylinder

subject to a stress of P/2 and a case obeying the stress function,

~ = f(r) cos 2t, the radial, tangential and shearing stresses in

polar co-ordinates were found to be:
2 4 26r = p/2 (1-~) + P/2 (1 + 34 4a ) cos 2& (2.1)r r "7

a2 4
6D = P/2 (1 +:z)

_ 12 (1 + 3'4 ) cos 2 G (2.2)
r 2 r

4 2a27;0 = 12 (1-~ + 2'") s in 2e (2.3)2 r r

At the edge of the hole, when FI= n/2 and ¥, i.e., at the

ends of the diameter perpendicular to the direction of tension,

the maximum tangential stress is equal to three times the uniform
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stress applied. At the ends of the diameter parallel to the direc-

tion of the applied stress, there is a stress of opposite nature of

magnitude equal to the applied stress. It is evident from the

equations that the effect of the hole is very localised; as r

increases the stress approaches the applied stress very rapidly.
10Using the theory of complex variables, Kolosoff solved the

problem of stress concentration produced in a plate by an ellipti-
C~l hole. InglJ."s11d" d th bl" t d~ J.scusse e same pro em J.na paper presen e

to the Naval Architects.

Muskhelisvilli12 further developed the method of analysing

stress distributions around holes and solved the problem of stress

concentrations for a variety of hole shapes.

Neuber13 applied the general methods of elasticity represented

by three harmonic functions and obtained several results for two-
dimensional problems.

Heller14 obtained an exact solution for the stress distribu-

tion at the boundary and in the neighbourhood of an ovaloid ~pening

in the web of a beam subjected to bending with shear. He was able

to predict the stress concentration factors for circular, ellipti-

cal, ovaloid and rectangular holes in a rectangular strip for the

cases of tension, pure shear and bending with varying ratios of

moment to shear.

Howland15 solved by successive approximation the problem of a

uniform tension (p) applied to a plate bounded by two parallel

-----------------------~.
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edges and containing a hole midway between the finite edges. The

calculated values for the stresses across the ninimuo section for

a strip whose width is twice that of the hole diameter is shown in

Fig. 2.1. Curve I shows the stresses Oe/p along the contour o£ the

circular hole, Curve II shows the stress distribution 6~/p for the

most highly stressed cross-section ( (j = "/2), Curve III shows 6',,- /p

for the cross-section e = 0, i.e., along the strip axis, and Curve

IV illustrates the stress distribution (,y/p along the cross-section

9 = o.

The Case of a circular hole near the straight boundary of a

semi-infinite plate under tensile stress (p) parallel to the boun-

dary was analysed by Jeffery.16 Mindlin17 corrected the solution

given by Jeffery who made an error in his application. Mindlin

found that the total force, H, passing between the hole and the

edge of the plate, is given by

From a study by photo-elasticity of the stress distribution

around a circular hole on the centre line of a beam of uniform

rectangular section subject to a uniform bending moment, Tuzi18

was able to derive a suitable governing stress function. A theore-

tical solution was worked out by him (Art. 3.1.2) on the assuoption

of an infinitely extended plane. The experinental values at several

sections and boundaries compared well with the theoretical ones.

An approximate numerical approach is possible based on the
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replacement of the governing differential equations by the equu-

tioDSin finite difference form and solving the resulting simultune-

ous equations by successive approximations, generally by electronic

computation. The method of finite elements was used by Zienkiewicz,

Cheung and Stagg19 to find the flow of stress around a circular

hole in an isotropic and anisotropic material when the applied

stress was uniform. A high degree of accuracy was achieved by this

powerful method.
Single row of holes in plate
The maximum stresses due to a single row of circular holes in

a plate which is subjected to tension in a direction normal to the
20line of holes was determined by Hutter, (Fig. 2.2).

Howland21 determined the stresses in an elastic plate contain-

ing an infinite number of holes of equal size by' successive

approximations for the particular case where the holes are circles

and the plate is stressed by uniform tensile stress (p) along the

ox or oy- axis for the values of die ~ess than 0.54 (Fig. 2.2).

In Fig. 2.3, Curve I shows the tangential stress concentration

along the contour of the hole, Curve II, 6x/p along the Oy-axis,

Curve III, 6x/p along the ox-axis and Curve IV, 6x/p over the

section x = b/2 for die = 0.50.

Stress relieving holes
The stress concentration due to a circular hole can be reduced

by introducing two smaller holes on either side of it in the line
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of the applied force as shown in Fig. 2.4. The lines of principal

stress now tend to run more smoothly in circumventing the large

central hole thereby reducing the stress concentration. A series
22of tests has been carried out by Heywood to estimate the reduc-

twn in stress that may be achieved by this method. The general

dimensions of the model are shown in Fig. 2.4. For various sizes

of the two relieving holes, stress concentration factors were
calculated from the measurements at the central hole and relieving

holes. The values are expressed in terms of the nominal stress

across the minimum section in the figure. With the increase in the

size of the relieving holes, the maximum stress in these holes
increases, but that at the central hole is reduced. It is apparent

that the optimum condition is obtained when the maximum stress in

all three holes is the same and this condition is obtained when the

relieving holes have diameters 80% of that of the central hole.

It is thus best to use large re~ieving holes placed close to

the central hole. For this condition, the maximum stress is reduced

to 84 percent of that due to a single hole.

It seems unlikely that a greater reduction in stress can be

achieved by placing the relieving holes at a greater distance from

the central hole. Further, the addition of two other relieving

holes of smaller diameter placed in line with the three holes would

only lead to a very small reduction in stress, since their effect

on the central hole would be of a second order. The theoretical
I

I

..._-- -~~~j
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condition for minimum stress is a row of infinite holes all of the

same size and just touching one another •
The maximum stresses on the boundary of two circular holes o£

equal diameter in an infinite plate have been ascertained mathema-

tically by Ling.23

Holes in members subjected to combined loading

The solution for uniform tension or compression in one

direction can be used to obtain, by superposition, the solution

for tension or compression in two perpendicular directions. For
example, tensile stresses in two perpendicular directions produce

a maximum tensile stress of twice the applied stress.

Circular hole subjected to pure shear

By taking a tensile stress (p) in the x-direction and a com-

pressive stress (p) in the y-direction, a case of pure shear is

obtained. The tangential stresses at the boundary of the hole are

()8 = P - 2p cos 2/)- C P - 2p cos
At e = rr 12 or 3"/2, 66 = 4p

Hence for a large plate under pure shear, the maximum tangen-

tial stress at the boundary of the hole is four times the applied

pure shearing stress.

Transverse circular hole in p~ate subjected to bending
24Howland and Stevenson have given the calculated stress dis-

tribution in a plate containing a central circular hole subject to

bending in the plane of the plate. The results are expressed in
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terms of a stress concentration factor which is based on the nomi~

nal stress, 6M/tD2• He deduces that the stress concentration

factor equals 2d/D.

The photo elastic results of Ryan and Fischer25 have demonstrat-

ed that this does not hold good for ratios of diD above 0.5, the

observed s.c.f. being appreciably greater than those derived from

the formula.

2.1.2 Experimental Solutions

Tests on models of ductile material

Kirsc~" made a large number of tensile tests on steel plates

with circular holes and found that in the case of ductile materials

the hole usually increases the ultimate stress, the lateral con-

traction of the specimen at fracture being somewhat hindered by the

presence of the hole.
26Some tests were made by Wahl and Beeuwkes on a large steel

specimen containing a hole Kith a diameter almost equal to the

width and of a size large enough so that accurate strain measure-

ments could be made with Huggenberger extensometers. The stress

concentration factor was found,by dividing the stress readings on
the inside of the hole by the average value between the stress

obtained on the outside and that obtained on the inside, to be

1.91.
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Tests on models of brittle material

Peterson27 used Plaster of Paris, a brittle material that

fallows practically a linear stress-strain diagram up to failure,

in his tests.

He used two tension specimens, one containing a hole and the

other having the same net cross-sectional area, but with no hole.

The two specimens were tested to failure and the breaking load P1
for the specimen without a hole and P2 for the specimen with a

hole obtained. The ultimate strength of the material was then

computed (s1 = P1/a) based on the specimen without the hole. s1 is

assumed to be equal to Sh' the localised stress at the edge of the

hole at failure since both s1 and Sh represent the ultimate unit

stress at which the particles of the plaster tear apart.

The stress which would exist at the load P2 if the specimen

were of the net area and did not contain a hole is

The stress concentration factor which is the ratio of the

stress Sh at the edge of the hole to the stress s2' which would

s2 = P2/a

From (2.6) and (2.7),

exist in a member having the sane net cross-sectional area and not

containing a hole, is given by

F =
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Zelisko, Zyczywolski and Grabczynski28 established by oeans

of the photo elastic oethod the distribution of stresses in a rec-

tangular diaphragu (deep bean) with a central circular opening,

sioply'supported at the ends and loaded by a single concentrated

central load. The authors noticed that there was an increase in

the intensity of the normal stresses at the edge of the opening

with the increasing dianeter of the hole. With the increase in the

span of the diaphragm, these stresses showed reductions in their

intensity in the upper edge of the opening while in the lower edge

there appeared to be progressive increase in their intensity.

2.2 SOLUTIONS FOR STEEL BEAMS
The problem of a simply supported rectangular beam having a

single circular hole for the case of bending with shear was inves-
tigated by Gibson and Jenkins.29 An approximate mathematical ana-

lysis of the stress conditions in the neighbourhood of a circular

hole carrying a central concentrated load along the ver.tical

diameter of the hole was presented. The authors concluded that the

theoretical values for the tangential stresses give reasonable

agreement with experimental values determined photo elastically and

from steel beam tests. The concentrated load just above the hole

gives a localised stress distribution which is not predicted by

their theory.
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The tangential stress at the boundary of tho hole is given by

69 = C a2 sin {~(Y1 + Y2) (2.10)
••

where m ( 4 sin2q - 2) •Y1 = '2
•• 2 )- 4 sin20 -\.Y2 = 2 cos E! l (2n + 1

.J

and m = lla, n = dla, (2.11)

a = radius of the hole. 1 = beam span

2d = depth of the beam

Approximately, 00 = C a2 sin 9 y1" (2.12)

It is interesting to note that the value for 00 at 6 = 900 is

precisely twice the value that would occur at the sane distance

from the neutral axis in a beam without a hole.

McCutcheon, So and Gersovitz30 presented in their report to

the Canadian Institute of Steel Construction the stress trajecto-

ries around a circular hole (the diameter to depth ratio being 0.6)

in wide-flange beams with one or two point loading thereby keeping

the hole under either pure bending or varying ratios of bending and

shear. Measured strains for the four beam tests compare with the

theoretical strains. The discrepancy between the theoretical and

experimental curves is more pronounced when there is a relatively

high shear force acting at the section.

Measured deflections indicate rather higher values than would

be anticipated from elastic bending theory. In each case the ulti-

mate strength of the bean was unchanged by the presence of the

opening.
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McCutcheon, Dickie and Cheng31 in their second report to the

Canadian Institute of Steel Construction presented the experimental

data and observations pertaining to the stress distribution around

an elliptical hole in a wide-flange beam. The measured strains were

compared to those obtained by the photoelastic technique. The dis-

tribution of boundary strains are somewhat different from those of

the circular hole and are appreciably greater in relative magni-

tude. The greater stress level lowered the ultimate strength by

36% and shifted the plastic hinge from under the load to the

opening.
Segner32 directed his work to reinforcement requirements

around large rectangular openings in wide-flange beams. Segner

tested six beams containing a total of twenty-three openings of

various shapes and reinforcing details. A central concentrated

load on a 10 ft. span was used throughout. Segner concluded from

his work as follows:
a) Reinforcement requirements can be determined from the con-

sideration of ratios of applied moment to moment capacity, applied

shear to shear capacity and the breadth to depth ratio of the

opening.
b) The most suitable reinforcement is an open or closed ring

around the opening; in regions of high shear, this should be com-

bined with oblique flange stiffeners.
c) Elastic deflection for a beam with openings is approximately
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one-third higher than that for the gross section.

d) Beam capacity at yield stress for a beno with reinforced

opening is reduced approximately by 30% •

e) The ultimate capacity of the beam remains unchanged.

An analyticnl method for calculating stresses around holes in

the web of wide-flange beams was presented by Bower.33 The appli-

cability of the analysis depends on the size of the web hole and

an the magnitude of the moment-shear ratio' at the hole. The analy-

sis predicts stresses accurate in all respects for depth ratios of

about 2 or greater at a shear-moment ratio of 0 and for depth

ratios of about 6.0 or greater at a shear-moment ratio of 2.4/L,

where L is the half-length of the beam; the stress distribution

shows that an increase in the shear-moment ratio shifts the loca-

tion of the maximum normal stress at the boundary of the hole from

the vertical apex towards the horizontal apex of the hole.

Bower34 next presented experimental stresses in wide-flange

beams with holes. He dealt with two types of holes, circular and

rectangular, in beams subjected to concentrated loads. Tangential
stresses at the boundary of a circular hole, as predicted by

elastic analysis, were compared with the experimental stresses for

bending-shear stress ratios of 7.2, 3.6 and O. The correlation bet-

ween the theoretical and measured compressive stresses is not as

good as the correlation for tensile stresses; nevertheless, the

measured stresses generally follow the predicted pattern. He
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concluded that the theory-of-elasticity analysis adequately pre-

diets the tangential stresses at the boundary of circular holes

for all bending-shear stress ratios tested when the diameter of

the hole equals one-half the beam depth. For rectangular holes,

the author assumed Vierendeel behaviour and concluded that the

analysis predicts stresses on transverse cross-sections with

reasonable accuracy, but does not predict the stress concentrations
at the hole corners.

Redwood35 discussed the paper of Bower and reported that the

theory of elasticity solution compares well with experimental tan-

gential stress for an opening, either circular or rectangular with

semi-circular ends for the case of pure bending, but the theory
significantly

Bower36
under-estimates the stresses when shear is present.

also investigated the effect of rectangular holes em

the ultimate strength of beams. He discussed two methods of pre-

dicting the ultimate strength - a lower bound solution neglecting
the effect of strain hardening and an elastic Vierendeel analysis.

The lower bound solution was found to predict loads 19% below the

experimental load. Allowable design load based on an elastic

Vierendeel analysis showed better agreement.

Gibson and Jenkins37 predicted by an approximate analysis the

behaviour of castellated I-beams with regularly spaced hexagonal

holes in the webs for the case of a simply supported centrally

loaded beam. An assumption that the beam behaves as a Vierendeel



•

•

•

26

girder was made and the stresses arrived at by this analysis were

compared with those obtained by a photo elastic investigation. The

authors compared the deflection as arrived at by their analysis

with that given by elementary beam theory using the least second

moment of area. As the span increases the agreement between these

two formulae is more close and shows almost complete agreement for

very large spans.
The beam theory gives the chord stresses as linear functions

varying from zero at the supports to a n,aximum value at the load.

The theory presented by Gibson and Jenkins, and also the experi-

mental results, show great variation with the beam theory, but

close to the centre-line where the critical stress occurs the

agreement is quite good. Therefore, as far as determining the

critical stress the beam theory as used by the manufacturers is

sufficiently accurate for design purposes.
Kolosowski38 proposed a practical design formula for castel-

lated beams. He, too, assumed Vierendeel behaviour and compared

stresses with those obtained by the simple theory of bending. He

commented that the assumption that plane sections remain plane

after bending, is not justified for castellated girders, because,

a) the stress distribution is not linear across either the

solid section or the castellation,
b) the pattern of the stress distribution along the top and

bottom flanges does not comply with that indicated by the bending
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moment diagram (Fig. 2.5),
c) the actual deflections are ouch larger than those calcu-

lated by the simple theory of bending.
The experimental results indicate that the castellated girder

behaves as a Vierendeel truss. However, the analogy is not exact

owing to the fact that the openings are rather small coopared with

the overall dimensions of the girder; consequently, the members of

the Vierendeel truss are short and secondary stresses are intro-

duced.
In the course of discussion of a paper by Cheung, King and

Zienkiewicz, Sawko39 remarked that the relative importance of shear

versus flexural effects is a function of the size and shape of

openings. Several perspex beams with different ratios of hole size

to depth were tested under third point loading and the relative

importance of shear against bending deflection is shown in Fig. 2.6.

For the shape of cells considered and for values of dla commonly

found in bridge decks the shear deformations were found to be

dominant. Square holes exhibited a far greater shear flexibility

than circular holes.

2.3 SOLUTIONS FOR REINFORCED AND PRESTRESSED CONCRETE BEAMS
Lorentsen1 presented a design method for reinforced concrete

beams with extended openings in their webs. In this method, the

lower framing flange, in which the tensile reinforcement of the
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beam is embedded, was considered as a tension rod, that is, unable

to resist any moment. The tension rod is divided into short sec-

tions by primary flexural cracks and usually this chord is not able

to transfer the shear corresponding to secondary moments. The beam

is then reduced to a rigid frame with a tension rod. Lorentsen

states that it is desirable to locate the hole near midspan because

of low shearing forces. Near the ends the shearing force is usually

large and the normal force small from which the principal tensile

stress in the concrete becomes large and the potential danger of

the development of diagonal tension cracks increases, since the

shearing force must be carried by the upper framing flange only.

The author dealt with the detailed reinforcement requirements

around an extended opening for the cases of simply supported and

continuous beams. An approximate design method was proposed. Four

beams were tested to verify the applicability of the analysis. The

first two beams failed in a similar manner to that exhibited by

beams without holes. The hole did not weaken the beam and tho capa-

city of the main tensile reinforcement was fully developed. In the

remaining two beams the sections at the edge of the hole were

deciding factors in the magnitude of the failure load. The steel

at the edge of the hole yielded. Since the main reinforcement was

not fully developed in tension, the lower flange could be utilised

in resisting part of the moment.

Nasser, Acavalos and Danie140 outlined a,theoretical approach
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for the behaviour of rectangular reinforced concrete beams with

large openings. Full size beams were tested and the results were

compared with the behaviour of an identical beam having no o~ening.

Because only a limited amount of research work on large openings in

beams was available, the authors made the following assumptions:

1. The top and bottom cross members of the opening are assumed

to behave similarly to the chords of a Vierendeel panel.

2. The cross members of the openings have contra-flexure

points at their midspan, provided they are not subjected to trans-
verse loads.

3. The cross members, when they have adequate stirrups, carry

the external shear in proportion to their cross-sectional areus.

4. There is a diagonal force concentration at the corners

induced by the chord shear and its value is twice the simple
shearing force.

All these assumptions were found valid for rectangular beams
from test results of twelve beams having one or two holes in pure

bending or bending with varying shear, the beam being subject to

one or two concentrated loads. It was concluded that adequately

reinforced large openings in rectangular beams do not reduce the

ultimate capacity of the beam but reduce its stiffness.

Discussing the above mentioned paper by Nasser, Acavalos and

Daniel, Barker41 reported the test results of three pairs of singly

reinforced beams where he observed that when openings were made in
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the tension region of beams without compression reinforcement, the

ultimate capacity of the beams was not reduced. He pointed out that

'properly designed' means that the opening does not reduce the com-

pression zone required to resist the ultimate moment capacity.

Kocsis42 made a series of tests on small unreinforccd plaster

beams with holes for the purpose of finding a stress concentration

factor for use in design of beams with rectangular holes. The hole

depths were 25, 50 and 75% of the beam depth. He proposed a design

method based on the stress concentration factor.

Let C1 .be the distance of the outer comnression fibre from

the neutral axis of a beam without any hole,

and C2 be the distance of the compression side of a hole in a

beam.

Assuming that failure occurs at the hole boundary and that

both beams are made of the same material,

= Fa

M1 is obtained by test on a solid beam, M2 by tests on beams

with holes. I and 12 (12 is the net I) are computed and Fa is found

from equation (2.13).

Ragan and Warwaruk43 made an experimental study of model and

full-size prestressed concrete T-beams containing large web ope-

nings. These beams contained an array of rectangular holes with

rounded corners; the holes were of different sizes, the holes near
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the support being of lesser depth, since the curved tendon had to
pass below the hole.

In all cases, immediately after the formation of the first

flexural cracks, the tension lost by the concrete was transferred

to the reinforcement. This resulted in a rapid change of slope in

the load-deflection diagram as the stiffness of the bean was

reduced. In the later stages of loading, the load-deflection dia-

gram was nearly flat. This stage suggested that the main reinforee-

ment stress was approaching or was in the inelastic range of the
reinforcement stress-strain curve.

The mode of failure of all the model beams with openings was
through the formation of mechanisms. The authors concluded from

the tests that large web openings in T-beams could be provided
while still moeting code requirements.

Ibrahim44 tested a number of reinforced concrete beams con-

taining an extended hole in the web. He proposed several methods

for reinforcing the holes. The top and bottom cross members behaved

like separate beams as assumed in Vierendeel analysis. He concluded

that the beam did not lose its strength in bending so long as the

hole did not cut the ultimate compression depth.

•
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CHAPTER III

ELASTIC STRESS ANALYSIS AND DEFLECTIONS

ELASTIC STRESS ANALYSI~

The prestressing force causes a triangular stress distribution

at the solid section of the beam with liittle tension or zero stress>

at the top fibre and compressive stress at the bottom fibre of the

beam; this effect is equivalent to a uniform compressive stress and

a uniform bending moment causing tension at the top fibre. If a

circular hoLe is symmetrically placed in the beam with respect to

its depth, the problem of finding the stress distribution on the

boundary o£ such a ho]e reduces to the superposition of the stresses

due to a uniform compressive stress and a bending moment.

3.1.1 Stress Distribution around a circular Hole in a Beam

subject to uniform Stress

Consider a thin, infinitely long strip made of eLastic isotro-

pic material of width 2b, thickness 2h and having a circular hole

of radius a ~ b, its centre being on the axis of symmetry of the

strip and loaded with a uniform compressive stress p = constant;

there are no external forces acting on the contour of the hole

(Fig. 3.1).
Howland24 expressed in polar co-ordinates the stress compo-

nents around the circular hole for ,,= ~ ~ 0.5 as a series as
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follows. The polar axis cQ.incides with the Ox-axis and the angles

= p {

(n+1) (211-1) 0211 2n-2
+ ---- •.-"---.- + n (211-1) 12nP + (n-1) (211+1)

{,

are measured from the Ox to the (positiva) Oy-axis •

do 2 L ,-n(211+1
~(1 + cos 2 c) + 2:m~- -':;-.+ z. \

~ r n=1 _ p211'",

•

n(211+1) d211
J" 2n+

->:.

ire = -p) ~ siIl 20 + 21:, Ln(2n-1)(1211
t n=1

+ n( 2n+1) (m2n f2n - .•::.'~S)1 sd.n 2n 8 \F 211+2' -' )

2n-, )
2n I:) Jeos 2n!"~\;

(3.2.)

211-2-
(2n-1) 1211f + (n+1) (211+1)+ n

(n-1) (211-1) ~

O 2nl
+

The values of the coefficients in the formulae. fo severaJL

values of >-are given in Table 3.1. Table 3.2- gives th values of.

0e/p along the contour of a circular hole for various aluen of ~.

Table 3.3 gives the values 0e/p along the transverse cross-section

of the strip (e = ;). passing through the centre of the circular

haTh!.(where? = ~).

The values of 6u/p in Table 3.2 for ~. = 0.6 have been obtained

by extrapolation; from the trend of the curves for ~ = 0.1 to 0.5.

the suggested values oi' 6e/p are obtained. Table 3.•2. is represented

by the curves in Fig. 3.2.
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3.1.2 Stress Distribution around a circular Hole in a Beam

• subject to pure Bending

A circular hole, of radius a, has its centre on an arbitrary

•
origin through which the aXes x and yare drawn (Fig. 3.3). In a

beam without any hole in pure bending, 6x = Ay and 6y = ~xy = 0.
If F be the stress function, v 2 V2 F = 0,

In polar co-ordinates, ":12 V2F = 0

2 1 Q ~ 1"b2where V = - -' (r -) + ......, ---..;r or or rC o6c

The boundary conditions are given by,

~ x = Ay = Ar sin e , 0y = 0, Txy = 0, at x = + c.r,

°r= 0, ~e = 0 at r = a

Putting F = F" + F l'

6, = (.1 "Fo + ..2..02FO) +(.1, ~F1
r "r r2 oe2 r or

__ ..£.. /.:!. "bFo\_ ~ (.:!. ;)F1)
O. - II r \.roe J 0 r "r ~

At r = a, Or = 0 and fro = 0

= -f - ()
L (.r

"\,
\

(C05+.-cos3u) i
t,

= 1- .1 ~~. + 1 'a~-i
,_r <Ir ~ W J r = a

= - Aa (sin;,:- sin3.)
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Assuming F1"

••
. \"-1g~ves. ~r I

'- .' F 1 '

\.r i
~VQ 1 F
'.. ~ l'

r=a

r=a

-1, ( -3 -1.= b1 r s~n ('+ .b3 r + d3 r I sin 3 U

/2b1 36 b3 3003 \ sint' i.48b.) ~ \ sin3~"\
= - \ 0.3 +-;5 + --;;:3"" ) + \,-;;:5 + 0.3 ,; i
= /2b1_36b3_18d3\:cose+(48b.3+24d3~cos39 j

"0.3 0.5 0.3' \. 0.5 0.3,
0.8)

solving equations (3.7) and (3.8),

Aa4 . Aa6. Aa4
b1 = 0' b3 =-1"2' d3 =0

F 3( . a a3)
= Aa .;( 2r - 4r3 sin,

, .

: r3 a 0.3) . 3 )+ \ -- - - + -- S1.n b
'60.3 2r 3r3 (3.9)

Using this complete stress function, Tuzi18 derived equations,

in polar co-ordinates, for radial, tangential and shear stresses

at the boundary of the circular hole.

3 \ ' r 40. 30.3.,. / r 50. 40.3\ . 3 }= Aa '.\.- - ....",+ -- ) !Un ,;- ( - - - + - i s~n (l
~ 0.3 r-' r5, '.0.3 r3 r5,'

3 \ (a 30.3\ ( r a 40.3\\ 3}= Aa, \.-3 - --,,-}sin ~ + I - - - + -- I sin .I'" r r-'. '-0.3 r3 r5

At the periphery of the hole,

~8 = 2 Aa sin [l (2 sin 217 - 1) 0.13)

Following Tuzi's approach the stresses around a circular hole

in a beam, the centre of the hole being situated at mid-depth of

the beam under the action of pure bending, were expressed in polar

co-ordinates by 8030 as follows.
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Radial stress, Or

<3.14)

Tangential stress,

Shearing stress,

3wl1r 4
61) = (-

w:lliJa '
3 )sin p41 LfI.r i

( wl1a4 wl'1a6 w~r) . 3e C3.15)- 4Ir3 r.r5 -- sJ.n41

~4 wl1r \! W a
Irt~=- ( 4Ir3 -- jcos t'4I. /

/ 3w~a 4 wl'1a6 w1.1r.,
-\

4Lr3 ]ir5 + -- Icos 38, <3.16)
" 4I. )

the centre of the hole being the origin of co-ordinates and angle (!

being measured anti-clockwise (positive) as shown in Fig. 3.1.

3fi )

At the boundary of the hole, where r = at

wla ( . .= - -1- sJ.n0 - SJ.n

The classical development by Tuzi implies an extension of the
web substantially beyond the hole boundary.

when e = "/2 or 3
n
/2 in eqn. <3.17), °0

2wla
= - -1-' which is

equal to twice the stress at the same point in a beam without a
hole.

3.1.3 Stresses across the minimum Section

In order to investigate the distribution of stresses across

the minimum section, i.e., at the section along the vertical dia-

meter of the hole, the substitution of e = 900 in eqn. (3.15) is



•

•••
37

made,

Tangential stress, 06 = wlr-- -
6wla

Ir5

Defining the stress concentration factor as the ratio of the

tangential stress at any point to the normal stress at the same

point in an unperforated beam, and using the gross second moment
of area,

s.c.£. = 1 +

This equation shows that for all values of a, i.e., for all

sizes of circular holes, the stress concentration factor at the
hole boundary is equal to 2.

Using the exact mathematical solution by Howland and Steven-
24 •

son for stresses in a perforated beam under pure bending, the

s.c.fs can be found at the minimum section. Table 3.4 shows the

s.c.fs for two sizes of holes for diameter to depth ratios equal

to 0.4 and 0.5. These values are represented graphically in Fig.
3.4. This shows that the stress at the top of the beam at this

section is slightly less than that obtained from the simple solid

beam consideration; the simple beam stress distl'ibution is shown

by dashed lines.

3.1.4 Hole ncar the Edge of a Beam under uniform Stress

lfuen a circular hole is situated in a beam eccentrically with

respect to the mid-depth of the beam, it is possible that the hole
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will be near the edge of the beam. The stress distribution around

a circular hole near the edge of a plate in compression will bc

different from that when the hole is centrally placed, because of

the influence of the plate boundary. The stress concentration
p

factors at the points nand p (Fig. 3.5) are more pronounced, and

the stress at m approaches zero as the hole approaches the edge of

the plate.

Mindlin17 solved such a problem where a hole was situated near

the edge of a semi-infinite plate and a uniform tension was applied

parallel to the straight edge. The set of curVes in Fig. 3.5 shows

the stress concentration factor at the hole boundary for different
CjR2 ratios.

3.1.5 Stresses around an eccentric Hole in a Beam

If the centre of the hole is not situated on the centroidal

axis of the beam but at a distance d from it, the problem can be
reduced to:

a) calculation of stresses around the hole due to the tension

or compression in the direction of the neutral axis by the stress

p = ~ by use of Mindlin's curve (Fig. 3.5), if necessary,

b) calculation of stresses around the hole due to pure bending

of a strip having a hole, the centre of which is at the centroidal

axis.

The final stress trajectories can be obtained by s~ation of
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these two cases.

This method has a limitation; the solution for pure bending

applied in (b) may be open to question where the hole boundary is
close to the edge of the beam.

3.1.6 Circular Hole in a Beam subjected to Bending and Shear

Following the solutions by Tuzi18 and Wang~5 the soLution for

stresses around a circular hole in a rectangular beam subjected to

bending and shear can be developed.30 The stresses are found as
follows:

2ql/ a4 r) . r a4 .."h2 (2) 2a2,.h~ a2., h~Or = i---- S1.nlJ+ .!li.-r.I~ -- _-', _- '+_ ,I • 8r3 8 I '.r't\.2 2 r2 '. 4 2 ..>

2ql ; a6 5a4 r -: . n '\-5a8 3a6 r2"i •sin 2f.'+ L - - + - - - 's1.n38 + "" I ---.,. - --.or + - i S1.n41':E .. 2r5 8r3 8 J. I L 4ro 2r't 4-.J
<3.20)

2 n-t 4 3r -i q c'. a4,' .,,2 a2 \ I h«- r2 \-,
6/1 = =.!l:!!! - i:- - - ,sin 9 + - ,. ::Jj: i. - -2:.. + - ! -\.- - - ) i sin 2:5I '. 8r3 8, . I L. r . 2 2' 2 2 ..•

+ 2ql
:n:
r a6 a4 r-\
t ---+-•..2r5 8r3 8..J sin q -

30 + - I -
r ..

sin 4(,

cos 48

At the hole boundary where r = a,

1 . na2 . 2 2oe = - \ a ( sin e - sin 3e) - I (sin 48 - sin 2E1)_ ¥ h sin 2ft

<3.23)
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One drawback in using this solution for stresses around a hole

placed in a region where the bending moment and/or the shearing

force are changing magnitude is that these equations take the bend-

ing moment and shearing foroe at the section through the centre of

the hole into consideration, whereas at any section at the left or

right of the centre of the hole, the bending moment and shearing

force may be greater or smaller depending on the distribution of

these quantities along the length of the beam. This effect is more

pronounced if the diameter of the hole is large in comparison with
the shear span.

3.1.7 Distribution of Shear across the minimum Section

From the exact mathematical solution by Howland and Stevenson24

for stresses in a beam containing circular holes under the action

of bending moment and shearing force, the distribution of shearing

stress at the minimum section can be calculated. Fig. 3.6 shows tha
distribution of shearing stress on top and bottom cross-sections of

a beam for holes having diameter to depth ratios equal to 0.4 and

0.5. The dashed lines in the figure represent the average shearing
stress at a section without any hole •

3.1.8 Applicability of Vierendeel Analysis

Stresses at the hole

The portion of the beam between the support reaction and the

centre-line of a rectangular hole is in equilibrium with an



•

•
41

internal bending moment M and an internal shear force 2V balancing

the bending moment and shearing force caused by the reaction R

(Fig. 3.7). For a hole centred on the centroidal axis of the beam

v = 0.5 R <3.24)

to occur at sections vertically above and below the centre of the

"According to eqn. (3.26), a point of contraflexure is assumed

<3.26)

y 2 \t )

section

Yt = transverse distance from the centroid of the

of the top section

where y = distance from hole boundary to the centroid

The strep-ses caused by V can be computed according to the

A shear stress" xy and a bending stress 6",ele~entary beam theory.
are caused by V:

~. = ...YLIxy It b1

V , 2( -= 2 It '-y

6):., = V xYt
It

hole.

Moment M = R (u+x)

I is x2 due to M = t.¥.:
n

Total stress at D = (+ tensile stress)
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Application to circular holes

The extension of the Vierendeel analysis to beams with circu-

lar holes is questionable, because the boundary conditions at the

hole are not satisfied, except on the section through the centre-

line of the hole. Ixy would, according to eqn. (3.25), always be

zero at the hole boundary; but ~xy would not be equal to zero at

the boundary of circular holes, rather the shear stress tangent to

the boundary would be zero. Also ~x1 would according to eqn. (3.26)

have a value even at the edge of the hole on the longitudinal axis;
but the bending stress must be zero at these sections.

Stresses on top of the beam

For a beam having rectangular holes, a simplified formula can

be derived for the top fibre stresses accordins to Kolosowski.38

Consider a section through the centre-line of a hole, say AA,

where there is a bending moment M and a shearing force V (Fig. 3.8).

A bending moment, a shearing force and an axial force would exist

at any section •.At the section chosen, however, there is no bending

moment in the chords because this is the point of contraflexure of
the chord.

The compressive force C in the top chord and the tensile force
T in the bottom chord are

C = T = M
a

where a is the lever arm which may be assumed to be = (d-2t)
MThe axial stress,fa - ---- where Ac = area of the chord.-ax~
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The shear force at this section may be assumed to be equally

distributed over the top and bottom chords. The shearing stress

does not affect the stress at the extreme fibres. The shear force

V (Fig. 3.7) produces a bending moment Mo at the corners of the

castellation

Mo = Vx~ where b = length of castellation

The bending stress at the extreme fibre due to moment Mo is
- Vbt

fb = + 2lic

This stress produces peak values at the corners of the cas-

tellation. The maximum resultant stress is given by

f resultant =
M - Vbt= axAc + 21c

•••

Application to circular holes

If a beam perforated with circular holes can be approximated

to a beam having flat-top holes (Fig. 3.12), the above formula for

extreme fibre stress should be applicable. From eqn. (3.29), it is
clear that the stress at the middle of the flat surface, i.e., at

AA, would be more than that at section BB, the low bending moment

corner of the castellatinn (Fig. 3.8). The comparison between the

experimental result,1'of tests carI!ied out in this research study

and the results given by eqn. (3.29) will be discussed later.

3.1.9 Cracking Load of perforated Beam

Let p be the stress at the bottom fibre of the beam due to
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prestress. p will have almost the same value at a solid section or

at a section through a hole. If P1 be the modulus of rupture of the

concrete, the load at cracking, Per, can be calculated as follows:

Per x 1 x c
I = p + P1

or, Por = (p + P1)xI:
lxc

•••

3.2 DEFLECTION OF PERFORATED BEAMS

3.2.1 Methods of calculating Deflection of a perforated Beam

It is clear that the deflection of a perforated b3am will be
greater than that of a solid beam because of the reduction in

stiffness of the beam. The following methods may be applied to pre-
dict the deflection.

1. Using the second moment of area for a solid beam.

2. Using the net second moment of area at the minimum section.

3. a) Using the slope deflection equations on an approximated
liinear form.

b) Adding the shear deflection for the horizontal members.
4. Using the area-moment method

a) (i) By ueing the gross second moment of area in the

solid portion and the net section second moment of area
in the hole section of the beam

(ii) By the method of integration for the equivalent

second moment of area,
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b) Adding the shear deflection, arrived at by the ~ethod of

integration.

Each of these methods will now be described in detail.

'3.2.2 Deflection using the gross Section second Moment of Area

For a rectangular section of breadth b1 and depth D, the

gross second moment of area,

I =
b1 D3

12

For third-point loading (as used in the experimental work) on

a span L (Fig. 3.9), the central deflection h at a load P, before

cracking, is given by

23 PY
1296 E:f

3.2.3 Deflection using the net Section second Moment of Area
In this I b1 D3 b1 d3 ( ) ()case, = ~ - ~ Fig. ;.10 3.33

If the hole is placed above or below the centroidal axis,

I =

where d = diameter of the hole

d1 = distance of the centre of the he,le from the neutral

axis (Fig. 3.11).

Shear deflection

Average shear stress =

Average shear strain =
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Maximum shear deflection =

46

where 1= shape factor = 1.2 for a rectangular section,
L'3 = shear span

3.2.4 Deflection by slope Deflection Eguations

If the beam containing circular perforations is simplified to

one having square holes of side equal to the diameter and treated

as a Vierendeel girder as shown in Fig. 3.12, it is possible to

write slope-deflection equations for the horizontal and vertical

members of the girder.

MAB 2E lAB ,
-2l!'A - 6B + 3l>B '\ 0.35)= (L1 \ L1 1, /

MAL = 2E IAL ( - 29A - 8-L ) (3.36)L6

etc. where 8A = P L due to symmetry

lAB = second moment of area of the minimum

section between AB

t, B' c c etc. = deflections at points B, C etc.

relative to points A,B etc. due

to bending.

In the particular problem considered in the experimental

work, there are nine unknowns, i.e.',0A' BB' I1c' eD' eE' LB' 1'>'0'

/:'D' and bE. To determine these unknowns, nine simultaneous equa-
tions are necessary.
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Moment conditions:

Shear conditions:

Span AB: 2 MAB + 2 MBA = p
L,

Similarly, for spans BC, CD and DE.

.'

•

,"

These nine simultaneous equations can be solved by the use of

the digital computer (an example is given later in Appendix A).

The total deflection at E due to bending = bB + c.c+ 6n + l"E

3.2.5 Deflection by equivalent second Moment of Area Method
Constant bending moment

Consider a beam subjected to pure bending moment M. For a beam

with second moment of area Ie. 6 = ~ ~e (Fig. 3.13) •
For a beam with varying I. e = area of fj- diagram.

For the same stiffness, ~i= area of E~ diagram
e

M 1
= E, x area of I dia~am

Referring to Fig. 3.13,•
Therefore, I

e =
area of

L
1Y diagram

" A 1 12:l.n l' -I = :-;::;, bD
. A.. 1

1.12
= b'i)Y

Let the number of holes of diameter d be equal to n.
12

= (L-nd) bD3.
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12 d.cos g dl'=---------2b (n3 - d3cos3e )
12 dx

bn3 bI = --- - -- (d3cos3&)12 12

= 1~ (n3 - d3 COS3{,)

(1

= :~; /~1:o;;c0:;c where B = ~
-j

L n

d. '(L d) 12 6nd IT cos ()de~agram = -n -- + ---
bD3 bD3 1 - B3cos3 e

IT -!2T ,.
12\- nd! coso dc. -I= --, L - nd + --
bD3 L: 2 . ., 1 _ B3cos3 e -'

-1.

12=
b (n3 -d3cos3u)

n

6d (1-,cos e d"
= "b)_~. n3 - d3cos3e

= '6nd / f cos c' de
b D3 _ d3cos3 ~

- n
••

Area in length dx =
b(n3 _ d3cos31')

1
I

1Total area of I

'A., 2

'.zA.. 2

In A2, at any angle 8,

•

= t (L - nd + n2d.k)

Lx L

(L - nd + !!f x k)

/ J.

where k = .J
-!l
'-

A set of curves for I/Ie can be drawn for different values of

diD and ~d. These curves are given in Fig. A.5 of Appendix A. When

I is known, Ie can be found from these curves for any given value

of ~ and ~. It should be noted that this method is applicable to'D L
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Varying bending moment

xdxf(x)

f(x) x dx
Ix

In the above derivation, it is assumed that the beam is sub-

Consider a general case where the moment is constantly varying,

For a beam with second moment of area Ie' central deflection,

For variable second moment of area,

central holes only.

ject to pure bending and that the change of slope at midspan is

M = f(x). Applying the second area-moment theorem:

-proportional to the central deflection.

Equating these two deflection equations,
L

;' 2
10 f(x) x dx

Ie =
L

(2 f(x) x dx
Jo Ix

In Fig. 3.14,

in B1• 1 12
Ix =

bD3

in B2,
1 12 where B d
Ix = = isbD3 (1 - B3cos3 t1 )
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n=n-1
dl1+nd+n1.~

n=n-1
4~--

cos 6

V
b1D

V
= 1.2 b DG

1

11
12l(= _ j' f(X) x dx +

bD3
'0

f(x) x dx +

Average shear strain

46Average shear stress = 1.2 x

A set of curves could be plotted for I/le for different values

ITherefore, r =
if

Referring. to Fig. 3.15,

3.2•6 Shear Deflection

bending moment.

does not differ significantly from that employing a constant

sample calculation given in Appendix A indicates that the result

dof U' 1
1
, 1

2
and n. However, a complete set of curves is not pre-

sented because of the large number of parameters involved. The

., \ 1 d
(1+sine)fdfl \ = "f (B1¥1)

. -'

Denominator of eqn. (3.39)

•

.-
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d=li

[

1 d" 1.2v(~~nd)
_~T1_BCOS;) + b1DG

:;. !f/" d (i 1.2.V (l-nd)
__~."(1_ Bcos i0 + - b1DG .

1.2.- Vl
b1DG

where B

V= 1.2.- b 00 (1- nd)
1

f
~

~
df' l-nd

= (1- B cos e)
+ --r-

1
-'1.

1+~ \. (k de _ 1)
0.43)

= 1
(1 _ B cos 8)

r.~,.

1.2 Vnd
= b1DG

Curves can be plotted for the ratioS of the shear def~ection

Maximum shear def~ection

in a perforated beam to the shear deflection in a solid beam for

j
-%. dO

1 _ B cos e
-~

2

b) Shear deflection for the solid part

Shear defln in a solid beam

a} Shear deflection for n number of holes in a shear span

Shear defln in a perforated
beam l.2V~_ b

1
DG

--------------------

•

,

1'1 v nd d ,1

= 1.2.--

•

b1(D~dCOS':ljXG

-~~ rJ., 2

1.2 Vnd
)rt

1 <1.0

= bOO d
1 1-Ii cos e

--...

•

•

•



•

..

•

•

52

d nddifferent values of D and lG-. These curves are shown in Fig. A.6

of Appendix A •
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Tnble 3.1
Coefficients

).. = 0.1 I A = 0.2- r- = 0.3 ,,= 0.4 ,,= 0.5

-3 -2: 4 -2: 8.28 • 10-2 . -1dO 5.01 • 10 2.02:. 10 .59 • 10 1.32. 10

d2. 2.54. 10-5 4.2,5'. 10-4 2.34. 10-3 8.28 • 10-3 2.33 • 10':'2-

3.15.10-11 -8 8 -6 3.32.. 10-5 3.14 • 10-4d4 3.05,. 10 1. 5 • 10

1.40 • 10-15 -11 6.32 • 10-9 3.42.10-7 -6d6 2.1},.10 7.51 • 10

d8 5.00 • 10-20 1.19 • 10-14, 1.72.10-11 2.82. 10-9 1.45 • 10.,.7

-5.08 • 10-3 -2 -2: 4 -1 8 -1°2 -2.13. 10 -5.21 • 10 -1.0 .10 -1. 9 • 10
-9 -6 -5 -4 -3E!'4-4.21 • 10 -1.02..10 -2.75. 10 -2.79. 10 -1.70.10

8 -12 6 4 -10 -8.45 • 10-8 8 -6 -3.64. 10-5e6 -1.6 .10 - • 1 • 10 -2.5 • 10
-18 -3.41 • 10-13 -2.20 • 10-10 -8 -6.7 • 10-7e8 -5.72. 10 -2.02. 10

4.13.10-3 6 -2- 4 -2- 8 -2- 4 -1~ 1. 2. 10 ,.09 • 10 .03 • 10 1. 0 • 10

14 1.06.10-3 4.10 • 10-3 1.01 • 10-2- -2- -2-1.92. 10 3.2-7. 10

16 2.83. 10-4 1.08.10-3 2-.61• 10-3 4.82.. 10-3 8.09 • 10-3

18 7.2.4. 10-5 2.74.. 10-4 6.44 • 10-4 1.17.10-3 1.95.10-3

mO 5.69 • 10-4 2.46 • 10-3 5.15.10-3 8.89 • 10-3 1.40. 10-2-
-3 4 -3 -2- -2: 6 -2-m2 -1.13.10 -.35 • 10 -1.09 • 10 -2.11 • 10 -3. 2:. 10
-4+ -3 -5.60 • 10-3 6 -2- 8 -2m4 -5.95.10 -2.29 • 10 -1.0 .10 -1.7 .10

-2.28 • 10-4, 8 0-4: -2.10.10-3 -3.88. 10-3 -6.47. 10-3m6 - .70. 1

-7.65. 10-5 -4 -6.88 • 10-4 -1.25 • 10-3 -2.08 • 10-3m8 -2.90 • 10
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Table 3.2-
6" values
p

I I
I

I
0

I A.= 0.4, >,.= 0.6e A = 0.2- ). = 0.3 "-= 0.5

0 - 1.11 - 1.26 - 1.44 - 1.58 -1.72

15 - 0.82 - 0.95 - 1.12 .. 1.32 - 1.55

30 - 0.06 - 0.15 - 0.30 - 0.51 - 0.80

45 + 1.00 +0.98 +0.91 +0.77 + 0.56

60 I +2.07 + 2.15_ +2.25 + 2.32- +2.37

75 I +2.85' + 3.03 +3.32 I +3.72 + 4.32-

90 I +3.14 + 3.36 +3.74 +4.32 +5.12
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,,,.

'.!\able3.3
(')6

valluea,p

,0 ).,= 0.2 .J\ = 0.3 ).,= 0.4 .A= 0.5,

0.1 - - - -
0.2- 3.14 - - -
0.3 1.57 3.36 - -
0.4 1.26 1.93 3.74 -
0.5 1.16 1.47 2.30 4.32
0.6 1.11 1.28 1.75 2.75
0.7 I 1.07 1.17 1.48 2.04
008 1.05 1.07 1.28 1.61
0.9 1.01 0.96 1.08 1.22
1.0 0.97 0.89 0.81 0.73

Table 3.4:
s.c.~.s due t~ pure bending at the minimum section

Stness Concentration factor

/-j= ~ a 0.4, a 0.5>-='ii= ).,= b =

0.4< 2:.08 -
0.5 1.2.9 2:.20
0.6 1.11 I 1.41
0.7 I 1.05 1.18
0.8 1.02- 1.08
0.9 I 1.00 1.00
1.0 I 0.97 I 0.95
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CHAPTER IV

ULTIMATE LOAD AN~~SIS AND DESIGN OF REINFORCEMENT

4.1 ULTIMATE LOAD ANALYSIS

4.1.1 Difference in Behaviour between bonded and unbonded Beams

There exists a fundamental difference in the behaviour of a

beam containing bonded prestressed tendons and one that contains

unbonded tendons.47 In a beam that contains bonded tendons the

strain that exists at any point in a tendon is.a function of the

initial tendon strain and the external moment at the section in

question. The maximum tendon stress in a bonded beam, therefore,
occurs at the point of maximum external moment. The changes in

strain occurring in the concrete at the level of the bonded pre-

stressing tendons may also be assumed to occur in the tendons.

In an unbonded beam, the change in strain is a function of
the external moment at all points along the beam. Any change in

force occurring along the length of the tendon is due to friction

forces. Assuming no friction forces, the tendon stress over the

entire length between anchorages will be uniform, thereby reducing
the tendon stress.

However, so far as the stress in the concrete is concerned,

there will be no difference between bonded and unbonded beams upto

the point of cracking. The stress distribution in concrete at any

section of the beam and the deflection should, therefore, be the
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same in both bonded and unbonded beams before cracking.

For identical conditions with the only variable being the

bonded and unbonded tendon, the beam with the bonded tendon will

develop many closely spaced small cracks, while the beam with the
unbonded tendon will develop a few large cracks in the maximum
moment zone.

In a perforated beam with unbonded tendons, it is expected

that cracks will develop below each hole within the high moment

zane. When these holes are close to one another, the unbonded beam

might well develop a greater number of cracks than the solid un-
bonded beam.

4.1.2 Ultimate Strength of a bonded Beam

In arder to introduce holes in a prestressed beam, the tendons

may have to be placed below the middle-third of the beam section,
thereby causing tension at the top fibre on pre-stressing. Com-

pressive stress can be obtained at the top fibre by placing pre-

stressing steel above the hole so that the resulting stress distri-

bution at a solid section shows zero: stress or little tension at

tha top and the desired compressive stress at the bottom fibre.

For the calculation of the ulXimate strength of such a beam, the

stresses in both top and bottom prestressing wires at failure must
be known.



••

•

•

55
•

Acoording to CP115 : 195948

The following steps are recommended to determine the ultimate

strength of a bonded beam with both top and bottom prestressing
wires.

a) Calcul:ate

where Uw' works cube strength, at 28 days
d1, distance of the centroid of the tendon in

the tensile zone from the compression surface.
b) From Table 7, determine fm/fu and dn/d1 and hence fm and dn•

where fm, stress in tension tendon at failure
~, depth of the neutral axis at failure

c) Determine the net prestressing force in the tendon in the
compression zone after deducting all losses,

d) Calculate the loss in tension of the tendon in the com-

pression zone at the ultimate condition. The compressive strain in
the concrete is proportional to the distance from the neutral axis

and has a maximum value of 0.002; the bonded steel strain will be

the same as that of the concrete at the same level.
e) The ultimate moment is given by

•

,
~ = fm Ast (d1 - 0.4 dn) - P'mA'st (0.4 dn - d1).

According to ACL Building Code49

The ultimate flexural strength for a rectangular beam is given
by
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n
Mu = Ast :Bsu (d-f), provided p fsu!f~ ~FO.30,

i.e., the beam should be under-reinforced •

where fsu = fs (1- 0.5 p fs/ f')' provided fse £. 0.5 f~,
c

f~, cylinder strength of concrete

fse' effective prestress after losses

d" distance from extreme compression fibre

to centroid of the prestressing force.

In this formula, no mention is made of the depth of the

••

neutral axis at failure and it is, therefore, difficult to deter-

mine the ultimate stress in the prestressing steel in the com-
pression zone.

4.1.3 Ultimate Strength of an unbonded Beam

According to CP115 : 195948

This code gives, in Table 8, the stress in tendons for unbond-
ed beams at failure as a proportion of the effective prestress,

provided the effective pre-stress, Pe' does not exceed 0.55 IU in
the case of wires. The ratio of depth of neutral axis to that of

the centroid of the tendons in the tensile zone for different

••

Pevalues of U
w

by assuming

duct.

Aat .
b d ~s

1
that the

also given. The effective depth is determined

tendons are in contact with the top of the

If the steel in the compression zone is also unbonded, then
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the strain in the concrete at failure at the level of the reinforce-

ment is not the strain in the unbonded steel; in this case the total

strain in concrete at the level of the reinforcement is equal to the
total st~ain in the whole length of the unbonded wire.

The same formula for bonded beams can be used with these modi-
fications.

Therefore, ~ = fm Ast (~- 0.4 dn) - Pm A~t (0.4 dn - d~)
(4.3)

According to ACI Building Code49
The ultimate flexural strength is given by

I~ =
n

A t f (d - =.11)s suZ- as in the case of a bonded beam, (4.4)
provided f for bonded beams is replaced bysu

fsu for unbonded beams = fsre + 15000 lb/sq.in.

4.1.4 Ultimate Strength of a Beam with Holes above the centroidal

Considering the beam to be one without any hole, the depth of
the rectangular stress block can be easily determined from the
formula

(4.6)

Due to the stress concentration on top of the hole, the stress

distribution above the hole may be assumed to be rectangular. It

is, therefore, expected that so long as the hole does not protrude

into the depth np, the beam should not lose its strength.
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If the hale does cut a portion from the depth ~, the ultimate

strength of such a beam can easily be calculated by replacing ~ by
a'a', and assuming C, the resultant compressive force, to act at ;r

from the top of the beam (Fig. 4.1).

4.2 DESIGN OF REINFORCEMENT

4.2.1 Design of Reinforcement for high longitudinal Stresses

Due to stress concentration, the stress at the bottom of a

hole due to prestress and that on top of the hole due to loading

may be more than the allowable limits. No Code of Practice consi-

ders the increased stresses due to the effect of concentration,

which may be subsequently relieved due to the creep property o£

concrete, but reinforcement can be provided at these localised
areas to reduce the stresses.

The following simple method is suggested.

If f be the concentrated stress at the bottom or at the top of

the hole, the excess stress for which reinforcement should be pro_
vided is f - fe'

where fc is the allowable stress in concreto.

The effect of concentration being local, the depth of

exoessive stresa can be assumed to be one-third the depth of the
flange and the distribution linear (Fig. 4.2).

The total force for which reinforcement is to be provided, is
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]£ f be the allowable stress in steel,s..

CArea o£ reinforcement = --
fs

4.2.2 Design of splittin~Reinforcement

The tensile stress concentration, due to the prestress.ing

force, at the ends of the horizontal diameter of the hole can be
readily obtained.

For a central hole, the tensile stress, s = s.c.f. x com-
pressive stress due to prestressing at the level of the centre of
the hole, (4.8)

I -

For an eccentric hole, the tensile stress, s = s.c.f. x com-
MCpressive stress at the level of the centre of the hole + s.c.f. x :r

(4.9)
where s.c.f. for central hole is as given in Table 3.~ or Fig. 3.2

s.c.f. (eccentric hole) given in Fig. 3.5
M is the moment at design laa~

C is the distllIlce.alfthe centre of the hole from the neutral
axis

I second moment of area of the gross section

The distribution of the tensile stress is such that the maxi-

mum value occurs at the boundary of the hole and quickly reduces

to zero at a distance approximately equal to the radius a£ the

hole (Fig. 2.1). Hence the total force to be resisted by vertica~
sstirrups can be assumed to be r x b1 x 2:



As, =

If fs be the allowable stress, in the stirrup, then
r x b1 x a
2 x fs

60

(4.10)

4.2.3 Design of Reinforcement against diagonal tensile Stress

The maximum tensile stress at the design load (due to the

diagonal stress concentration) can be determined from eqn. (3.21).

This stress when added to the stress due to the prestressing force
will give the total stress.

This stress is very local in effect and quickly reduces to,a

nominal stress as found from solid beam considerations. Nominal
stirrups can be provided in the solid section; in the design of

the reinforcement, it can be assumed that the stress reduces to
zero within a distance equal to the radius of the hole.

If s is the total tensile stress at the design load, the total

In a fully prestressed beam at the design load, i.e., before

sforce to be resisted by the stirrup = 2: x b1 x r

If fs be the allowable stress in the stirrup, then
s x b1 x r
2x fs

4.2.4 Vertical Shear at the minimum Section

(4.11 )

any crack is formed at the section through the hole, it can be

assumed that the top and bottom portions share the shearing force
in proportion to their cross-sectional areas.

If V be the total shearing foroe at the minimum section,
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the shear carried by the top flange is
V1 = V

d1x d + d21
the shear carried by the bottom flange is

V2
Vx d2

=d1+-dz

(4.12)

Normal stress at design load,

At the design load, P, the normal compressive stress in the

top fibre can be calculated by the simple beam theory. Due to tha

stress concentration on top of the hole, the normali stress distri-

bution in the top flange can be assumed to be rectangular.
Px~xc

P1= --I--

Compressive stress due to the prestress = Pa

Maximum shearing stress, P3= 1.5 (4.14)

/
<p + P ,2. 2-The principal tensile stress, t = (P1 + Pa) 12 - (1 2; +P3
", 2 I

(4.15)
If t be greater than the allowable tensile stress (as given in

Table 5, CP115), stirrups have to be provided.

The same formula holds good for the bottom flange with proper
signs for the various quantities.

4.2.5 Design of Stirrup

According to CP115:1959, where the principal tensile stress

due to pre-stress, bending and shear at working loads exceeds that
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given in Table 5, CP115, the proportion of shear to be resisted by

the shear reinforcement provided should be assumed to vary linearly

with the principal tensile stress from a value of ° for the stress

given in Table 5:CP115, to 1.0 for a stress of 1.5 times that given.

When the principal tensile stress is greater than 1.5 times of that
the whole of the shear should be carried by reinforcement.

4.2.6 Design for Shear at ultimate Load

In an uncracked section at ultimate conditions, the stirrups

yield stress of steel reinforcement is used

6:CP115 provides a higher allowable diagona].
except thatsame way as at working loadcan be provided in the

;'~~~at ultimate load Table
tensile stress and the

instead of the allowable stress in the working load method.

Guyon50,51 has developed a formula based on the provision of

stirrups to give the full shear resistance after the web has

cracked. Extending this formula, based on the working load, to the

(4.16)sin eash Aw ty
= S. tan 'f' + P1

where ~ is the angle of inclination of the crack

ultimate load,

In the formula 0/ should have a value twice this angle or 450 ,
whichever is greater.

When there is no vertical prestress and the cable is straight,
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v
u

According to ACI Building Code79 ~he area of shear reinforce-

ment placed perpendicular to the axis of a member shall be not less,
than

Av nor :Dess than Av (4.18)

• where V is the shear at diagonal cracking •c
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CHAPTER V

MATERIALS USED IN EXPERIMENTAL STUDY

In pre-stressed concrete construction, high strength concrete

is general~ used in collaboration with the high tensile steel. In

the present research, the concrete strength was not deliberately

varied and the only type of high tensile steel used was 0.276 in.
diameter plain stress relieved p.s.c. wire •

5.1 CONCRETE.

5.1.1 Concrete: Mix Proportions, Cement and Aggregate

It was envisaged that a 1 : 1~ :3 mix. concrete with a waterj

cement ratio of 0.53 would give a 2B-day 4 in. cube strength o£

7000 lbjsq.in. In order to facilitate early stripping of the wooden

cylinders (used to form the circular holes), Rapid Hardening Port~
land cement was used.

The fine aggregate was North Nottinghamshire sand. The coarse

aggregate used was graded gravel of i in. nominal size. From time

to time, the aggregates were sieved and analysed according to Road
Note No. 4.5~In Fig. 5.1, one such sample is shown.

5.1.~ Control Specimens

For quality control and prediction of the quantities such as

modulus of elasticity, modulus of rupture, splitting stress and
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strength of concrete in the test beams, control samples were cast

and vibrated simultaneously with the beam, cured in the same condi-

tion as the beams and tested immediately before and after the beam
test.

For each casting of two beams twelve representative 4 in.

cubes, four cylinders (6 in. diameter and 12 in. long), four

columns (4 in. x 4 in. x 20 in.) and sometimes one long column
(3 in. x 3 in. x 36 in.) were cast.

Crushing test of cubes

At an age of 28 days, the cubes were brought out of the curing
room along with the beam and dried for 24 hours. Next day, just

before prestressing the beam, three cubes were tested to ensure

that the strength of about 7000 lb/sq.in. had been attained. Three
other cubes were crushed just after the test of the beam.

A 300 ton capacity Denison hydraulic compression testing

machine was used to crush the cubes. This test was always performed

according to BS 1881-1952.53 According to the provision of the code,
the average of three cube strengths was taken.

Column test for Young's modulus of elasticity

A static compression test on a 4 in. x 4 in. x 20 in. plain

concrete prism was made to obtain the value of the modulus of

elasticity of the concrete. This test was carried out according to

the method specified in BS 1881.53 A 50 ton Denison hydraul~c

machine was used to load the specimen and strain was recorded over
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a gauge length of 18 in. The strain measuring device used is based

on the principle of the Ewing's extensometer.55 The dial gauge

could read a minimum deformation of 0.0001 in. with a magnification
factor of 2.

One sample of the stress-strain curve for 8000 lb/sq.in. con-

crete is shown in Fig. 5.2. The value of E ~n this case is 4.55 x

106 lb/sq.in. Fig. 5.3 shows a complete stress-strain curve of

8200 lb/sq.in. concrete. The 4 in. x 4 in. x 20 in. prism specimen

used for E was tested to failure to give the complete curve. The

strain is the average of four readings of resistance gauges fixed
on four sides of the specimen.

If the concrete is allowed to creep at a particular level of

constant stress, the subsequent stress-strain curve on loading may

be assumed to follow the original curve. In Fig. 5.3, curve ABC' D'

shows the complete stress-strain curve of concrete which has

suffered a creep of 50 micro-strain at an assumed constant stress
of 2800 lb/sq.in.

Beam test for modulus of rupture

As the column test for Young's modulus of elasticity is a non-

destructive one, the same specimen was used for a beam test to give

the tensile strength of plain concrete in flexure. This test was

done according to BS 1881.52 The test consisted of third-point

loading on a span of 16 in. The beam failed immediately on the

appearance of a tensile crack at the bottom of the beam. The modulus
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o£ rupture was calculated by means of the following formulae:54
PLa) modulus of rupture =~, if the fracture occurred with-
1in the central one-third of the beam,

b) modulus of rupture
side the load-points; this
section.

= 3 PH, if the fracture occurred out-
b1d2

is the maximum stress at the critical

LIf faiLure occurred at a section such that 3 _ a > 0.015 L,
the result was discarded, where

p = maximum load on the beam
d = depth of the beam

a = distance from the near support, measured along the tension
surface of the beam.

Splitting test

A 6 in. diameter 12 in. long cylinder was placed with its

axis horizontal between the platens of the 300 ton Denison hydrau-

lic testing machine and the load applied until failure by splitting

along the vertical diameter took place. As recommended by BS 1881-

1952,53 ~ in. thick and i tn. broad plywood pieces were interposed
between the cylinder and the platens of the machine.

The splitting stress was calculated as follows:
2PSplitting stress =if:LD where P = load on the cylinder at

failure

L = length of the cylinder
D = diameter
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Test for Poisson's ratio

In this test, the longitudinal strain of the 3 in. x 3 in. x
36 in. plain concrete column was read on a gauge length of 30 in.

The dial of the extensometer could be read upto a min~um ~OOO1 in.

~ith a magnification factor of 3. The lateral strain was read by
means of mirror and scale arrangement.

If L = distance between the mirror and the illuminated scale,
1; = distance between the parallel mirrors.
s = scale reading

s' = actual scale reading (after correction to length)
d = diameter of the mirror rollers
b = width of the specimen

s' x dLateral deformation, .lJ<.= 8L + 121L

Lateral strain =
ox
b

Longitudinal strain = Dial reading
3 x 30

-4
10

•

Poisson's ratin =

5.2: STEEL

Lateral strain
Longitudinal strain

5.2.1 High tensile Stee~ Wires

0.276 tn. diameter plain stress relieved wires were used for

pre-stressing the beams. Tests were made in the laboratory for the

strength and modulus of elasticity of the pre-stressing wires.

Three samples were collected from three rolls and tested in tension
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in a 50 ton capacity Denison hydraulically operated testing machine
in order to explore the stress-strain curve til~ failure. The

Ewing's extensometer55 was fixed on BUnch marks on an 8 in. gauge

length. One smallest division of the extensometer is O.OOO~ in.
considering the ,nagnification factor of 2.

The stress-strain curve of such a wire is shown in Fig. 5.4.
The value of Young's modulus as found from the curve is 29.6 x 106

Ib/sq.in. and the 0.2% proof stress is 207,000 Ib/sq.in. The wire

failed by rupture at 6.49 tons equivalent to the ultimate nomina~

stress of 242,000 Ib/sq.in. Out of three wires tested, two ruptured
at 6.49 tons and the third at 6.50 tons.

Relaxation characteristics

The relaxation curve of 0.276 in. diameter p.s.c. wire as
supplied by the manufacturers56 is shown in Fig. 5.5. The curve

representing the percentage loss in the initial stress in the wire
with respect to the time elapsed shows that the wire has an in-
stantaneous loss of 1% of the initial stress.

5.2.2 a) Stirrup reinforcement:

The stirr.ups used in the tests were of two types, i in. dia-

meter mild steel and t in. diameter intermediate grade steel. The

stress-strain curve of ~ in. Q mild steel rod is shown in Fig. 5.6.
Two specimens were tested and both failed at a load of 1.69 tons,

i.e., at a nominal stress of 77,000 Ib/sq.in., the yield stress
being 55,000 Ib/sq.in. and YOUl'.g'smodulus 30.6 x 106 Ib/sq.in.
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b) Steel liners:

Steel liners tin. thick (of 4,5 and 6 in. internal diameter
and 6 in. long) were made by cutting and machining the internal
surface of ordinary steel pipes (Plate 6.1).

c) Ring reinforcement:

Mllld steel rods were bent in the form of rings and used as
bonded reinforcement around the hole (Plate 6.1).
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CRAnER VI

SPECIMEN PREPARATION AND TEST PROGRAMME

6.1 SPECIMEN PREPARATION

6.1.1 Preliminary to Casting

Each beam was 6 in. x 10 in. in cross-section and 96 in. long.

The effective span was 90 in.; for third-point loading, shear spans

and pure bending span were each 30 in. long. In order to provide

central holes of 4 in., 5 in. and 6 in. diameter the bottom pre-

stressing wires had to be placed below the middle-third of the
cross-section; to restrict the tensile stress on top of the beam,

the beam had therefore to be doubly-reinforced •

In the case of unbonded beams, prestressing wires were placeq

in separate ducts (t inch diameter) which were formed by polythene

tubes well greased to prevent bond with concrete (Fig. 6.1). For

bonded beams, the top wires were in individual ducts (t in. dia-

meter) and the bottom wires in pairs in two ducts (also tin. dia":

meter) (Fig. 6.2 and Plate 6.1). These ducts were formed by in-

flated rubber tubing supported by steel rings along the length of
the mould.

The mould consisted of a steel bed with a 1~ in. thick timber

base fixed on it; two 4 in. x 10 in. channels formed the sides of

the mould which were bolted to the steel bed through the timber

base. One of the side channels was kept permanently in position
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while the other side channel was removed during positioning of hole

formers and stripping.

The end plates for casting unbonded beams were provided with

holes in the correct positions for the polythene tubes to pass

through. The end plates were welded to a strong support so that the

steel wires carnying the polythene tubes could be screwed tight.

against the end plates. In the case of bonded beams, the inflated

rubber tubings passed straight along the length of the mould

through small rings positioned at certain intervals and the end

plates. The rubber tubes were inflated by compressed air at a .
pressure of 120 lb/sq.in.

6.1.2 Provision of Holes and Reinforcement

Solid wooden cylinders (4 in., 5 in. and 6 in. in diameter

and 6 in. long) with central spindles were used as hole formers.

When in position, the cylinders could be secured in position by

screwing the spindles through the side channels. Before casting
the beams the wooden cylinders were heavily greased and a light

coat of mould oil was applied to facilitate stripping •

The vertical splitting reinforcement was in the form of four-

legged stirnups (Fig. 6.3) which were made by welding two extra

rods to the usual two-legged stirrups (Plate 6.1). The end block

reinforcement consisted of four two-legged stirrups at each end.

Plate 6.2 shows the arrangement of reinforcement ready for casting
(one side channel removed) •

-------~
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The steel liners used for reinforcing the holes were ~ in.

thick pipes. The outside surface of the liners was left rough to

give better bond with the concrete. Two i in. x ~ in. strips of

steel were welded diametrically on two sides of the liner, and the
spindle passed centrally through these strips.

The bonded reinforcement was in the form of multiple rings.

Four rings were welded to two spacer rods at the desired spacing
to form a circular cage (Plate 6.1).

6.1.3 casting and CUring

Tw~ batches of concrete were made in a Liner Cum Flow hori-

zontal pan mixer of four cubic feet capacity. Concrete was placed

in the mould for the beam and simultaneously in the moulds for

control specimens. The control specimens were compacted on an

Allam vibrating table. For beam compaction two Trillar clamp-on

vibrators. were used. Tamping rods were also used to help the con-

crete flow into the corners of the mould. When casting was complete,

the beams were given a trowelled finish. After two to three hours,

the moulds were covered with damp sacks.

The beams were left in the mould for a week when the sacks

were hosed regularly twice a day. On the 7th day the beams were
stripped and placed in the curing room along with the control spe-

The wooden cylinders were immediately removed by forcing

help of the prestressing jack bearing against the

of beams having large holes, a small prestressing.
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force (about 1000 lb in each of four corner wires) was applied to,
the beam at the time of removal o£ the cylinders; the applied force

was released immediately afterwards.

The curing room maintained a constant temperature of 64°F and

relative humidity of 95 - 100%.

6.1.4 Pre-stressing

One of the two beams cast together was brought out of the

curing room at an age of 28 days and the other beam at 35 days.

They were left to dry for 24 hours. For prestressing the unbonded

beams 6 in. X 10 in. x 1 in. thick end plates having holes in the

correct positions for the prestressing wires to pass through were
I

used. In the case of bonded beams 1~ in. thick plates were used

(Fig. 6.4). The ducts terminated in rectangular grooves near the

ends of the beam to facilitate grouting. The ends of the beam were

smoothed using a piece of carborundum. The end plates distribute

the concentrated prestressing force and reduce any tensile stresses

in the end block which might be caused by high spats.
In the C.C.L. system the monowire jack can draw one wire at a

time. When the wire was drawn to the required load, as recorded on

the dial of the jack, wedges were driven home to bear against the

end plates. When all the wires were drawn in the specified order,

the whole jacking operation was repeated thus compp.nsating for the
effect o£ elastic shortening, a proportion of relaxation of the

steel and a small amount of anchorage loss. The uniformity of
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stress on two sides of the beam was checked and corrected by strain

measurement on 8 in. demec gauges fixed on top and bottom of both
sides.

6.1.5 Grouting

The bonded beams were grouted with a neat cement-water mix of

2 to 1 proportion. The grouting machine used compressed air to

build up a pressure of 50 lb/sq.in. which is sufficient to force

the grout through the ducts. Immediately after grouting, all the

openings were closed by plaster. Two hours after grouting the beam
was placed back in the curing room.

6.1.6 Fixing of mechanical Gauges

vfuen.the beam was dry, reaction,load and dial gauge positions

were marked. The inside surfaces of all holes were wiped clean of'
~all grease using paraf~in and a rotating carbor_ndum disc used to

remove al~ surface irregularities from the inside surfaces.
Finally, the surface was cleaned with ethylene.

Stainless steel discs, for the mechanical strain gauges, were

fixed to the concrete by a paste made of dental cement and Amco FBB
solution. After half an hour to allow the paste to set Demec

mechanical strain gauges could be used to measure strains. Rectan-

gular rosettes were used to give principal stresses; strains were
meas~ed in three directions on 2 in. Demec gauge lengths •
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6.1.7 Fixing of Resistance Gauges

According to the instructions supplied by the manufacturers,
resistance strain gauges (PL-3 and PL-30 from Tokyosokki Kenkuyojo

Co. Ltd.) could be fixed on a smooth concrete surface directly by

the mixture of PS adhesive Drug A and Drug B. When the concrete

surface is not completely dry, a thin water-proofing coat of the

mixture of PS adhesive Drug A and Drug B is first applied, on this

surface the gauge can be fixed by the admixture of P2 adhesive

Drug A and Drug B. Half an hour should elapse before the gauges
are used to take strain readings.

A similar strain gauge was fixed on a similar concrete surface,
say a concrete cube, to act as dummy gauge.

Fig. 6.5 shows a typical arrangement of PL-30 gauges (gauge
length 30 mm.) at the periphery of a circular hole.

6.1.8 Reading Strain from Resistance Gauges

The two ends of the strain gauges were soldered to connecting
wires, the other ends of which were connected to an extension box;

the dummy was connected to the terminals provided for them. The

Peeke~, the strain measuring instrument, was then connected to the
extension box. The gauge factor as marked on the gauge container
by the manufacturers was set on the Peekel. When the exact gauge
factor could not be set, the nearest factor was used and the

readings corrected afterwards. The correction is aa follows:
Correct strain = observed strain x G.F. set

G.F. of the gauge
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Strain can be read directly on the Peeke~ at null position of

the pointer. The smallest division in the Peekel is 10 micro-

strain, but smaller strains can be estimated •

6.1.9 Accuracy of PL-30 Gauges

lin order to test the accuracy of PL-30 resistance gauges, a

control test was performed. A 4 in. x 4 in. x 20 in. plain concreta

oolumn was. fitted with a mechanical extensometer on a gauge length

of 18 in; the dial gauge used in this extensometer could record a

minimum deformation of 0.0001 in. Four PL-30 gauges were fixed an

the four sides of the column. Load was applied by a 50 ton ,Denison

hydraulic testing maohine. Readings were taken on all the gauges at
~ ton increments of load.

The difference between the maximum and minimum strain readdngs

as.recorded by the four resistance gauges was about 15%, but the
average of the four readings was close (within 5% accuracy) to the

strain calculated from the extensometer reading. Fig. 6.6 shows

two load versus strain curves; one curve shows strains given by

the average of four PL-30 gauges and the other as given by the

extensometer. It is clear that the PL-30 gauges record strains very

close to those given by the accurate extensometer over a larger
gauge length.

6.1.10 Strain in the prestressing Wires

A speoial end plate was fabricated to facilitate measurement
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of the strain in the prestressing wires. Two 6 in. x 6 in. x 1 in.

vertical plates at a clear distance of 3 in. were welded to two

cross pieces of 6 in. x 3 in. x 1 in. and two 4 in. x 3 in. x 1 in.

steel plates (Plates 6.1 and 6.3). Both the vertical plates had

holes in correct positions for the prestressing steel to pass

through. As the tendons were wedged against the outer plate, loaded
tendons were exposed to an extent of 3 in.

Resistance gauges (PL-3) of 3 mm. gauge length were directly

fixed to the tendons on diametrically ~pposite sides of each ten-

don. By this means it was possible to determine the tendon stresses

at any loading (prestress or transverse load). The total loss of

prestress and the ultimate strain in the tension and compression
tendons could also be readily obtained.

THE TEST

The Testing Machine

The machine used for testing the beams is of the screw type,

having 50 tons capacity. The machine can be used for three differ~

ent capacity scales, i.e., 2, 10 and 50 tons. For testing prestress

type I beams which failed at more than 10 tons load, the 50 tons

scale was used; in prestress type II beams where the ultimate load

was less than 10 tons, the 10 tons scale was used. The minimum

graduation on the 50 tons scale is 0.1 ton and that on the 10 tons

scale 0.02 ton. Plate 6.4 shows the machine with a beam in position.
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6.2.2 Setting of the Beam .

In the case of unbonded beams, the first of the two beams in

each casting was tested on the 29th day and the second beam on the

36th day after casting. In the case of bonded beams, the first

beam was tested ~n the 36th day and the second on the 43rd day
'St.V& Y1after casting including - '.<Urya of.cur5.ng after grouting.

The beam was placed on twa non-yielding supports resting on

the bed of the machine. 6 in. x 1i in. x i in. steel plates were

plastered to the top of the beam at the load points and to the un-
derside of the beam at the reaction po~nts. 1 in. diameter and 6 in.

long steel rollers were placed between the support and the steel
plate (previously plastered) to carry the beam. Similar rollens

were placed on the plates on top of the beam to carry the spreader

beam which was a 3 ft. long 4 in. x 6 in •.I section. Centrally on

the spreader beam was placed a square steel piece (6 in. x 6 in. ~

1 in.) with a central hemispherical seat to house the ball bearing

interposed between this plate and a similar plate directly in con~
tact with the loading head of the machine.

The beam was placed central with respect to the length as well

as the breadth. It was checked each time that the loading head was

just at the middle of the spreader beam. Before loading the beam,
zero adjustment of the machine was carried out •

Deflection of the beam was measured at five p~ints at distan-

ces of 15, 30, 45, 60 and 75 in. from one reaction. 2 in. travel

.J
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Baty magnetic dial gauges (minimum graduation 0.001 in.) were

placed in position keeping the dial axis vertical. Small squares

of flat aluminium ~ in. thick were fixed to the underside of the

beam for the spindles of the dial gauges to bear against.

A thin coat of white plaster was applied on both sides of the

beam for easy detection of the first appearance and propagation of

cracks. An ordinary magnifying glass was used for the detection of
cracks.

6.2.3 Beam Testing

When everything was ready for the commencement of the test,

all initial readings for demec, electrical and dial gauges at zero

load were taken. Load was app]ied in t or 1 ton increments and all
the readings were repeated. The initiation and propagation o,f

Were
cracks •••• marked and entered in the Laboratory sheet. Just prior

to failure the dial gauges were replaced by a central scale having

26 in. divisions carried by a retort stand for further record of
the central doflection. The load and mode of failure were noted
and the beam photographed after the test •

TEST PROGRA1-lME

Purpose' of Test

•
•

The purpose behind the test programme is:

1) to explore the pattern of stress concentration and distri-
but ion around a circular hole in a rectangular beam due to prestress'
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and loading, the hole being placed in

a)' the pure bending zone of the beam having the centre of
the hoJ:e

(i). at the horizontal centroidal axis at' the beam

(ii) above or below the centroidal axis in such a way

that some holes will touch or cut the depth of the

ultimate compression block calculated according to
Whitney as in the ACI Building Code,

b) the shear span, where there is shear force and varying

bending moment, the centre of the hole being

(i) at the horizontal centroidal axis of the beam
(ii) above the centroidal axis

2) to find the effect of the perforations on the deflection,
cracking and ultimate load of the beam,

3) to explore the effect of additional reinforcement around
the holes

a) in the form of bonded steel liners
b) in the form of bonded ring reinforcement
c) in the form of straight stirnups at the sides of the

hole, and study the effect on the deflection, cracking
and ultimate load of the beam.

6.3.~ Constant Quantities in the Test

The following quantities were kept constant throughout the
test:
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a) the size of the beam (rectangular 6 in. x 10 in.),

b) the ~ype of loading and beam span (third-point loading on
90 in. span) except in the case of three beams (central paint
loading an 48 in. span),

c) the position of the main reinforcement with respect to the
depth o~ the beam,

d) concrete strength (4 in. cube strength of 7000 lb/sq.in.

at 28 days). A degree of variation in concrete strength did, how-
ever, occur,

e) hole type (circular hole).

6.3.3 Parameters of the Test

The following are the parameters treated in the programme:

1. diameter of the hoXe (4, 5 and 6 in., i.e., 40%, 50% and
60% of the beam depth),

2. stress field in which hole is situated (in a pure bending
zone or in a combined bending and shear zone),

3. position of the hole (on, above or below the horizontal
centroidal axis),

4. level of prestress,

5. effect of bond (bonded or unbonded tendons)

6. different methods of reinforcing the holes (bonded steel
lnners, bonded ring reinforcement anound the hole and vertical
stirrups).
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6.3.4 Prestress and Loading

Prestress type I: each of the two top wires had a force of

7000 Ib and each of the four bottom wires had 9000 tI,. After de-

ducting all losses, the stress distribution at a solid section was
as shown in Fig. 6.7.

Prestress type II: each of two top wires had a'force of
4000 and each of two bottom wires had 8000 Ib gross. After
deducting all losses, the stress distribution at a solid section
was as shown in Fig. 6.7.

Third point loading on an effective span of 90 in. was used,
i.e., two shear spans of 30 in.
of 30 in. (Fig. 6.7).

each and central bending span

•

6.3.5 Details of Beams tested

In order to explore the effect of changes in the parameters,

it was decided to test seven series of beams. Each series explored
certain aspects of the problem.

For the nomenclature of the beams,

initial B indicates one hole in pure bending.
01 : circular hole of 4 in. in diameter
O2. circular hole of 5 in. in diameter
03 circular hole of 6 in. in diameter
BS a solid beam without any hole,
U the hole is above the horizontal centroida~

axis.
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D indicates the hole is below the horizontal centroidal

axis.

S

M

MM

the hole is in the shear span

the beam contains eight holes

the beam contains nine holes.

Table 6.1 gives a list of the beams tested in the programme.

6.3.6 Purpose of Individual Beam Test

Beams of Series I:

The first beam (BS-1) without any hole (Fig. 6.7) was tested

for comparison purposes.

The stress distribution at the boundary of the 4 in. dia.

hole in Beam B01-1 due to the prestressing force and loading could

be obtained. As this central hole did not cut the depth of the

ultimate neutral axis, it was expected that the beam would not

suffer a reduction in strength. Moreover, the presence of only one

hole would not appreciably increase the deflection of the beam.

Beam B02-2 was tested to,observe whether the initial crack

that could develop due to prestressing (owing to the tensile stress

concentration at the ends of the horizontal diameter of the hole)

would affect the stress distribution at the hole boundary and the

behaviour of the beam.

Beam B01-U-3 had the hole top 1 in. below the top of the beam

(Fig. 6.7) which ensured that the ultimate compression depth was
cut into to an extent of 0.66 in. (see A.7,.1).



Beams of Series II: (Fig. 6.7)

Beam BS-Z was tested for comparison with ather beams contain-
ing holes in this series.

For Beam B03-4, the prestressing force in this series being

low, it was anticipated that no splitting crack would develop.

Beam BOZ-U-5 was tested to find the effect of a hole intrud-
ing into the depth of the ultimate neutral axis calculated accord-
ing to CP115 : 1959.

Beam B01-U-6 contained a 4 in. diameter hole near its edge.

In this case, the hole went well within the depth of ultimate neu-

tral axis and just touched the ultimate compression depth (0.99 in.),

calculated according to ACI Building Code. The experimental stress

distribution at the hole boundary could be compared with the theo-
retical values obtained by the mathematical solution which consi-

ders the influence of the hole near the beam boundary.

The stress distribution at a hole occupying 50% of the beam

depth could be obtained from the test of Beam BOZ-7. In the case o£

Beam BOZ-Z, also having dia./depth ratio' of 0.5, the splitting

crack due to higher prestress might have influenced the stress
distribution.

Beam B01-D-8 had the hole completely below the centroidal

axis; the stress distribution at a hole situated in the tension

zone could thus be obtained. In so far as strength is concerned,
the hole should have no effect.
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Beam B03-U-9 has a 6 in. diameter hole just below the ulti-

mate depth of compression, according to ACI Building Code. Though

this was a large hole, the ultimate strength of the beam should
not be affected.

Beams of Series III: (Fig. 6.7)

These beams were tested to explore the stress trajectories

at the hole boundary when the holes were situated in the middle

of the shear span with a moment-shear ratio of 15 in. Al~ the

beams in this series were unreinforced, the beams could, therefore,

fail in shear due to the diagonal stress concentration.

In order to obtain distribution of stresses in the vicinity

of the hole, rectangular strain rosettes were used all around the

hole in Beam SOZ-u-4. From the strain data, principal stresses at
all these points could be calculated.

Beams of Series IV: (Fig. 6.7)

This series, consisting of only three beams, was devised to

study the stress distribution at a circular hole when the hole was

near the reaction (bending moment/shearing force is equal to 8 in.)

where the shearing force predominates. The beams of this series
were tested under central point loading.

Beams of Series V: (Fig. 6.8)
This series comprised two bonded beams where the holes (5 in.

and 6 in. in diameter) were placed centrally in the shear span.

This series was devised to study the difference in behaviour



between bonded and unbonded beams. The stress trajectories of

Beams S02-B-1 and S03-B-2 could be compared with those of unbonded
Beams S02-~ and S03-1 of Series III.

Beams of Series VI.:

After having experimental information on the behaviour of

beams containing a single hole in bending or in bending with shear,

this series consisting of eleven beams was devised to give infor-

mation on the behaviour of beams having an arnay of circular holes.

Eight beams in this series were reinforced against splitting and

diagonal tensile stresses. Three beams of this series had reinforce-

ment in the form of bonded steel liners and bonded circular rein-

forcement around the hole. The remaining five beams were provided

with vertical four-legged stirrups on both sides of each hole.

This series was used to study the effect of different types of hole

reinforcement on the cracking, ultimate load and deflection of the
beam.

Beam BS-3 had resistance gauges fixed to the top and bottom

prestressing wires and was used for comparison purposes.

Beam M01-1 (Fig. 6.8) was tested to find the effect of a

number of unreinforced holes in the shear spans.

Beams M02-2 and M02~7 (Fig. 6.8) were reinforced against

splitting and diagonal tensile stresses. The measured deflection

could be compared with that calculated by the various suggested
methods.



88

Beams M03-3 and M03-4 had reinforcement against splitting and

diagonal tensile failure (Fig. 6.8). Holes in the shear spans were

not provided with stirrups on top and bottom. If the cracked bottom

flange were assumed not to carry any shear, the principal tensile

stress on top of the hole at ultimate condition would be more than
the ultimate allowable value.

In Beam M03-L-5 each of the eight holes were provided with

~ in. thick steel liners bonded to the concrete (Fig. 6.8). The

effect of the hole liners on the cracking and ultimate load and on
the stiffness of the beam could be obtained from this test.

In Beam M02-R-6 hole reinforcement was provided in the form
of a multiple ring bonded to the concrete around the hole with a

Cover of i in. (Fig. 6.9). The cross-sectional area of this rein-
forcement was the same as that of the vertical stirrup in Beam

M02-2. The difference in behaviour between this beam and Beam M02-~'

if any, could then be attributed to the shape of the reinforcement.

For Beam M03-R-7 the bonded reinforcement around each hole

consisted of four ~ in. diameter steel rings. The cross-sectional

area of this reinforcement was the same as that of the liner pro-
vided in Beam M03-L-5 (Fig. 6.9).

Beam M01-U-B contained unreinforced holes. The behaviour of

this beam could be compared with that of Beam M01-1 which had cen-
tral hoLes.

Beam MM02-9 had nine holes arranged in such a way that there

I

J



were three holes in each of two shear spans and the bending span

(Fig. 6.9). This beam could be compared with Beam M02-2 which had

eight holes with two holes directly under the load points.

Beams of Series VII:

These beams were tested to explore the effect of bond on the

behaviour of beams containing circular holes. It was noticed that

Beams M03-3, M03-4, MM03-B-5 and MM03-B-6 (Fig. 6.9) could not

attain the full flexural strength, because the beams failed at top

of the hole in the shear span nearest to the load paint. The

principal tensile stress on top of the holes, already having

flexural cracks at the bottom, was high enough to cause shear

failure. ]n Beam MM03-B-7, short stirrups were provided on top and

bottom of each hole in the shear span (Fig. 6.9). Moreover, the

vertical i in. diameter four-legged stirrups provided on the sides

of each hole were replaced by ~ in. diameter four-legged stirrups •

•



Table 6.1 Description of beams tested

S.eries:TI: (Unbonded beams) - Prestress. type L:

1. BS-1 a beam without hole

2. B01-1 one' 4". diameter hole centrally placed in pure
bendin~

3. B02;-2 one 5)' diameter hole centralliy placed in pure
bendin~

4.[ B01-U-31 one 4" diameter hole, the top of which is 1" belm.,
the tOl)cof the beam

Series Ill: (Unbonded beams) - Prestress type IE:

5.1 BS-2 beam wi thou thole:

6. OOy-4 a 6'" diameter hole placed. centrally in the bending
zane:

7. B02-ID-5, I a 5" diameter hole, the top of which was 1~" f:nom
the top of the beam

8. B01-U-6 I a 4;" diameter hole, the top was 1'"from the top af
the beam

9. OOZ'7 I a 5" diameter hoilleplaced at the centre of the beam

10. B01-D-8 I a 4" diameter hole, the bottom of which was 1'"from
I the bottom of the beam

11. B0y-U-9
I

a 6" diameter hole, the top being 1" from the top
of the beam

Series III: (Unbonded beams) - Prestress type il:

12- S03-1 I
a 6" diameter hole placed centrally in one shear
span

13. S02-2 I a 5'" diameter hole placed centrally in one shear
span

14. S01-3 I
a 4" diameter hole placed centrally in one shear
span

15~ S02-U-4 a 5" diameter hole, placed at the middle of one
shear span, the top of the hole being 1" from tha
top of the beam



Series IV: (Unbonded beams) - Prestress type II.: central point Iloadin<t:
16. SO-1 a ~" diameter hole placed at the centroidal axis iulthe shear span at a distance of 8" from the nearreaction
17. SO-2 a 5" diao.eter hole placed as in Benn SO-1 I
18.1 SO-3 a 6" diameter hole placed as. in Beam S0-1 I
Ser es V: (Bonded. beam) - Prestress type II: I
19.1 S02-B-1 I a 5'" diao.eter hole placed on the centroidal axis o~ Ia shear stlan
20. f S03-B-2 a 6" diameter hole placed as fu Beao. S02-B-1 I
Series VI.: (Unbonded beams) - Prestress type I:

21./ BS-3 , a beam wi thaut hole

22./ M01-1 8 unreinforced hol.es of 4" diameter placed on the Icentroidal axis
23. M02-2 t 8 holes a<f5." diameter (with vertical. stirll'ups),
24. MO;r7 I placed 00 the centroidal axisI

25. M03-3 l 8 holes of. 6" diameter (with vertical stirzmps;)
26.• MOy4 ! placed on the centroidal axis,

ZZ.I M°Y'L-5 8 holes of 6" diameter (with steel lialers) placed
00 the centroidal axis

28. MOrR-6 8 holes. of 5" diameter (with circular reinf. ) on Ithe centraidal axis
29. M03-R-7 8 holes of 6" diameter (with circular reinf .) onthe centroidaI axis
3°. M01-U-8 8 unreinforced helles.of 4.".diameter, the tops being I1" from the top of the beam

/31.1 MM02-9 9 holes of 5" diameter (with vertical stirrups) on
the centroidal axis



Se1'ies VII: (Bonded beams) - Prestress type I..:
32.., BS-B-1 a beam without a hale

33. MM01-U-B-2. 9 holem of 4!'d~~eter (Mith vertical stirrups),
the tops beinO" 1 ,.below the top o'f the beam

34. MM0a.-B-l/; 9 hoJ.es of 5" diameter (with vertical stirrups) on
the centroidal axis

35. MMQ3-B-5 ) 9 holes (>;11 6" diameter (with vertical stirrups)\ on
36. MM03-B-6 J tha centroirlal axis

37. MM0y-B-7 9 t~olelL of 6" diameter (with stirrups at sides and
on.~nd bottom of the holes) on the centroidal axis .

•













Plate 6.1
A: Hin~ reinforcement around the holen: 5" dia. wooden cylinder used to form holesc: 5" dia. bonded hole liner
D: 6" dia. wooden cylinder to form holes
E: 6" dia. hole liner
F: 1/11" dia. four-legged stirrup
G: End plate for casting bonded bearns
H: End plate for stressing and grouting bonded beams
I: Special end plate for stressing unbonded beams

Plate 6.2
Mould ready for castine beam MO}-4



Plate 6.3
:itresninr; an unbonded beam, showing the special end plate

Plate 6.tl
A beam in the mClchine ready for tea ting.
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CHAPTER VII

~ENTATION OF EXPERIMENTAL RESULTS

The information g~fned from the tests of individual beams is

now discussed in relaticn to the elastic stresses, deflections,
•

load at cracking, crack ~attern, ultimate load and mode of failure.

Details of the beams to which the designation letters and numbers

apply are given in Table 6.1. Table 7.1 gives the results of con-

troL specimen tests of all the beams.

7.1 BEAMS CONTAINING SINGLE HOLES

Beam BS-1

The stress distribution within the depth of the beam due to

the pre-stressing force was obtained by 8 in. Demec measurements.

The stresses on top and bottom of the beam were found to be very

close to the calculated values and the distribution was linear as
in Fig. 6.7.

The recorded deflection at the working load of 5 tons was

0.079 in. (Fig. 7.44) as against a calculated value of 0.067 in.

This shows that the actual deflection is greater by about 17%.
The first flexural crack was developed at about the middle of

the beam at a load of 6.5 tons which is very close to the calcu-
lated value of 6.25 tons (Art. A. 3.2). According to Leonhardt,58

the spacing of cracks in an unbonded beam would be approximately
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equal to the depth of the beam. In this beam, four cracks devel~ped

over a total distance of 30 in. at approximately 10 in. spacing

equal to the depth of the beam. The middle crack, the first to

develop, propagated very quickly into the compression zone and the

beam failed at 11 tons as a result of crushing of the concrete.

This early failure of the beam as compared to the calculated value

of 11.4 tons was probably due to the measured strength of the con-

crete (6800 Ib/sq.in.) being slightly lower than that used in the

calculation (Art. A. 7.1).

The splitting stress due to the tensile stress concentration

at the ends of the horizontal diameter of the hole was calculated

to be 1150 Ib/sq.in. The high strain recorded in the PL-30 resis-

tance gauges fixed at these points predicted a crack; however, no
crack was visible.

The strains at the boundary of the hole, as recorded by the

resistance strain gauges, were converted to stresses and curves

were plotted on polar graph paper (Figs. 7.1 and 7.9). The conti-

nuous curves show the theoretical tangential stresses at the boun-

dary of the hoIe and the dashed. curves show their experimental

values. Fig. 7.1 shows the stress trajectory due to the prestress-

ing force and Fig. 7.9 shows the same for a bending load of 5 tons.

Tho curves show close agreement, the maximum deviation in Fig. 7.1

being about 20% and that in Fig. 7.9 about 30%.
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The distribution of stress at the minimum section is shown in

Fig. 7.28. The stress at top and bottom of the beam can be obtained
approximately by the simple beam theory (continuous curve).

The deflection at the working load of 5 tons was 0.076 in.

(Fig. 7.44) as &gainst the solid beam deflection of 0.079 in.

There being only one hole in a beam of 90 in. span, the beam de-
flection was not greatly influenced.

The beam developed a crack almost below the hole at a load of

7 tons. At 10 tons load, two cracks developed on two sides on top

of the hole and progressed towards the load points. The beam failed

at 11.5 tons by crushing of concrete on top o£ the hole, bounded by
these two cracks. The ultimate strength was not affected by the
presence of the hole.

Beam B02-2

The splitting stress in this case was 1265 lb/sq.in. A local

visible crack developed at the boundary of the hole and extended

0.5 in. along the horizontal axis. Fig. 7.2. shows the tangential

stresses at the boundary of the hole due to the prestressing force

and Fig. 7.10 shows the same due to a bending load of 5 tons. The
d ••sh •.<l

experimental I ti I as curves show good agreement with the theo-
c.o•...\-i"u.ovs

retical.assho. curves. The experimental curves are discontinuous

at the ends of the horizontal diameter because of the initial
splitting crack.

In Fig. 7.44 is shown the load-central deflection curve which
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is very similar to that of the solid beam BS-1.

The first flexural crack developed near the minimum section

at a lead of 5.5 tons. The crack nattern of this beam is shown in
Plate 7.1.

The Load at which the beam failed was 13.5 tons which is

rather high probably because of the higher concrete strength of
7400 lb/sq.in. (Table 7.1).

Beam B01-U-3

This beam had the hole situated above the centroidal axis.

The splitting stress was only 690 lb/sq.in.; no crack develo~ed.

The load-central deflection curve is shown in Fig. 7.44 which

shows that the deflection is almost the same as that of the solid
beam BS-1.

The only flexural crack develoned at a load of 4.5 tons just

below the hole. Two more cracks developed and progressed almast

along the h<!lrizontaldiameter 0:£ the hole (Plate 7.2.). The concret..,

abova the hole crushed and the beam failed at 7.4 tons.

The calculated ultimate load (Art. A. 7.2) was 6.65 tons. The

proposed method of calculation given in Art. 4. 1.4 is found to
under-estimate the ultimate load by about 12%.

The measured strains above the hole (Fig. 7.2.9) show that the

t~ portion of the beam was separated from the rest by the develop-

ment of the two almost horizonta~ cracks and some tension develo~ud

on top of the beam due to the haunching effect. The compressive



strain on top of the hale at fai~ure was as high as 7700 micro-

strain. In Fig. 5.3, the strain in concrete at fai~ure of the prism

was onLy 1400 micro-strain.

Beam BS-2

The resistance strain gauges, fixed directly to the compress~

on and tension reinforcement, showed a total loss of 15% of pre-

stressing force. The stress distribution within the depth of the

beam as obtained by 8 in. Demec measurements conformed closely, tG

the one obtained by calculation.

The recarded deflection at 3 tans was 0.04>7 in. (Fig. 7.45)

against the calculated value of 0.041 in. As in beam BS-1, the

calc~ated deflection under-estimates the actual def~ection by 15%.

The initiation of a f£exural crack at 3.5 tons agrees wel~

with the calculated value of 3.6 tons. Four cracks deve~oped simul-

taneously, twa: below the load points and two between them. The beam

fai~ed at 7.3 tons against the calculated value, according to

CP115: 1959, of 6.21 tons (Art. A. 7.3). CP115: 1959 under-esti-

mates the actual failure load by 17~ in this case (Table 7.1).

Beam B03-4

The prestressing force produces a stress of 365 ~b/sq.in. at

the mid-depth of a solid section of the solid beam. For a 6 in.

diameter central hole, the splitting stress was 630 Ib/sq.in. The

concrete did not crack as confirmed by the reading on the strain

gauge fixed at that point.
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The tangential stresses at the boundary of the hole are given

in Figs. 7.3 and 7.11. In Fig. 7.3 the theoretical continuous curve
due to the prestressing force compares wel~ with the experimenta~

dashed curve. In Fig. 7.11, the theoretical curve due to a bending

load of 3 tons compares well with the experimental curve.

The recorded deflection at 3 tons was 0.049 in. (Fig. 7.~

which is close to that of the solid beam (0.047 in.).

The strains measured at three points above the hole at the

minimum section (Fig. 7.30) increase almost linearly upto a load

of 5.5 tons, which is about 80% of the ultimate load, when the

strain on top of the hole suddenly changes sign to tension and

that on top of the beam increases to high compression. This is due

to the propagation of cracks around the hole.

One crack developed just below the hole at a load of 4 tons

(calculated value; 3.8 tons). At 6 tons two cracks developed near
the top of the hole and progressed towards the load-points, as.

shown in Plate 7.3. The beam failed at 7.5 tons by crushing of the
concrete.

Beam B02~U-5

The theoretical stresses at the boundary of the hole due to

the prestressing force were obtained by using the coefficients

given in Fig. 3.5 for uniform compression in a beam where the hole

is situated near the edge of the beam. Fig. 7.4 shows the theore-

tical (continuous) and experimental (dashed) curves due to pre-
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stressing. Fig. 7.12 shows the theoretical and experimental curves

of stresaes at the hole boundary due to a bending load of 3 tons.

These curves exhibit good agreement except at the bottom of the
hole, where the experimental stress is low.

The measured strains at three points above the hole at the

minimum section show that the strains increase almost linearly upto

the cracking load after which strain reduction takes place.

The deflection at the design load of 3 tons was 0.050 in.

which is very close to that of the solid beam.

Three cracks developed simultaneously at a load of 3.5 tons,

two below the load points and one almost below the hole (Plate 7.4).

As characteristic in unbonded beams the cracks that developed
below the load paints were branched at the top. As in other beams

of this series, two cracks developed at both sides on top of the

hole at a load of 6.5 tons and progressed towards the load points.

The beam failed by crushing of the concrete above the hole at 7.4
tons.

"Beam B01-U-6

In this case the theoretical stresses at the boundary of the

hole were calculated according to Art. 3. 1.5, by using the stress

concentration factors as given in Fig. 3.5 (Mindlin's curves). In

Fig. 7.5 the theoretical curve of stresses due to prestressing

shows good agreement with the experimental curve except at top of

the hole >mere the experimental stress is 35% greater than the
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theoretica~ value. Fig. 7.13 compares the theoretical and experi-

mental tangential stresses at the boundary of the hole due to a

bending load of 3 tons. The experimental curve shows the pattern

of stress, but the value on top of the hole is much greater than

the theoretical "falue. This is probably because the bending

stresses around the hole were calculated according to Art. 3. 1.5,

ignoring the effect of hole boundary being close to the beam boun-
dary.

The load-central deflection curve (Fig. 7.45) shows that this

beam has 20% higher deflection than that of a solid beam.

Fig. 7.31 shows the concrete strains at the tops of the hole

and the beam at the minimum section. Upto the point of cracking

the strains increase almost linearly after which the top fibre

strain reduces and subsequently increases to high values. The

strain on top of the hole steadily reduces after cracking.

The crack propagation and distribution are shown in Plate 7.5.
The beam failed at 7.8 tons. This higher load than calculated can

be justified on the basis of a higher concrete strength (7600 lb/

sq.in.). The hole was situated within the depth of ultimate neutra~

axis, but the strength was not affected, because it did not cut
the depth of the ultimate compression block.

Beam B02-7

As the prestressing force was low this beam, having a 5 in.

diameter central hole, did not develo~any splitting crack. The
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oQmplet~ stress diagrams around the hole boundary were obtained

and oompared with the theoretioal curves. These stresses due to

the prestressing force exhibit excellent agreement. Fig. 7.14

shows its experimenta~. and theoretical stress trajectories for a

bending load of 3 tons to be in very close agreement.

The measured deflection of 0.049 in. at the design load of

3 tons is very close to that of the solid beam. The load-deflection

diagram is very similar to that of the solid beam BS-2.

CP115 : 1959 gives the minimum percentage of reinforcement to

avoid failure by fracture of the tension steel as 15/fu = 0.14%.

In this beam the percentage actually supplied was 0.20%. However,

the beam failed with the fracture of one of the tension wires

within the anchorage at a load of 7.5 tons.

Beam B01-D-8

The solid beam stress at the level of the horizontal diameter

of the hole due to the prestressing force was 525 lb/sq.in. The

splitting stress at the hole in this beam was sufficient to cause

cracking of the concrete. Cracks were visible on both sides of the

hole.
The theoretical stresses at the hole boundary show goad.

agreement with those obtained by experiment due to prestress and a

bending load of 3 tons. The figures showing the stress distribution

are, however, not shown.
The deflection at the design load (0.047 in.) was the same aa
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that of the solid beam (Fig. 7.45).

The crack pattern is shown in Plate 7.6. The cracks were

branched above the hole and the beam failed at 7.4 tons due to

secondary crushing of the concrete on top of the beam above the

hole. This hole, being placed completely below the centroidal
axis, did not have any effect

results have been reported by
on the strength

41 ••Barker ).
of the beam (similar

The stress trajectory at the boundary of the hole due to the

prestressing force is shown in Fig. 7.6. The experimental curve

shows close agreement to the continuous theoretical curve. In

Fig. 7.15 are drawn theoretical and experimental curves due to a

bending load of 3 tons. The experimental stress ~n top of the hole

(Fig. 7.15) is high in comparison to the theoretical stress~ This

may be due to two reasons; the stresses were calculated according

to Art. 3. 1.5 which does not consider the effect of the proximity

of the hole to the boundary of the beam. At the high total stress

(about 3800 lb/sq.in.) at the top of the hole, creep of the con-
crete must occur.

After cracking, the strain in concrete on top of the beam at

the minimum section rapidly increases while the strain on top of

the hole reverses to tension. This is rather contradictory to the

assumed rectangular stress block on top of the hole at failure.

The crack pattern is shown in Plate 7.7. The hole in this beam
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was situated in such a w~y that it cut the ultimate neutral axis

depth, but did not cut the depth of the ultimate rectangular stress

block. The beam failed at a load of 7.2 tons, which is very close

to the failure load of the solid beam.

Beam 803-1

The tangential stresses at the boundary of the 6 in. diameter

hole due to bending moment and shearing force corresponding to a

total third-point load of 3 tons were calculated from Art. 3. 1.6
and the experimental stresses were obtained from strain measure-

ments. The continuous theoretical curve and dashed experimenta1

curve are shown in Fig. 7.19. The experimental curve is disconti~

nuous at the centroidal axis because of the splitting crack that

developed due to prestressing. The discrepancy is large which can
be explained as follows.

1) The theoretical solution for stresses around the hole con-

siders only the shearing force and bending moment at the section
through the centre of the hole. In the present case, the hole

being large in comparison with the shear span, the varying bending

moment was different at different sections of the beam through the

hole, there being low bending moment towards the reaction and high

bending moment towards the load point.

2) The gauge length of the resistance gauge (PL-30) was 30mm.,

i.e., the strain recorded by the gauge was an average of strain

over that length (Fig. 6.5), whereas the theoretical solution gives
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the peak stress at the point considered.

3) The theoretical solution assumes the material as clastic

and the medium continuous; in the present case, the beam had ini-

tially developed splitting cracks due to prestressing.

The first diagonal splitting crack developed at a load of

2.5 tons when the calculated maximum tensilie stress at the hole

boundary was 750 Ib/sq.in. The diagonal cracks developed approxi-

mately along the line joining the reaction and load points. As the

hole had no reinforcement, the cracks propagated quickly (Plate
7.8) and the beam failed at 4.8 tons.

The load deflection curve is shown in Fig. 7.45. One hole in

the shear span does not appear to influence the deflection to any
great extent.

Beam 302-2

The theoretical and experimental curves for the tangential

stresses at the boundary of the 5 in. diameter hole due to a load

of 3 tons arc shown in Fig. 7.20. In this case, the experimental

stresses are found to be close to the theoretical values. The

curves in Fig. 7.20 show that the experimental (dashed) curve is

above the theoretical curve on the right top quadrant showing

greater compressive stresses and below the theoretical curve on

the left tap quadrant showing greater tensile stresses. This pheno-

menon can be explained on the basis of the varying bending moment,

i.e., the bending moment at the left of the hole is greater and
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that on the right of the hole is smaller than that at the centre

of the hole (as considered in the theoretical calculation}.

The load-deflection curve is shown in Fig. 7.45 and it is

similar to that of the solid beam BS-2.

The total theoretical principal stresses all around the hole

due to prestressing and a load of 3 tons have been plo,tt.edin Fig.

7.25. In Fig. 7.26 are shown the principal stresses at some seleo,

ted po~ts as obtained by rosette measurements. The rosette stresses

are different from the theoretical stresses due to the reasons
discussed later in Art. 8. 1.5.

The first diagonal splitting crack developed at 5 tons load

when the maximum theoretical tensile stress at about that po~t was

900 lb/sq.in. The crack pattern is shown in Plate 7.9. ~e beam
failed at 6 tons.

Beam S01-3

The stresses around the hole due to the prestressing force are

shown in Fig. 7.7. The experimental curve compares well with the

theoretical continuous curve. lin Fig. 7.21 are shown the theoreti-

caL and experimental curves for tangential stress at a load of
3 tons.

The total principal stresses, due to the prestressing forca

and a load of 7 tons, around the hole are plotted in Fig. 7.24.

This figure gives a complete picture of stresses around the hole

whan a crack was just visible, at ,the boundary of the hole. The

J
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maximum tensile stress at the boundary was about 10ODlb/sq.in.

The beam developed the first diagonal splitting crack at a

load of 7 tons. The beam failed in flexure at a load of 7.5 tons

prior to its shear mode 01' collapse.

Beam S02-U-1t.

The stresses attthe hole boundary at a load of 3 tons are

shown in Fig. 7.22 where the experimental curve is found to be in

agreement with the theoretical curve except at the top of the hole

where the discrepancy is about 35%.

The deflection of this beam is very similar to that of the
solid. beam BS-2.

The principal stresses around the hole due to the prestressing

force and a load of 5 tons as obtained by rosette measurements are

plo>tt.edin Fig. 7.2-7. The tensile stresses at points L1, 1.6, &1,
R2-, R3 and R4 justify the propagation of the observed cracks
(Plate 7.10).

The first crack developed at the hole boundary as shown in

Plate 7.10at a load of 5 tons when the total tensile stress at

that po~nt was about 1100 lb/sq.in. The beam failed at a load of
6 tons.

Beam S02-Z behaved in the same way as this beam. Both deve-

loped diagonal splitting cracks at 5 tons and failed at 6 tons.

It seems that the position of the hole with respect to the depth

may not affect the behaviour and strength of the beam.
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Beams 80-1, 80-~ and 80-3

The tangential stresses at the boundary of 4, 5 and 6 in.

diameter ho-les (Fig. 6.7) iincentrally loaded beams 80-1, 80-2 and

SO-3 respectively at a load of 3 tons are shown in Figs. 7.16,

7.17 and 7.18 respectively. Tha dashed experimental curve is found

to be close to the theoretical curve in the case of the small hole

(4 in. dia.). In beams SO-2.and SO-3, the experimental streases

are greater than the theoretical values probably due to the rea-

sons given in the case of beam S03-1.

The hole stresses in all three beams due to the prestressing

force were close to those predicted by the theoretical analysia.

These curves are, however, not shown.

The experimental curves in Figs. 7.16, 7.17 and 7.18 are not

oomplete because of the absence of strain measurement in one qua-
drant.

Beams S02-B-1 and S03-B-2

The experimental stress trajectory at the hole boundary of

the bonded beam S02-B-1 is very similar to that of the unbonded

beam S02-2.

Beam S02-B-1 developed a diagonal crack at a load of 5 tons

(as in the unbonded beam S02-~ as predicted by the theoretical

analysis and the beam failed at 5.5 tons.

Beam S03-B-2 behaved almost in the same way as that of the

unbonded. beam S03-1. The first diagonal crack developed at the same
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]oad o£ 2.5 tons and the beam failed at 4.5 tons (Plate 7.11).

-Beam BS-3

This beam is identical with beam BS-1 except that the concreta

strength of this beam was higher, i.e., 720Qlb/sq.in. (Table 7.1).

The average of strains recorded by four resistance strain

gauges fixed directly on the tensile reinforcement of the beam

recorded a strain of 4400 micro-strain after prestressing. This

shows a total loss of 12%. The further loss- of strain due to creep-

and shrinkage upto the time of testing the beam was about 3%.

The increase in strain in the tension reinforcement with the

increase in load is shown in Fig. 7.40. The u~timate strain at

failure was 7753 micro-strain, equivalent to a stress of 202,000 lb/

sq.in. According to the calculations based on Table 7 of CP115 : 1959

the stress at failure should be taken as 198,200 lb/sq.in. (Art.

A. 7.1). As the ultimate stress in the tension steel was under-

estimated, the bean strength was higher than calculated. ~is beam

failed at 12.8 tons against the calculated load of 11.4 tons (Art.
A. 7.1).

7.2 BEAMS CONTAINING MULTIP~ HOLES

Beam M01-1

According to the theoretical analysis, the diagonal crack was

expected to be visible ~t a load of 6.5 tons. In this beam, diago-

nal cracks actually developed at a load of 6.5 tons at the two
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holes near the suppmrts. The presence of a number of holes in the

shear span does not seem to influence the cracking of the beam.

The cracks quickly progressed and the unreinforced beam failed at
7 tons as shown in Plate 7.12.

The ~QUd-central deflection curve is shown in Fig. 7.46. The
centra~ deflection at a ~afr of 5 ton~ is 0.078 in. which is close

to that of a beam without hales, i.e., 0.079 in.

Beams M02:"2'and M02;7

Resistance: strain gauges were fixed directly to- the prestress-

ing wirea of the beam M0Cl.-7.The change of strain with the change

in load is shown in Fig. 7.~1. The change in strain is a1.most

linear up to,the paint of cracking after which the strain increaaes

rapidly. The load-strain curve of the tension steel is very similar

to that of the solid beam BS-3; in both beams, the ultimate stress
reac~d a value of 202,000 Ib/sq.in. This beam failied at a load of
12.6 tons, compared to a calculated load of 11.4 tons.

The net stress in the top prestressing steel at failure was

3750 t~./sq.in. This is less than the value of 5760 Ib/sq.in.,
calculated according to CP115 : 1959.

The load-central deflection curves are shown in Figs. 7.47

and 7.48. The experimental deflection at the design load was

0.083 in. The theoreticaTI deflection, calculated with the help of

the curves given in Figs. A.5. and A.6 is 0.075 in. The actual. de-

flectDon is higher than the calculated which was also noticed in
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the case of the solid beam BS-1.

The crack pattern of the beam MO~-7 is shown in PJ;ate.7.13.

Diagonal cracks developed on both sides o~ each hole in the two

shear spans at a load of 5.5 to 6.5 tons. It appears that the ini-

tiation of diagonal cracks was somewhat delayed probably due to the

reinforcement around the holes. The' diagonal cracks were all

arrested by the hale reinforcement.

Beams M03-3 and MQ3-4

The load/central deflection curve of beam M03-3 is shown in

Fig. 7.49. The deflection at a laad of 5 tons, calculated by the

equivalent second moment of area method (Art. 3. ~5 and 3. ~6)

is 0.081 in. and the recorded deflection was 0.09~ in. This shows

that the actual deflection is 15% mare than the calculated value.

In the case of the solid beam BS-1 this discrepancy was 16%. The

complete deflection curve of beam M03-3 at one ton increments of

Load has been plotted in Fig. 7.50. This figure shows that the de-

flection curve was symmetrical about the centre of the beam up to'

the design load. When the load further increased and the cracks

developed unequally. on the two sides, the deflection on the left

of the beam was marc than that on the right.

The strains in the concrete on top of the hole and at the top

of the beam at the minimum section are plotted in Fig. 7.32. This

shows that after cracking the strain an top of the hole increases

at a greater rate and that at top af the beam decreases.
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The crack pattern of the beam M~~4 is shown in Plate 7.14.

This beam failed at 11 tons due to the excessive principal tensile

stress on top of the second hole from the support point (Art. A.5.2).

The strain in the vertical four-legged stirrup placed by the

side' of the second hole in the shear span of beam M03-4 has been

plotted in Fig. 7.42. This shows that the total strain in the stirrup

at the failure load of 11 tons was 1475 micro-strain. Referring to

Fig. 5.6, the yield strain of i in. Q ' nild stee:L.was 1650 micro-

strain. This shows that the stirrup was very close to its yield
point at the time of the failure of the beam.

Beam M03-L-5

The bonded hole liner helped the beam against the development

of the splitting cracks at the time of prestressing. The first

diagonal crack developed at 5 tons, the design load; but the beam

failed instantly on the development of the diagonal cracks,

because the bond between the liner and concrete was destroyed and

the beam behaved as one having unreinforced holes (Plate 7.15).

The Load-deflection curve is shown in Fig. 7.46. The daflec-

tion was less than that of beam M03-3, because the liner increased

the stiffness. of the beam to same extent.

The top fibre stresses, calculated from the resistance strain

gauges fixed above hales and midway between adjacent holes, are

plotted in Fig. 7.35. From the distribution of stress along the

length of the beam, the assumption of Vierendeel behaviour would
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not appear to be applicable. The continuous line giving the top

fibre stresses based on the net section second moment of area can

be used to give the maximum stress.

Fig. 7.33(a) shows the distribution of strain at a section

midway between two adjacent holes in pure bending, as measured by

PL-30 gauges. The distribution of strain is not linear even at a

solid section in a perforated beam. The probable physical reasons
will be given later in Art. 8.2.

Beam M02--R-6

The reinforcement provided in the form of bonded rings around

the holes in this beam was not as effective as the vertical stirrup

of the sama cross-sectional area in beam MQ2--2 or MQ2-7. The iinil-

tiation of diagonal cracking was independent of the form of rein-

forcement around the hole. Two diagonal cracks developed at a load

of 5 tons on both sides of a hole in the shear span. These cracks

quickly destroyed the bond between the ring reinforcement and con-

crete. As soon as the bond was destroyed the beam behaved as one

having no hole reinforcement and failed prematurely at a load of

8.5 tons. The complete crack-pattern is shown in Plate 7.16.

The load~deflection curve is shown in Fig. 7.~7. The defleo-

tim upto the cracking Load is similar to that of Beam M02:-7•

Beam M03-R-7

The bonded ring reinforcement, having the same cross-sectional

area as that of the liner in beam M03-L-5, was better than the
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liner. The first diagonal crack developed at a load of 5 tons, the

same as beam M03-L-5. The ring reinforcement bonded round the hole

did not ~ose bond as quickly as the Inner. However, the beam failed

prematurely at a load of 8 tons, (Plate 7.17).

The load-deflection curve is shown in Fig. 7.46. The deflee- .

tion is similar to that of beam M03-L-5 which had Lined ho~es.
Beam M01-U-8

The experimental tangential stress trajectory at the boundary

of a hoXe at a load of 3 tons is compared with the theoretical

curve in Fig. 7.23. These two curves are found to be close to

each other, the maximum discrepancy, on top of the hole, being

about 20%.

The beam developed diagonal cracks at a load of 4,.5 tons at a

theoreticaL. tensile stress of about 1100lb/sq.in. The beam failed

at 7.c tons. The crack pattern is shown in Plate 7.18.

Beam MM02""9

Resistance strain gauges were fixed on top of the beam, just

above the holes and midway between adjacent holes. The stresses at

a bending load of 5 tons as obtained from these gauges are plotted

in Fig. 7.36. The points obtained by experiments have been joined

by dashed straight lines. The continuous line, Curve I, gives the

stresses on top of the beam as calculated from the beam theory,

considering the net section second moment of area. Curve I~ gives

the stress due to the simple beam action.
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The experimental curve shows that the stress just above a hole

ia less than that given by the simple beam theory and the stress on

tap of the beam midway between adjacent holes is higher than that
given by the simple beam theory (Curve l~).

The stresses given by Curve I are approximately equal to the

maximum stresses on top of the beam. For all design purposes, the

stress as given by Curve I can be safely used.

The increase in the tensile strain, recorded in a PL~3 gauge

fixed at the maximum tensile stress location of a four-legged

stirnup is shown in Fig. 7.43. This is similar to the curve in

Fig. 7.42. This also shows that the maximum tensile stress in the
stirrup at failure was near the yield stress.

The stress trajectory at the hole boundary of this beam due

to the prestressing force, plotted in Fig. 7.8, shows that the

peak stresses are lower than the theoretical values in contrast to

that of beam BO~-~. This is due to the stress relieving influenCe

of adjacent holes in the beam (see Art. 2. 1.1 _ Stress relieving
holes).

The calculated minimum load of initiation of flexural cracks

is 6.25 tons (Art. A. 3.~).This beam, however, developed fiVe

flexural cracks under five hanea as shown in Plate 7.19 at 8- 10
tons of load.

The load-central deflection curve is given in Fig. 7.41. The
beam failed in flexure at a load of 12.6 tons.
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Beam BS-B-1

This solid bonded beam failed at 13 tons exactly as calculated

using CP115 : 1959 (Art. A. 7.4). The deflection diagram is shown

in Fig. 7.49. The central deflection up to cracking was almost the

same as that of the unbonded. beam BS-1. After cracks developed,

the deflection was Less than that of the bonded beam probably

because of the development of a number of distributed cracks.

Beam MM01-U-B-2

The stresses on top of the beam, just above the holes and mid-

way between adjacent holes, have been plotted. in Fig. 7.37. lit is
noticed that the difference of stresses between two adjacent points

is more pronounced in this beam having eccentric holes than in
beam MM02-9. This is due to the influence of the proximity of the

hole to the beam boundary.

The complete crack pattern at failure is shown in Plate 7.20.

Beam MMOZ-B-4

In Fig. 7.38 is drawn a dashed curve joining points represent-

ing stresses on top of the beam at a load of 5 tons, the points

being just above holes and midway between adjacent holes. The con-

.tinuous line curve gives the stresses on top of the beam using a

constant net section second moment of area. This figure is similar

to Fig. 7.36 of beam MMOa-9. The continuous line curve gives the
maximum stress on top of the beam.

The load-central deflection curve is shown in Fig. 7.48 which
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shows that after cracking the curve is steeper than that of the

similar unbonded beam MMOL-9.

This beam developed diagonal cracks at a load of 9 tons as in

beam MM02-9. The complete crack pattern is shown in Plate 7.21.
Beams MM03-B-5 and MM03-B-6

The top fibre stresses of beam MM03-B-5 have been plotted in

Fig. 7.39 at a load of ~ tons. The continuous line curve giving

the top fibre stress calculated using a constant minimum section

second moment of area predicts the maximum stress with reasonable
accuracy.

The Load-central deflection curve of beam MM03-B-5 has been
plotted in Fig. 7.49.

The complete crack-pattern of beam MM03-B-5 is shown in Plate

7.22. Beams MM03-B-5 and MM03-B-6 faiLed at loads of 10 tons and 9

tons respectively. The fai~re pattern is similar to that of beam

M03-3.
Beam MM03-B-7

This beam was provided with short stirrups above and below

each hole in the shear spans. The failure of this beam took place

on top of the third hole from one support point at a load of 12.3

tons. Though this was a shear failure, the load at failure was very

near to the flexural failure load of 13 tons. After the examina-

tion of the failure it was noticed that there was a fault in the

position of a stirrup where the failure took place. Difficultiea
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in positioning the stirrups, which were as short as 1.5 in., had

been experienced at the time of casting.

The ~oad-deflection curve is shown in Fig. 7.49 and the
fai~ure pattern is shown in Plate 7.a3.



'lJable7.1 Summary of.beams
1 2- 3 lj; I 5, 6

Sl. No. Beam Average Modulus> Cylinder Poisson'sDesignation cube of splitting ratio-strength rupture stress
Ib/sQ.in. Ib/sQ .in. Ib-iso.in.

1 I BS-1 I 6800 616 ~OQ;
2 B01-1 I 7250 490 I 2.<)0
3 BO~2 I 7400 620 I 310
4: I B01-U-3 I 7200 550 I 317 I
53 I BS-2 I 6?50 4ts6 I 28? I6 I B03-'" I 730G 590 I 325 I7 I B02.-U-5 I 7100 550 I 300 Its I B01-U-6 7600 590 I 29ts I 0.195
9 I BO~7 7550 5.l:l0 I 29ts I10 I B01-D-ts /l320 b20 I 32511 I BO,.-U-9 /l950 I bbO I 317

I 12 S03~1 7'+50 550 2950
13 I SO~2 7600 b2tl 327 I1'1< I S01-3 7750 630 32.7 I153 I s02-U-4 7/l00 770 4131b I SO-1 ts'l<OO ')50 41017 I SO-2 MOO b10 4;171ts I SO-3 I 7550 590 2'9/l I 0.1919 I s02-B-1 I 7750 550 417
20 I SO,-B-2 I 7/l0Q; I bOO "'35 ,
2"1 I BS-3 I 7200 ,:>')0 ,1722 I M01-1 I 7400 512 3572.3 I MO~2' I 7400 520 I 317

I 2lJ., I M02-7 t b900 '+1)0 295
I 2:r M03-3 I 7900 525 352

26 I M03-'+ I tsOQO b10 352
27 M03-L-5 I 8000 630 I 428
21l MOZ-R-6 I 7750 600 I 350 0.195
29 MO,-R-7 I /l050 I '+90 I 314
30 I M01-U-ts I 7ts50 b10 I 35031 MM02-9 I /l000 770 I 413
32 BS-B-1 I 6900 ')~o I "its?
33 MM01-U-B-2' I /l200 525 405'3'h I MMO;z.-B-'f; I bts50 505" 467,
353 I MM03,.B-5 I /l450 I 52'5, 405> I

I 3t:t1 MM03-B-6 I 7550 i 5'1{) I %35 I
I 37 I MM03-B-7 I 7850 I 616 ! 420 I



1 I 7 8 9 10
81. No. Modulus o~ Ultimate Mode of Ultimate laad expressed

Elastictty load failure as percentage of the
E.X(10) (Tons calculated load

1 I 4.42 11.0 A q6.52 I 4."7 11.'> A 101
I 4.55 13.5 I l;. 11il
I 4.50 7.4, I B 119
I 4-.~7 7.~ I A 117
I 4-.3il 7.'> i A 120
I 'f.,.5 7.'f. I A 119
I J .l '6 I 7.1l A 12-59 I J .l '6 7.5. I 1•• -10 I .70 I 7.4 I A 11911 I !iJ.1l1l I 7.2 I A 11612: T ~.30 4.1l (; 7713 I ~.'>2 6.0 C; Q6.51Lf.~ I ~~55 7.2 A 11615, I .54 6.0 I C 96.516 I • 2 10.7 • A -17 I /. 0 9.0 C -11:l I • 5 5.4 C -19 I l.32- 5.5 I C, 88.520 I l .32- 4-.5 I C 72.521 I l.50 12.1l I A 11222 I l.46 7.0 C 6123 I .'55 12.6 A 1102'f. I 4.36 12;b A 11025 4.35 11.0 I D 96.520., 4.55 10.5 D 92-27 'f..65 5.@ C 442l:l I 4-.50 ~.5 C, 74.529 I 4-.64 ~.O I C 7030 I 4-.60 7.2 i C 6'531 I ~.54 12.il I 1, 11232 I 4.43 13.0 I A 10033 'f..'f.6 11.il I D 915'f. 4.46 I 12.2 I D 9'f.,35 4.60 10.0 T D 7736 I 4.32- 9.0 I D 6937 I 4.44 12.3 I D Q5

• Failure by rupture of tension reinforcement
i

A: Tension failure
B: Compression failure
C: Diagonal tensile failure
D: Principal tensile failure above hole
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CHAPTER VIII

DISCUSSION

From the theoretical analyses and the experimental behaviour
some important aspects can now be discussed.

8., ELASTIC STRESSES AROUND THE HOLE

8.,., Stress Trajectory due to Prestress

Due to the high tensile stress at the ends of the horizontal

diameter of the hole, the concrete cracked locally in many cases

and it was not possible to obtain the complete trajectory in the

cases of high prestress, i.e., beams BO,-" BOa-2 (Figs. 7.' and

7.2) and others with prestress type I. In beam B03-4 with prestresa

type II the complete trajectory was obtained because of the low

prestress force (Fig. 7.3). The trajectory of stresses in the cases

of eccentric holes was obtained in beams B02-U-5, BO,-U-6 and
B03-U-9 (Figs. 7.~ - 7.6).

In all these cases the experimentaL curves are close to the

theoretical and the theoretical analysis can be used for practical

purposes. In some cases the peak stresses are greater than the

theoretical values, because of the limitations of the method of

analysis" suggested in Chapter III.

The concentration factors for stresses at the boundary of a
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6 in. diameter hole (diameter/depth = 60%) due to uniform stress

as suggested in Table 3.2 and Fig. 3.2 are found to give good
results.

The presence of a number of holes theoretically lowers the

peak stresses (A=t. 2. 1.1: stress relieving holes). Referring to

Fig. 7.8, the peak stresses on the top and bottom of the hole in

beam MMOa-9 containing nine holes are found experimentally to be

lower than the theoretical value, whereas in the case of a similar

beam (B02~2) having one hole (Fig. 7.2) the experimental curve is

above the theoretical one.

The theoretical calculation of tangential stresses in a hole

situated above or below the centroidal axis of the beam can be

based on Art. 3. 1.5. As evident from Figs. 7.4 - 7.6, the peak

stresses are higher due to the reasons given under "Beam B01-U-6"
in Art. 7.1.

8.1.2 Splitting Crack

In Art. 4. 2.2 the design of splitting reinforcement was based

on the theoretical values of tensile stresses at the centroidal

axis in the vicinity of a hole in a direction perpendicular to the

axis of the beam. Fig. 8.1 shows the dashed experimental curve and

continuous theoretical curve for tensile stresses due to a uniform,

compression. As these two curves are close to each other, the

design procedure is justified~
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From the tests performed, it seems difficult to predict the

stress at which the splitting crack will appear. This depends on

whether the hole is unreinforced or adequately reinforced against

splitting. It also depends on the presence of neighbouring holes.

In the case of beam MM02~9 (Fig. 7.8) there was no visible splitting

crack whereas in beam B02-2 (Fig. 7.2) there was a visible crack.

The presence of a number of holes in beam MM02-9 would have reduced
the tensile stresses perpendicular to the axis.

The appearance of the first crack due to the tensile stresa

may be expected at a stress of 900 - 1300 lb/sq.in.

8.1.3 Kole Stresses due to pure Bending

The measured tangential stresses at the boundary of a hole due

to a pure bending load (Figs. 7.9 - 7.11) are found to be very

close to the theoretical stresses calculated according to eqn.

The stresses at the boundary of eccentric holes are plotted

in Figs. 7.12,.7.13 and 7.15. They show good agreement except at

the peak points. This is probably due to the application of the

theorem given in Art. 3. 1.2 in the case&~f holes which are close
to the boundary.

8.1.4 Hole Stresses due to Bending and Shear

Figs. 7.16 - 7.18 show the stress trajectories at the boundary

of holes in a zone where the bending moment/shearing force ratio is
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equal to 8 in. due to a central load of 3 tons. The discrepancy

batween the theoretical and experimental values of stress increases

with the hole size. In Figs. 7.19 - 7.21 are shown stress curves at

ho.les where the bending moment/shearing force ratio. is 15 in. Here

also the larger ~oles show a greater discrepancy. The reasons for
this are as

McCutcheon,
given under "Beam S03-1" in Art. 7.1. As reported by

30.So and Gersovitz experimenta~ stresses at the bounda-
ry of a circular hole in a wide-flange steel beam measured by
SR-4 gauges had a discrepancy of 16 - 20%.

Fig. 7.23 shows the stresses at a hole in the shear span of a

beam containing a number of adjacent holes. The proximity of other

holes seems to have influenced the stress pattern to some extent.

8.1.5 Principal Stresses around the Hole

Figs. 7.24 and 7.25 show theoretical principal stresses around

4 in. and 5 in. diameter holes respectively due to the combined

effect of prestress and loading. In beam S01-3 the visible crack

appeared at a stress of about 1000 lb/sq.in. (Fig. 7.24). Fig.

7.~5 shows the principal stresses at the design load of beam S02-2

and indicates that the stress is concentrated at the boundary and
quickly drops to nominal values.

The principal stresses around a 5 in. diameter hole as obtain-
ed by the 2 in. rectangular rosettes arc shown in Fig. 7.26. Com-
paring these with the theoretical stresses at similar positions o~

the beam (Fig. 7.25), the rosette strains are found to be different.
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This is due to the following reasons.

1. In the rosette, strain is measured over a 2 in. gauge

length; but the theoretical analysis gives the stress at the p~int

considered.

2. The minimum reading of strain in the 2 in. demec gauge is

24.5 micro-strain. One division of error means an appreciable

change in the stress, particularly when the measured strain is

small.
In Fig. 7.~7are shown the principal stresses as obtained by

rosette measurements at the moment of the development of a diagonal.

crack in a beam containing an eccentric hole.

8.1.6 Longitudinal Stresses at Top and Bottom of the Hole

Due to stress concentration, the stress at the bottom of a

hole due to prestress and that at the top of the hole due to

loading can exceed the allowable limits. No code of practice

comments on the increased stresses due to the effect of concentra-

tion; reinforcement can be provided at these localised areas to

reduce the stresses. This high concentration of stress is subse-

quently relieved due to the creep property of concrete and does not

affect the ultimate strength of the beam.

8.2 STRESS DISTRIBUTION AT MINIMUM SECTION
The elastic stress distribution at the minimum section is very

important, because it is the most highly stressed cross-section.



Fig. 7.28 shows the stress distribution at the minimum section of

a beam containing a 4 in. diameter hale. The diagram shows that

theoretically the stress at the top or bottom of the hole is con-

centrated to a limited distance; beyond that the stress is almost

linear. The stresses at the top and bottom are close to those

given by the elementary beam theory.

The distribution of strain at the minimum section measured by

demec gauges over an 8 in. gauge length shows that the strain is

linear when the hole is in pure bending (Fig. t.34(a»j the con-

centration of stress cannot be obtained by demec measurement. The

linearity of strain distribution is disturbed at the hole when the

hole is subject to shearing force (Fig. 7.34(b».

In the calculation of the ultimate load of beam B01-U-3 it

was assumed that the stress distribution above the hole at ultimate

condition was rectangular (Art. 4,. 1.4). Fig. 7.29 shows the strain

distribution above the hole. Instead of showing a rectangular com~

pressive stress distribution, it indicates that there is some ten,

sian on top of the beam above the hole which may be explained on

the basis of the crack pattern. Due to the almost horizontal cracks

on the two sides of the hole (Plate 7.2) the portion of the beam

on top of the hole tends to lift. The strain recorded on top of the

hole is unusually high.

Fig. 7.30 shows the gradual increase of stress above the hole

until a stage is reached when the strain at the top of the hole
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bccomes tensile and that. on top of the beam compressive. This be-

haviour seems contradictory to that of beam B01-U-3.

In Fig. 7.31, the strain at the minimum section on top of the

hole of beam B01-U-6 shows that both the stresses on top of the

beam and on top Gf the hole remain compressive until failure.

The strains on top of a hole in the shear span of beam M03-3

(Fig. 7.32) show that the strain on top of the beam above the hole

gradually reduces and that on top of the hole gradually builds up
until failure.

It is, therefore, difficult to verify the rectangular' stress

distribution above a hole from resistance gauge readings. Fig.

7.33(b) shows the strain above the hole near the ultimate load of

12 tons as obtained by 8 in. Demec measurementa. This shows a more
or less rectangular pattern.

When a beam contains an array of circular holes the strain

distribution at the mid section between two adjacent holes is not

linear as shown in Fig. 7.33(a). The strain is more or less para-

bolic having zero. stress at the neutral axis. The parabolic diagram

can be physically explained as follows.

In a solid section of a beam having no hole, a linear strain

diagram holds goad. Thc stress above the neutral axis is compress-

iva and below the neutral axis tensile. Two sections are taken

along the vertical diameters of two adjacent holcs and a freebody

diagram can be drawn as in Fig. 8.~.As there is no farce along
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the periphery of the hole, there must be equal and opposite

stresses induced in the solid part in order to maintain force

equilibrium. The compressive stress above the neutral axis is

somewhat reduced due to the induced tensile stress. The resulting

stress distribution can, therefore, take the shape as shown in
Fig. 7.33(a).

8.3 DIAGONAL CRACKING
From the stress trajectories around holes in bending with

shear, it is found that the tensile stress builds up at the hole

boundary at the two sidea of the hole. When developed, diagonal

cracks weaken the beam to the extent that it will suffer a very

premature failure in so far as the bending strength is concenned.

The experimental results given in Chapter VII sho~ that the

tensile stress at which the crack starts and the beam fails is

dependent on many factors, such as the hole diameter and the bend-
ing to shear ratio.

It is found that when the maximum resulting tensile stress

due to prestress and loading is between 700 - 1100lb /sq.in.,

diagonal cracks become visible. The higher stress is applicable to

smaller diameter holes and the lower value for large holes. More-

over, the cracking and failing stresses are close to each ",ther in

the case of small holes, whereas in large holes, the beam can carry
further load after the crack is formed.
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When there is reinforcement provided against diagonal failure,

the cracks are arrested, but it seems unlikely that the reinforce-

ment can delay the initiation of cracking.

The vertical stirrups provided serVe as a good form of rein-

forcement agains'~ diagonal cracking failure. The reinforcement pro-

vided in the form of a bonded steel liner or bonded rings around

the hole cannot help to stop the crack; this is because the

cracking destroys the bond, and the beam behaves as one having

unreinforced holes.

8.4, FLEXURE. CRACKING

The distribution of stress at the minimum section of a per-

forated beam due to uniform compression and bending is such that

the top and bottom fibre stresses can be approximately obtained

by the simple beam theory. Therefore, the effective prestress at

the bottom of the beam would be the same at the hole section as

that at the solid section. The initiation of cracking due to

flexure is, therefore, essentially independent of the holes.

Plates (7.1 - 7.23) show the ~oad at which the first flexural

crack developed. It is clear from these that the initiation of the

flexural crack is very uncertain and can lie within wide limits.

However, the load at first flexurali cracking calculated on the

basis of the modulus of rupture gives a lower limit.

Ln an unbonded beam, a few major cracks develop roughly at a
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distance equal to the depth of the beam, progress quickly, branch

at the top, increase the deflection and cause premature failure.

When the beam contains a number of perforations, the number of

cracks increases, there being at ~ast one crack under each hole

in the high bending moment area.

8.5 TOP FIBRE STRESS IN A PERFORATED BEAM
The experimental stresses on top of perforated beams (Figs.

7.35 to'7.39) show that the stress on top of each hole is lower

than the stress at the same point as given by the elementary beam

theory, and the stress on top of the beam midway between two adja-

cent holes is greater than the stress given by the elementary

beam theory. This proves that the approximation of a beam contain-

ing circular holes to a Vierendeali beam is not valid, because of

the development of appreciable secondary stresses in short but

thick members. Kolosowski's37 approximation of a castellated T-beam

to a Vierendeel girder was not exact due to similar reasons. The

actual stress pattern on top of a Vierendeel beam will be as shown

by the dashed curve in Fig. 2.5.

However, the stress on top of the beam as given by the ele-

mentary beam theory, considering the net (reduced) second moment

of area, gives approximately the maximum value. For all design

purposes, this approach can readily be used. (Gibson and Jenkins37
reported similar results from their tests on wide-flange castellated
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steel beams).

STEEL STRAIN8.6
8.6.1 Strain in Bottom Prestressing Steel

The load-strain curves for the lower steel (Figs. 7.40 and

7.~1) are found to be similar to the load-central deflection curves

of the beams. The curves depart from linearity after flexuraL

cracks have formed; the strain then rapidly increases.

The strain as given by the resistance gauges fixed to. tho

main prestressing steel shows that the ultimata strain in the

case of the unbonded beams is under-estimated by CP115 : 1959. In
Fig. 7.40 the total stress at the failure load of 12.8 tons is

2O~,OOO lb/sq.in. whereas the stress as given by CP115 : 1959 at

the ultimate condition is 198,200 lb/sq.in. Hence CP115 underesti-
mates the actual ultimate load.

8.6.2 Strain in the Top Prestressing Wire

The loss of stress in the top steel at the ultimate condition

is found to be more than that calculated according to CP115. How-

aver, the change of the stress in the top steel has little influ-

ence on the ultimate strength of the beam.

8.6.3 Strain in Stirrups

Fig. 7.42 shows the load-strain curve for a stirrup situated

at the probable maximum tensile stress position of beam M03-4. It
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was found that when the ultimate load was reached, the total strain

in the stirrup (1480 micro-strain) was very near to the yield point

(Fig. 5.6). This would suggest that the area of stirrup reinforce-
ment should be increased.

In the case of beam MM03-B-7, the stirrup reinforcement was

increased and provided according to Art. 4. 2.3. The development o~

the first diagonal crack was delayed to 6 tons and the diagonal

crack at failure was not as wide as in beams MM03-B-5 and MM03-B-6.

8.7 DEFLECTION OF PERFORATED BEAM

The load-central deflection curves of beams having a single

hole either in the pure bending zone or in the shear zone are

shown in Figs. 7.44 and 7.45. Both figures show the deflection

curves of similar solid beams for comparison. It is clear that the

presence of one hole in the beam does not influence the deflection.

to any great extent. Before the beam is cracked, its deflection can

be calculated by using the gross section second moment of area
(Art. 3. 2.2).

The recorded deflection of beam MM02-9 containing nine 5 in.
4-7

diameter holes at the design load is 0.083 in. (Fig. 7.11). This

can be compared to the value of deflection,

various methods suggested in Art. 3. 2.1.

r
Ij, calculated by the

Using minimum section second moment of area (Art. A. 6.2)

E = 0.077 in.
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Using the slope-deflection equations and adding shear

deflection (Art- A. 6.3), b = 0.058 in.
Using both gross and net section second moment of area

(Art. A. 6.4), 5 = 0.072~.
Using the e~uivalent second moment of area method

(Artt.A. 6.5) I J = 0.075 in.
l.tis clenr that all these methods except the one using the

slope-deflection method, give more or less close values. The de-

flection as given by the slope-deflection solution for the equiva-

lent structure (Art. A. 6.3) aeriously under-estimates the actual

defLection. Consideration of an equivalent rigid jointed structure

with members o£ varying cross-section might well improve the cor~~

Iation. The actuali deflection of the solid beam BS-1 was 17~ more

than caLculated. The greater deflection of beam MMOZ-9 can thus be
justified.

The deflection of beams containing 6 in. diameter perforations
(Fig. 7.49) has been similarly calculated in Art. A.6 by the

suggested methods. Here also the deflection. as calculated.by the

equivalent second moment of area method gives good results. For

all practical nurposes, the deflection of perforated beams contain-

ing Inrge holes (diameter/depth = 60%) can be.approximately obtain-

ed by considering a simple beam with the constant second moment of
area of the minimum section.

The deflections of both bonded and unbonded beams nre the same
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before cracking (Figs. 7.48 and 7.49). After the cracks have dev~

loped, the deflection curve is flatter in the case of unbonded

beams due to a few but wide cracks.

8.8 ULTIMATE LOAD

In column 10 of Table 7.1 experimental failure loads ave com-

pared with the calculated ultimate load of a similar solid beam.

Except for beam BS-1, all beams that failed in flexure carried

more load than calculated. CP115 : 1959 under-estimates the ultimata
load by upto 20%.

The strength of the beams failing in flexure is not affected

so long as the hole does not cut the ultimate depth of compression,

calculated according to ACI Cod~ (Arts. 4. 1.2 and 4. 1.3). The

method of calculation, as presented in Art. 4. 1.4 to evaluate the

ultimate load when the hole is within the ultimate depth of com-

pression,is found to give good results in the case of beam B01-U-3.

All the perforated beams having 6 in. diameter holes failed

in shear. Beams M03-3, M03-4, MM03-B-5 and MM03~B-6 had no stirrup
reinforcement on top and bottom of the holes. Due to the develop-

ment of flexural:-cracks below holes in the high monent zone, the

portion of concrete below the hole was unable to carry any shear.

At the minimum section, the top concrete had to carryall the

shear. Though there was a high bending stress on top of the hole,

this high shearing stress developed a high principal tensile stress
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(Art. A. 5.2) and the beams failed due to excessive principa~ ten-
sile stress above the hole.

In the case of beam MM03-B-7, short stirrups were provided on
."

top and bottom of each hole in both the shear spans. Though this

beam failed in sh~ar as ather beams, the load was very near to the

ultimate flexural failure load. Moreover, it was detected that the

short (only 1.5 in. deep) stirrups were not placed properly. From

this it is clear that with the provision of proper stirrup rein-

forcement, it is possible to provide large holes without weakening
the beam in shear.

Nasser, Acavalos and Daniel,40 from their tests of reinforced

concrete beams containing rectangular holies, suggest that when

adequately reinforced, the top and bottom flanges carry shear in

proportion to their cross-sectional areas. The results of the test

of beam ~rn03-B-7 contradict this at the ultimate condition. As both

top and bottom flanges were providerl with stirrups, the external

shear should be divided between them; if so, the principal tensile

stress on top of the hole would be within allowable limits.

Of the various hole reinforcements, the liner is found to be

the weakest. The bond between the liner and the concrete is quickly

destroyed and the beam fails as an unreinforced one. The ring rein-

forcement bonded inside the concrete around the hole is better

than the liner; however, here also the bond is destroyed and the
crack propagates quickly to bring about a prewatur~ failure. The
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reinforcement provided in the form of vertical stirrups by the side

of the hole is the best form of reinforcement. The same reinforce-

ment can be used against both splitting and diagonal stresses.
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CHAPTER IX

CONCLUSIONS AND SUGGESTIONS FOR FURTHER RESEARCH

From the analyses and experimental investigations of the

limited number of tests of beams containing circular holes_ pre-

sented in this thesis, the following conclusions can be drawn.

9.1 ELASTIC STRESSES AND DEFLECTIONS

Beams containing single ho~es

1. The stress concentration and distribution around a circu-

lar hole, situated on the centroidal axis of the beam (diameter

being upto 60% of the depth) due to prestress and bending or bend-

ing with shear, can reasonably be predicted from the mathematical
solutions presented in Chapter III.

~. When the hole is situated above or below the centroidal

axis of the beam, the tangential stresses at the boundary of a

circular hole, as given by the superposition of compression (using

Mindlin's curves for holes near the edge of the beam) and bending

solutions (given in Chapter III) show reasonable agreement with
the experimental values exceph at some peak points.

3. The effect of stress concentration at the boundary of a

circular hole in a beam is confined to a limited distance; the

extreme fibre stresses at the minimum soction can be predicted.
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reasonably by the elecentary beam theory.

4. The presence of only one hole, large or scalI, in the pure

bending zone or in the shear span of a beam, does not influence the

defrection. Also a number of small ho1es (diameter upto 40% of the

depth) on the centroidal axis of ~ beam does not appreciabIy in-
crease the deflection.

~ams containing multiple holes

5. Conclusions 1. and 2_ are equally applicable with reason-

able accuracy to beams containing multiple ho~es except that due

to the presence of other holes in the vicinity, the peak stresses
at a hole are reduced.

6. The distribution of stress within the depth of a perforated

beam is not linear, either at the hole or between two adjacent
holes.

7. The approximation of a beam containing circular perfora-

tions to one with flat.•top holes is not valid, Le., the Vierendeel.

analysis is not applicable, either for the top fibre stresses or
for the ueflection of the beam.

8. The caxicuc top fibre stress in a perforated beac can be

predicted by the elecentary beam theory using the net section
second moment of area.

9. The deflection of a perforated beam can be determined with

reasonable accuracy fran the sets of curves presented in Fig. A.5

and Fig. A.6, which are based on the equivalent second moment of
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area oethod.

10. The deflection of beaos containing an arnay of large

holes, (dianeter being equal to or more than 60% of the beam depth)

spaced close to one another, can be approximately obtained by using

the elementary beam theory by substitution of the oinimum section
socand ooment of area.

9.2 ULTIMATE STRENGTH OF PERFOlli\TEDBEAMS

11. The provision of a hole in a pure bending zone, subject to

the condition contained in 12., does not reduce the strength of the.
beam, but ensures. faiXllre at the hole.

12. In bending, the ultioate strength of the bean is not re-

duceduntil the hole cuts material from within the ultimate depth

of the rectangular stress block according to ACI Building Code,

even though the hole may go within the depth of the ultimate neu-
tral axis calculated according to CP115 : 1959.

13. When the hole is situated in such a way that it goes wath-
in the ultimate depth of the rectangular compression block, as

mentioned in 12., the ultimate strength of such a beam can be cal-
culated by taking the reduced depth and considering the line of

action of the compressive force in concrete to act at mid-depth of
this reduced ultioate depth.

14. When no reinforcement is provided at a hole subject to,

bending with shean', the strength is seriously reduced depending on
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th~ magnitude of the shearing force.

15. The provision o£ suitably proportioned reinforcement can

ensure that fai]ure of the beno tokes place in a flexura~ mode even
though holes occur in the critical shear zone.

9.3 GENERAL CONCLUSIONS

16. The stress at which splitting or diagonal craoking becomes
visibla at the boundary of a circular hole due to prestress or

bending with shear is much higher than either the cylinder splitting
stress or the modulus of rupture.

17. The initiation of fliexurQ] cracking, which appears to be
independent of the presence of holes, is uncertain and can lia

within wide ]imits. However, the load at initial flexural cracking,

calculated on the basis of the modulus of rupture, g~ves a lower
limit.

18. The assumption that the top and bottom flanges at a hole,

if properly reinforced, shara the shearing force in proportion to

their depth, is true at the design load, but not at the ultimate
condition.

19. Of the different methods of reinforcing the holes atttempt_

ad in the tests (bonded hole liners, bonded ring reinforcement and

vertical stirrups by the sides of the hole), vertical stirrup$
appear to of£er the best solution.

20. The methods of design of the stirrups against splitting,
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diagonal cracking and excessive principal tensile stress above the

hole, as given in Chapter IV, are found to give good results.

21. Prestressed concrete beams with circular perforations, if

properly reinforced, can be as strong as a solid beam, but the

deflection may be greater, the amo~nt depending on the hole cha-
racteristics.

9.4 SUGGESTIONS FOR FURTHER RESEARCH
The following topics concerning perforations in beams are

suggested for further investigation:

1. The structural behaviour of reinforced concrete beams con-
taining circular perforations.

2. The behaviour of reinforced and prestressed concrete beams

with extended holes, i.e., rectangular or elliptical holes.

3. The extension of the present problem of rectangular beams
to I or T..section beams containing holes.

4. A study on the initial appearance, width and propagation

of the crack around a hole due to the induced tensile stresses.

5. The effect of perforations in deep beams.

6. The weakening effect of holes in a beam which fails in
shear even without any hole being present.

7. The extension of the present problem to the case where the
beam carries the load of installations passing through these web
perforations.
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8. The investigation of the effect of distributed load on the

strength and behaviour of beams containing holes.

9. The effect of creep in highly stressed areas around the
holes on the behaviour of the beam.

10. The effect of shrinkage on the behaviour of a beac con-

taining an array of holes. The shrinkage will be more pronounced

in this case because. more surface area will be exposed.

11. The effect of sustained load on the behaviour of beans
containing holes.
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APPENDIX A

ANALYSIS OF TEST BEAMS

11..1 GeneraJJ.

According to CP115 : 1959, the permissible compressive stress

at transfer is the lesser of 0.5 Ut i.e. 3500 Eb/sq.in. and 3000

lb/sq.in. In a rectangular beam without holies where there will be

a triangular distribution of prestress, the bottom fibre stres&

can be up to 3000 lb/sq.in. for the maximum utilisation of concrete

strength. The critical point in a beam with a large circular hole

will. be at the bottom of the vertical diameter of the hole where

the stress will be very high due to stress concentration. As this

effect will be very localised, the stress at that limited area was

allowed to exceed the permissible value. However, the bottom fibre

stress at the solid section was limited to a value below the Rer-

missible stress. In the prestress type I beams containing holes,

the bottom fibre stress was restricted to 1600 Ib/sq.in., the

stress at the critical point then being about 3500 Ib/sq.in. For

this local high stress, reinforcement could be provided at the
bottom of the hole.

11..2 Loss of Prestress.

a) Loss due to relaxation of steel: The relaxation curve of
0.276 diameter high tensile steel wire as supplied by the manufac-



turers (Fig. 5.5) shows that due to an initial load of 10,050 lb

the loss at four days is about 3%. An instantaneous loss of 1% can

be compensated by stressing the wires for a second time. In the
nresent calculations, relaxation loss will be taken as 2%.

b) Loss due to the elastic shortening of concrete: In the

present tests, the prestressing operation was made a second time.

No loss due to elastic shortening need then be taken into conside-
ration.

c) Loss due to shrinkage: The beams were cured for 28 days at

a constant temperature of 640F and relative humidity of 95- 100%

and stressed twenty-four hours after removal from the curing room.

In the case of unbonded beams, they were tested within twenty-four

nours of stressing; the effect of shrinkage Can be considered aa

negLigible. TIn the case of bonded beams, they were returned to the

curing room after grouting and brought out a4 hours before testing.

The effect ~f shrinkage can also be considered as negligible to
this case.

d) Loss due to creep of concrete: In a beam without a hole,

this loss would be very low because of the low bottom fibre stress

at prestressing and the short time ~apse between prestressing and

testing. For beams containing an arnay of holes, the loss might be

significant because there exist areas at the boundary of the ho~es
where high concentrations of stress occur.

a) Loss due to anchorage: This losa is due to slip of the



tendons during the driving of the anchorage wedges. The sl~~ is

roughly proportional to the appLied force and is a variable depen-

ding on the length of the beam.

The loss due to anchorage sllip was determined on an experi-

menta~ basis. Two, blocks of steel each containing a hole ~ in.

diameter were welded to the top of a 6 in. x 12 in. I-section at

a clear distance of 8 feet (equa~ to the length of the beam). One

0.276 in. diameter high tensile steel wire was anchored against

one block and force was applied to the wire by jacking against the

other block. When the wire was just taut, an initial reading was

taken on four PL-3 strain gauges fixed at two positions of the

wire, one gauge being diametrically opposite to the other at the

same position. At a load as read on the jack dial, readings were

taken on the strain gauges just before and after driving the wedges

home. The difference between these two readings gave the losa due

to anchorage slip. A curve of load: as given by the jack dial versus

the load as calculated from the resistance gauges is plotted in

Fig. A.1. The dashed curve represents the load after anchorage

loss. Above 5000 Ib the anchorage loss is about 8%.

f) Loss due to friction: As the ducts were quite large (~,~.

diameter for a single wire :lndi :Ln. for two wires) and the pro,file

straight, this loss can be neglected.

Total Xoss: The total loss for beams having no hole or a

single hole can be taken as 12%. The measured strains on the
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resistance gauges fixed directl~ on the main stressing wire of a
solid beam showed a total loss of 12%.

For beams containing a series of holes, the total loss in-

creases to 15% as is supported by strain measurement, the increased

loss being due to the cree~ of concrete at high stress areas.

A.3 Str_es5 Distribution, Design Load and Cracking Load

Ao3.1 Stress distribution o~ prestressing
For prestress type I:

For a gross force of 7000 Ib in each top wire and 9000 Ib in

each bottom wire, the net distribution of stress after losses is
as follows:

~op fibre stress for a solid beam with unbonded tendons =

- 80 Ib/sq.:iin.
Bottom fibre stress = 1600 Ib/sq.in. (Fig. 6.7).

The area and second moment of area o.f the cross-section were
calculated neglecting the ducts and reinforcement.

For prestress type II:

Each top wire was subjected to a gross force of 4000 Ib and
each bottom wire to 8000 Ib

fu)p fibre strc3S .. - 45 Ib/sq.in.

B"tbm flbrc stress .. 775 Ib/sq.in. (Fig. 6.7).
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1\..3.2Cracking load

For beams with prestress type I:

The self weight of the beam produces a maximum stress of

52 ~b/sq.in. Taking 600 Xb/sq.in. as the modulus of rupture, the

cracking load, Per :bsgiven by Per x eE x 5 = 1600 + 600 - 52 = 2148
2:x . 8

Hence, Per = 6.25 tons.

For beams with pre-stress type II:

Pcrx~x5 = 775'+600-52 = 1323ex . 8
Hence, Pc~ = 3.8 tons.

A.~ Elastic Stresses around the Hole

A.4.1 Stresses at the hole boundary

Computer progranme no. 1,given in Appendix B, was used to

calcu]ate the elastic stresses at the boundary of a hole. This

programme was used to calculate tangential stresses due to,bending

moment and shearing force. Curves showing the boundary stresses

due to prestressing and loading for a number of beams are shown in
Figs. 7.1 to 7.23.

A.4:.2 Principal stresses around the ho1.e

a) Theoretical stresses:

Computer programme no. 2, given in Appendix B, was used to

calculate the theoretical principal stresses and their directions

around the hole due to prestress and loading.
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b) Experimental stresses from rosette readings:
Computer programme no.•3 calculates principal stresses and

their directions around the hole when the measured strains along
the three directions of the rectangular rosette are supplied.

The expressions59 for the principal stresses in terms of the
strains in three directions of the rectangular rosette are as
follows:

•• E l- (1+,4')
2.( 1-}El

;"'.1 -1 L- 2.'Y :: ."2: tan

A.5 Analysis for Shearing Force
A.5.1 At working load of 5 ton
At a section without a hole, the maximum shearing stress ••

1 5 2.gX 2240
• x x 10 •• 140 lb/sq.in.

Average prestress at centroid ••800 lb/sq.in.
The principal tensile stress is within allowable limits. No

stirrup is, therefore, necessary.
At the bottom flange at a section through the centre of a

6 in. diameter central hole, the maximum shearing stress ••
1.5 x 2.5 x 22406 x 4 •• 350 l.b/in.2
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Pre-stress at the middle o~ bottom flnnge = 1600 lb/sq.in.
Tensile stress at the middle of the bottom flange at 5 tons

~ 1146 lb/sq.in.

Principal tensi:Lestrese- = 1600;1146 _J( 1600~1146) +350~

= - 188 lb/sq.in.
This is slightly greater than the allowable principal tensi~~

strese-.Nominal tin. '\l stirIlUps@ 2.in. c/c will suffice.

A.5.2.At ~timnte load condition
a) Uncracked section without hale,

maximum shearing stress at the ultimate load of 11.4 tons =
1 5 11.4;x22.40_-320 or,,/ .• x 2 6 10 ~ sq.~n.x x

The ultimate a110wable principal tensine stress = 380 lb/sq.in.
for 7000 lb/sq.in. concrete.

b) Cracked section,
~f no stirDUp reinforcement is supp~ed above or below a hoie in
the shear span, all the shearing force must be carried by the top
flange onIy at the ultimate condition, because the bottom flange
develops fDexuran_cracks and ceases to carry any shear (as suppor-
ted.by Lorentsen1 im his tests).

For a 6 in. diameter central hole,
~t th ..,to t 1 d 1 5 11.4_x22.40~ e ""- ~ma e oa = • x 2 x 2.x 6

the maximum shear stress
= 1600 lb/sq.in.

The maximum bending stress = tx .85 x .8x 7000 = 3500 lb/sq.inlo
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Principal tensile stress = - 630 lbjsq.in.; this high stress:

would cause the beam to faill in shear before flexurn1 faL1ure of

the beam.

Design of stirrup:

Vu - Va = Av:l1y ~ from eqn. 4.18

d
vu = A" f'y S'

Et =

Stirrups would be provided at a spacing of 1 in. near the

top of the hoLe.

1..5.3 Design of pre-stress splitting reinforcement

In a beam having a 5 in. diameter hoLe situated on the cen-

troidal axis, the tensile stress concentration factor at the ends

of the horizontal diameter is 1.58.

For prestress type 1., tensilie stress = 800 x 1.58 = 1264 lbjsq.i:n.

Area of stirnup6Q' = 12~~x2~o80x6 = 0.46 sq.in

For a four-legged ~ in. diameter stirrup, Aa = 0.45 sq. in.

1..5.4 Reinforcement against diagonal splitting stresses

At the design load of 5 tons, the greatest tensile stress at

the boundary of a 5 in. diameter hole due to the combined effect

of prestress and loading (bending with shear) = 1377 lbjsq.in.

illZ 2.5x6 4Area of reinforcement required = 2 x 20,000 = o. 9 sq.in.
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Area of four-legged ~ in. diameter stirrup = 0.45 sq.in.

A.6 Calculation of Deflection

A.6.1 Using gross section second moment of area

The second moment of area of an unbonded beam at a solid
section = 488 in.4

The central deflection at 5 tons land = 0.067 in.

The central deflection at 3 tons land = 0.041 in.

A.6.aUsing minimum section second moment of area

The second moment of area at the minimum section at a 5 in.
diameter central hole = 426 in.4

The second moment of area at the minimum section at a 6 in.
diameter central hole = 380 in.4

The central deflection (5 in. diameter hole) at 5T- load =

The central deflection at 5 tons load in a beam (having
6 in. diameter holes) = 0.086 in.

A.6.3 Using the slope deflection equations

In Fig. A.2 is shown the approximate linear form for the beam

containing nine 6 in. diameter holes. The slope - deflection equa-
tions for the structure are:
Jomt A: 2E x 4 ( 2' A 3AB'

MAE = 10 5 \ - "A -'B +=-"' )• 1u.5 .
2Ex 108, ) '"MJIL = 8 ,-2.BA-6L where "'L=eA due to symmetry.



(x)

For moment condition, MAB + MAL = 0
i.e., - 41.262 9f,.- 0.381 ba + 0.109 LIB = 0

Similarly, for joint B:

(!I..1)

Joint c:

-6.712 9B-0.444 9C-0.381 ell. + .109 {\B+ .148.<1e;= 0
(!I..2)

_ 6.712 eC - 0.444 SB - 0.381 en + .148 <IC + .109 LID = 0
(A.3)

Joint D: - 42.024 en - 0.381 Be,- 0.381 6E + .109 ilD + .109 <l E = 0
(!I..4)

Joimt E: (!I..5)

Shear Conditions:
Span !l.B: = shearing force

..

i.e., - 3 f::i - 3 eB + 0.571 4B = 0.0069 (11..6)
A

Span BC: - 3 BB - 3 ee, + 0.667 dC, = 0.0050 (1..7)

Span cn: - 3 eC - 3 en + 0.571 4D = 0.0067 (!I..8)

Span DE: - 3 6n - 3 eE + 0.571 4E = 0 (1'..9)

These nine simultaneous equations (!I..1- !I..9)were fed into
the computer and the unknown quantities were determined.

The total deflection at E due to a bending loud of 5 tons =

Shear deflection of cross-members =
(10.5 + 9 + 10.5) 1.2.x • 1.2s:x2240 = .005 in •

6x2:x1.9x10o
Total deflection = .058 in.
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A.6.4 Using both gross and net second moment of area

a) Using the gross section second moment of area at the solLd

portion and minimum section second moment of area at the perforated

portion of the beam, the central deflection for a beam containing

eight central holes of 5 in. diameter

= moment of ii diagram (Fig. A.3)

I 22.5 + 27.5
+\. 2 ~x tj:8"!f x 2-5) +(27.5 + 30 x P x 2.5 x 2B 75 )\: 2 425 •

( 30x2.5 3125) (PX30X5 35\ (30PX5 x 40)+ 425 p x • + 488 x } "" 425

(-3OPx2.5 4375)1+ \ 488 x. _ =
P56.84 R

deflection

where I for solid portion 488
_ 4

= :Ln.
and I for hole portion 425 in. 4=

At a load of 5 tons, the central deflection = 56.84 x 2.5 x 2240
=411-6x 106

0.072 in.
b) For 8 central holes of 6 in. diameter, the central

M= moment of EI diagram (Fig. A.4)
:P

= 61.88 E
At a load of 5 tona, the maximum deflection = 61.88 x ~~~2~~6 =

0.079 in.
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A.6.5 Using the equivalent second moment of area

a) Moment deflection:

Following the analysis proposed in Art. 3. 2.5, a set of
values for the ratio l/le for various ratios of din and ~d. haa

been calculated with the help of the digital computer and the set

of curves shown in Fig. A.5 obtained.

b) Shear deflection:

According to the analysis presented in Art. 3. 2.6 the

deflection due to the shearing force in a perforated beam has been

calculated with the help of the computer. A set of curves is drawn

in Fig. A.6 for the ratio of the deflection in a perforated beam

to that in a similar solid beam for different values of ~ and ~d.

From Fig. A.5, the moment deflection of a beam containing

nine 5 in. diameter holes is found to be only 4% greater than that

of an equivalent solid beam. The shear deflection, according to

Fig. A.6 is about three times greater than that of a solid beam.

The total central deflection of a solid beam at 5 tons

6 104 -3= .0 7 x "fciO + 1.8 x 3 x 10 = .076 in.

For nine holes of 6 in. diameter, the total maximum

deflection at 5 tons
109 8= .067 x:'160 + 4, x .0018 =.0 1 in.
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A.6.6 Using the equivalent second moment of area and

considering the variable moment

Using the exact solution as given in Art. 3. 2.5, the

deflection due to variable moment can be calculated as follows.

Fig. A.7 shows the bending moment diagram due to third-point

loading in a beam having ,,;.ne6 in. diameter holes. The second

area-moment theorem can be applied, i.e., taking moment of the

area of the ii'diagram about A (ii diagram is divided into A1, ~,

A3, J\.4,A5 and A6 solid portions and B1, B2, B3, B4 and B5

perforated portions),
n1

A1: r !: x ~ doc
. ~ 2 1

where n1 = 3, d = 6. n2 = >. n3 = 3, n4 = 3, n5 = 3 and n6 = 3
p (9)=21

A2: Jn2~ (n1+d+x) (n1 + d + x) dx P (333)1 =2i
0

J~n3i (n1+d.+~2o+d+X):x: (n1+d+n2+d.+x) dx = :1 (1143)
o

A4: P (n1 + d+ n2 + d.+n3 + <1<+x)"2 1 x (n1 + d+ n2..+<i.+n3 + d+ x) dx

A5:

A6:

,n5 p T I -, p
J 2. x 31 l~!.r) dx = 2I
o

f n6 P L L
- x - ( - + n5 + d + x) dx

ClJ) 2 31 3
P=TI
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x (n1 + d.+ n2+~+ ~sin e)
d d,

(n1 + d:+n2..+2.+~ sin e) 12

b(D3 _ d3Cos?(7)

"(12..
Til) ~- 2

To

112. dJ d. .
P (n 1+2:+2. sJ.n e )12 <i d. d

" 2. 3, -.; 3 x. (n1 +~ +'2. sJ.n f) x. '2.CosOdO =
- IZ b(D.- dr'cos e),

~ (81)

B1:

B2:

B3:

(L 5 d d. , d ~_-+ n +-+-.sJ.ne, X -2cos C-:_.> 2.. 2::

x (n1 + d:+n2 + d+ n3 +~+~sin el x. ~ cos €I de = lr (4019)

"I
Bli;: J 2' ~x1x. 12 .

_ IT12:. 2. 3 b (D>_ a:?Cos3'e),

p
= 2I (7500)

B5: f OJ

_"/2:
P ]I, 12]I, d Ii-x-x------- (-3+ n5 + d+ n6 +-2:+'2.sint>),
2. 3- b (D>_ d3Cos3 e)

d' Px i Cos$ d(j = 2I (4665)

:t.. moment about the reaction = :1. (2824<8)

Equating the central deflection of a solid beam having an

equivalent second moment of area Ie and this beam,
7

23 2:i.J:'
129bET =e

(28248)

J
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It is clear from Fig. A.5 that the exact solution considering

the variable moment does not appear to influence the llIe ratio

for the particular configuration of perforations used here.

A.7 Ultimate Load Calculations

A.~.1 Unbonded beam (Prestress Type I)

From the properties of the beam,

pe> Ast = 0.083Uw bd1 Table 7; CP115i: 1959

f,!!
pe = after interpolation

fm = 1.47 x 135000 = 198200 Ib/sq.in.

dn
d1
dn = 0.30 x 9.3 = 2.79 in.
Ultimate stress in compression steel:

Loss of strain in compression steel at failure

where the factor t is for an unbonded beam;

Total loss of stress = 9030 Ib/sq,in ..in each wire

Total load in the compression wires at failure

= 2: (7000 x .88 - 9030 x 006) = 11520 Ib

Fig. A.8 shows the force diagram at the ultimate load condition

TJ:'.~i1l!d~;"momor.t, ~l' ~ fm Ast (d1 - 0.4 dn) - 11520 x 0.478 Ib-in.

UltimateJLoad = ~x2. = 11.4 tons
2240 x 30

Depth a£ ultimate compression block (~l:
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According to ACI Building Code (1963),

6xnpxO.85x7000 = 4xO.06x198200+ 11520

i.e., ~ = 1.66 in.

A.7.2 Ingress of hole into compression block at ultimate load

When a hole is situated in the' pure bending zone of the beam

in such a way that the top of the ho:l.eis 1 in. below the top- of
the beam, then:

Cc = 6 x 1 x 0.85 x 7000

Cs = 2x7000xo.8 = 11200lb

The ultimate moment, Mu, by taking moment about tension steel,
is

Mu = Cc x 8.81 - Cff;x 8.67

Pu = Mu x 2
30 x 2240 tons = 6.65 tons

A.7.3 Unbonded beam (Prestress Twpe II)

From the propenties of the beam,

.••p_e •••A_s_t 68- = 0.03Uw bd1

From Table 7 of CP115 : 1959,
fm
pe = 1.6528, dn

d, =

fm = 1.6528 x 120000

dn = .1525 x 9.31 = 1.4~
. .6a8 2Loss of stra1n in compression steel at failure = .002.x 1. 2 x 3



Loss of force per wire = 1065 lb

Remaining force in compression steel = 5070 lb

Mu = fm Ast (d1 - 0.4 dn) + 5070 x '07

(xvii)

Pu =
Mu x 2
30 x 2240 = 6.21 tons

From the properties of the beam and reinforcement,

fu Astuw bd1

Referring to Table 7 af CP115 : 1959,

fm dnfu = 1 and d
1

= '3725'

fm = fu ; dn = 3.46 in.

Loss of strain at failure in the compression steel is
= .002 x: .6,~3. = .000368

Loss of stress per wire = 10900 lb/sq.in.

Remaining force at failure per wire = 5646 lb

Mu = fm Ast (d1 - 0.4 dn) - 5646 x 2 x '746

Pu = Mu x 2
30 x 2240 = 13 tons

5













PROGRAf'1MENO.1
begin comment to evaluate tangential stresses and strains at

the boundary of a circular hole placed centrally or
eccentrically in a beam by (a) prestressing force,
(b) pure bending or bending with shear;

integer fl,f2,f3,f4,fS,m,t,L,u,I,w,i,p,f,q;real a,E,p,Q/c,pe,fe,ge;
real array Al 1:24], kl 1:24];
open (30l;open (20 ;
fl :=format
f2:=format
f3:=format
f4:=format
fS:=format

Us nd.dJ);
Ds nd.Mdd 1 ) ;
fl+s +ndddd]J;
fss -!nd.dddddd 11'
f4s 1nd.dddddd C ~;

)

write text (30,[[4s] tangential*stresses*and*strains*at*the*
boundary* of*a*circular'hole *placed'~centrally*or'xeccentrically
*in*a*beam*by*prestress* and*pure*bending *or*bending*with
*shear [2c] l4s] ANGLE [3s] PRESTRESS[6s1 PRESTRAIN [3s1
LOAD[4sT ANGLE f6s] STRE~S f6s1 STRAI~[3s] TOTALSTRESSf3s1TarALSTRAIN 12.cTJ); - - - - - -
for m:=l steo 1 until 21(do
- ATiii]:=read(20)' -
for m:=l steo 1 until 24 do

k[m]:= ffi00.2618-0.2OT8;

then begin
p:= A[mTxr/S9. 31~-A[m]xQxli. 26xc/I-Qxli.26xa/IX(s in (k[m] )-sin (3Xk [m 1));pe:=p/E;

a:= read~20~;Q:= read 20 ;
w:= read 20 ;
for i:= 1 steo
for m:=l steo
begin
.if. w= 1

t:= readf20l;L:= read 20 ;
c:= read 20 ;
until t do
until 2lido

E:= read(20l; P:= read(20l;u:= read(20 ; I:= read(20 ;



then
f:= A[m]XiX112UXLXC/I+iXl120XLxa/Ix(sin(k[m])

-s in (3Xk[m] ))+iX 112')xat2/Ix (sin (4Xk[ m] )-s in (2Xk[ m] ))+2XiX1120/IX5t2xsin(2Xk[m])
f:= A[m]XiX1120xLXc/I+iX1120xLxa/IX(sin(k[m])-s in (3Xk[m]) );fe:=f/E'
q:=(P+f); qe:=q/E;

if u= 1

end
else begin

p:= A[m]XP/59'34-Qx4.26xa/Ix(sin(k[m])_sin(3Xk[m]));pe :=p/E;if u=l then
f7;IX1120XLxa/IX(sin(k[m])-sin(3Xk[m]))+iXl120Xat2/IX

(S1n(4Xk[m])-sin(2Xk[ml))+2XiX1120/IX5t2xSin(2~{[m])else
---- f:=iXl120xaXL/Ix(sin(k[m])_sin(3Xk[m]));fe:=f/E' _

q:=(P+f); qe:=q/E;end'-'
vll'i te
write
write

end'
el'O'Ser 20) ?
close (30)end->

Sample data for beam S02-2

-1.58; -1 .32; -0.51; +0. 77; +2.32; +3. 72; +4.32; +3.72; +2.32;
+0.77; -0.51 ;-1.32; -1. 58; -1.32; -0. 51 ;+0.77; +2.32; +3.72;+I+.32; +3.72;+2.32;+0.77; -0. 51 ;-1. 32;
2.5;6;
4.52106 ;
21600;
7200;
15;
1 ;
488;2;O;~



begin comment

11brary AO,A6 ;

PROGRAr1ME NO.2

A program to evaluate principal stresses and
their directions around a circular hole in a
beam due to prestress and pure bending or
bending with shear;

)

real z,n,m,mo,do,P,w,al,b1,c1;
open(20); o~en(30);
z:= read(20);
begin
real array d,e, l,~1,a24,?2,c2[1:L~],ro[1:z),A[ 1:2L~),d1,d2,

d3 [ 1 : z, 1 : 2 J;
integer F1,F2,F3;
F1:=format~[2S d.dddd));
F2:=format [2s +nd ddddd.d])'
F3:=format [2s +nd ddddd.d-ci);
for n:=l sten 1 until 4 do
begin dtnr:= read(2~);--

eln]:= read ~20~;l[n):= read 20 ;
m[n]:= read 2:) ;

end'-'
for m:=l ftJP 1 until z do

ro m := read(20);
mo:= read(20);do:= read(20); P:= read(2o);

for 1'1:=1sten 1 until 2L~ do
- A[1'1]:= read (2) ) ; --

write text (30,1l4s1 stress.'dueXto*unHorm*compression 12c11);
for m:=l sten 1 until z do
for 1'1:=1step 1 until 24 do



)

begin a 1:=PX (1/2x (l-cos (2XA[w]) )+2xmo-do/ro[ m] 1'2);
for n:=l step 1 until 4 do
--- regin a2[n]:=-PX(2X~nX(2xn+1)Xd[n]/rO[m]1'(2Xn+2)
+(n+1)x 2xn-1)xe[n]/ro[m]1' 2xn)+nX(2xn-1)Xl[n]xro[m]1'(2xn-2)
+(n-l)X 2xn+l )x~l[n]xro[mJr 2xn) )xcos (2xnxA[ vI] ) ) ;

end'---'
b1:=PX(1/2X(1+cOs(2XA[w]))+2xmo+do/ro[m]1'2);

for n:=l step 1 until 4 do- rgin b2[n] :=PX (2XTnx(2xn+l )Xd[ nJlro[ mJr (2xn+2)
+(n-l)X 2Xn -1 )xe [n Jlro[ m] l'(2xn) +nX (2xn -1 )xl[n] xro[m] l'(2xn-2)
+(n+1)x 2xn+1 )x~1[n]xro[mJr(2xn) )xcos (2XnxA[w]));

end'-'
c 1:=PX (1/2xs in (2XA[ w])) ;

,
for n:=l step 1 until 4 do

begrn-C2[n]:=PX(2xjnX(2xn-l)X(1[n]Xro[m]1'(2xn-2)
-e[n]/ro[m 1'(2xn))+nx(2xn+1)X(M[n]xro[m]1'
(2xn)-d[n]/ro[m]1'(2xn+2)))xsin(2xnxA[w]));end'-'

dl [m,w] :=a 1+a2[ 1]+a2[2]+a2[3]+a2[4];
d2[m,w] :=b1+b2[ 1]+b2[2]+b2l3]+b2[1~];
d3[m,w]:=c1+c2[1]+c2[2]+c2[3]+c2[4];

write(30,F2,ro[m])j' write(30,F1,A[w]);write(30,F2,d1[m,w]);
write(30,F2,d2[m,w ); write(30,F3,d3[m,w]);end' .---'
begin real k,o,MO,I,a,h; ,
~ array r[ 1:z],el,e2,e3,fl,f2,f3,P1,P2,phi1[1:z, 1:24];
~ 0:=1 STep 1 until z do

r[o := read(2:J);
for k:=l STep 1 until 24 do
--- A[k :=kX:J.2b18-o.2OT8;
write text(30,[[4s] distribution*of*total*stress*

- - due*to*prestressi2cll);
MO:= read(2o);I:=488; a:= read(2o); h:=5.O;
for 0:=1 step 1 until z do
for k:=l step 1 until 2i1do

begin e1[0,k]:=(-MOxr[0]/(4xI)+MOxa1'4/(4xIxr[0]1'3))
xsin(A[k])+(5xMOxar4/(4xIxr[0]1'3)-MOx

ar6/(Ixr[0)1'5)-MOxr[0]!(4xI))xsin(3xA[k]);



)

e2[ 0, k] := (- 3x~10xd 0 JI (lIXI)-r10xa1'4/(ilXlxr[0 Jt3) )x
sin (A[l(j )- (r10xal'it! (4xlxr[ 0 ]1'3)-MOxa 1'6/(Ixr[ 0 h5)
-MOxr[0]/(4xI))xsin(3xA[k]);

e3 [0, k] :=-(~1Oxa1'4/(4XIxr[ 0 Jt3) -l.lOxr[0 JI (lIXI))xcos (A[k] )
-(3xr'10xa1'4/(4xIxr[ 0] 1'3)-MOxa 1'6/(Ixr[ 0] 1'5)+
MOxr[0]/(4xI))xcos(3xA[k]);end'-'

for m:=l step 1 until z do
£2l: k:= 1 ~ 1 until 24do
begin

o:=m; w:=k;
fl [o,k] :=d 1[m,w]+e1[o,k];
f2[0,k] :=d2[m,w]+e2[0,k];
f3[0,k]:=d3[m,w]+e3[0,k];

P1[0,k]:=(f1[0,k]+f2[0,k])/2+sqrt(((f1[0,k]-f2[0,k])/2)1'2
+f3[ 0,kJt2)'

P2[0,k]:=(f1[0,k]+f2[0,k])/2-sqrt(((fl[0,k]-f2[0,k])/2)1'2
. +f3[0,kJt2); .

phil[0,k]:=1/2xarctan(2xf3[0,k]/(fl[0,k]-f2[0,k]))X57.32;
writei3U,F2,r[0]); write(30,Fl,A[k]); write(30,F2,fl[0,k]);
write 3U,F2,f2[0,k]); write(3u,F2,f3Lo,k]);
wri te 30, F2, P 1[0; k] )~ wr ite (30, F2, P2 [0, Ie] ) ;
write 30,F3,philLo,kJ);
end'-'

begin real t,u,p,Q,L;
Q:=1120; L:= read(20); t:= read(20); u:= read(20);
begin
~ array gl,g2,g3,hl,h2,h3,C1,C2,phi2[1:z,1:24,1:t];
write text (30, [[413] stresses~due*to'.pure*bending*or'bending
*with*sheari2cTT);-
for 0:=1 step 1 until z do
for k:=l sten 1 until 24(10
for p:=l stei) 1 until t do



)

begin1£ u=1 then
begin g1[0,k,p]:=-(2XQx~xL/Ix(af4/(8xr[0],3)-r[0]/8)xsin (A[kJ )+Qxp/lx(a ,4/r[ 0 Jil~x(3Xh,2/2-al'2/2) -2Xa ,2/r[ 0] ,2x
(ht2-a i2/l~)+h,2/2) Xs in (2xA[ k] )+2xQxpxL/lx (-a1'6/(2xr[ 0 hs )+Sx
a,V (8xr[ 0)n) -r[ 0]/8 )xsin (3xA[ k] )+Qxp/lx(Sxa,8/( 4xr[ 0 h6) .-3xa,6/ (2xr[ 0 h4 )+r[ 0h2/1~)xs in (I~xA[k]) );

g2[ 0,k, p] :=-( 2XQxPXL/IX (-a'l4/(8xr[ 0] i3) -3xr[ 0]/8)xsin(A[kJ)+Qxp/lx(at4/r[01t4x(-3Xh'l2/2+a'l2/2)-(ht2/2_r[0)t2/2))xsin(2xA[k])+2XQxpxL/Ix(ar6/(2xr[0]tS)-a'l4/(8xr[0]t3)
+r[ 0]/8 )xs in (3xA[ k] )+Qxp/lx (-5xa '18/(l~xr[ 0] 1'6)+at6/ (2xr[ 0 ]tl~)-r[0]r2/4)xsin(4xA[k])); .

g3[0,k,p]:=-(2XQxPXL/lx(-at4/(8xr[0]t3)+r[0]/8)xcos (A[kJ)+Qxp/Ix(-at4/r[0],4x(3Xhr2/2-at2/2)+at2/r[0]t2X (ht2-at2/4) + (hr2/2-r[ 0 h2/4) )xcos (2XA[ k] )+2xQxpXL/lx
(at6/ (2xr[ 0 hS) -3xa ,4/ (8xr[ 0 h3) -r[ 0]/8 )xcos (3XA[ kJ )+Qxp/IX(-Sxa ,8/ (4xr[ 0)r6 )+a,6/r[ 0 hl~+r[ 0 h2/4 )xcos (4XA[ k] ));end
else
1i'e'gfn

g1[ 0,k, p] :=-( -QxpXLxr[ 0]/( l~xI)+QxpxLxatli/( 4xIxr[ 0 h3))xSin(A[k])-(SxQxpxLxa,4/(4xIxr[0]r3)-QxPxLxa,6/(Ixr[0]tS) ,-QxpXLxr[ 0 ]/(l~XI))xs in (3xA[ k]) ;
g2[0,k,p]:=(3xQxDxLxr[0]/(4xI)+QxpxLxa,4/(lixlxr[~]13))xSin(A[k])+(~xpxLxa,4/(4xIxr[0],3)-QxPxLxaI6/(Ixr[0]tS)-QxpxLxr[0]/(4xI))xsin(3xA[k]);
g3[0,k,p]:=(~XPxLxa,4/(4xIxr[0]t3)-QxpxLxr[0]/(4xI))Xcos (A[k] )+(3xQxpxLxa tV (4XIxr[ 0 h3) -QxpxLxat6/( Ixr[ 0 hs)+QxpxLxr[0]/(4xI»)xcos(3xA[k]);

end.-'
write~30,F2,P); write(30,F2,r[0]); write(30jF1,A[k]);write 30,F2,g1lo,k,p]);write(30,F2,g2[0,k,p );write 30,F3,g3[0,k,p]);end.-'
write text(30,[[4s] princlpal*stresses*around*the*hole*due*
to*prestress* and*pure*bendlng*or*bending"and*shear 12cll);

h1[0,k,p]:=f1[0,k]+gl[0,k,p];
h2[0,k,p] :=f2[0,k]+g2[0,k,p];
h3[0,k,p] :=f3[0,k]+g3[0,k,p];

for 0:=1 step
for k:=1 stepfor p:=1 step
begin

until z do
until 21felo
until t do



)

C1 [O,k,p] :=(h 1[0,k,p]+h2[0,k,p] )/2+sqrt (((h1[o,k,p]
-h2 [0,k, p] )/2 )r2+h3 [0,k, p];2);C2[0,k,p]:=(h1[0,k,p]+h2[0,k,p])/2-sqrt(((h1[0,k,p]
-h2[0,k,pJ)/2)r2+h3[0,k P]i2);

phi2[ o,k,p] :=1/2xarctan(2Xh3[0,k,pl!(h 1(0,k,p] -h2[0,k,p]))x57.32;
write~30,F2'P)J write(30,F2,r[0]); write(30,F1,A[k]);write 30,F2,C1l0,k,p])~ write(30,F2,C2[0,k,p]);write 30,F3,Phi2[0,k,PJ);end'-'close (20) ;
close(30);end'-'end'-'end'-'endend->-

Sample data for beam S02-2

4;
2.33ro-2;-1.89ro-1;1;40ro-1;-3.62m-2;3. 14ro-4;-1.70ro-3;3.27ro-2;-1.78m-2;7.51m-6;-3.64m-5;8.09ro-3;-6.47m-3;1.45ro-7;-6.7ro-7;1.95ro-3;-2.08ro-3;
0.5;0.6;0.8; 1.0;
1•40ro-2;
1.32)0-1 ;
344;
1.5708;1.3090;1.0472;0.7854;0.5236;0.2618;0.0000;6.0214;
5.7596;5.4978;5.2360;4.9742;4.7124;4.4506;4. 1888;3.9270;3.6652;3.4034;3.1416;2.8798;2.6180;2.3562;2.0944;1.8326;
2.5;3.0;4.0;5.0;
31000;2.5;
15;6;
1 ;..,.

;



PROGRM1J1lE NO.3

begin comment to evaluate principal stresses and their
directions, given the strains of a
rectangular rosette;

real m,n,mel'!,E;
Integer fl,f2,t,w;
open(20); open(30);
t:= read(20); w:= read(20);
begin
real array ga, gb, gc[ 1:t,1:w]' pa,pb,pc[ 1:t-2, 1:w],

Pl,P2,phil[1:w], Cl,C2,phi2 [1:t-3,l:w];
f1:= format([Ss +nd ddddd]);
f2:= format(f5s +nd dddd.d cl);

x2.451O-S;
x2.451O-S;
X2.451O-s;

until t do
1 until w do
ga[m,n] :=read~2()~gb[m,n] :=reaCl 20
gc[m,n] :=read 20end.--'mew:=0.19; E:= read(20);

write text(30, [[4s] principal*stresses*due*to*
prestressing*force L2cll);

for m:=ll step 1 until t do
for n:=l step 1 until w do

fQr. m:=l stepfor n:=l step
-- beglrl

.,
j

end.--'

begin pal l,n] :=ga[2,n]-ga[ l,n];
pa[m-2, n] :=).95xpa[ 1,n ]+ga[m, n] -gal 3,n] ;
pb[ l,n] :=gb[2,n]-gb[ l,n];
pb[m-2,n]:=J.95xpb[l,n]+gb[m,n]-gb[3,n];
pc[ 1,n] :=gc[ 2,n]-gc[ 1,n];
pc[m-'2,n]:=0.95xpc[ 1,n]+gc[m, n] -gc[ 3,n] ;

comment tensile stresses are +ve in this program;



beg;in Cl [m-3/n] :=E/(2X( l-mew,2) )x( (1+meVl)x(pa[m':'2,
n]+pclm-2,n])+(1-mew)x sqrt(2x(pa(m-2 n]-

pb[m-2,n])T2+2x(pb[m-2,n]-pc[m-2,n])T2));

C2[m-3,n] :=E/(2X( l-mewi2) )x( (1+mevl)x(pa[m-2,n]+

fc[m-2jn] ) -( 1-mew)x sqrt (2X(pa[ m-2, n] -pb
m-2,n )T2+2x(pb[m-2,n]-pc[m-2,n])T2));

if (pa[m-2,n]-pc[m-2,n])=0 then phi2[m-3,n]:=45.0

comment phi gives angles in degrees for Pl and Cl clocb~lse
from the horizontal direction of ga;

phi2[m-3,n]:=(1/2X arctan((2xpb[m-2,n]-
pa[m-2,n]-pc(m-2,n])/(pa[m-2,n]
-pc[m-2,n]»))x57.32;

write text (30, [ [4s] principaP-s tresses -'due-'to'-pres tress -'and *
bending*with'shearf2clll; -

for m:d.j. step 1 until t do
for n:=l ~ 1 until w do

for n:=l sten 1 until w do-- ~ --- --
begin P1[n]:= E/(2X (1-mevli2) )x( (1+mew)x(pa[ 1,n] +

pc[l,n])+(l-mew)x sqrt(2x(pa[1,n]-
pb[1,n])T2+2x(pb[1,n]-pc[1,n])T2));

P2[n]:=E/(2x(1-mewT2))x((1+mew)x(pa[1,n]+
pc[ 1,n] ), ( 1-meVI ) X sqrt (2X(pa [ 1,n] -
pb[ 1,n] )T2+2x(pb[ 1,n] -pc[ 1, n])T2)) ;

if (ra[ 1,n]-,Pc[ 1,n])=0 then phi 1[n] :=45.0 else
phi 1 n]:= (1/2x arctan ( (2xpb[ 1, n] -pa [ 1, n] -pcn-:;-n]) /

(pa[ 1,n]-pc[ 1,n]) ))x57.32;

write (30, l' 1, P1(n]); Vlrite (30, l' 1, P2[ n] ); Vlrite (30,1'2, phi 1[n] ) ;
end'-'

end'--'close(20);
close (30);
end
end'"

o.
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