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Abstract

In this dissertation, the effects of conduction and convection on magnetohydrod)TIamic

(MHD) howldary layer flow from a vertical flat plate have been studied numerically. The

governing equations are made dimensionless by using ~uitable transformations. The

dimensionless equations arc then solved numerically in the entire region starting from the•
lower part of the plate to the down stream by means of implicit finite difference method
known as Keller box scheme.

A steady laminar two dimensional magneto hydrodynamic (MHD) free convection flow

from a vertical flat plate of thickness 'b' is investigated. The effects of the magnetic

parameter M and the Prandtl number Pr ha"e been examined on the flow field. The

analysis has shown that the flo\~ field b appreciably influenced by the effects of

conduction and convection. In our study we have also found that the present results are in
excellent agreement with Z.T.KhanwhenM= 0

The above effects on the magneto hydrodynamic (MHD) free convection boundary layer

flow with viscous dissipation from the verlical flat plate have also been analyzed.

Similarity equations of the momentum and encrgy equations arc derived by introducing

the same transformations. The dimensionless skin friction co-efficient, the surface

temperature distribution. the velocity distribution and the temperature profile over the

whole boundary la}er arc shown graphically for ditTerentvalUesof the paramelers Pr, the

Prandti number,M, the magnetic parameter and !I,~the viscous dissipation parameter,
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Greek symbols

:Plate lhieklle~s

:Specifie heat

: (T,-TJIT~
:Dimellsionless stream function

:Accderation due to gravity

: Dimension1css temperature

:Applied magnetic field

:Reference length, 1'21'! gill

:Length of the plate

:Magnetic parameter

:Viscous dissipation parameter

:Coupling parameter

:Prandtl number

:Temperaturc of the flow fluid

:Temperature at outside of the plate

:Solid temperature

:Temperature of the ambient fluid

:Velocity component in the x-direction

:Velocity component in the y-direction

: Stream wise co-ordinate

: Transverse co-ordinate

: Co-efficient ofthennal expansion

: Stream function

: Skin friction

: Dimensionless similarity variable
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p

p

e

: Density ofthc fluid inside the boundary layer

Kinematic viscosity

: Viscosity of the fluid

: Dimensionless temperature

: Electrical conductivity

: Thermal conductivity

: Thermal conductivity of the ambient fluid

: Thermal conductivity of the ambient solid
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Chapter 1

Introduction
Magnetohydrodynamics (MHO), the appendage of continuum mechanics, contracts with

electrically conducting fluids flow in electric and magnetic fields. The field of

Astrophysics almost certainly is the main advance towards appredalive of such

phenomena. MI'lD incorporated mainly on the study of severely incompressible fluid, but

now il day tbe terminology is applied abo to the studies of ioniz.ed gases. Magneto f1uid-

mechanics or magneto"aerodynamics has been suggested as Olher names of MHO but

innovative taxonomy has persevered.
Various usual phenomenon and engineering problems arc vllinerable to MHO analysis.

Geophysicists come upon MHO phenomena in the connections of conducting fluids and

magnetic fields that ilrc presented ill the region of blissful bodies. Engineers make use of

MHD ideologie> in the devise of heat exchangers, pumps and flow meters, in space

vehide fOr\\'ard motion, control and re-entry, in creating work of fiction power

generating systems, and in emergent confinement schemes for proscribed fusion.

The production of electrical power with the flow of an dectrical conducting fluid through

a transverse magnetic field is the principal application of MHD. In recent times, the

experimentations with ionized gases have been carried out with the look forward to of

manufacturing power on a hefty scale in stationary plants with large magnetic fidds. On

a minor scale the generation ofMHD po".er is of concern for space application.

On heat transfer studics. substantial outcome has hcen intended for tov,-ards the

convective approach, in which the comparative motion of the t1uid supplies an extra

mechanism for the transfer of energy anu. of material, the last one being <l more

significant contemplation in cases where mass transfer, due 10 concentration difference,

transpires. Only in the presence of u fluid medium the convection is possible. If a fluid

flows in the interior of a channel or over a solid body while temperatures orthe fluid and

I



the solid surface are different, heat transfer between the fluid and the ~olid surface takes

place as an outcome of the motion of fluid comparative to the surface; this type of

mechanism of hcat transfcr is termed as convection, There are two basic procedures of

the convective sort of hcat transfer. When with the hclp of a pump or a fan the fluid

motion is unnaturally stimulated that forces the fluid flow over the surface, the heat

transfer is tenured as forced convection Thesc typcs of problems are very recurrently

come upon in technology where the heat transfers to or from a body is time and again due

to and compelled flow of a fluid at a diverse temperature from that of the body. When on

account of buoyancy effects followed by the density diversity caused by temperature

variation in the fltlid the fluid motion is created, the heat transfer is said to be free or

natural convection. The natural convection procedures are governed essentially by three

features namely the body force, the temperature dillcrenee in the flow field and the fluid

density discrepancy with temperature. In the ,,'ray of life, frec convection is the most

important style of heat trlUlsferfrom pipes, transmission lines, refrigerating coils, burning

radiators and various realistic situations, though in a lot of cases of sensible attention,

both procedure, are significant and heat transfer is by mixed convection, in which neither

approach is really most important. The manipulation of natural convection of the heat

transfer can be deserted in the case of hefty Reynolds number and diminutive Grashof

nwnber. Alternatively, the natural convection should be the governing aspect for

immense Grashof number and miniature Reynold's number. We countenance in nature

this type of situation where forced and free convection is of analogous order, the

phenomena may bc named as the mixed or combined convection flows.

Since in geophysical, geothermal and nuclear engineering problems free and mixed

convection flows arc applied, model studies of them have brought in reputations. The

foremost researcher Sparrow et ai, (1959) contracted with the combined forced and free

convective boundary layer flow on a vertical flat plate. Afterwards by means of a

perturbation series in terms of the buoyancy parameter Mori (1961) and Sparrow and

Minkowycz (1962) investigated mixed convection flow in the boundary layer of a micro

polar fluid above a horizontal flal plate. The fOlTIlUlaefor calculating the shear stress and

heat transfer ralc in a mixed flow regime were presented by their investigations. The

combined frec and forced convection boundary layer flow along an inclined surface
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entrenched in porous medium wa, studied by Cheng (1977)_ The combined forced and

free convection in boundary layer flow of a micropolar fluid above a horiL.Ontalplate was

investigated by Hassanien (1977). Similarity solutions are acquired in his work for the

case of wall temperature which is inversely proportional to the square root of the distance

from the leading edge_
Free convective steady hydromagnctic flow about a heated vertical flat plate has been

considered by Gupta (1961), Pools (1961), Osterlc and Yound (1961), Sparrow and Cess

(1961), Lykoudis (1962), Cramer (1963) and Riley (1964). The similarity solutions were

studied by Gupta (1961) and Lykoudis (1962) considering that the magnetic field differs

inversely as the fourth root of the height above the bottom edge of the plate. The

solutions of the basic eqnations were obtained by nsing 'the approximate momentum

integral technique. As for very low and very high Prandtl number the viscous and thennal

boundary layers are unequal,their results are therefore of yery limilCd applications.

Al\erwards Nanda and Mohanty (1970) made use of the similar technique to solve the

hydro magnetic free convection of high and low Prandtl numbers owing to realistic

applications, as for liquid metals, the Prandtlnumber is for all time small. A third degree

polynomial for the temperature distribution has been considered by Lykoudis (1962) in

the whole boundary layer, whereas Gupta (1961) has considered -a third degree velocity

profiles which contains a second order zero at the outer edge of the boundary layer. Using

the perturbation technique Sparrow and Cess (1961) have considered the case of a

c<)flstantmagnetic field taking the non-magnetic ca~e as the first approximation. In the

weak magnetic fields and in the immediate neighborhood of the leading edge their results

arc applicable. The inflnenee of magnetic field on the laminar frce convection flow of

liquid metals was investigated by Cramer (1963) abovc a vertical flat plate and between

two parallel plates. For liquid meta!'; he got an analytical solution. Riley (1964) has

considered a uniform magnetic field and has imegrated the boundary layer equations over

a single boundary layer thickness. Effects of transversely applied magnetic field on free

convection of an electrically conducting fluid past a semi-infinite plate are studied by

Cobble (1979), Wilks (1976) and Wilks and Hunt (1984). MHO mi){ed convection flow

investigated by many researchers such as Yu (1965), Gardner and Lo (1975), Hossain

and Ahmed (1990) and Al-Khawaja (1999). Yu (1965) showed tbe stabilizing effect on
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combined forced and free convection chaJ1nel flows similar to the case of horizontal layer

heated from below. Grardner and Lo (1975) investigated the laminar problem using a

perturbation method, which produced some details of the secondary now but his result,

were limited to small values of the Hartman number. Hos,ain and Ahmed (1990) studied

the combined forced aJ1dfree convection of an electrically conducting fluid past a vertical

flat plate at which the surface heat flux was uniform and magnetic field was applied

parallel to the direction normal to plate.

In all the above studies, tbe conjugate effects of conduction, and cunvection on magneto

hydrodynamic (MHO) fluid flow were neglcrted. But it is well recognized that when

convective heat transfer results are powerfully reliant on thermal boundary conditions.

cunsideration of convective heat transfer problems as conjugated problems is essential to

get hold of physically extra severe results. On the conjugate problems of forced

cunvcction heat transfer, lots of research labors have been given both experientially and

tentatively but a small number of works have been dedicated to the conjugate problem of

natural convection. The use of nwnerical method for solving the preliminary system of

governing partial diiTercntiai equations for instance the finite difference method is

urunistakably the most promising in studies of conjugate natural convection was affirmed

decisively by Gdalevich and Fertnlan (1977). In accordance with Kelleher and Yang

(1967), the investigative action used comprehensively in conjugate forced convectiun

problems are complicated uwing to harmoniling a non-linear solution of free convection

in a fluid 'with linear conduction sulution in a solid hody at the solid-fluid interface.

About narrowed, domlstairs projecting fin of a simple power low form, successful

analytical solution for the problem of conjugate free convection is obtained by Lock and

Gunn (1968). Along this direction with the help of the vertical dimensional analysis

Chida and Katto (1976) inve,;tigated the conjugate problems. Tn order to interpret the

formal studied conjugate heat transfer problems they applied their method. When

convective heat transfer depends stoutly on the thermal bonndary conditions, natural

conveclion must be studied as a mixed problem if one need perfeet analysis of the

thermo-fluid dynamic field that pointed-by Miyamoto el. al (1980). With respect to axial

heat conduction they analYltld the comparative significance of the parameters of the

problem. By expanding the analysis of Gosse (1980), Timma and padet (\985) have buill
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up a technique which looks up the results givcn by the first term of asymptotic solution of

the problem. An innovative correction for the assessment of heat transfer co-efficient had

also been presented in the sal)1e exertion.

Joined natural convection assessing by the region which the point Xo falls in, has been

made by pozzi and Lupo (1988) humanizing the results regarding the asymptotic

, expansion by adding krms of higher order with respect to the first order discussed the

general form of the asymptotic expansion~ which is singular for the presence of eigen

solutions and determined the expansion holding for small vulues of x in a exact way. by

taking into account many terms of the series using pade apPNximant techniques. In all

the cases mentioned above, the conjugate effect of conduction and conve<:tion in presence

of transverse magnetic Ileld has not been studied.

Therefore the aim of this dissertation is to study further magnetohydrodynamic hcat and

mass transfer flow including the efl"ects of conduction of convection by introducing a

new class oftranslormations to the problem posed by Pozzi et at (1988) that the solution

for x raising between 0 to <1) that is solution near the leading edge to down stream region

at the vertical surface.

In chapter-I available information regarding MHD heal and mass transfer flows are

discussed from both analytical and numerical point of view. In chapter 2 we have

considered a steady laminar free convection boundary layer flow of a viscous

incompressible and electrically conducting fluid with viscosity and constant thermal

conductivity past a vertical that plate taking into aecOlmt the Prandtl number and lhe

magnetic parameter in the presence of uniformly distributed lransverse magnetic field. In

Chaptcr-3 a h-vodimensional laminar MHD free convection flow with viseous dissipation

from a vertical flat plate is considered. The above m'o problems have been solved

numerically using a most practical, an efficient and accurate solution technique, knO\~llas

implicit fmite difference method together with Keller-hox elimination teclmique which is

well documented and widcly used by Keller and Ceheci (1971) and recently by Hossain

(1992).

5
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The effects of various parameters entering into the problems are discussed with the hclp

of graphs. We have presented a general conclusion in Chapter-4 of the models studied. At

last all references extracted in the book can be come across at the last part of the thesis.
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Chapter 2

Effects of conduction and convection

hydrodynamic flow from a vertical flat plate.

on magneto-

The interaction between an electrically conducting fluid and an applied magnetic field is

an important practical problem, which has been studied very often in relation to the

magneto-hydrodynamic power generator aml boundary layer 110wcontroL The natural

convection boundary layer fl(lw of an electrically conducting fluid up a hot vertical wall

in the pre~enceof a strong magnetic field has been studied by several authors because of

its application in nuclear engineering in connection with the cooling of reactors. Later

Crammmer and Pie (1973) presented a similarity solution for the above problem with

varying surface temperamrc. On the other hand Wilks (1976) investigated the problem

with uniform heat flux illustrating the problem by formulating in terms of regular and

inverse serics cxpansions of characterizing coordinate that provided a link between the

similarity states appropriate to the leading edge and down stream, Hossain and Ahmed

(1990) have studied a combined effect of forced and free convection with uniform heat

flux in the presence of a strong magnetic field, Recently Z. I Khan, (M.phil thesis 2002)

investigated the conjugate effect of conduction and conveclion with natural cOllvection

Dow from a vertical flat plate, In the present investigation we shall investigate the

magneto-hydrodynamic boundary layer flow and heat transfer resulting from the coupling

of natural convection along and conduction inside a heated flat plate in an electrically

conducting fluid in the presence of the transver,e magnetic lield.

The transformed non similar boundary layer cquations govcrning thc flow togcthcr with

the boundary conditions based on conduction and convection were solved numerically

using the Keller box ( implicit finite difference') along with Newton's linearization

approximation method in the entire region starting from the lower part of the plate to the

7
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dOVvllstream for some values of the magnetic parameter M and the Prandtl number Pro

We have studied the elTect of the parameters At and Pr on the velocity and temperature

fields as well as on the skin friction coefficient and surface temperature coefficient.

In the following sections detailed derivations oflhe governing equations for the flow and

heat transfer and the method of solutions along ,\lith the results und discussions are

presented. All the investigations for the fluid with low Prandtl number appropriates for

the liquid metals are carried out.

2.1. Governing equations of the flow:
The mathematical statement of the basic conservation laws of mass, momentum and

energy for the steady vi~cous incompressible and electrically conducting tluid are given

by [Crammer and Pic (J 973) ]

vij =0

p(q,V)ij = - 'Vp+ fI V' q+ F +.Ix B

pCr (q.V)T=kV'T

(2.1)

(2.2)

(2.3)

where ij= (/J,v), u and v are the velocity components along the x and y axes

respectively, F is the body force per unit volume which is defined as - pg, the tcrms J

and B are respectIvely the current den~ity and magnetic induction "ector and the term

J x B is the force on the tluid per unit volume produced by the interaction of current

and magnetic field in the ab~ence of excess charges _ T is the temperature of the fluid in

thc boundary layer, R is the acceleration duc to gravity, k is the thcrmal conductivity and

cp is the ~pecific heat at constant pressure and fI is the viscosity of the t1uid. In the

energy equation the viscous dissipation and the Joule heating term are neglected.
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Here B = Il,Hu, JI, being the magnetic permeability of the fluid, He is the applied

magnetic field and V is the vector differential operator and is deJined by

,8 ,a
V=l -+/ -'ax yay

Where f. and the iy are the unit vector along x and y axes respectively.

When the external electric field is zero and the induced elcrtric field is negligible, the

current density is related to the velocity by Olun's law as follo,vs

(2.4)

Where a denotes the electric conductivity of the fluid. Ncxt under the conduction that

the magnctic Renold's number i~ small, the induced magnetic field is negligible compared

with applied field. lms condition is usually well satisfied in terrestrial applications,

especially so in (low velocity) free convection flows. So we can write

B = I H, 0 (2.5)

Bringing together equations (2.4) and (2.5) the force per unit volume J x B acting along

the x-axis takes the form:
.. ,
.JxB=crH" u (2.6)

Under the Boussinesq approximation, the variation of p is taken into only in the teon

F in equation (2.2) and the variation of p in the inertia tcrm is neglected. We then can

VvTite:
(2.7)

where p", and ToO are thc density and temperature respectively out side boundary layer,

13 is the coefficient of thermal expansion.
We consider the steady two dimensional laminar free convection boundary layer now of

a viscous incompressible and electrically conducting fluid along a side of a vertical flat

plate of thickness 'b' insulated on the edges with tempenlture To maintained on the other

side in the presence. of a uniformly distributed tran<;verse magnetic field The 001'.'

configuration and the coordinates system are shown in Figurc 2.1.

9
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",~ <E- in,,,r,,,,,, 1,,,rf,,,,
b "1'=1'0 k, L,g

Lo,,"u T(x,o)

y

Fig.l.1: Physical model and coordinate systems.

Using the equations (2.4) to (2.6) with respect to our above considerations into the basic

equations (2.1) - (2.3), the steady two dimensional laminar tree convection boundary

layer now of a viscous incompressible and electrically conducting fluid ",ith viscosity

and also constant thermal conductivity past a vertical flat plate in the presence of a

\Ulifonnly distributed transverse magnetic field take the following form:

(2.8)

u au +v ou =v a'u +gfJ (1'-TJ- uHo'u
ax oy 8y' p

aT ar Kj a'r
u Ox +v oy = pCp By'

(2.9)

(2.10)

The appropriate boundary conditions 10be satisfied by the above equations are

u=O,v=O aty=O (2.11a)

(2.11b)

10



(2.12)

The temperature and the heat flux are required continuous at the interface for the coupled

eonditiol15 and at the interface we must have

:' D:,o "kfl(~TJ
f '" OY }'=O

where k, and k f are the thermal conductivity of the solid and the fluid respectively.

The temperature T", in the solid as given by A. Pozzi and M. Lupo (1988) is

1',0=T(x,O)-{T, - T (x.O) }~ . (2.13)

where T(x,O) is the unknown temperature at the interface to be determined from the

solutions of the equations.

We observe that the equations (2.8) - (2.10) together with the boundary conditions (2.11)

_ (2.13) are non linear partial di ftcrential equations. In the following sections the solution

methods 01" thesc equations are discussed ill details.

2.2. Transformation of the governing equations
Equations (2.8) _ (2.13) may now be nondimensionalized by using the following

dimensionless dependent and independent variables:

, , 'T Tx y- y- y- -x=_.y=_d4 u=-d''ii v=-d'". ~
L L ' L ' L T -T, .

w
B,L=~,d=f3(Th-TJ (2.14)

g

As the problem of natural convection, its parabolic character has no characteri~tic length;

L has been defined in terms of v and g which is the intrinsic properties of the system.

The reference length along the 'y' direction has been modified by a factor d,1I4in order to

eliminate this quantity from the dimensionless equations and the boundary conditions.

The magnetohydrodynllmie field in the fluid is governed by the boundary layer equations,

which in the non dimensional form obtained by introducing the dimensionless variables

described in (2.4). may be \\Titlcn as

11



au au a'u,-H-+Mu=--+O
iJx oy By'

8e ae I 8'e,_H_o _

ox By Pr 8y'

(2.15)

(2.16)

( 2.17)

uH.lL'
whereM = J.Ki'12 ,the dimcnsionless magnetic purametcr which is known as Hartman

number (1966) andPr = ;£'" , the Prandtl number.
K,

The corresponding boundary conditions (2.11) - (2.13) take the following form:

eo
u""I'=O,e-1=pBy atrO (2.1Sa)

U~O,I'~O a.l'Y~"" (2.18b)

h 'h' d' . b po (; J [bLl d'"w ere p IS t e conjugate con uc\lon parameter gIven y ".

Here the coupling parameter 'p' governs the described problem. The order of magnitudc

of 'p' depends actually on !
L

and K J ,d114being the order of unity. The term !
K, L

attains

K
values much greater than one becau~c of L being small. In case of air, _f becomes very

K,

small when the vertical plate is highly conductive i.e. K,> > land for materials, o( :: )
= 0.1 such as glass. Therefore in different cases 'p' is different but not always a small

number. In the pre~ent investigation wc have considered p = 1 which is accepted for !
L

12



To solve the equations (2.15) - (2.17) subject to the boundary conditions (2.18). the

following transformations are introduced lor the flow region starting from up stream to

down stream.

_ .1'(1+ )_'I"}.( ) _ -115(1+ )-''"''lfI-X X T),X ,Il-YX x . 00= x'" (I +Xt''' h(T),x) (2.19)

Here 'I is the dimensionless similarity variabie and If is the stream function whieh

satisfies the equation of continuity and u= a", ,v= - a'll and h(T), x) is the dimensioniess
iJy ax

temperatllTe.

Substituting (2. 19) into equations (2.16) and (2.17) we get the following transformed non

dimensional equations.

r+16+15x ff'- 6+5x f'2_MX215(I+X)11l0r+h=lr8f'_f'ar] (2.20)
20(1+x) 10(1+x), "\ ill at

_1 h"+16+15x fh' 1 J'h=x(rOh_h,8f] (2.21)
P, 20(1+x) 5(I+x) Ox ax

In the above equations the primes denote differentiation with respect to 11.

The boundary conditions (2.18) then take the following form

f(x,O)= r(x,O)=O,h'(x,O)= - (I + x)''"' +x"'(l + x)"'" h(x,O)
f'(x, "")= 0, h'(x,00)=0

2.3. Method of Solution:

(2.22)

To get the soiutions of the paraboiic differential equations (2.20) and (2.21) along with

the boundary condition (2.23) , we shall employ a most practicai, an efficient and

accurate soiution technique. knovm as implicit finite difference method together with

Keiter- box elimination technique which is wei! documented and widely used by Keller

(1978) and Cebcci (1984) and recently by Hossain (1992).

To apply the aforementioned method, we first convert the equations (2.20) and (2.21) and

their boundary conditions into the system of first order equations. For this purpose we

introduce new dependent variabies u (S, 1/), v (s ,lJ) and p (S, 11) so that the transformed

momentum and energy equations can be written as

13



/ ="
u'=v

• 1" ,(" if]v +P, -P," -P,u+g= "a.;-va.;

1 • (ag 0/]-p +pJp- p,"g=.; ,,-- p-
P, a.; a.;

where q=x, h=g and

16+5x 6+5x "-'( )"10 I
20{1+x)"'PL' 10{1+x)=p"Mx: l+x =P"5(1+<)=P,

and the boundary conditions are

1(';,0)=0, u (';,0)=0, p(.;,O)=-{1 + .;t' +.;'IS (1+ .;Y/" g(.;.O)
Ii (g,uo)=O,g{.;,uo) =0

(2.23)

(2.24)

(2.25)

(2.26)

(2,27)

(2.28)

(2.29)

We now consider the net rectangle on the (~, 1]) plane shown in the figure (2.2) and

denote the net points by

';°",0, .;"=.;"-'+k", /1=1,2, ,.N
II~=O, II} =11!_i+hj' }=1,2, .. J

, P

1]j-112 -6 -,

P,

" --,pc,f-----------+P",~---

~"., ~n-ll2

Figure 2.2: Net rectangle fer difference approximations for thc Box scheme
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(2.30)

Here 'n' and 'j' are just sequence of numbers on the «(', 'I) plane, k, and hJ are the variable

mesh widths.

We approximate the quantitiesj, u, v,p at the points (t ,'I)) of the net byIj. u"j, vnJ.P"j

which we call net function, We also employ the notation i'J for the quantilies midway

between net points shown in figure (2.2) and for any net function as

;".LI2 =!-(,;" +;,.,)
2

(2.31)

(2.32)

(2.33)

The finite difference approximations according to Box method to the three fir~t order

ordinary differential equations (223) to (2.25) are written for the mid point (t, 'IJ-In) of
the segment P1P2shown in the figure (2.2) and the finite difference approximations to the

two first order ditTerential equations (2.26) to (2.27) are Mitten for the mid point

(,;".lIl, I/j-ll2) of the rectangle PjP2P]P4- This procedure yields.

h~l(r" _I' I=u" = u;"' +U;
j 1 )-1 ,-II' 2

v" +v"h-'(" "I-,n _j_l ,
! UJ-Ur' -'1_''"'- 2

15

(2.34)

(2.35)

(2.36)



,"[1'7 -1';_1 vt -V;:: J (p ,,)'-1Il_I.. 1\'-11'_( )'_'12
2 h + h + LJ' J-I" \F,u I)-II' P,u J-]/'

" '

[
,,-, f' J"-'J._,,, J'"-lI' "_1"U,_II2-lIj_112 ._In j_ll2- )_LI>

+gl-l'"' ="J-lIl ",,-'," k -Vj_II' k, ,

_I_[P; - P;-I + p;-' - p;:: J+ ( ,)'""' - (p U 'yo-'I'
2P h h P,JP ,-'I' , g'l-II'

" ,
(' 1'-' J' .I-II' - )-112

k,

Now from the equation (2.36) we get

II' ,-,I 1"_,,,(, ,-, 1(' '-')+"2 g,_LI2+ g}_," = 2k. ~rt'l 11/_'12+ !ij_III UJ_1I2 -U)_'12

I ,'-'"(, ,-, )(/' J'-')- 2k ~[-I" 1')_112+VJ•L" ,_lI' - HI',

h-' (, 'I h-' ('-' ,-,I (P)' (ft)' ()"-' , ,,)'-'=> j V)-VH + ,I V, -Vj_1 + 'J-L." 'I-t"+ p, H"VV }_'"

-(p, );.,12(U1 t-'ll -(p, );=:il (U' I;::" -(PJ);-lll (U J,-Li'
-(PJ ),=:11(u );::" +g ;_,,',+ g;=;" =a" t 11'),-1/1 - (U );_'" (u )~::" l

j( )' ()'-' ("-' (,)" " ('-' ,-, (" )+a
n

11 1_1,' U l-lIl- u- 11-'12 - .IV )-112 +"1_11' j_I.., - Vj_lJ1 )_L'2

, 1 ;:"_112
where an =k~j-lI2,
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(2.37)

(2.38)

(2.39)
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L'-' I )'-',,),-,I )'-'(,,-,
)-'/l= P, l_l"V" }-In - P, j_I'" U 1)-112

h-' ('_I ".,)- ( 1'-' I I"-L ,-,+ j VJ -Vr1 + p, )-112 U J-Lt> +g,_'12

;=) h;' (v'; - v;_,)+KPl Y;.'I' +Gr,} (;v );'lI' - {(p, );_1" +a" }(u' ),-1"
1)'1" ('-'J' 'f'-')R'-'- p" 1_112 UJ'-"l+g;-,n+a" VI_In i_LI,-V)_I,' ,-111 = f-J.2

h W-' L'-' J(, )'-' (, ,-, Iw ere ,_II'=- }_]"+0:, \ jl' r','l- U /;_]1'

Again from the equation (2.37) we get

1h-' I, ,) I, )'--'" 11'1' I, )'-'" I()'P, .. \Pi - Pj_l + &" ,_Ill +U" IP 1_';' -"V'. ,_1,', +a, ug )-lil

(, "-1 n_' n "("-1 .-1 f' )+a. UJ_l12gJ_J"-uJ_1,,g,_11,-P,_1i2, j_II,+Pj_112 )_]/,

=-M;~l''''+a, {(fp)';:: .., -(U,.;t:l2}

(2.40)

(2.4J)

(2.42)

wh~ M"-l 1 h-'( ',,_l .-1) I 1'-11'( •. )"-' f_J-'''=p J P,I -P,-I + P, ,_]"Vp j_II'-V',,
)
"-lIl I >-
I_"l ug'rlll (2.43)

1 h-' I' ') Ii )'-'" }(')' I( )'-'" II)'p) PJ-Pj-l + PL J_l,,+a, jp rlll-~P. 1_11,+an ug ,-1,'
,

( " n_' "_L" "("_1 ,,-, j' ) T"-l+a, UJ_1i2 gj_]., -UJ_L." g,I_II' - PJ-I,"' )-11' +P)_", r',' = j_112

r-' M'-' tl~)'-'I )"-'I)_LI2 = - ,_II' +an Ii-' )_,,", - ug r'''''

17
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The boundary conditions become

j~"=0, u; =0, p; =-(1+,;')'" +,;''''(1+,;')'''. g(~
u;=O, K~=O

(2.46)

If [n_l "_I "-I "-, "-I b ,,' ,'0< '<) '( 2 ]')we assume j ,u
j

, v} .g, .Pj to e ••.•l0"'l1 or -J- .equatIOns . -' to

(2.35) and (2.40) - (2.45) form a system of 5J + 5 non linear equations for the solutions

of the 5J + 5 UnknO"'l1SV/', u;, V;.K;, p;), j = 0,1,2 ... J. These non linear systems of

algebric equations arc to be linearized by Newton's Quassy linearization method. We

define the iterates [fj", u;, v;, g; ,Pj J. i = 0, 1,2 ...N with initial values equal those at

the previous x-~tation (which is usually the best initial available). For the higher iterates

we set

g;<+l) ==gj'l +0 g;')

p;<+11 == pjl) +0 pj')

Now by substituting the right hand sides of the above equations in place off}" ,

(2.47)

(248)

(2.49)

(2.50)

(2.51)

v;and g; omitting the tenns that are quadratic in r5f; ,r5u~,ov;, 0p~we get the

equations (2.33) and (2.34) and (2.38) in the following torm:

[
(I) +0 [(,) _ [(I) _ 0 [PI == hj {u(1) +0 U('I+u('1 +0 u(1) )
I j j_l J-12} I j-I }-,

where (,) =['(,)_[{I)+h.u(')
l} )_I! 1)-1.'2

IS

(2.52)

(2.53)

(2.54)



8gV1_ og(') _!i (8pl')+ o pIt) )~I,)
I )-, 2 J }-, "

wh= I,) ~gl')-g(I)+h pC"'j J-I J I }_1I2

h., (I') '" i,l (I) ~ ,"I) h)" ll{~_)I'I of L.)'" )} V, +vv, -VI_L-v',_, +~P, J_,,",+a"JlV" 1-11'+ V" J-'"
h), Ih ')'" J( ')'" I (p)' h)", sl I'"~I-~p, /+,+aoJW }_11'+ U H" - 'I.L,"'~U )-1.'2+ UJ_II,

i,l <5 {'I If"] 0/"') ,,-I+gj_L.'2+ gl_,,",+a,, )_L"+ j_''"' V,_Ll2

I I') 0 1'1 )/"_' Ro-l-a" V,_].', + vJ_1,", J-L,"' '" r'"

=;> h-l (v") + Jvv) -v") -ov(l) ), r, I" w I
j j ! J-I j-I"/<PL 1_'" "

I, .,)1'1 +..!. (fi') J(,)") + vi')J(f)"1 + f") 0(,)(1) + vi') 0(/)'" )[I' 1-'-" 2] I ! ,I J_l j-I )_1 j-I

I( )" I"~')'" v) o( )',) "1"( )'" }- p, ,_LI1+a.~" 1_11'+'" "j+UJ_'UU,_,

( )" ( )'1) 1 ('( )'" o( )"')} 'd 1 (0" '" 0 I')- p, j-II' U j_I,"' +'2 U I + U I.L +gj-II' +'2 gJ + gJ.1

1
""' (/Id 1(8f") lif"') (." 6 .,) )f'" l'",-,'"' '-''"'+-2 j + )-, - V,HI1+ ",_,,, j-II' ",R'-I+ a. J-II'

=>(s,), Ov:'l +(5,), {h~':L+('\'.,l J 0 ()') +{5')J (5 fj~:+(S')1 0 U)'I
+(sol, OU;':L +(.\',), <5 K;II +(5,), 0 g;~,+(.1',), .O+(SLO)j ,O=(rl)1

where I, ) = ,,-' + (P,);-", +a" ("l -.!.a f""'
" j 2 . I 2" i_II'

I) (P,J;-112 +ao "I 1 0-1
, ~ ------V +-a v'J 2 rI2"J-II'

(S5 ) J '" - 'V_'_'_)':';''''+_"'''' U;') ---(p-"-, ~_:.",.,.,

(2,55)

(2.56)

(2.57)

(2.58)

(2.59)

2.60)

(2.61)

(2.62)

(2.63)

(.) (P');_L"+a,, (1
", , _--,--- u ,'_, (2.64)
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(S')J =0.5 (2,65)

(Si), =0,5 (2.66)

(s')J=O (2.67)

hi,)r =0 (2.68)

I) 0-' tho' (", "") (()" I'<I'"~ Ir, j=RJ_lI,- J v, -v,_, + P, ,-1o',+a" V" Hil

II" )( "w' (/ ,,' ,,-, ("-' '" )+ p,!,_I",+a, 1/ iI_II,-a" I-].'lv,_,,,,- J_1IlVJ_LI'

I,,, ,,' ,,'I+a. '/!P,J1_", UJ_L", -grill

(2.69)

Here the coefficients (s.) J ami (s1G)i' which is zero ill this case, are included here for

the generality.

Similarly by using the equations (2.46) to (2.50) we get the equation (2.43) in the

following form:

( )"_L'"
h I) __I_h"L+ PL J-LI,+a'j(/)_2. jO_'

were t, ,- P, I 2 J 2a" rill

I)- 1 h-' (P, );=:;: +a. [(II 1 j"-', ,------" --a '0

'J P;' 2 " 2" 1_1,.

I )"_112

I) P, ,_Ln +a" ('! 1 ,,_L
I, 1= 2 P, + "2a" PJ-L"

(p )"_',"
( )

_ 11_I"+a,, (I) + 1 ,,_L
I, ,- 2 PJ-L "2anP,-LII

( 'In-'"

I )_p,!,_'I,+a" 1'1+2. ,,-I
t, J- 2 ~J 2a"gJ-1"
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(2.70)

(2.71)

(2.72)

(2.73)

(2.74)

(2.75)

(2.76)

(2.77)



(to)] '" 0

(I" )"= °

(2.78)

(2.79)

(2.80)

()_T"-' 1h-'(CI) II))r, ,- r111- P; j p) -Pr,
(p )"_112

, )_LI2 +a, {"-)'"
2 VI' ,H,'

(p )'-1Il
, )-11' +an ()I') ((I) "_L ,,-, I'))+ 2 ug J_L,,-an u1_1"g"'I2-U,_Ll2gJ_11'

( ,,' 1".' n_' f'" )+a, P,HII [-I" - PJ-II' r'12

The boundary conditions (2.45) become

of; = 0, oUo = 0, 01'0 =0[-(1 +0114 +;115(l+0"2~ g8]
ou; =O,og; =0

(2.81)

(2.82)

which just express the requirement for the boundary conditions to remain during the

iteration process,
Now the system of linear equations (2,51) - (2.57) , (2.68) , (2,69) and (2.80) together

'with the boundary conditions (2.81) can written in a block matrix from a coefficient

matrix, which are solved by modified 'Keller Box' methods especially introduced by

Keller (1978) Later, this method has bcen used most efficiently by Cebeci and

Bradshow (1984) and recently by Hossain (1992). Hossain et. all, (1994), taking the

initial iteration to he given by convergent solution at ~ = ~j_1. Results are sho'>m In

graphical form by using the numerical values obtained from the above technique.
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The solutions or the above equations (2.20) and (2.11) together with the boundary

conditions (2.23) enable us to calculate the skin friction r and the rate of heat transfer e at
the surface in the boundary layer from the following re1atiom:

T = X1'5(/+X)"J/20j"(O,x)

B = Xl/5 (1+X)"1/5 h(O,x)

22
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2.4. Results and discussion
If we know the values of the functions f(l/. x), h (1/. x) and their derivatives for differcnt

valucs of the Prandtl number Pr and the magnetic parameter M, we may calculate the

numerical values of the surface temperarnre e (0. x) and the velocity gradientf" (0. x) al

the surface that are important from the physical point of view,

First of all, to verify tlle proper treatment for thc problem, the prcsent solution for

M= 0,0 has been compared with that of Z. I. Khan (2002), It can be seen from the Fig.2.3

and Fig.2,4 that the present results are in cxcellent agreement with Z. I. Khan.

Numerical values of the velocity gradientf" (0, x) and the surface temperature e (0, x)

are depicted graphically in Fig.2.5 and Fig.2.6 respectively against the axial distance x in

the interval [0, 30] for different values of the magnetic parameter M (= 0.2, 0.5, 0.8, 1.0)

for the nuid having Prandtl tl\unber Pr = 0.73. In Fig.2.7 and Fig2.8, the shear stress

coefficientf'(O,x) and the surface temperature tI(O, x) respectively are shown graphically

for different values of the Prandtl number I'r ( = 0.05 , 0.73 , 1.0 ) when the value of the

magnetic parameter M is 1. The values of the Prandtl number Pr are taken to 0.05 that

corresponds physically the sodium, 0,73 that corresponds the air and 1.0 corresponding to

electrolyte ,olmions such as salt water.

From Fig. 2.5, it can be observed that increaw in the value of the magnetic parameter M

leads to decrease the value of the shear stress coefficient f" (O,x). Again Fig,2.6 shows

that the increase of the magnetic parameter M leads to increase the surface temperature e
(0, x). Similar results hold for skin frictionf" (0, x) and surface temperature distribution 0

(0, x) shown in Fig 2,9 and Fig.2,10 respectively for different values of the magnetic

parameter Mwhen Prandtlnumber Pr = 0.05

From Fig. 2.7, it is sho\~ll that the shear stress coefficient f " (O,x) decreases

monotonicallv with the increase of the Prandtl nwnber Pr (= 0.05,0.73 , l.0) and from
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the Fig. 2.8, the same re~ult is observed on the surface temperature distribution due to

increase of the value of the Prandll number when the value of the magnctic parameterM

is I. Fig 2.11 and Fig.2.12 represent the same result of ,kin friction and surface

tempelature distribution respectively for <.hffcrentvalues of Prandtl nurnbe.-Pr when the

value of the magnetic parameter M = 0.5

Fig. 2.13 and Fig.2.14 deal with the effect of the magnetic parameter M (= 0.2, 0.5,

0.8,1.0) for Pr = 0,73 on the velocity profile/{I/, x) and the temperature profile B (I/,x),

From Fig, 2.13, it is revealed that the velocity profile ((1/, x) decrcases with the increase

of the magnetic parameter M which indicates that the magnetic parameter retards the

flllid motion. Fig,2.l4 shows that for increasing values ofM. the temperature profile

o (I/,x) increases Same results are observed from Fig.2.17 and Fig.2.18 in velocity

profile j'('1. x) and temperature profile 0 (1/,x) respectively for different values of M

while Prandtl Pr = 0.05

Fig. 2.15 depicts the velocity profile for different values of the Prandtl number

Pr (= 0.05. 0,73. 1.0) while the magnetic parameterM is I. Corresponding distribution of

the temperature profile ()('1,x) in the fluids is shown in Fig. 2,16. From Fig. 2.15,

it can be seen that if the Prandtl number increascs, the velocity of the fluid decreases,

On the other hand, from Fig, 2.16 we observe that the tempcrature profile decreases

within the boundary layer due to increa<;eof the Prandtl number Pro Fig. 2.\9 and

Fig,2.20 represent the same result occurred in Fig.2.15 and Fig.2.16 in velocity profilc

/('1 ,") and tcmperature profile e ('1,x) respectively for different values of the PIandtl

number l'r when the value of the magnetic parameter AI=0.6.
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2.5. Conclusion

The coupled effect of natural convection and conduction on the magnetohydrodynamic

boundary layer flow about a verticaillat has been investigated introducing a new class of

transformations. The coupling of conduction required that the temperature and the heat

flux be continuous at the interface, Numerical solutions of the equations governing the

flow are obtained by using the implicit finite difference method together with the Keller

Box scheme. From the present investigation, the folloVvingconclusion may be draVvu:

1. The skin friction coefficient and the velocity distribution decrease for increasing value

of the magnetic parameter M.

2. Increased value of the magnetic parameter M leads to increase the surface temperature

distribution as well as the temperature distribution,

3. It has been observed that the skin friction coefficient, the temperature distribution and

the velocity distribution decreasc with the increase ofthc Prandtl number Pr,
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Fig.2.3: Comparison of skin frictions when

Prandtl number Pr ~ 0.73 and M = 0.0
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Fig.2.4: Comparison of velocity profiles

wben Prandtl number Pr =0,73 and M= O.
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34



Chapter 3

Effects of conduction and convection on magneto

hydrodynamic flow with viscous dissipation from a

vertical flat plate.

Free convection flow is often encountered in cooling ofnudear reactors or in the study of

the structure of stars and planets. Along with the free convection flow the phenomenon of

the boundary layer flow of an ele<.1::r:icallyconducting lluid up a vertical tlat plate in the

presence of a strong magnetic field is also very common becaw,e of its application in

nLIClearengineering in connection with the cooling of reactors. Gebhart (1962) has shown

that the viscous dissipation effect plays an important role in natural convection in various

devices which are subjected to large deceleration or which operate at high rotative speed~

and also in strong gravitational field processe~ on large scales ( on large planets) and in

geologIcal processes. With this undenitanding Takhar and Soundalgekar (1980) have

studied the effects of viscous and Joule heating on the problem posed by Sparrow and

Cess (1961), using the series expansion method of Gebhart (1962), Hossain (1992) have

studied the effect of viscous and Joule heating On the flow of an e1eC!rically conducting

and viscous incompressible fluid past a semi infinite plate of which temperature varies

linearly with the distance from the leading edge and in the presence of uniform transverse

magnetic field. He has solved the equations numerically goveming the flow applying the

finite difference method along with Newton's linearization approximation. Alam (1995)

has investigated the effcct~ of viscous dissipation as well as Joule heating on the unsteady

magneto hydrodynamic free convection and mass transfer flow with Hall current of an

electrically conducting and viscous incompressible fluid past an accelerated infmite

vcrtical porous plate with time dependent wall temperature and concentration.

In the present chapter we shall investigate the viscous dissipation effect on the skin

friction and the rate of hcat transfer in the entire region from up stream to down stream of
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a viscous incompressible and electrically conducting fluid from a vertical flat plate in

presence of(ransverse magnetic field.

In the following sections detailed derivations of the governing equations for the flow and

heat transfer and the method of solutions along with the results and discussions are

presented. All the investigations for the fluid with low Prandtl number appropriates lor

the liquid metals are carried out.

3.1 Governing equations ofthe flow:

We consider the steady two dimensional laminar free convection boundary layer flow of

a viscous incompressible and eleetrically conducting lluid along a side of a vertical flat

plate of thickness 'b' insulated on the edges with temperature T t> maintained on the other

side in the pre~ence of a uniformly distributed transverse magnetic field The flow

configuration and the coordinates system are shown in Fig.3.1 .

•<

T.

Upper k, ~ ""rI",,, 1>uri,,,,
b "T=Tt> k, Lg1

T(x,o)
,

Lo"'

0 y

Fig.3. t: Pbysical configuration and coordinates system.
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The equations governing the flow are

au OV
-+-=0 (3.1)
EJx Cy

au au a'u ( .) aIfo'u"-h-~"_+gP T-Too - • (3.2)& Cy ay' p

The appropriate boundary conditions to be satisfied by the above equations are

u=O,v=O at y=O (3.4)

The temperature and the heat flux are required continuous at the interface for the coupled

conditions and at the interface we must have

~aTw=k (aT]
k
f

8y f Cy }=o

where k, and kfarc the thermal conductivity of the solid and the fluid respectively.

temperature TM in the solid as given by A. Pozzi and M. Lupo (1988) is

T,,,=T (x,O)- {7; - T(x,O)}~

(3.5)

Th,

(3.6)

where T(.x,O) is the unknown temperature at the interface to be determined from the
solutions or the equations.

We observe thaI the equations (3.1) - (3.3) together with the boundary conditions (3.4)-

(3.5) are non linear partial differential equations. In the following sections the solution

methods of thcse equations are discussed detai Is.
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3.2. Transformation of the governing equations

Equations (3.1) - (3.3) may now be nondimen~ionali~.ed by usmg tho following

dimensionless dependent and independent variables:

, ! 'TT 213x = ~.y- = Y d', U= ~d'ii, v =.!::ilv. __-~.". e, L = v", ,d = neT. -T_J
L - L L L - T, -To, g " P" ~ (3.7)

As the problem of natural convection, ils parabolic character, has no characteristic

length, L ha~ been defined in terms of v and g which are the intrinsic properties of the

system. The reference length along the 'y' direction ha~ been modified by a factor d'il4 in

order to eliminate this quantity from the dimensionless equations and the boundary
conditions.

Thc magnctohydrodynamic field in thc fl'-lid is governed by the boundary layer equations,

which in thc non dimensional form obtained by introducing the dimensionless variables
described in (3.7), may be wtillen as

au au OlU
"-h-+Mu= __+'
ox oy oy2

uoB +voO =_1 o'B +N["']'ox try Pr try' oy
aHa'[' d" ,

where 1V= -~,,-,-, the ImenslOnless magnctlc parameter,
fKl

(3.8)

(3.9)

(3.10)

pC
P, = -_P , the Praudtl

<

b d" v'd b d' 'I'd'"num er an "Oo '( J' t c lmcn.',lon css VISCOUSlSSlpallon parameter.LCpT,-T.,
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The corresponding boundary conditions (3.4) - (3.6) take the following form:

(3.1 la)
ce

()-l~p- at y=()oy
U -J> O. v -J> 0 as y-J> <>:l (3, II b)

u~~.=o.

where p is the conjugate conduction parameter given by p= (:~) l~)dl!4
Here the coupling parameter 'p' govems the described problem. The order of magnitude

bof'p. depends actually on-
L

, b
and -L. dll' heing the order of unity. The term

1(, L attains

,
values much greater than one becauso ofL being small. In case of air,-L becomcs very

"
small when the vertical platc is highly conductive i.e. /(, > > land for materials,

or :-~)= 0.1 such a;, glass. Therefore in different ca~es 'p' is different but not always a

small number. In the present investigation we have considered p = I which is accepted

for!!.- of 0["].
L "

To solve the equations (3.8) - (3.10) 8ubject to the boundary conditions (3.11), the

following transformations were introduced for (he flow region starting from up stream to
down stream.

(3.12)

Here '7 is the dimensionless similarity variable and\if is the stream function which

.fi '" . f .. d 0'1/ 0'1/satls leS me equatlOn 0 contmultvan U=-,V=--
. 0' a, and h(l/,x) is (he dimensionless

temperature.
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Substituting (3.12) into equations (3.9) and (3.10) we get the following transformed non

dimensional equations.

fm+16+15x ir'- 6+5x f'2-MXU'(l+X)'IIOf'+h=x[f'Bf'_r,Br]
20(l+x)' 10(I+x) Ox . ax

...!..h'+ 16+15x jh' 1 f'h +Nxf"' =x[rCh _h,Bf]
P, 20(I+x) 5(I+x) ax Ox

In the above equations the primes denote differentiation with respect to 17.

The boundary conditions (3.11) then take the following form

f(x,O)= f'(x,O)=O,h'(x,O)=- (1+ x)'" +x'" (I+ xY'''' h(x,O)
f'(x,~ )=0. h'(x,~ )=0

3,3. Method of Solution:

(3.13)

(3.14)

(3.15)

To get the solutions of the parabolic differential equations (3. 13) and (3.14) along with

the boundary condition (3.15), we shall employ a most practical, an cfflcient and accurate

solution technique, known as implicit finite difference method together with Kcl1er~box

elimination technique which is well documented and widely used by Keller and Cebeci

(1971) and recently by Hossain (I 992). Since a good description of this method has been

discussed in details in Chapter~2, further discussion is disregarded here. The numerical

result.\;obtained are presented in the following section
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3. 4. Results and discussion

Here we have investigated the problem of the steady two dimensional laminar free

convection boundary layer flow of a viscous incompressible and electrically conducting

fluid with viscous dissipation along a side of a vertical flat plate ofthickncss 'b' insulated

on the edges with temperature T" maintained on the other side in !he presence of a

UIlifonnly distributed transverse magnetic field. Solutions are obtained for the fluid

having Prandtl numoor Pr •• (0.05, 0.-73,1.0) and fot a wide range of the values of the '

viscous dissipation parameter 11'= (0.01, 0.1, 0.3, 0.5, 0.6, 0.8,1.0) and the magnetic

parameter Ai= (0.1, 0,2, 0.5, 0,8, 1.0). Ifwe know the values of the flIDctions/(II, xl,

h (/I, x) and their derivatives for different values of the Prandllnumber Pr, !hemagnetic

parameter M and the viscous dissipation parameter .'1,', we may calcnlate the numerical

values of the surface temperature e (0 , x) and the velocity gradient /" (0 , x) at the
surface that are important from thc physical point of view,

Numerical values of the velocity gradient r" (0. x) and the surface temperature e (0, x)

are depicted graphically in Fig.3.2 and Fig.3.3 respectively against the axial distance x in

the interval [0, 30] for different valnes of the viscons dissipation parameter 11'(= 0.3, 0.6,

0.8, 1.0) for the fluid having Prandd number P, = 0.73 and the magnetic parameter

M=1.0. In Fig.3.4 and Fig.3.5, the shear stress coefficient /" (0, x) and the surface

tempcrature (J (0, x) are shown graphically for different values of the Prandd number

P, (= 0.05, 0.73, 1.0) when value of the magnetic parameter M is 0.1 and the viscous

dissipation parameter 11' = 0.01. The values of the Prandtl number Pr are taken to 0.05

that corrcsponds physically the sodium, 0.73 that corresponds !he air and 1.0
corresponding to electrolyte solutions such as salt water.

From Fig.3.2, it can be observed that increase in the value of the viscous dissipation

parameter 11' leads to increase ofthc value of the shear stress coeft1cient /" (O,x) which
is usually expected.

Again Fig.3.3 sho""l>that the increase of !he viscous dissipation Parameter N leads to

increase of the surface temperaturc B (O,-x). Similar results are observed from Fig.3.6 and

4'



FigJ.7 for skin frictionf" (0,x) and surface temperature distribution (J (0. x) respectively

for different values of the magnetic M when Prandtl number Pr = 0.73 and viscous
dissipation parameter N = 0.5

From FigJ.4. it is shown that the shear stress coeflicient f " (O.x) decreases

monotonically with the increase of the Prandtl number P, (= 0.05,0.73,1.0) and from

the Fig.3.5, the same result is observed on the surface temperature distribution due to

increase of the value of the PrandtJ number when the value of the magnetic parameter M

is 0.1 and the value of tho viscous dissipation parameter N = 0.01.

Fig.3.g and Fig.3,9 deal with the efreet of the viscous dissipation parameter N ( = 0.1,

0.5,0.8 , 1.0) for P, = 0,73 and for the magnetic parameter M = 1.0 on the velocity

profile .f '('1,x) and the temperature profile 0 ('I. xl, From Fig. 3.8 ,it is revealed that the

velocity profile f '(fI ,x) increases sluwly with the increase of the viscous dissipation

parameter N which indicates that viscow; dissipation increases the fluid motion .Small

increment is shown from Fig.3.9 on the temperature profile 8 (fI, x) for increasing values

of N . From Fig.3.12 we observe that the velocity proliles decrease monotonically with

the increase of the magnctic parametcr M when the values of the Prandtl number Pr and

the dissipation parameter N are respecti\;ely 0.73 and 0.5. Opposite result is shoVvTIin

Fig.3.13 for temperature distribution for the same values of the magnetic parameter M

Fig. 3.10 depicts the velocity profile for different values of the Prandtl number

Pr (= 0.05, 0.73, 1.0) while the magnetic parameter M is 0.1 and the viscous dissipation

parameter N = 0.01. Corresponding distribution of the temperature profile

o ('I, x) in the fluid~is shown in Fig. 3.11. FromFig.3.10, it can be seen that if the Prandtl

number increases, the Velocity of the lluid decreases. On the other hand, from Fig.3.11

we observe that the temperature profile decreases within the boundary layer due to
increase of the Prandtl number Pro
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3.5. Conclusion
The effect of viscous dissipation and magnetic parameters Nand M respectively for small

Prandtl number Pr ( = 0,05, 0.73, 1.0) on the magneto hydrodynamic(MHD) natural

convection bOt1ndary layer flow with viscolls dissipation from a vertical nat plate has

been studied introducing a new class of tral15fOmlations. The translonned non similar

boundary layer equations governing the flow together with the boundary conditions based

on conduction and convection weft' solved numerically using the very efiicient implicit

I1nite difference method together with Keller box scheme. The coupled effect of natural

convection and conduction required that the temperature and the heat flux be continuous

at the interface. From the present investigation, the following conclusions may be drawn:

1. The skin friction coefficient and the velocity distribution increase for increasing valUe

of the viscous dissipation parameter N.

2, Increased value of the viscous dissipation parameter N leads to increase the surface

temperature distribution a~ well as the temperature distribution,

3. 1t has been observed that the skin friction coefficient, the surface temperature

distribution, the temperature distribution over the whole boundary layer and the velocity

distribution decrease with the increase of the Prandtl nwnbcr Pro

4. The skin friction coefficient, the surface temperature distribution and the velocity

profile decrease while the temperature profile increases for the increased values of the
magnetic parameter 114,
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Chapter 4

Conclusions'

In this dissertation, we have investigated the coupled effed of conduction and convection

on steady two dimensional magneto-hydrodynamic flows with viscous dissipation from a

vertical flat plate. Using the appropriate transformations the basic equations are

transformed to non similar boundary layer equations, which have been solved

numerically in the entire region starting from the lower part of the plate to the down

stream using a vcry efficient implicit finite difference method known as Keller box

scheme. Here we have focused our attention on the evolution of the skin friction, the

surface temperature distribution, velocity distribution, as well as temperature distribution
for a selection of parameter set~ consisting of the Prandtl number Pr, the magnetic

parameterM and the viscous dissipation parameter N.

From chapter 2

The coupled effect of natural convection and conductioo on the magneto hydrod}namic

boundary layer flow about a vertical flat has been investigated introducing a ne" class of

transformations, From the present investigation, the following conclusions may be drawn:

I. The skin friction coefficient and the velocity distribution decrease for increasing value

ofthc magnetic parameter M.

2. Increased value of thc magnetic parameter M leads to increase III the surface

temperature distribution as well as the temperature distribution.

J. It has been observed that the skin friction coefficient, the temperature distribution and

the velocity distribution decrease with the increase of the Prandtl number Pro
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From chapter 3

The effect of viscous dissipation and magnetic parametersN andM respectively for small

Prandtl number Pr ( = 0.1, 0.73, 1.0 ) on the magneto-hydrodynamic(MHD) natural

convcction bOlmdary layer flow with viscous dissipation from a vertical flat plate has

been studied introducing a new class of transformations. From the present investigation,

!he follO'wingconclusions may be d",wn:

I. The skin friction coefficient and the velocity distribution increase lor increasing value

of the viscous dissipation parameter i'/.

2. Increased value of the viscous dissipation parameter N leads to increase in the surface

temperature distribution as wcll as the temperature distribution.

3. It has been observcd that the skin friction coefficient, the sUlface temperature

distribution, the temperature distribution over the whole boundary layer and the velocity

distribution decrease with the increase of the Prandtl number Pro

4. lbe skin friction coetTieient, the surface temperalure distrihution and the velocity

profile decrease while the temperature profile increases for the increased values of the

magnetic parameter iII,
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