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ABSTRf\CT

The,model ~xtends' the scope of the recently presented Diagon-

This thesis presents a theoretical model capable of pre-

The Diagonal Compression Field Theory is formulated by

considering equilibrium condi'tions, compatibility of geome-

/
,/,.

dicting the post-cracking response of reinforced concrete

beams subjected to combined torsion, flexure and axial load.

al Compression Field Theory which in, its original form was
\

on\y capable of predicting the behaviour of symmetrically

reinforced sections under pure torsion.

tric deformations and the stress-strain characteristics of the

steel and the concrete. It is assumed that plane sections

remain plane anq. that 'after cracking the concrete can not res-

ist tension. The concrete is assumed to resist the torsional

shear flow by means of diagonal 'compressive stresses. The di-
o

rection of these principal stresses at any particular point on
..

the section is assumed to coincide with the "direction of prin-
cipal compressive strains at this point.

, ,
, Also presented in this thesis are the test results of

fourteen large, heav,ily reinforced rectangular beams tested in

combined torsion and bend i.ng. The detailed measurements of

\
,\,.
, I
If

\

deformation made during these tes~ts (over 250 strain readings

were taken on each beam at each load stage) verified the de-

tailed predictions of the compression field theory.

Numerical techniques which enable a solution to be ob-

(
~),~".

tained for rectangular beams subjected to torsion and flexure



The thesis restricts its attention to beams in which tor-

to\the axis of the member.

sian is resisted by shear flow (St. Venant torsion) and in

which the reinforcement is properly detailed and consists of

/

itudinal reinforcing steel (which may be prestressed) parallel

closed hoops perpendicular to the axis of the member and long-

and explained in the thesis.

have been incorporated into atomputer program which is listed
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ABSTRACT /

This thesis presents a theoretical model capable of pre-

dicting the post-cracking response of reinforced concrete

beams subjected to combined torsion, flexure and axial load.

The mOdel extends the scope of the recently presented Diagon-

- ;

al~ompression Field Theory which in its original form was,,
only\capable of predicting the behaviour of symmetrically
reinforced sections under pure torsion.

The Diagonal Compression Field Theory is formulated by

J

considering equilibrium conditions, compatibility of geome-
,

tric deformations and the stress-strain characteristics of the

steel and the concrete. It is assumed that 'plane sections

remain plane and that after cracking the concrete can not res-

ist tension. The concrete is assumed to resist the tersional

1
l

shear flow by means of diagonal compressive stresses. The di-

rection of these principal stresses at any particular point. on

the section is assumed to coincide with the direction of prin~
cipal compressive strains at this point.

combined torsion and bending. The detailed measurements of

tained for rectangular beams subjected to torsion and flexure

fourteen large, heavily reinforced rectangular beams tested in

IAlso presented in .this thesis are the test results of

were taken on each beam.at each load stage) verified the'de-

tailed predictions of the compression field theory~

Numerical techniques which enable a solution to be ob-

deformatio~ made during these tests (over 250 strain readings--
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have been incorporated into a computer program which is listed
, /

and' explained, in the thesis.,

The thesis restricts its attention to beams in which tor-

sion is resisted by shear flow (St. Venant torsion) and in

which the reinforcement is properly detailed and consists of

closed hoops perpendicular to the axis of the member and long-

itudinal reinforcing steel (which may be prestressed) parallel
\

to the axis of the member.,
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CHAPTER 1 - INTRODUCTION

,

1
J

r\"

Many modern structures such as elevated guideways are

subjected to combined flexure, torsion, .hear and axial load.

Designing such structures requires an understanding of the

behaviour of structural concrete under such combined actions.

A long~term research program is in progress in the Department
\,

of C~vil Engineering of the University of ,Toronto whose overall

objective is to develop simple, general and rational models

capable of predicting the response of structural concrete mem-

bers under combined loading. Eventually it is hoped to re-

place the complex, restricted, empirical, design rules now

used for shear and ,torsion by procedures comparable in ration-

ality with those available for flexure and axial loads.

As part of this program, a rational model called the Diag-

onal Compression Field Theory capable of predicting the be-

haviour of symmetrically reinforced' structural concrete mem-
, : 1bers subjected to pure torsion, was developed. This theory

like the well known theory for flexure was developed by con-

sidering equilibrium conditions, compatibility of geometric

deformations and the stress-strain characteristics of the

steel and the concrete. Furthe~ after crackin~ it was assumed

that ~he concre~e could not resist tensile stresses and that
./the concrete cover would spall off down to the hoop centreline.

This thesis extends the scope of the Diagonal Compression

Field Theory so that it is capable of predicting the post-etackillg
behaviourof reinforced concretemenbers subjectedto canbinedtorsion,



flexure and axial load.
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The important difference between the C9~pression Field

Theory as presented in this thesis and variable angle space

truss models for beams in torsion and flexure such as that

presented by Rabbat9 is that in these space truss models

empirical assumptions are made as to the effective geometry of

the section. In the Compression Field Theory the thickness of
I,

the concrete diagonals, the position of the resultant steel,

and concrete forces and the path of the shear flow are all

determined from equilibrium and compatibility requirements.

In addition to presenting the theoretical model this

thesis will describe an experimental program in which four-

teen heaviiy reinforced, intensively instrumented rectangular

beams were loaded in combined torsion and flexure. Heavily

reinforced beams were chosen as they would provide the most

sensitive test of the theory. Detailed deformation measure-

ments were made during the tests so'that the'detailed pre-

dictions of the theory could be checked. While the detailed

solutions described in this thesis will be for rectangular sec-

tions subjected to combined torsion and flexure the general

theory presented can be ~9plied to other cross-sectional

shapes. The theory is however applicable only to St. Venant

torsion (i.e., torsion resisted by shear flow) and hence can-

not predict the response of sectionS where warping torsion

dominates.

The thesis restricts its attention to beams in which the



reinforcement is properly detailed and consists of closed

hoops perpendicular to the axis of the member and longitu-
I

dinal steel (which may be prestressed) parallel to the axis

of the member.
In the available English literature the only other attempt

to develop a theory capable of predicting the complete post-

cracking behaviour .of under-reinforced and over-reinforced con-

crete beams subjected to combined torsion and flexure is that
" 14by B~low, Rangan and Hall. However)their theorY,which is

based on the skew-bending model, contains a number of arbi-
\

trary assumptions and does not predict well the behaviour of

over-reinforced beams nor the behaviour of beams loaded oredom-. -
inantly intorsion. Further,their theory is not capable of

treating torsion and biaxial flexure nor torsion, bending and

axial load.
Itis emphasized that the objective of this thesis is to

develop a model for structural concrete beams in combined tor-

sion,flexure and axial load which is comparable in rationality

and generality to the well known theory for fle~ure and axial

load.
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.CHAPTER 2 /

THE DIAGONAL COMPRESSION FIELD THEORY FOR

COMBINED FLEXURE, TORSION AND AXIAL LOAD

2.1 ASSUMPTIONS
The following basic assumptions are made in the

1.

2 .

3 •

\development of the theoretical model.
\
The longitudinal strains along any line in a section vary

linearly (Bernoulli-Navier hypothesis) .

All strains at a point in a plane are compatible.

The principal direction of diagonal compression strain

evaluated from a set of compatible strains at a point

in a plane of ioading is coincident with the direction of

.principal compression stress at that point in the plane.

4. In the post-cracking loading range the concrete can carry

no tension and the applied actions will be resisted by a

field of diagonal compression in the concrete and the rein-

forcing steel will resist the tension.

5. The stress-strain relationships for the concrete and the

reinforcing steel in a structural concrete beam under load-

ing are assumed the same as the stress-strain relationships

\
obtained from a standard cylinder test for concrete

and the stress-strain relationship obtained from a standard

tension test for-the steel.



2.2 EQUILIBRIUM CONDITIONS

5

I

Figure 2.1 shows the assumed cracked model for a
rectangular beam section subjected to uniform flexural moments

My and Mz, a torque, T, and an axial force Nx. The shear flow

set up by the torque is resisted in a field of diagonal com-

pression in the concrete after cracking. The inclination of the
\concrete. diagonals and their effective depths in the beam section"."\,

are determined by the equilibrium requirements and requirements

of compatibility of deformations.

Diagonal compression\:ces 'j

/
Tension in longitudinal

steel Mz
Direction of diagonal

compression

x
••

FIG; 2.1 CRACKED REINFORCED CONCRETE BEAM MODEL.

!" .
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2.2.1 Concrete Stresses
." ;'

Consider the state of str,ess in .s.concrete element

A in the cracked model (Fig. 2.1). Such an element which is

,assumed to be in the plane of shear flow will be subjected to ~

general set of stresses in the plane shown in Fig. 2.2 (a).

If it is assumed that concrete has no tensile strength the

stresses on the element can be considered equivalent to a
\principal compression stress fd as shown in Fig. 2.2(b).
\

This state of stress can be represented by Mohr's circle shown
in Figure 2.2 (c) and the following rela tionships are deduced:

T = f tan0/(1+tan20)d. .. .•.•..•..••.....•......• (2.1)

o = T tan0 \ch .••..•...•.••..••.•.....•.•..••••. (2. 2)

O' = T/tan0ct ". ....••........•..••••...•...•.. ' ... (2. 3 )

,,.,

I t
~h d

/'-l-~I/+~I~c-IlV T.~
It

(0) Stresses on
concrete element

T

T

(b) Equivolent sfresseson
concrete element ossuming
concrete hos zero tensile
strength

(c) Mohrs Circle of Stress
for concrete element

e

,
1
1
1 FIG. 2.2 STRESSES ON CONCRETE ELEMENT
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The shear stress T when integrated over the wall thickness, t,
at a location on the section, will result in t?e shear flow q

which is constant around the section aridbalarices the applied

torque, T:

= J dt "q t T ••••••••••••••••••••••••••••••••• (2. 4 )

and T = 2qAo .•.•......•.•......... ':•..•...... (2.5)
where Ao is the area 'enclosed by the effective path of shear

, flow around the section.
, \

\

2.2.2: Steel Stresses
The diagonal concrete stresses, fd:,give rise to forces

which are equilibrated by the tension developed in the reinfor-

cing steel. The concrete and the steel stresses can be related

by considering the equilibrium of appropriate free body diagrams;

For simplicity a rectangular section shall be used to derive these

relationships.

2.2.'2 .1 Longitudinal Steel Stresses

y
A

o X
LONGITUDINAL
STEEL REINFORCEMENT ' "

t -4

y

,O'
t. /

BEAM SECTION

z

Position of steel element i
oreo All is ot (ZI,Yi)

0= Section centroid
positioned ot (z ,y.)o 0

FIG. 2.4 LONGITUDINAL STEEL' IN SECTION
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Consider section A-A of an unsymmetrically rein-
forced rectangular section shown in Fig. 2.4. The long i-

/
tlidinal stresses can be evaluated by considering the equili-

i

brium of longitudinal forces at the section.

If given the longi~tudinal strain <;R.d at the origin
(o,o), then using assumption (l) the strains o'f the steel
element at position ..(z.,y.} can be evaluated as:. ~ ~

\Where'

<;9.i= <;9.0'+ <Pxy Yi + <Pxz l!i.•.........•.•... (2.6)
<Pxy = curvature in y - direction
<Pxz = curvature in Z - direction

With the longi';:udinalstrains the corresponding steel
stresses are evaluated using the stress-strain relationships

for the steel obtained from standard tension tests of represent-

ative specimens of the steel. Thus the resultant tension force

in the reinforcing' steel in the longitudinal direction can be
evaluated as:

Fs9.= l:f9.iA9.i (2.7)

where f9.i in the stress of the steel element. of area A9.i
at (Zi,yi) and is a function of <;9.i.

The position at which the-resultant steel tension force, Fs9.,

acts with respect to the origin chosen is (2s'Ys) where

The resultant compression force, Fc9.'in the concrete

in the longitndinal direction at section A-A is evaluated by
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integrating the compression concrete stresses 0ci over the

cross section:.
/Fci = !f(f0cidt)dp .........•................ (2.9)p t ,.

where the stresses are summed over the wall thickness, t, and

around the entire section perimeter, p.

The position at which the force Fci acts with respect to the

origin chosen is (zc!Yc») where

Yc =
\

Zc =

~(fOcidt)ypdP/FCi
••••••••••.••...•..•. (2.10)

!f(fOcidt)z dp/Fci
p t p

\
\.

The internal forces Fsi and Fci and the moments they

induce will be in equilibrium with the applied actions. If mom-

ents are evaluated about the section centroid (Zo,Yo) and if

it is assumed that the applied axIal load Nx is tensile and

applied along the longitudinalcentroidal axis then equilibrium

requires:

NX = Fsi - Fci ~cr.......(2.111My = Fsi ('1c - 51s) + Nx (Yo -
Mz = Fsi (Zc - Zs) + Nx (20 - Zc);. .

If Fsi= Fci' Y c.= y sand Zc = zs' a state of pure torsion exists.

2.2.2.2. HOOp Steel Stresses

The hoop steel stresses can be related to the concrete

diagonal stresses, fd, by considering the equilibrium of forces

in the transverse direction for fre~ bodies obtained by taking

sections parallel to the longitudinal axis as in Figure 2.5.
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'Y
HoOp steel

BEAM ELEVATION

\

FIG. 2.5

I

Y f °i;2 ChiBI

1- A 0 A 'lcd' c:~t'"1Fchi I .-- -}. F
Hi

__
BI Z " Z

A-A 0;/2 Ch,
BEAM SECTION

B-B

EVALUATION OF STRESSES IN HOOP STEEL

For simplicity assume the hoop steel spacing, 3h,

is constant over the entire beam span for all the beam faces.

Then in equilibrium considerations in the direction of hoop

steel, only the stresses over a typical length, sh ,of the span
"

'are considered. with reference to Fig. 2.5 section B-B:

FHi = Ahffhi = resultant tension force in hoop steel,
at position 'i'

Ahf = area of hoop steel section for face ~'where 'i'

is positioned

fhi = hOop steel stress at position ~'

(2.12)
\,

= resultant compression force in concrete in the

direction of hoop steel at position 'i'which effectively acts

at a distance ai/2 from the external surface.

0chi is given by equation (2.2) and the integral

\
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in~quation 2.12 is evaluated over the wall thickness of the

section at position , ' ,
1. •

I

Applying the conditions for equilibrium (LF=O and LM=O) of

the forces shown in Section B-B, deduce:

FHj

= Fchi[1-(ai/2 -Chi)/dijl + FCh] (aj/2 -Chj)/dij}
. ...(2.13)

= Fchi( ai/2 -Chi)/Gij + Fchj [1-(aj/2_chj )/dijl

\
"

The evaluation of ai and aj is described in section 2.3.4.
\

\

2.3 GEOMETRIC CONDITIONS

2.3.1 Compatibility requirements for strains

While the local strains of the diagonally cracked beam

may exhibit local discontinuities the average strains in the

various directions are related to one another by the require-

ments of compatibility. Thus, if at a point 'in a plane the

following average strains are measured (Fig. ,2.6 ~a)),

E9, in the longitudinal direction 9,-9,;

Et in the transverse direction t-t;

Ed in the diagonal direction d-d at angle 0 to 9,-9.;

and Yu is the shear strain between 9,-9,and t-t;

then these set of strains will be compatible. Mohr's circle

o~ strain, Fig. 2.6 (b), can be used to obtain a relationship

between these strains.
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A B'

l P---

12

(a)

y
;'

E

(b) (c)

FIG. 2.6 GEOMETRY OF STRAINS

With reference to Figure 2.6 (b):

lOGl = 1/2 (Et + EQ,)
.1GAl = 1/2 (Et - EQ,)

,
By cons truc ting L\GFC" congruent to L\GAA' such tha t lGF1 = lGAl

and IF-C''1 = 1M' 1 = 1/2 Y Q, t' we deduce
OC = O-G+ GF cos (2!l-20) + FC" cos (20-lT/2)

hence Ed = lEt + EQ,)/2 - lEt - EQ,)cos28/2 + y1tsin28/2
or Ed = E sin20+E cos20- y sin20/ ,(2 14)t Q, . Q,t - 2 .

Equation (2.14) gives the relationship for compatible

strains ata point in a plane.

SIGN CONVENTION FOR STRAINS

The longitudinal strain E1 and the transverse strain
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~Et shall be considered positive when in tension. The concrete

strains of interest are the principal diagonaf compression

strains denoted by Edp' Because these' strains will always be

compressive it is convenient to consider them positive when

compr.essive.

From Mohr's circle of strain (Fig. 2.6 (b)) it is deduced

that the principal diagonal compressive strain, Edp;will. occur

at a~ angle 0p with respect to the direction ~-~. If this
\

average principal diagonal strain (Ed) is used to construct. p

Mohr's circle instead of Ed' the point C" in Fig. 2.6 (b) will

coincide with C and with reference to Figure 2.6(c) the following
simple relationships are .deduced:

From f::,BBC:tanGp

From f::,AJI.'C: tanG p

= y H/2 (Et +EdP)

= 2(E~+Edp)/YH

(a)

(b)

(a)x(b) gives: ta~2~p

Thus for given values of the three strains E~,Et and Edp the

direction of average principal compression strain can be eval-

uated using equation (2.15). It will be assumed that for the

diagonally cracked beam the direction of average principal com-

pressive stress will coincide with the direction of the average

principal diagonal strain defined b~.equation (2.15). It is

of interest to note that equation (2.15) is essentially identical

to the expression for the direction of the principal tensile

stresses in thin walled elastic metal beams derived from energy
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~considerations by Wagner in 1929,

/
2.3.,2. EVALUATION OF TWIST,

Figure 2.7(a) shows a portion of a prismatic beam of
length Ox subjected to a torque T which causes a change in the
torsional rotation of section B relative to section A of 0.
radians. From the beam section following any contour's'around

the beam longitudinal axis, isolate a thin walled tube element
\

~Fig.\2.7(b)) with a perimeter equal to the length of the contour

's'.andlength ox' For compatibility of displacement the thin

walled tube element will also have a total change of rotation
of 0. radians over the length ox.

Th~ compatibility condition for the thin walled tube
element.'is that the .warping around its perimeter is zero .•

Suppose the tube e~ement is cut along Al Bl, 7he resulting

open section will warp under the change in ro~a tion of section
B relative to A. Consider the displacement of the 'slice'

element AIBIA2 B2 which is cut out of the tube elem~nt. Under

the change in rotation of 0. the slice element if .free to displace
will do so as indicated in Fig. 2.7(c), and an out of plane

displacement dWl will result,. If this element is also subjected

to a shearing strain,Y,as indicated in Fig. 2.7(d), the shearing

strain will also cause an out of plane displacement, dw2. The

compatibility condition requires that for the closed tube element

the sum of the out of plane displacements for all slice elements

around the section will be zero. Hence,
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~dwl + ~dw2 = 0

-~ r ~s + ~yds = 0Therefore
/
'/

Rec6gnizing that ~~ is the twist ,'l'x a~d is constant for all

the slice elements, deduce

'!" x = ~A 0'yds
s

.....................•.•••. (2 .17)

where'

\,

'2A = ~rdss
As= area enclosed by the contour '5'

\

Thus, if the shear strain, at every point along

any contour's I in any section where St Venant torsion dominates,

is known, equation (2.17) can be used to eVQluate the twist.

( b)
x

('0)

FIG. 2.7 EVALUATION OF TWIST

I " _.'
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..2.3.3 Geometry of Curvature and Twist

/When a concrete beam is twisted and bent it is, ,
observed that the beam surfaces do not remain plane. The

twist,'!'x,andthe curvature,~Q" of 'the bea~'s longitudinal axis
'and the curvature, ~~ of the beams transverse axis induce
curvature, <Pd, in a diagonal direction in a given beam face.

For small deformations '!'x,~Q,' ~t and ~d'will be compatible
,and "-they,can be represented by Mohr's circle (Fig. 2.8)

I.

Curva~

ture shall be considered positive when it tends to in-

duce compression in the surface fibre. It is convenient to

measure the curvatures in the same directions as those used for

measurement of strains in section 2.3.1.

It d /
CPd

..l___ ~J~_l
, '/ I

d/ It
/ Ic"

0 IOGI : 1/2 (1)1+ 1't)
IGAI : 1/2 (1)1- CPt)

CONSTRUCT AGFC" =AGAA'
SUCH THAT IGFI = JGAI

C' AND IFC"J:\AA'\= ljIx

CPl

FIG. 2.8 GEOMETRY OF CURVATURE AND TWIST
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From Mohr's circle in Figure 2.8 deduce:

O-C= OG + GF cos 20' + FCII cos (7[(.2-20')/
; 1 ~(<Pt-<Pt)COS20' f+ ''¥Hence <Pd= '2 (<Pt +<Pt) + sin 20'x

or' <Pd= <Pt sin 20, + <PtCOS 20, + '¥, sin 20'x

Of particular 1nterest is the diagonal curvature in

the direction of principal diagonal strain,which is at an angle
0p to the longitudinal direction t-t. This curvature can be

evaluated by setting 0' = 0p and hence.

Due to the curvature <Pdp' the concrete compression
strains will vary through the thickness, td,ofthe concrete dia-

gonal. This results in the maximUjl\average

~ds, occuring on the, surface. Experimental

compressive
'd (1)ev~ ence,

strain,
suggests

it is reasonable to assume a linear compressive strain variation

'down the concrete diagonal depth with~. on the surface of theas
diagonal and zero at the depth td which is the effective diagonal

depth. Hence,with reference to Figure 2.9, the effective depth can

be evaluated from the curvature <Pdp and the principal compress-

ion strain on the surface ~d as:, s

td = ~ds/<P,-', dp (2. 19 )

2.3.4. Path of shear flow

If the concrete strain di~tribution is known over the

effective depth of the compression diagonal, the magnitude and

line of action of the resultant compression force can be evaluated

using the stress strain characteristics of the concrete.
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A convenient approach is to replace the concrete stress dis-

tribution wi~h an equivalent rectangu.lar str"~ss block having ,an
I ". ;'

equivalent uniform stress over a depth 'a'i where depth' a/2'
from the ,surface defines the position of the line of action

of the resultant compression force as illustrated in Figure 2.9.

I-Eds-l fds odC

T l t Il2a
+ -a=,Btd I

I jtdt~ --*- c= . fddt
0

t = cx,BfCtd

STRi\IN ACTUAL STRESS
DISTRIBUTION OVER DISTRIBUTION OVER
DEPTH OF . DEPTH OF
CONCRETE DIAGONAL CONCRETE DIAGONAL

EQUIVALENT
RECTANGULAR
STRESS BLOCK

RESULTANT
DIAGONAL
COMPRESSION
FORCE

FIG. 2.9 EVALUATION OF COMPRESSION FORCE IN CONCRETE

For a simple and accurate stress-itrain relationship
for concrete, a parabola which has been found to provide a good

fit for the stress-strain relationship obtained from a standard

concrete cylinder compression test,will be used. This assumes

that the concrete diagonals in a cracked concrete beam are

virtually loaded in compression is the principal direction and

this state of loading is closely approximated by the loading

on concrete in the standard compression test. Thus the compression

stress fd, can be evaluated from a given strain, Ed' as:

..•••.•••••••.••••••••. (2.20)
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e = compression strain in concrete corresponding too
the maximum stress aChi<;ved f~/. for a standard

cylinder test. .-/

..••
"

Using equation (2.20) the factors a and a which define the equi-

,valent stress, block in Figure 2.9 can be evaluated as follows:

.•••••••••••.•••••.• (2.21)

..... ~ ~.(2.22)

where

With the ,factor,13,thedepth of the equivalent .stress

.block, a = 8td,can be evaluated. The effective path of shear

flow can be taken to be ata/2 from the surface along the

plane of action of the resultant compression force (Fig. 2.9).
In the evaluation of the resultant diagonal comp-

ression force as presented above, it is assumed that the

effective depth of compression at a given point, td, is less

than the section wall thickness, t. If the depth td, is greater

than the wall thickness, t, correction terms (see Appendix A

and B) can be introduced in the derived equations to obtain a

and 8 factors. it has also been assumed that the compression

strains in the concrete diagonals are those introduced by the

applied loads.



20

CHAPTER 3

APPLICATION TO RECTANGULAR
/ /

,.- '/G:ROSS-SECTION
,/

WITH ONE AXIS OF SYMMETRY

The theory developed in chapter two will now be

applied to analyse a rectangular structural concrete section

with one axis of symmetry shown in Figure 3.1. The section

,will\be analysed for the particular loading of a torque T

in th~ x - axis and a moment M causing curvature of the

x - z plane. HOOp steel content is the same in all faces

,with the spacing of sh along the entire span of the beam.

Y+__ Axis of symmetry

I. I Top face

1f+JL-.~J-O,-"

II tb\l~tBOtlOm face

U:=b I~I.
BEAM SECTION

Hoap steel centre lines

Longitudinal rebars
(not all shown for clarity)

BEAM ELEVATION

POSSIBLE LONGITUDINAL
STRAIN DISTRIBUTION
ON SECTION

FIG. 3.1 RECTANGULAR SECTION FOR ANALYSIS



3.1 EQUILIBRIUM REQUIREMENTS

3.1.1 Equilibrium in the Longitudinal Direction

With a longitudinal strain profile/at a cross section
and' given the stress-strain relation~hips'fd'~ the longitudinal

steel the resultant tensile force in the steel, Fc £, and the

position at which it acts defined by Ys can be evaluated easily

and exactly using equations (2.7) and (2.8). On the other hand

the resultant compression force, Fc£,given by equation (2.9) is

not so easy to evaluate as it requires the evaluation of the
\

priri~ipal compression angles,0p,which change from point to

point on the perimeter along the path of shear flow.

Using equation (2.3) rewrite equation (2.9) as

FC£ = IIp(!t!cot0pdt)dp.,............•.•... (3.1)

If it is assumed that 0p remains constant,down the depth of

a diagonal at a Prrticular point on the perimeter,equation
(3.1) can be rewritten as:

FC£ = llcot0p(~Tdt)dp
and using equation (2.4), this becomes

Fc£ = llqcot0pdp ..•...................... (3.2)

Because of symmetry of the section shown in Figure 3.1

and for the loading under consideration the angle of principal

compression, 0p, will be constant for the top face and for the

bottom face but will vary over the side faces with the variation

of longitudinal strains. For the side faces the 0p-angles can be

evaluated at a finite number of points and hence obtain

FC£ ,:Lqcot0 ,Llp, (3.3)
i p~ ~
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Hence 2q l:c~te ,6 '... (3.3a)
sid,¥ p~ p~

,!

where e = angle of principal compression strain in top facet
bot = length of shear flow perimeter in top face
e = angle of principal compression strain in bottomb

face
'b = length of shear flow perimeter in bottom faceob

\. resultant compression force in the longitudinalTo evaluate the
\

direction for a side face sufficient accuracy is obtained if
the angles e , are evaluated over five points (i = 1+5) equallyp~

spaced along the side, then, using Simpson,'s integration formula

fo'rthe sides:
2ql:Cotepi6Pi=q~o~coteSl+4coteS2+2coteS3+4coteS4+cotes5]

(3.3b)
where' h = height of shear flow perimeter in the side faceso

esi= angle of principal compression strain at point 'i'
iIiside face.

Equations (3.3a) and '(3.3b) can thus be used to evaluate

•.•••••••••••••••••••• (3.4)y =c

the resultant compression force, Fe t in the longitudinal direction

The position at which this force acts denoted by Yc can be

evaluated for the section in Figure 3.1 as
l:cote ,6p,y,

p~ ~ ~

F
c9-

For flexure and torsion only the equilibrium require-

ments for forces in the longitudinal ~irection is that the

-resultant axial force is zero. This requires FS9-= F
c9- •
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.3.1.2. Equilibrium in the Transverse Direction

/ /
Wi th the assumption that i?P will/remain constant

over the effective depth of a compression diagonal at a par-
" .ticular point of the section perimeter, equations (2.2) and

(2.4) can be used to rewrite equation (2.12) as

= shq tanG "pl (3. 5)

\Due to section symmetry (Figure 3.1) the hoop stresses at corres-
\

ponding points in the side face will be the same; hence for the

sides, the equilibrium equations (2.13) give

or = q tanG (3.6)pl
where

For the top and bottom faces the equilibriu~ equation (2.13)
give

(3.7)

( 3 • 8)

where a = depth of the equivalent rectangular stress blockt

for the top face compression diagonal (Fig. 2.8)

ab= depth of the equivalent rectangular stress block

for the bottom face compression diagonal

= hoop stress in the top and bottom faces> respectively

= cover to centreline of hoop steel. in the top and

bottom faces, respectively



24 ,

3.2 CQ\1 PATIBILITY REQ DIREMENTS

The strain compatibility equations!(2.lS) and (2.16)
'i,

carl be used to evaluate the principal angles,Gp,and the shearing

strains. It is convenient to evaluate the strains in the plane

defined by the centrelines of hoop steel so that the transverse
strain, e;: will be equal to the hoop strain and the shearing

strai'n evaluated will be in the plane defined by the hoop steel
centrelines.

\,

\
3.2.1 Evaluation of Twist

As indicated in section 2.3.2 the twist can be eval-
uated using equation (2.17) evaluated over any contour's' within

the wall thickness of the section. for the section shown in

Figure 3.1 it is convenient to choose the contour's'to coincide

,with the path of the hoop centreline around the section. Due

to section symmetry and for the loading under consideration,

the shear strains Yt and Yb, for the top and bottom faces respect-

ively, will be constant over the width bl in,'the faces. Suppose

'Yl' Y2, Y3,

five points
Y4 and YS are the shear strain's evaluated at the, ,
selected over the height hI of a side face along

the hoop centreline. Then by rewriting equation 2.17 as:

1
IjJ x = 2A Li Y i lis i (3.9)

s

the twist can be evaluated to sufficient accuracy using
Simpson's integration rule:

IjJ =x
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where

bl = width of hoop

faces)

centreline ,,(for
i

top and bottom

h = height of hoop centreline (for side faces)1

3.2.2 Evaluation of Diagonal Curvature and Effective Diagonal Depth

Equation' (2.18) is used to evaluate the diagonal curva-

tu:x;ecj>dpand equation (2.19) to evaluate the effective depth td
of ~he concrete compression diagonal. .The longitudinal and

transverse curvatures together with the twist are required for

the evaluation of the diagonal curvature at a given position

using equation (2.18). Due to section symmetry there will be

no longitudinal curvature nor transverse curvature for the side.

surfaces. Hence for the side faces onl~ at any given ~osition,
•the diagonal curvature can be evaluated as:

cj> = '4Jsin20dp x p

on the other hand, the top and bottom surfaces will be subjected

to longitudinal curvature, cj>~,andtransverse'curv~ture,cj>t'
together

where

with the twist,'4J,wherex
Ecb- Ectcj>~= h (3.11)

~b are longitudinal strains in the top and bottom

surfaces ,respectively, for the section shown in

and cj>t

Figure 3.1,
/Ehb - Eht (3 .12)= ----- ...............•....... ~ .hl

where EhtandEhb are the hoop steel strains in the top and bottom

faces,respectively.
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,"3.3 SOL urION TECHNIQ lE

/The equilibrium and geometricegue,t,ions..\~hich have been

:J.erivedare adequate for,a ,sol'.:!.tiO.l:l,to R:r:",_di'cttr..ecomplete- post:-

crack.ing.response of a structural concrete beam subjected":tO'ffexure

and torsion, given the geometry of the beam cross-section and the

stress-strain characteristics of the concrete and of the reinforc-

ing steel.
'.3.3.1 Pure Flexure Case

" ----------
A convenient solution technique for the complete re-

sponse .of a given structural concrete beam in pure flexure using

the well known theory for flexure can be summarized as follows:

1) Select a trial strain profile over the cross section

2) With the strains use the given stress-strain relationships

for the concrete and steel to evaluate the stress in every

fibre and hence obtain resultant forces
3) Check that the forces evaluated in step (2) satisfy equili-

brium.

profile.

If equilibrium is not satisfied, revise the strain

4) Repeat steps (2) and (3) until equilibrium is satisfied.

The basic principle in the outlined technique is that

one starts off with strains then get stresses from the strfiins

and finally forces from the stresses. The forces are then checked

for equilibrium. This basic approach will be used for the case

of pure torsion and for the combined loading cases. It is also

of interest to show that the theory tor pure flexure is a special

case of the more general theory presented.
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/In the equations developed:the eq1,lilibriumequations
I

(2.7) and (2.8) are directly applicable for the pure flexure

case for evaluation of the resultant tension force in the steel

and its line of action. With reference to the section in Figure

\

3.1 the concrete compression stresses will be distributed over

the top face down to a depth ~ if the moment M alone were acting.
Theh using the rectangular stress block theory and assuming that

\

tM iioless then tt the resultant compression force for Malone

acting is given by

C = a B f~ t
M

b •.•••••••••••.•••••••..•.•• ( 3 • 13 a )

where a and B are functions of the top longitudinal strain

£ct which will be compressive

If besides the moment a torque is also applied

then the concrete compression stresses are distributed around

the section perimeter as has been d~scussed.. For this case

the contribution of the top face to the total r~sultant com-

pression force in the section is (see equation 3.3a)

C = q cot G b (3.13b)T t -ot

Imagine reducing the applied torque, T, until only the moment

M, is left acting on the section. In the limi t state of pure

flexure the theoretical model suggests that the total resultant
~

compression force will be given by equation (3.13b) . Using

equation (2.4) and (2.1),q can be expressed as:
tdq = j f tanG dt
o d 2l+tan G
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with reference to the top face and assuming

G = Gt = constant over the ef'fectiv/edepth tdt,,' .

(Fig. 2.9)

=dt
tf dtfo d

tan0t
2 'l+tan Gt

q =
and tanGt

1+tan2Gt
td

aBfctdt is equivalent to J. fd dto
Hence 'equa tion (3.l'3b)can be rewritten as:
where

\
c = aBf~tdt bot
T 1+tan2Gt

In the limit T = 0, the angle of principal compression is the
"

" top face Gt = 0, hence for pure flexure the theoretical model

predicts:

This equation is identical with equation (3.13a) for tdt = t
M

,an~ bot = b. Thus equation (3.13a) can be considered a special

case of equation (3.3) used in the evaluation o£ the resultant

compression force in the section for the combined ,loading case.

It is also of interest to note that equation (2.15)

applies for the case of pure ,flexure for the special case when

(a) for Ei <0 Et = ° and Ei + Edp = 0,

(b) for Ei >0 Et = ° and E dp = 0.

Then equation (2.15) gives:
/

for la) , 2 and hence Gcase tan G = 0, = 0;p p
and for (b) 2 and hence G 900case tan Gp = 00 , =p

.\
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3.3.2 ,Pure Torsion Case

As in the case of pure flexu~e,a cpnvenient solution
I ,/

technique for pure torsion on the section shown in Figure 3~1

is to fix the longitudinal strain in the top face, E:ct' then

for any chosen curvature <P i the steps for solution can be as

summarized below. It is assumed that the stress-strain relation-

ships for the concrete and steel are given. The solution is

basically an iterative procedure and to initiate the iteration
\

proc,!=ss:

(a) set all principal diagonal angles at all points

to be 45°

(b) set all values of the effective diagonal thick-

nesses for all points to be equal to 0.375 bh/

(b+h) where band h are the effective outside di-

mensions for the section.

(c) set bot = bob = 0.9b

and ho = 0.9h

STEP 1

With the chosen curvature, <Pi' evaluate strains at

each fibre and using the given stress-strain relation-

ships for the steel evaluate the resultant tension

force in the longitudinal steel (Fs~) using

equation (2.7) and the position at which this force acts

(~s) using equation (2,8)-

STEP 2

For unit shear flow (q=l.o), using equations (3.3a)
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and (3.3b) evaluate the resultant compression force (Fc)l)in

the longitudinal direction. The sheaF flow/required for equili-

brium of forces in the longitudinal/direction can be evaluated

STEP 3

with the shear flow, q, from'Step 2 and the long i-

tudinal strain, E)l , at a given point evaluate the compa-

tible strains Et, Ed and Y)lt and determine the angle of principal, p,
compression, 8p. The procedure outlined in Appendix B can be

used in this step.

STEP 4

With the shear strains' from Step 3, evaluate the

twist ~ using equation (3.10).. x

STEP 5

Evaluate the diagonal curvatures~sing equation

(2.18) and with equation (2.19) 'obtain new values for the

effective depths (td) of the concrete compression diagonals.

STEP 6

Iterate with steps 2 to 5 until convergence is obt~ined

STEP 7

. Using equation (2.22) evaluate S factors and hence

evaluate the values of a = Std which determine the shear flow

path and hence obtain the area A enclosed by the path of shearo '
flow.
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STEP 8

Using equation 3.4 evaluate Yc' If'Yc = Ys the
solution for pure t:.or:si:'onhas been obtained, othenlise a new

value of ~Q,(with Ect still fixed) is chosen and steps 1 to
8 repeated. Note that for y- ~ y- a moment M = F , (y- - y- )

c s s", C S

is also acting.

STEP 9

Evaluate the torque T = 2qAo
By repeating steps 1 to 9 for a number of values

of Ect a complete response of a beam section in pure torsion
is obtained.

3.3.3 Combined Tors ionand Flexure

In the solution for pure flexure and pure torsion

it Was only necessary to fix the longitudinal strain profile
for a section in order to make the problem statically
determinate. In the combined loading case the problem becomes

statically detemi,nateif besides specifying the longitudinal

strain profile at a section the shear flow, q, is also fixed.

The shear flow can be fixed by either specifying th~ applied

torque, T, or by fixing the principal compression diagonal

strain in concrete at some point in the section. A procedure
which can be used to evaluate the shear flow for the latter
case is outline in AppendIx A.

Assuming that q is determined and the longitudinal

strain profile is chosen by fixing the longitudinal strain in
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the top face, cct' with a chosen curvature ~~, then with the
initial values of .the variables as given
cas'e, the steps to obtain a solution! ar'e

STEP 1

Same as for the Pure Torsion Case

STEP 2

for/the pure
/ .
' ..

as! follows:

torsion

With the specified shear flow q this step is same as Step
3 of the Pure Torsion Case

STEP 3

Same as Step 4 of the Pure Torsion Case

STEP 4

Same as Step 5 of the Pure Torsion Case

STEP 5

Same as Step 7 of the Pure Torsion Case. With the value
of Ao found in this step a re-evaluation of q may be nece-

ssary if the. torque T is specified so that q = T/2Ao
STEP 6

Iterate with Steps 2 to 5 until convergence

in the td-values.

STEP 7

is obtained

Using equations (3.3a) and(3.3b) evaluate the resultant

compression force, Fc~' in the longitudinal direction
STEP 8

Check equilibrium of forces is-the longitudinal direction.

If Fs~= Fc~ then the equilibrium of forces is satisfied .

If Fs~,.Fc ~' then there is .an axial force acting,

N = F 0 - F O. For the case of flexure and torsionx s.c C.C
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/
,

d' 1 "loa ~ng on y, new curvatures, ~~, have/to be

and iterate with steps 1 to 8 until Fs~ = Fc~

STEP 9

selected

Using equation (3.4) evaluate y and hence evaluate thec
applied moment M using equation (2.11). If the torque

\ was not specified, then it can .be evaluated from the
\\shear flow using equation (2.5).

By selecting new values of q and 'ct and repeating Steps

1 to 9 provides the complete response prediction of the structur-

al concrete section subjected to combined torsion and bending.

3.4 RESPONSE PREDICTION FOR A RECTANGULAR SECTION
HAVING ONE AXIS OF SYMMETRY

The solution technique outlined in section 3.3.3 has
\,

been programmed to enable a computer aided so~ution and the pro-

gram is given in Appendix D. Moreover in Appendix C an example

is worked out to show how the solution technique is applied for

a specified case. In this section the capability. of the theore-

tical model presented is briefly shown by looking at the response

prediction for the sec!~on shown in Figure 3.2 subjected to flex-

ure and torsion. This beam section was one of the fourteen beam

sections tested to verify the validity of the predictions of the

theoretical model.
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The properties for steel
are given in table 4.2 .

MATERIAL PROPERTIES

CONCRETE
f'c = 34.8 N/mm2

Eo= 0.0031

STEEL

Dimensions are in mm.

}-</>952
7-ep 25.40

:0 ..17.'.

76

1> 12.7 HOOPS @ 76 C/c

3 -1>12.70

480
508

~. ~. .
189

~•
>1 76

41.0
>
", • lilt • I 176\

,+

FIG. 3.2 CROSS SECTION OF BEAM TBD3
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Figure 3.3 shows a computer ..plot oir the results of
/ . '/

the'model prediction for TBU3. The initial! flexural 'moment

and'torque of the actual test specimen as tested is taken into
Iaccount. In addition to these initial values the loading for

,
analysis was increased in small steps at a fixed ratio of

torque to moment o'f 0.696 as seen in Figure 3.3(a). For each

loa~ increment a complete analysis using the solution tech-

niqu~ outlined in section 3.3.3 was done and the result of
the analysis is plotted in Fig. 3.3(b) - (h). The analysis

was terminated when the maximum diagonal strain in the section

was > l.5Eo'

The prediction results shown are based on spalled*

section dimensions whereby it is assumed that the effective

external section dimensions are those described by the centre-,

lipe of hoop steel. It should also be noted that in Fig. 3.3

(b) - (g), the values plotted' are for points at the

middle of the faces.

A closer look at Fig. 3.3 (b)-(h) rev~als the

following:
l)Longitudinal straIns (Fig. 3.3 (b))

In (b) it is seen that for all load levels the bottom

face longitudinal strains at the level of the centreline

of hoop steel are tensile whereas the corresponding strains
/

in the top face are compressive. It is also seen that the

bottom face strains exceeded the yield strain of bottom

face longitudinal steel bars of 0.00225 before the attain-

ment of capacity loads. After the yield of bottom face

* The phenomenon of spalling is discussed in Chapter 5
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longitudinal steel there was little load ~arrying .capacity
',I .

;left in the beam.

2) Hoop strains (Fig. 3.3(c)

"

In (c) the transverse strains which are also equal
to hoop steel strains are plotted. The model predicts

that at any load level the bottom face will have the

largest hoop steel strains and the top face the minimum.
\

Comparing (a) and (b) it is seen that the model predicts

that the hoop steel in the bottom face will yield before the
bottom face longitudinal steel bars yield. It is also

seen from. (b) that at capacity\load the hoop strains at

the midheight of the side faces will also be in the post

yield range but the model predicts that the yielding of
hoOp steel will not extend to the top face.

,3) Principal Compression diagonal strains (Fig. 3.3(d)) and
Diagonal curvatures (Fig. 3.3(e)).

The predicted principal diagonal strains and the

curvatures in the corresponding directions are plotted in (d)

and (e) respectively. As expected from the longitudinal

strain profile, at-any load level, the highest principal

diagonal strains and the corresponding curvatures occur in

the top face and the lowest in the bottom face. It is

observed that after the yield of ~he reinforcing steel the

principal diagonal strains and the curvatures increase rapidly

with little gain in the load carr~ing capacity of the beam.
4) Principal Diago~al Angles (Fig. 3.3(f))

In (f) is shown the pattern of variation of the angles



•
39

defining'the direction of principal dia5Jonal strain with
/ ,/

respect_to the beams longitudinal axis~ It is seen that
the angles are much more acute in the top face than
the angles in the bottom face for the same load level.

Notice that because of the effects of the initial dead
,weights which, were predominan tly flexural,
the angles at the low load levels approached 900

\,

in the bottom face and 0° at the top face. With more

load added at a fixed ratio of torque to moment, it

is seen that the angles quickly stabilised and changed

little until the onset of steel yielding.
5) Shear Strains (Fig. 3.3 (g» "

In (h) the shear strains predicted are plotted. At any

load level the bottom face had the greatest shear strains
\

and the top face the least. A rapid increase in the shear

strains is noticed when the reinforcing steel gets into
the post-yield range.

6) Angular Deformations (Fig.,3.3 (h)

In (h) the twist, the longitudinal curvature and the

transverse curvature are plotted against the torque .
.-The model predicts greater twist than there is longitu-

dinal curvature. It also predicts that the transverse

curvatures will be small until the bottom face hoop steel

yields after which all the angular deformation increase

rapidly with little gain in load carrying capacity of
the section.

It is of interest to look at the variation of the pattern of
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deformations on the side faces where a linear variation
of longitudinal strains' is assumed. Fi/jure 3.4 shows a,

',I

plot of. the strains E;L' 1-J.' Ed/ and Y2t and the principal
angles,ap' and the effective depths of the compression

diagonals, td, for the side faces for the torque and bend-

ing moment values shown. The plots in (a) are at a

.load level approximately half the capacity load with all

the reinforcing steel in the elastic range. The plots
\

\ in (b) are for the capacity loading level as predicted

by the model, and, at this load level, some of the reinforcing

steel has yielded and the yield strains are indicated.
From these plots the following is observed:

a) If 'the ~t-strains vary over a given face of a section

'therewill be a corresponding variation in the Eh, Ed'

and y strains, and in the 0 angles and the td values.

The variatiionin the Eh, Ed' y, e" and td values
is generally non-linear: .However in those regions

where the E:i-strains are t'ensile th'e Ed strains and

the td values vary little., The Ecistrains and td
strains show significant variation when the varying

E;Lstrains ar: compressive.

b) For those regions in the section where the hoop steel

strain is within the plateau (if present) of the

stress-strain curve of the hoop steel, the a-angles

assume a constant value despite the variation in E;L

strains for the given ~oad .level.

•
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c) For the bottom face and in those regions where the long-

itudinal strains are tensile th/concrete is active
,/

in compression as indicated by' the principal compressive

strains,. Ed' in these regions.
d) The plot of td values in Figure 3.4 indicates that the

spalled section wall thickness was smaller then the

effective wall thickness as predicted by the theoreti-

\ cal model. This is taken into account in the analysis

using the theoretical model.

Figure 3.5 shows the failure interaction curve for

the section shown in Fig. 3.2 as predicted by the model. The

curve is obtained by fixing the',maximum principal diagonal

compression strai,n in the section at approximately 1.5E and, 0

systematically varying the curvature e~ and evaluating the
applied torque and flexural moment at each step. It is
important to note that the interaction curve

no empirical fitting ,factors.
shown contains

The trend of behaviour illustrated in Figures 3.3

and '3.4 with ,the observations noted and the failure inter-

action prediction sh9wn in Figure 3.5 need experimental veri-
.---

fication. This is the purpose of the experimental programme

described in chapter 4.
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3.5 PREDICTION OF THE BALANCED FAILURE MODE

FOR COMBINED TORSION AND BENDING /
/' /'

Unlike pure flexure which induces compression in
one region of the section and tension in.the rest of the

section, combined flexure and torsion will induce diagonal

compression in concrete in all faces with tensile strains at

right angles to the direction of the compression diagonals.

Mor~over, flexure alone will only stress the longitudinal reinforcing
\

steen but combined flexure and torsion will stress both long-

itudinal steel and the hoop steel. In pure rlexure, the

balanced failure is normally defined when the longitudinal

steel in the farthest face from the compression face attains

yield strains simultaneously. with the attainment of the cap-
acity load for the beam section. This will occur say when

. j)

the-extreme compr~ssion fibre strain is £
cu In the case of

combined flexure andtorsion,a balanced failure can be considered, "

defined when both the longitudinal and hoop steel reach their,
respective yield strains simultaneously with the attainment of

capacity loads. It is assumed that this will occur when the diag-
onal compression strain in the surface fibres of all the sides
is E

cu Assuming that longitudinal steel yield strain

Then, using the equations al-

and that the hoop steel con-

a yield stress of fhy' then

iform beam elongation (.2-

is £2y at a
tent is the
\

yield stress of f". NY

same in all faces with a yield strain of £2y

balanced failure will require
/

0) •

at

un-

ready derived and assuming adequate concrete wall thickness

is provided in the section the following is deduced:
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Equation '(2.16)

Equation (3.9)
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Y = 2!(E,y + E )(E
h
' +

'" eu, y

,I, =-.E.y
"'x 2A

i
E)
cu
!

For all points

'.where
i

p= 2(b + h) - surface perimeter of section

A F bh = Area enclosed by surface perimeter.

'2tan e
p

Equiition (2.15)

Equation (2.18) ~dp =

= Eiy +
Ehy +

IjJ sin2ex p

for all points

Eauation (2.19) A= 2p
E (E, + Eh +
_cu '"v . Y
(E, + E ) (Ehcy cu y

2E )cu
+ E )

cu
.... (3.16)

Equation (3.14)

where as = (J - .!.(J2and (J =E /Ecu .3 cu cu. cu 0

Equation (3.6) qtane p = ~Sf'2p c ECU
•........ (3.17)

(3.3)

for a rectangular section, and (J =1.5
cu

Equation

where

ATifiy =

Po

Po = P. - 1
3
0td

acote = ~aSf'., p. 2p,' c
ECU

----- .....•... (3.18)
E , +E~y CU

By defining

From (3.17)
f'

= c as ECU
f
hy

' .2' E + E •••••••••••••••••• (3. 19 )
_ hy / CU

= balanced hoop ,steel ratio.

,.
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f'c=
f9,y
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as
T

E, cu
E:': + € ,

9,y cu
/

.......... (3.20)

= balanced longitudinal steel ratio.

The shear flow can be evaluated as q = lthfhyt9,f9,y and
for balanced failure the shear flow can also be evaluated as

The torque, Tb, and the bending moments Mbz and Mby for

the balanced failure condition can be evaluated for a section

for which the resultant compression force in concrete can be

considered to act at (zc'Yc) as follows:

Tb = 2q A', b 0

\ '-
= P9,btcf9,yP0zb , (3.22)

where -= z
c

- zs

and Zs andys are evaluated using equations (2.8).

It should be noted that for a symmetrically reinforced

case zb = Yb = 0; hence a pure torsion case will result for
/

the balanced failure condition. The moments Mbz and Mby are

greatest when the longitudinal steel'is positioned so that

the p6sition(z , y ) of the resultant steel force is furthests s
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from the,posi tion 'at which the resul tii~tcontrete compression
! "

force acts.

The evaluation of the balanced ,failure mode as
developed above is not restricted to a'rectangular section
but is applicable to any section where St. Venant torsion

dominates. The loading ratio for balanced failure is eva-
luated as:

where jd = moment lever arm.

(3.23)

For the special case wh~n Eiy = Ehy = E andy

= f equations (3.19) and (3.20) givey

f'c= ry
as
"2 E

Y

Ecu+ E •••• 0' •••••••••• (3.24)
cu

,\
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CHAPTER 4

EXPERIMENTAL STUDY

4.1 OBJECTIVES AND CHOICE OF TEST SPECIMENS

Indeed
\,
the well known model for flexural analysis.

The theoretical model presented is closely
~elated to and similar in rationality and generality to

it has been shown that the pure flexure case can be treated

as a special case of the model presented. It is therefore

relevant to note the comment made by Rusch in his dis-
cussion .of the various flexural theories:5 "Only tests of
over-reinforced members can furnish a true measure of

the validity of a flexural theory." In accordance with

.,Riisch's comment a test programme consisting of 14 heavily

reinforced beams was designed to';test the'validi ty of the
theoretical model.

,All the specimens had identical steel cages and

the, same outside section dimensions. Four of the specimens

were solid in contrast to the rest which were hollow.

A typical section of the hollow beams as designed is shown

in Figure 4.1.' It should be noted that English units

were used in designing the specimen sections but in the

testing of the specimens the loads were measured in metric

units. The actual measured dimensions of the specimens

are given in metric units in Table E-l of Appendix E,
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. !
'jindFigure _3.2 shows the metric dimensiori.~for one of the
specimens.

3-"4[ NOTE:

2-"3 I. Section dimesions31/4
are given in inches\ 16 15 - 2-"3\

\ 31/4 .~
2. Cover 10 hoop-J- 2-'" 3 sleel is 1/4"41/4

7-"'8

19

20

FIG. 4.1 CROSS-SECTION OF HOLLOW SPECIMENS AS DESIGNED

Heavy instrumentation of the specimens was neces-
\

sary for the purpose of obtaining enough s,trainmeasurements

to give us reasonable repres~ntativestrain pitterns to

enable a comparison with the corresponding patterns pre-

dieted by the modelr--described in section 3.4. Furthermore,

basic to the development of the theoretical model is the

Bernoulli-Navier hypothesis concerning the variation of
\

longitudinal strains at a section. This assumption,
/

which is also basi~-to the development of the pure flexure

theory, was to be veri fied for the .case of combined fle.x-
ure and torsion.
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/ /
Besides the need. to have/experiinental verification

for the complete response prediction of 'a given beam section

loaded .in a specific manner, it was al~o the object of

the test programme to verify how well the model prediction
of the failure ir)j:eractioncurve for a given concrete

section (such as that given in Fig. 3.5) was in agree-

ment with test results. This necessitated testing the

specimens of the same concrete strength under widely vary-

ing torsion to bending moment ratios. The effect of the

variation of concrete strength was also to be experimen-
tally inv~stigated.

\

In section 3.50f the theoretical development

it was shown that the theoretical model ~an predict the

steel ratios for a given section which will lead to balanced

failure for the special conditions outlined in the section.

This prediction needs experimental verific.ation and the, , ,
test programme was also aimed at doing this.
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4.2 TEST SPECIMENS

4.2.1 Manufacture of TestSpe6imens./
I

'/
./
/

The hollow beams. were cast in two groups of five
so that for each group all the specimenS were not only cast

at the same time but also were made of the same concrete mix

and they were cured together under the' same conditions. One of
these groups of beams made up the TBO series and the other

\ made the series. Figure 4.2 shows completegroup up TBU a\,
steel cage for TB04. Figure 4.3 shows the forms with five
steel cages in position during the casting of the TBO series.

The hollow section was created by using styrofoam

\

in position. The s.tyrofoam was positioned by sliding it into
,

six feet (1:829m) long with a cr6~s section of 10. X 14"

(254mm x 356mm). ~he bottom wall thickness of the section shown

in Figure 4.1 was cODcreted before the styrofoam was placed

the steel cage through one endo~the cage with appropriate
\steel end plates designed for this purpose .. The ~tyrofoam

was guided into and held in position by five equally spaced. , ,.

welded steel collars made out of •.••ljJsteelbars. These collars
were designed to be anchored to the bottom cage steel and were

to restrain the styrofoam from the tendency to float upwards
under the pressure of the almost fluid concrete during casting.

Loss of this anchorage for some of the collars for TBU4 and

TBU2 led to upward displacemen t-of/the styrofoam with a re-
,

duced wall thickness for the top face of these specimens.
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The four solid specimens cons,tituted the TBS-
series. Three of these specimens

time with th~ same concrete mix.,

wer; also fast
/~ '/'Th'e fourth was

at the same

cast alone
,

at a later time with a different concrete 'mix.
/The capacity of the MTS actuators) used in loading

during the testing/dictated the loading spans and consequently

the total length of a specimen particularly for the pure flexure

loading case. It was found that on the basis of the load
'\

carrying capaci ty of the chosen test section, as predicted by the
model the total length of the specimen required which would
be failed by the available MTS actuators was not convenient

in terms of handling and the available casting space in the

laboratory. ' To solve this problem it was decided to cast

shorter concrete beams basically to provide the necessary test

and to provide /appropriate ex'tensions to the con-
i

using structural steel sections., An available,

span length
,

crete beams
"

hollow steel sections 12" x 12" J>~" (305mrnx 305mrn x 13mrn)
I

was, used for this purpose. The moment and shear connection
/ ,

betWeen the steel beams and the concrete.be~m W~{~h involved

the welding of reinforcing bars to steel end plates turned

out to be the trouble spgt in the testing programme .
.-------

Figure 4.4 shows the end plate with nuts and anchor

bars welded in position. This plate enabled a successful

mament can~ection between the steel beams and the concrete
-._-_. ----beam far each speci~enof the TBO and TBS series. Figure

4.5 shows the moment connection used ,in the testing .of the
, .TBU series specimens wh~ch were cast and tested before the
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TBO and TBS series specimens were fabricated. The connection

in Fig. 4.5 had to be replaced by, th~l/in FI 4 ',6/£0); the
testing of the TBO and TBS series specimenl~/ThiS was because

, /
the connection shown in Fig. 4.5 failed bffore the failure

load was reached for the pure flexure specimen TBU1.
I

\

FIG. 4.2 REINFORCING STEEL CAGE FOR TB04

FIG. 4.3 CASTING OF TBO SERIES
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FIG. 4.5
CONNECTION FOR TBU
SERIES

TBO
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4'.2.2 MATERIALS

4.2.2.1 Concrete

In_Table
,/ /

4.1 are summarizeid, the/~esults of standard'
compression cylinder tests for the concrete used in casting

the .test specimens •. The loading rate used was a stroke movement

of 20rnmin 3600.seconds corresponding to a strain of .064mm/mm

per ~econd. A continuous load stroke plot was automatically

plotted during the test which lasted about 5 minutes. More
\

accurate load deformation characteristics were obtained from,

some of the cylinder tests by plotting the applied compression

load against the movement of the two LVDT's shown in Figure

4.7. The LVDT's measured the deformation of the middle part
of the cylinder between the two collars shown.

During the testing of the beam specimens it was nec-

essary to stop the loading by holding the stroke of the MTS,
I

actuators at several stages to enable the readings of deform-,
ations before proceeding with th~ loading. The stops generally

lasted 20 to 30 minutes. During these stops there was a drop
(

'in the loads due to the creep in the concrete. .These stops

were simulated in some cylinder tests by holding the stroke

of the cylinder testing ~achine for either 20 minutes for some

tests or 30 minutes for others. This was done at several load

levels and the results of these tests are shown in Figure 4.7

and 4.8. Also shown in these Figures are the curves for the

standard cylinder tests. It was found that the maximum com-

pression cylinder stress as obtained in the standard cylinder

tests was always attained in the short term 'creep' tests as
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well. However, with the more accurate load deformation

character istics obtained using the LVDT' s af,shown in Fig •.
/' ./

4.:7; it was found that the strains at peak' stress .for the

'creep' tests was always greater than the corresponding strain
for. the standard test.

The parabolic stress-strain relationships used in the
theoretical model to approximate the actual stress-strain

re~ationship of the concrete are also plotted in Figure 4.7
\and' 4.8. It is noted that the representation is excellent

up to the peak stress, at a strain of 8 ; however for strains
o .

much greater then eO the parabola tends to under-estimate

the stress especially for low concrete strengths.

TABLE 4.1 CONCRETE PROPERTIES

f c <0 TOTAL ,0. OFBEA.~ ! AGE DAYS N/mrn2 "10-3 CYLINDERS T£S":'ED
TBOl 2S 19.5 .2.4
TB02 28 19.7 2.4
TBOl 20 19.1 2.4 28
'i'B04 11 20.4 2.4 ..'.
TBOS 16 20.5 2.4
~Sr;l 102 14.8 3.1
TBr;2 113 14.3 1.1
TBUl .-109- J:L 3 1.1 1.
TBr;4 92 14. a 1.1
TEU5 ,8 1•.3 3.1

TBSl 1 23.0 2.5 4
TBS2 7 12.9 - 2.5 •-
TESl H 45.3 2.5 ~o
TBS4 31 15.5 2.0 19 .
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( , .',,
/

In Table 4.2 are summarized the steel properties for all
the reinforcing steel used in all the spec~mens. The strain rate

was 0.125 mm/mm per 9000 seconds from zero load up to the onset

of strain hardening. This strain rate wa's doubled after the onset

of strain hardening in order to cut down the total test time. The

,load\~as automatically plotted against the strain and the average
\ '

moduli of elasticity in the elastic range and after the onset of
strain hardening were evaluated from the plots.

Figure 4.9 shows a plot of the ~epresentative stress-
strain curves,for the reinforcing ~teel up to a strain of 0.015.
The s~rain signal was obtained by a sensitive extensometer

attached to the test s~ecimen and calibrated so as to give a
plot of direct strciin on an X-Y plotter. The test specimens
were representative pieces cut from ~he a~tuai reinforcing

bars used to make the steel cages for ~he specimens.

TABLE 4.2 PROPERTIES OF REINFORCING STEEL.'
INo. fv fu Esx103 I 3 -3 IBAR* I BAR AREA Eshx10 sshx102 • ? N/mm2TYPE SIZE !l'Jl1 N/mm~ N/mm2 I N/mm2 mm/mm \,HERE USED I

- .--118 16 510 - 436 758 194.2 9.0 6.13 ALL BE~l'IS,
,., 114 8 129 393 620 201.9 4.9 15.18 TBO&TBU SERIES<:z
H
0\ ;14 5 129 433 723 185.7 11.2

I '2.00 TBS SERIES::>;-;
H

'-' 113 7 71 552 763 205.--1 9.0 2.00 TBU SERIESz
0,.,

113 5 71 401 646 201. 7 7.5 2.00 TBO SERIES
114 3 71 406 606 200.0' 3.9 15.67 TBS SERIES

,

"" ;;4 9 129 379 605 198.5 5.2 15.4 TBO&TBU SERIESI 0
0 I,

I
I - ,114 6 129 443 717 190.4 9.6 7.96 TBS SERIESI I

* Bar sizes are irl eighths of an inch (3.2 mm)
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FIG. 4.9 STRESS-STRAIN CURVES FOR REINFORCING STEEL

NOTE: The yield indicated in Table 4,.2 for those bars which did
not have a distinct yield point was taken as the proof
stress using t~e .0.2% set method.
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\4.3 PARAMETERS OF THE TEST PROGRAM

The concrete compression strengthi' fc' , and the
I "/

ratio of torque to flexural moment, R, were the basic para-

meters varied in the tests. The concrete strength for the

TBO.series was selected so as to obtain ifailure of the

section without yielding any of the reinforcing steel for

both, the special loading case that produces uniform beam

elongation and for pure flexure. Thus according to the
'.

criteria for balanced failure given in section 3.5, the TBO

series specimens were designed to be over-reinforced. On the

other hand the concrete strength for the TBU series was chosen

so that at least some of the reinforcing steel would be in the

post -yield range at failure. The TBS series was designed to

investigate the effect of the variation of f~ for a fixed load-

ing ratio, R, and to test the validity of the theoretical
model for solid sections.

The loading ratios, R,. for the TBO and TBU series

were chosen so as to span out the torsion-flexural interaction

domain in such a way as to reveal important representative

response. The schematic loading arrangement is shown in Figure

Statical .analysis of the beam AB under the loads

shown in Figure 4.10 reveals the applied actions shown in

Figure 4.11. The lever arm lengths xT and xM shown in Figure

4.10 were chosen so as to achieve the desired R ratios which
are summarized in Table 4.3.
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XT = Lever arm for torsion
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FIG. 4.10 SCHEMATIC LOADING ARRANGEMENT
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.FIG. 4.11 APPLIED ACTIONS ON TEST BEAM

\TABLE 4.3 LOADING RATIOS
, TBSTBO SERIES TBU SERIES -ERIES

TEOl TE02 TB03 TE04 TE05 TBOl :'9U2 TBGJ TBU4 TBU5
XT(ml 0.000 0.610 1. 200 1.911 1.911 0.000 0.616 1.200 1.911 ~:,91 1.911
XM(m) 2.321 2.321 1.711 1.254 0.378 2.359 2.359 1.724 1.267 0.378 1.254

R 0.000 0.261 0.701 1.524 5.0'59 0.000 0.261 0.696 1.509 5.059 1.254

4.4 THE TEST RIG

Figure 4.12 shows a view of the test rig and Fig.

4.12 shows a corresponding schematic representation. Except

for specimens TB05 and TBU5 all the specimens tested in the

test rig shown had the steel extension beams connected to the

ends of the concrete specimens by a carefully designed moment
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and shear co~nection. At the ends of the steel extension
/ Ibeams frictionless universal bearings were/attached. These,

bearings, shown in Fig. 4.15, were designed and constructed

specifically for the tests to enable free rotation at the

supports due to the applied torque as well as free rotation

at the supports due to the ~urvature of the specimens under

flexure. For specimens TB05 and TBU5 these bearings were

attached directly to the ends of the specimens. Which had
,

specially designed end plates for the purpose.

The torsion arms were provided by the heavy welded
steel section which were attached 90" (2.286ml apart on the

central part of the concrete beam. They were clamped to the

specimens -a-sseen in Fig. 4.14 using 1 1/3". <p (34:'mm)dwidag bar s

secured with the appropriate nuts and plates.
,,

The test beam with the attached extension beams and
the attached torsion arms was supported overhead at its ends.

A load cell was posi tioned at each sl.1pportend, as indica ted in

.Figure 4.1~ to monitor the support reaction: Th~se load cells

were specially made for this purpose. The height of the

specimen above the floor was chosen to enable convenient and

easy attachment of the MTS actuators which were used to apply

the loads and also to enable strain readings in all the faces
particularly the bottom face.

The torque .and flexural moment were applied .to the

test specimen by the two MTS actuators synchronized and pro-

grammed to apply equal displacements downwards at the ends

of the torsion arms. The actuators were anchored in position
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"'to the floor by a system of floor beams shown in Figure 4.16.

provided so that the actuators
Enough hinges enabling free rotation in alIidirections were

f '/were self-aligning in appli-

So well were the
'.

cation of the load to the torsion arms.
!,

friction effects eliminated in the entire test set up that-at

any load level an additional load applied by the actuators

and monitored by 'the special MTS load cells attached to the

..... ~ctuators were equal and also reflected by the overhead sup-
,

pOrt load cells with a discrepancy of less than i4~ between
the support loads and_actuator loads.

FIG. 4.12 TEST RIG

--.
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\

FIG. 4.14 TORSION ARMS

FIG. 4. IS UNIVERSAL BEARING SUP-
PORT ATTACHED TO END
OF EXTENSION BEAM

FIG. 4.16 MTS ACTUATOR ANCH-
ORING ARRANGEHENT.
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4.5 INSTRUMENTATION
!

The loads applied by the MTS act;i.latorsand the

support reactions were monitored by the load cells indicated

in Fig. 4.13. A continuous plot of load versus rotation due

to the applied torque was obtained on an X-Y plotter driven

by a load signal from one of the actuators and a rotation

signal from a rotational transducer attached to the specimen

to'measure relative rotation over the central 1.75 metres of
\

the specimen. As a check on the torsional rotation obtained
using the metrisite three inclinometer readings were taken over

three positions 12 inches (305mm) apart in the central part

of the top face. A measure of the amount of torsional rotation

was also given by the continuous plot of load versus the stroke
of the synchronized actuators.,

,
A continuous plot of load versus the midspan deflection

of the specimen was also recorded on another X-Y plotter driven

by a load signal from one of the actuators 'and the deflection

signal waS obtained from an LVDT positioned at the beam midspan

in an arrangement enabling the relative deflection of the

midspan section with respect to sections 0.875 metres away

on either side of the midspan. This arrangement is shown in

Figure 4.13. From the deflection measured the overall curvature

over the central 1.75 metres of the specimen was evaluated,

and checked against the curvature o'btained from the longi tud-
inal strain profile.

Most of the time during the testing was taken up in

reading the longitudinal, transverse and diagonal strains in
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the top, bottom and side faces of a specimen at each load

stage. The strains were measured from targets attached on
, /

t~'the hoop steel in regular patterns using rapid hardening
,/

epoxy glue. The pattern of targets used for the top and

bottom 'faces is shdwn in Figure 4.17 ana that for the north

and south faces is shown in Figure 4.18. Mechanical strain

measuring gauges C 1 div = O.Olrnm) were used in the measure-

ment of strains. The longitudinal strains were measured over
\

tar~ets6 inches (152 rnm) apart the hoop strains over 3

inches (76 rnm), and the diagonal strains over 612 inches(216
rnm) apart.

With the target patterns shown in Figures 4.17 and
,

4.18, 258 strain reading were taken at every load stage. This

large number of strain readings was necessary to establish

experimentally the strain variation pattern in the faces so as
\

to enable a reasonable comparison with the corresponding

strain patterns predicted by the theoretical model. It should

be noted that due to the actual or'ientation'of the specimens
,.

in the testing position, the side faces were appropriately

designated North face and South face.
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4.6 TESTING PROCEDURE

Before the start of each test, th~ theory developed
in Chapter 3 was used to predict th~ expedted response using

the known or estimated material properties for the specimen,

with the theoretical model prediction it was posible to decide

at approximately what load levels or deformation levels at

which it would be appropriate to have load stages for the
purpose of strain readings .

. \,

All the strain readings were taken before the steel
extension beams and the torsion arms were attached. The

strains were also read again when the specimen was in position in
the test rig before the first load increment. This ensured
that the initial readings taken were correct.

The specimen was then loaded in steps using the
two MTS actuators whose stroke movements were synchronized

and controlled by the same MTS control unit.' The actuators

were programmed to pull down the'torsion arms (Fig. 4.13) by

equal 'amounts. With the friction-free universal,.joints pro-
vided in the test set up, the loads applied by the two actu-
ators were always exactly equal. It is of interest to note
thatjin loading the specimens using stroke controlj a consistent

loading procedure was achieved in the testing of the materials
(concrete and reinforcing steel) used in making

specimen)and in the testing the spesimen itself.
the test

In a typical loading stage the load was steadily
increased by actuator stroke movement at rate of 127 mm"per
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3600 seconds to a desired load value or deformation value and
the stroke was then held.until

,
other readings were done. The

all the'str~in readings and
I ,/, .

crack patterns were marked and
photographed during this time interval. I The actuator' loads

!and the support reactions as given by the load cells

were recorded at the beginning and. at the end of each load

stage. During a load stage the loads were observed to

drop. The rotation due to torsion and the deflection'due to
\

fle~ure remained reasonably' constant during each load stage
but with a tendency to increase as the load dropped. This
tendency would be eliminated with a stiffer testing rig. Because

the torsional rotation and the deflection due to flexure re-
mained close to constant, it is reasonable to assume that
the strains in the.beam remained close to constant for' the
load stage.

In the testing of the pure flexure specimens it was
not necessary to take the transverse and diagonal strains.

However, to ensure that there were no torsional effects these
,

strains were taken at almost half capacity load' and at a load

stage close to capacity loading and no significant transverse

and diagonal strains. were found. Thus the load stages for

these specimens lasted a comparatively short time.

In the case of pure flexure the test set up shown in
Figure 4.13 with zero level arm fo~ torsion did not produce

uniform flexure in the.test region as planned. This was due

to the fact that unequal settl~ments: and unequal deformations

at the ends of the specimens resulted in unequal loads in the

- ---- -- - - _._----- ------_. -- _ .•.._------------------
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...two actuators which were pro'grammed to apply equal stroke

movements. TEOl which was tested to .failure!using this
/. .

i I I

arrangement failed with one actuatorr exerting a load 28%

higher than the other actuator. Specimens TEUl was not
I

failed with the test arrangement because the connection be-
tween the concrete specimens and the extension beam failed

prematurely. The beam was tested to failure under regular

kn\fe-edge end-supports with two equal point loads applied at

1/3\span point and 2/3 span point from one end. The total

span between the supports was 12 feet (3.048mm).

\

. .



70

CHAPTER 5 /,
, .'

EXPERIMENTAL RESULTS AND THEORETICAL PREDICTIONS

'.5.1 .INTRODUCTION

In Chapter 4 a comprehensive test programme has been
•described which was designed to provide test data for compari-

\

son\ with the predictions of the theoretical model presented

in Chapter 2 and Chapter 3. The comparison is made in this

Chapter. The Chapter first reviews the assumed validity of the

Bernoulli-Navier hypothesis with the test data. Alsodis-

cussed is the assumption that concrete has no tensile strength

and the phenomenon of the spalling of concrete cover. It is

.then shown that the model predicts the deformations well.

The failure loads! for the specimens tested as well as the
,

failure loads for other tests reported in the literature are

shown to be also well predicted. The failure modes of the

.specimens tested are then discussed and the :crite;ria for

balanced failureba~ed on the model is shown to be in good

agreement with the test results. The chapter closes with a

discussion of torque~t~ist relationships and moment curvature

relationships with reference to the parameters varied in

the tests and good agreement of test data with the model

prediction is noted.

i .
\
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5.2 REVIEW OF THE BERNOULLI-NAVIER HYPOTHESIS WITH EXPERI-
MENTAL RESULTS

The assumption that longitudinal strains vary,

linearly across the section is basic in the development of the

theoretical model. Fig. 5.1 shows the measured average

longitudinal strairis for each face of the section for the TBO

series specimens at approximately half capacity loading level
I,

(Fi~. 5.1(a)) and at approximately capacity loading level'

(Fig. 5.1(b)). Similar plots are shown in Appendix E.4 for
the specimens in the TBU and TBS series.

These figures indicate a linear variation, of the
measured longitudinal strains in 'the North and South faces

for all the specimens. It is further observed that the longi-
tudinal strains remained virtually constant over the top and

bottom faces and the strain measurements in the North face'

are in good agreement with the corresponding measurements in

the South face. However, comparatively noticeable oscillations

of the strains measured in any given face are noted in those, '

specimens loaded at the ratio R (Table 4.3) of about 1.5.

The strains plotted in Fig. 5.1 are averaged for the
-

section and plotted in Fig. 5.2 for the indicated load levels.

The corresponding average strains for the TBU series are also
,

plotted in Fig. 5.2 for comparison. Also shown in Fig. 5.2

are the correlation coefficients,. r;' obtained from a linear

regression analysis, using all the measured strains on each
section at the indicated load levels.
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/
Except for the specimens TB04 and TBU4 the linearity

of the longitudinal strain profiles is unquestionable. For

specimens TB04 and TBU4 the strains, particularly at capacity

loads, were practically tne same in all faces and statistical

analysis using the students t-test confirmed the noted uniform

beam elongation at a confidence level of, 99%. This was also
'the dase with the variation of the longitudinal strains for

\

the TBS series particularly at approximately capacity loading

levels.

Thus on the basis of experimental evidence it is
,

valid to assume a linear longitudinal strain distribution

across the section for the combined loading case.

~.3 DISCUSSION OF 'THE ASSUMPTION OF ZERO TENSILE STRENGTH
OF CONCRETE AND SPALLING OF CONCRETE COVER

A simplifying assumption used in the development

of the theoretical model is that concrete has:no tensile

strength after cracking. Thus it is assumed th,at diagonal

cracks will form in all the faces of a beam subjected to

combined torsion and 'bending as soon as the load lev~l causing

the first cracking as evaluated by elastic analysis is reached.

From the test results it was observed that the specimens sub-

jected toa predominantly torsion lo~ding did indeed have

diagonal cracks in all faces quite early in their loading his-

tory, whereas those specimens with predominantly flexural

loading had diagonal cracking, if any, forming at much higher
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/
load levels. For example beams TB05and TBUS, which were,

loaded with a high torsion to moment ratio, had noticeable

diagonal cracks formirig in all faces by, the second load stage,

whereas beams'TB02 and TBU2, which had a'predominantly

.flexural loading, did not have any diagonal cracks forming in

their top faces and noticeable diagonal cracks did not form
\

"in t4e bottom and side faces till the third load stage. It

should be noted that in the testing procedure much greater

loading increments were used in the early load stages than

for those loads stages close to capacity loading.. ,A further consequence of ignoring the tens~le

strength of concrete is the spalling of the concrete cover to

hoop steel. Reference (1) discusses in detail the phenomenon

:of spalling of concrete cover to hoop steel and its effects

on ..the response of a structural. concrete beam subjected to

pure torsion. It is suggested that\the spalling can be assumed

to occur to the level of hoop steel centre lines . .'On the other

hand, for the case of beams subjected to pure flexure, spalling

as discussed in reference (1) does not occur and is not con-

sidered in the well -established theory of flexure. It is

therefore logical to expect that in the case of combined torsion

and flexure the effects of spalling will become increasingly

significant as the torsion to moment ..ratio is increased in the

loading of a beam.

Thi s was indeed found to be.',the case in the tes ts .

Signs of spalling were very evident close to capacity load
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/for Fhese specimens loaded with a hig~.torsiin to moment ratio.

For example the spalled concrete cover could be easily picked

off any of the faces o£ beams TB04 (Fig. 5.31. TBOS, TBU4
and TBUS at failure. On the other hand TB02 (Fig. 5.4)

and TBU2 showed no such clearly marked signs of spalling

although some signs of spalling were evident at the corners

.in the bottom face. No signs of spalling were seen in the,
\

pure flexure specimens TBOl and TBUl

Evidently torsion induces spalling. Whereas pure

flexure will induce a principal compression field in a localized

region of a beam section that is aligned to the beam long i-

tudinal axis.• torsion when applied alone or in combination with

flexure will align the direction of principa~ compression to

cr~atea field of diagonal compression in all the beam faces.

The.orientation with respect to the beam longitudinal axis

of the principal compression is gove~ned by the requirements

of equilibrium and compatibility of deformations. The result-

ing compression diagonals meeting at the section corner will

initiate the spalling of the concrete cover to hoop steel at

the corners in the manner described in reference (1).

Complete ~palling of the concrete cover to hoop

steel is prevented by the tensile stresses in concrete. How-

ever. if the tensile strength of concrete is assumed to be zero
/

then it is consistent to assume that the spalling initiated at the
corners will spread around the section;and the conciete outside

,
the hoop centreline perimeter can be considered ineffective in
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0
/, '/carrying load. .' ,.

. .,:

Finally, ignoring the tensile strength of concrete
also means ignoring the stiffening of the reinforcing steel

bars by the uncracked concrete between the crack spacing.

This ,tension stiffening effect will be particularly significant

in the low levels of loadings after the formation of the first
\

craqks.

It is therefore evident that by assuming that
concrete has zero tensile strength and using the spalled

section dimensions in the model prediction, the predicted

deformations should be larger than those measured for a given

loading level. The test results to be discussed do indeed

confirm this. It is possible to get predictions of deforma-

tions a little closer to those measured by averaging the spalled

predictions and the unspalled predictions. Such a procedure is

used in reference (1). However, this still' fails to take into .-

.account the tension stiffening effects of the concrete on the
reinforcement.

It is considered reasonable to use the spalled pre-

diction as the basi~ of evaluation because it is conservative

and it best predicts the behaviour at failure for a section

ioaded with a significant amount of torsion. For loading cases

which induce diagonal cracks ,irLalY the beam faces and at high

load levels, the conditions assumed. in the spalled prediction

will.be closely approximated and the'measured load deformation

response will then approach that predicted by the model.
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Fig~ 5.5 shows the computer plot of the results of
the model prediction for beam TE03 and the corresponding plot

of the measured values obtained from the test of the specimen.

The model predictio~s for the spalled and unspalled section
dimensions are plotted and these plots are similar to the

plots in Fig. 3.3 described in details in section 3.4. A

complete set of the plots similar to that shown in Fig. 5.5
for all the beams tested is given in Appendix E.5.

These plots show that for all the specimens tested
covering widely varying loading ratios (R = 0.0 to 5.06) and

for the ranging concrete strengths used (f; = 15.5 _ 45.8 N/mm2)

the model predicts the load-deformation responses for the

:rectangular sectioh tested well. With reference to Fig. 5.5
,

it is seen that the model predicted deformations are higher than

those measured but at close to capacity loads' the measured

strains show a rapid increase approaching the'values of the

model prediction for the spalled section condition. It is

also of interest to note that for TE03 the spalled model

prediction shows thata-f capacity loading the longitudinal

and hoop steel will not yield and this is confirmed by the

te~t results. For those specimens for which either hoop

steel or some longitudinal steel was/yielded, the load level

at which the yielding was initiated is well predicted by the

model for spalled section conditions as indicated by the
plots in Appendix E.5.
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Besides the overall
i

as those shown in Fig. 5.5 it

/ Iload~deformation responses such
! i

is of>interest to investigate
how well the strain patterns across a face of a section

as predicted by the model agree with those obtained from the
test data.

5.4.1 Variation of Longitudinal Strains
\

Fig. 5.6 shows a plot of the longitudinal strain
profiles at failure as predicted by the model for the TBO

series beams assuming spalled section dimensions. The strains

measured at the last load stage before failure are also plotted
"for comparison. It is seen that beams TB04 and TB05, whose

condition at failure closely approximated the assumed model
'conditions, have their measured longitudinal strain profiles

in very good agreement wi.th the predicted profiles. On the

other.hand TB02 which did not have ~ny diagonal cracks in the

top .face at failure did not show such a goo9 agreement.

Notice however, that the model 'predicts greater Curvature for

TB02 than that measured and this is as expected.

The measur~9 >longitudinal strains were used to
evaluate flexural curvatures at the various load stages.

The curvatures thus evaluated were compared with those evaluated
from the. continuous ly monitored midspan beam de flection and
very good agreement was '.revealed.
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5.4.2 Variation of Transverse Strai6k
I

I
;/

Fig. 5.7 shows the measured average transverse
strains for each face of the section for the TBO series

specimens at approximately half capacity loading level (Fig.

5.7(a) and at approximately capacity loading level (Fig.
5.7(b)). Similar plots are shown in Appendix E.4 for the TBU

\and TBS
\

series beams.

These figures indicate that there is some significant•
variation in the transverse strains in the side faces if there

is longitudinal strain variation in the faces. Fig. 5. 8

shows a plot of the model predictions of the transverse strains,
at ~load levels correspondirig to those of the average measured

'transverse strains which are also plotted for comparison. It

is 'seen that the Imodel predicts greater transverse strains
• • . Ithan those measured in'Fig. 5.8(a). However at approximately

capaci ty loading level {Fig. 5.8 (b)')when the condition of the .'

,test specimens closely approximates the conditions assumed

for the model prediction the,agreement between the test values
and the predicted values is very good.

5.4.3 Variation of Diagonal Strains

Fig. 5.9 shows the average principal compression

strains evaluated from the test data and plotted for each face

of the section for the TBO series at approximately half capacity

loading level (Fig. 5.9,(a» and at a~proximately capacity load-
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/
lev~l (Fig. ~.9(b». Similar plots ~re shq~n in Appendix

E'.4 for the TBU and TBS series specimens.

These strains were evaluated from strains measured
over a grid of targets making 6" (152 mm) squares. Since to

evalu~te the principal compression strain from a given square

needed not only the measurement of the longitudinal and trans-
\

vers~ strains but also the diagonal strains (see Appendix E.2)

it was only feasible for the available test time to use the 6"

squares with the mechanical measuring gauges. Smaller squares

would enable a more realistic profile of the principal compres-

sion strain to be obtained for any' given face, however, consoi-

derably more time would be required per load stage.

Fig. 5.10 shows a plot of the principal compression
,

strains predicted by the model at load levels corresponding

to those of the average measured principal compression strains

which are also plotted for comparison. Again we notice in

Fig. 5,.,10(a) that the model predicts greate~ compression

strains than those measured. However at approximately capa-

city loading level (Fig. 5.10(b)) the agreement between the

predicted and measured'is much better. with reference to

Fig. 5.10(b), it should be noted that the measured principal

compression strains were for a load stage close to capacity

loading whereas the model prediction~is for capacity loading

condition. Recognizing that close to capacity loading the

principal compression strains increase rapidly with little

gain in load carrying capacity (see in Fig. 5.5), it is

•
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I

concluded that agreement'between the test'data and'the theory
;

as seen in Fig. 5'.10(b) is very good,. '
\

5.4.4 Variation of Angles of Principal Diagonal Compression
and Crack Patterns

In Fig. 5.11 are plotted the average angles of prin-
cipal compression evaluated from the strains of the TBO series

'\

beacis for the load stages indicated. Appendix E.2 shows ~ow

these angles were evaluated from the measured strains. Also

shown in Fig. 5.11'is the model predictions for the angles
for the spe9imens at the corresponding load levels.

These plots indicate that the model predicts the

angles of principal compression well. Moreover, both test

data 'and model predictions indicate that principal angles vary

little for a wide, range of loading leVels p~rticularly for

those regions of the beam where the longitudinal strains are
tensile. The principal compression angles vary ~elatively ,

rapidly down the depth of the section when the varying longi-

tudinal strains 'are compressive and particularly for large

curvatures. However wnen the longitudinal strains in a sec-

tion are all tensile, the variation is relatively slow even
fpr large curvatures.

Fig. 5.12 shows crack pat~erns for the beams in the
'TBO series for the sa~e' load stages used in the plotting of

the principal compression angles in Fig. 5.11. Although the
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inclination of cracks at any

i6dicate the exact direction

/ 'load stage ,do not necessarily
I '

of principal'compression the crack
directions and the pattern of variation:',oftheir angles of

. 'I

inclination give an indication of the ,change in the variation
of the principa'l compression directionS. For example the

pattern of the cracks in the North face of TB02 is seen to be

qu~te different from that for TB05 for the same face as shown

in ~ig. 5.12. The trend of the variation of the crack patterns

as the torsion to moment ratio increases from 0.0 for TBOl

to over 4.0 for TB05 is in good agreement with the trend of

variation of the predicted angles of principal compression
shown in Fig. 5.11.
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The TBO series specimens we:re designed such that

would be yielded. Thus they were partially overeinforced.

/

94

5.5 PREDICTION OF CAPACITY LOADS /

o/as overeinforced. The TBU series specimens were designed

such that, at capacity loads, some of the reinforcing steel

5.5.1 Caoacitv Loads for Heavily Reinforced Beams

under pure flexure and for the loading ratio causing uniform
beam elongation~the capacity loads would be achieved before
yielding of the reinforcing steel. Thus the TBOseries section

,,

In any case, both these series of specimens were relatively

heavily reinforced in comparison to the content of reinforce-
ment used in sections normally used in practise.

Fig. 5.13 shows the theoretical predictions of theI

failure interaction" curves for the TBO and TBU series for

both the spalled and the unspalled section dimensions. The

capacity loads of the specimens obtained from the tests are
I, also plotted in Fig. 5.13.

For the pure flexure case it is evident that the
model predictions for .the 'unspalled section conditions agree

well with the test results whereas the spalled predictions

underestimate the beam flexural capacities. However, the
unspalled prediction quickly becomes unconservative with the

application of tors,ion and the"capaci ty loads are best' pre-

dicted by the spalled prediction for the' test specimen failing
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at a ratio 'of TU/Mu greater than 0,•.6. /
(

lem in casting mentioned in Section 4.2.1. The interaction

prediction is based on a top face spalled thickness of 64 rom

whereas TBU4 had, a local minimum top wall thickness of 39 rom.

It .was in this local region where failure suddenly OCcurred.

Specimen TBU2 suffered from the same problem but not as severely.

TBp2 had a minimum wall thickness of 44 rom compared to the 64 rom

used in the spalled prediction. Fig. 5.13 shows that the model

predicts well the capacity loads for the heavily reinforced

.'. specimens for the widely varying loading ratios and for the
concrete strengths shown.

-
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.predicts well the capacity loads for heavily reinforced

specimens. The model is now used to predict the failure

5.5.2

97

. /Capacity Loads for Under-reinforced Beams

It has been demonstrated that the theoretical model

interaction lines for under-reinforced beams tested in oombined
torsion and bending in Zurich.2 Fig. 5.14 shows the section

used in the series and the average values of the properties of
the materials used are indicated.

The predicted failure interaction curves are shown
for the spalled and unspalled section dimensions and the

over-reinforced specimens.

characteristic of under-reinforced specimens which have an

failure. loads for the specimens tested are plotted for compari-

,
unsymmetric~l longitudinal steel reinforcement pattern such as

that shown for the section. Such a peak is not seen for similar

T 1M ,u u
son. As before, it is again noted that as the ratio,

~t failur~ increases, the capacity of the beams tends towards

the spalled prediction value. The peak point in the interac-

tion curve with the maximum attainable torsion capacity is

I"~ i

~ '

1
I

1
j~ ,

1 '~!',. .

I,,
I

p ",.'

, . It should be noted that specimen TB4, unlike the
other specimens indicated, was not hollow. It was a solid

I ..
r I
j

section with the same outside dimensions and reinforcement

layout as for the section sho~nr The theoretical model indi-

cates that this specimen will have the same load carrying

capacity as a hollow one with a wall thickness of 80 mm

,
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betause the .effective depths of the d~mpres.sion diagonals at

failure are less than the provided wall thickness. As indi-
catE;!din the failure interaction diagram'the capacity of TB4

and the capacity of the other specimens are well predicted.

.
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" /
S.S.3 Capacity Loads for Prestressed Beams

The theoretical model can also be applied to prediqt
the complete response of prestressed beams loaded in flexure

and torsion. In the case of the presence of prestressed steel

in a section the resultant force in the reinforcing steel in

the longitudinal direction (Pst) is evaluated for a given
lo~gitudinal strain profile as

= EfR"AR,' + Ef .A {S.l)i ~ ~ i P] P]

where f , = stress in prestr,essing steel area, A , at
-P] P] J

position'j'with a strain of E .
P]

Epj = Etj + 6Epj (S.2)
Etj =\longitudinal strain in the concrete at the

position'i' obtained -from given strain profile

6E ' = initial prestrain :in the prestressed steelP]
area A ,.P]

If given the initial prestress fpI' then the prestress 6Ep
for a symmetrically pre3tressed section can be evaluated as:--. --

A
= f [E

l
+ --E--+-P-A-E-l (S.3)pI s ATt s c c

with these expressions the theoretical model was used
to predict the fail'ure'interaction curve for a series of

prestressed beams ,tested in torsion :and bending in ;oronto.3



I
~.. 100

: i;

/,
r

18166 6 10 12 14
FLEXURAL MOMENT IN KIP~IN (xI02)

UNITS - KIP, IN

42

MATERIAL PROPERTIES
STEEL CONCRETE

REBARS BEAM Ie E.
SIZE ~ ~ TBI 5.85 .003
-"c-

"3 54.5 91.0 T82 6.53 "

"'5 52.6 102.0 TB3 4.88 "
PRESTRESSING TB4 5.16 "
.' STRANDS lB5 5.45 "..
fpi Ipy I ~:'.., MEAN 5.57 .003----' ..- _ ....
166 216 244

-----...... It ~3@6"clc/.{1.2:
_...... 31/2 ••• 2 5

--............ 1"= ."" 2"'4/,276""""" Ir l' rJ 41 6.6 "{:::/.276"
T81 ' 31/tll'::~"~'~"~ 2"'5. ',~ ," 11--106''-1J-- 1.2"• r-- 12" --1°.7"

"-

"-
"- ""-

" lJNSPALLED

.TB>/
\
\
\
\
\
\,

TB5'

20 22

TB4

7

°°

2

6

6

NO
><-5
~
I

11-,.
;;:;-'4
~.
w
=>3a .
0:
o
f-

FIG. 5.15 mJLURE IN'IERACTlOO CURVES FOR PRESTRESSED BE1\M3
UNIER CCMBlliED FIEXURE AND 'TORSION TESTED IN 'TOroNTO

•



101

The cross section details and themate~ial ptoperties of the

specimens tested are shown in Fig. 5.15.. The failure inter-

action lines predicted are again shown for the spalled and

..unspalled section dimensions. The failure loads of the beams

are plotted and it is seen that the model predicts the capa-
cities well.

It is of interest to note that for the pure torsion
. \

case 'the unspalled prediction overestimates the torsional

.capacity by about 39%. This is because of the large cover to

hoop steel in the top and bottom faces. The spalled prediction

for the pure torsion case is in excellent agreement with

the test failure loads, thus. confirming that the cover to hoop

steel can be considered ineffective in carrying loads at fail-

ure ~or this case.

5.6 PREDICTION OF FAILURE MODE.

As discussed in Section 3.5 the loading ratio which

will lead to uniform stress in concrete in all faces at capa-

city loads will also induce uniform longitudinal strains in

the section. Using the- equations developed in Section 3.5 and

for spalled section dimensions the amounts of steel reinforce-

ment in the transverse and longitudinal directions for bal-

anced failure have been evaluated and. the results are summarized

in Table 5.1.



TABLE 5.1

.•...-'

'~:I.

f' '0 fhy 'hy f" ," tdb (mm) t . "hb ntb Test Theor.ycr ty ty ..ml."2 xlo-3 2 "x 10 - 3 2 xlO-J -- Ph Pt ""N/nom N/mm N/nom (Eq.3.16 nom (Eq.3.19 (Eq.3.20) T /•.• (T/M)u u
TB04 , 20.4 2.4 379 .

429 2.19 67.6 60.0 .0132 .0111 1.394,I. 91 .0160 .0292 1.281'
3'4.il "

TBU4 3.1 379 '1.91 443 2.26 73.1 39.0 .0244 .0198 .0160 .0296 1.328 1.248
TBS1 28.0 2.5 443 2.33 433 2.23 66.2 206.5 .0146 .0152 .0159 .0289 1.271 1.420
TBS2 32.9 2.5 443 2.33 433 2.23 66.2 206.5 .0172 .0179 .0159 .0289 1.277 1.391
TBS3 45.8 2.5 443 2..33 433 2.23 66.2 206.5 .0239 .0249 .0159 .0289 1.312 1. 266
TBS4 15.5 2.0 443 2.33 433 2.23 66.2 206.5 .OOH .0077 .0159 .0268 1.157 1.U,l

tmin = Minimum concrete wall thickne~~ in section
\ ""E = 1.SE used"in evaluation of Phb, (Ir.band (T/M)cu 0

Ph = th/tc = supplied hoop steel ratio
(It = tt/tc = supplied longitudinal steel ra tio

fi ='Equivalent yield stress for all longitudinal steel '-y .
E; = F~uivalentyield strain for all longitudinal steel.y

TulM~ = Failure Torsion to Moment ratio in test
""(T/M) = Ratio of loading for zero flexural curv<lture

I-'
o

'"

I
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•
As is evident from Table 5.1,

!all "the
i

specimens ..
tested were over-reinforced with respect t~ the longitudinal

steel content. With',respect to 'hoop ste';!l'content, beams

TB04, TBSl and TBS4 were over-reinforced whereas TBU4, TBS2

and TBS3 were under-reinforced. It is also noted that beams

TBSl and TBS2 had hoop steel content close to that of balanced
fai'lure.

The actual ratio of torque to flexural moment

(Tu/Mu) at failure of the beams is also indicated in Table 5.1.

Due to the presence of dead loads the overall TIM ratios in a
test varied during the loading ev~n though the increments in

the loads were at the constant ratios, R, shown in Table 4.3.

Shown beside the T 1M ratios in Table 5.1 are the loading, u u

ratios determined" using expressions given in Section 3.5 for

uniform beam elo'ngation,and it is seen that these ratios agree"

closely with the test loading ratios. It was, indeed observed

from the continuously plotted midspan deflection which gave a

measure of the average flexural curvature over the central

1.75 metres of'the specimen that there was negligible curva-
ture up to capacity loads.

5.6.1 Steel and Concrete Strains,

Fig. 5.16 shows a plot of'-~he longitudinal strains

fpr the beams shown in Table 5.1 at the last load stage for

which strains were measured before attainment of capacity
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loads.. The yield strain of the mainlongi tu,d'inalreinforc,ing',
bars is alsoplcitted in Figure 5.16.' The figure shows that

for all the specimens, the average longitudinal strains at

capacity loads were less than the steel yield strain. The,

strain profiles also indicate that the beam sections had

almost uniform strains, at the capacity loads. These observa- .
tions are in

\
good agreement with the model predictions.

Fig. 5.17 shows a plot of hoop'strains for the spe-
cimens at the load stage closest to capacity loading. The

uniformity of the hoop strains profiles is comparable to that

of the corresponding longitudinal strain profiles in Fig. 5.16.
,

The theory predicts that for TB04 and TBS4 the average
transverse strains at capacity load will be less than the yield

strain of the hoop steel. A'close look at the transverse
\

strains given in Appendix E.3 reveals that strains in excess of

yield strain were measured locaily.' However the overall

average transverse strains measured at close to capacity loads

for beams TB04 and TBS4 are indeed less than the yield strain

of the hoop steel used .. This is in agreement with the model
prediction.

Fig. 5.18 shows the average principal compression
strains evaluated from the test data for the specimens

listed in Table 5.1. The premature failure of TBU4 is
,/

indicated by the ratheJ:"low principal compression strains at

capacity loading. The average principal compression strains

for the top faces cifTBSl, TBS2, TBS3 and TB04 are close to

•
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the 1.5£0 values used in the theor,etical.,~rediction for fai~~re~.
i .

However, TBS4 shows principal compression strain in excess of

3£ in the top face at capacity loading. Large principalo .

cqmpression strains were also indicated for TBS2 and TBS3

for decreasing loads after aftainment of capacity ,loading.
.TOP
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BOTTOM

1.0

1.0 l.~
STRAINS 1£1'10-3)
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I
I
I
I
I
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I
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FIG. 5.17
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5.6.2 Effect of Variation of' Concrete stre'ngth on ,'Failure Mode

The 1'13S series was speci'fically designed to inves-

tigate the effect of\varying concrete strength on the failure. '

loads for a fixed loading ratio,R,of 1.524 (see Table 4.3).

This ,loading ratio .was chosen because at failure the specimen

had nearly zero flexural curvature. For uniform beam elonga-
\ .tion express~ons for equilibrium and compatability require-

\

ments at failure can be derived as follows:

(a) Equilibrium requirements

qu tanS = thfh (5.4)

qucote '"t~f~ (5'.5)

q~ = aBf~tdsinecose (5.6)

and (5.4) and (5.5) also give

qu = Ith f h t ~f ~. : (5 . 7)

(b) Geometric Requirements

•.••••••••..••••.•••.••• (5.8),

IjJx = ~Y = Y/2tc ••••••••••••••••••••• (5.10)

~d = IjJxsin28 = Ecu/td (5.11)
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From the above equations of equilibrium andcompatability
the following expressions are derived:

tcEcu (E~ + Eh +
2 (Ei + Ecu) (Eh

2E )cu
+ E )cu

.•..•....•••.. (5.12)

ECU

+ E
CU

) (Eh + Ecu)
......... (5.13)

t f'
Eh = as(~

2 thfh
t f'

E~ = ~(~
2 t:~f,Q;

- l)E ...................••. (5.14). cu

- l)E .•.•....•.•..........• (5.15)CU

If the parabolic stress-strain relationships is
used for concrete then:

where

Expressions developed in section 3.5 enable the de-

termination in advance of whether hoop steel or longitudinal..
steel will yield at capacity loading for a given section

and for the given material properties. Whichever is the case,

equations (5.14) and (5.15) together with the given stress-

strain relationships for the reinforcing steel can be used to
evaluate the strains Eh and Et. It should be noted that

the longitudinal strain E~ will be -evaluated using an itera-

tive procedure since t~ = AT~/Po requires knowledge of Po
which in turn requires knowledge of td. To initiate the
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iteration procedure p can b.eguessed and the iterations "are
'. 0, '

carried out to obtain convergence in p .
o

With the strains E t' ~ and Ecu' the equations
given above can be used to obtain S, y, ~x'fh, f

t
and qh'

The area A , enclosed by the path of shear flow can be. 0 ,

evaluated for the spalled section dimensions, and hence the

torque T = 2q A can be evaluated. The moment acting., up u 0
\

together with this torque, MUp)is evaluated as:

MUp = AT.e.f.e.jd •••••.••.•••.•••.••.•...••••• (5.1G)

where jd is the moment lever arm,

.The procedure outlined above was used to obtain
failure torques and moments for uniform beam elongation of
the'section used lin the TBS series for ECU = 0.00375 and
for a series of concrete strengths. The torques and moments

obtained are plotted versus the concrete strengths in Figure

5.19. Also plotted in Fig. 5.19.are the failure torques and

moments for the TBS series specimens which had different

concrete strengths as shown. The lines joining the failure

points predicted by_the model for each individual specimen
are also shown.

The theory indicates that if sufficiently low

concrete strength is'used the longi tudinal steel and hoop~

steel will not yield 'at the attainment of capacity loads.

this is considered an over-reinforced case, and beams TBS4
and TBSI were therefore over-reinforced.
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There is a range of concrete strengths over which

the model predicts only hoop steel will yield for the section

chosen. For the TBS 'series beams the hoop steel content was

less than the longitudinal steel content (Ph < p~). For such a

case hoop steel will yield before the longitudinal steel does for
a loading that produces zero flexural curvature. Note that if

P~ < Ph then the longitudinal steel will yield before the hoop
\

steei yields in this range of concrete strengths. This can be

considered to be a partially over-reinforced range and beams
.TBS2 and TBS3 were in this range.

If sufficiently high c9ncrete strength is used
\

both longitudinal steel and hoop steel will be yielded

at the attainment of capacity loads. This constitutes the

under-reinforced case.

It is emphasized here that the failure mode as

discussed here pertains to a unique ,loading c.ase producing zero

flexural curvature and zero .transverse curvature. Unsymmetry

in the reinforcing pattern of. longitudinal and/or hoop steel

and differences in properties of steel in the various faces may

.lead to yield of some-of the steel in some local area of the

section for some loading ratio with some curvature. Note that

th~ unique loading case of interest results in the maximum

possible torque to be resisted by the section at failure.~
Figure 5.19 indicates that the model predicts

well the effect of the variation of concrete on the capacity

loads for the specimens te,sted.
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FIG. 5.19 EFFECT OF CONCRETE STRENGTH ON FAILURE MODE
\

5.6;3 Observed Behaviour of Beams Tested at Failure

Table 5~-2 summarizes the experimental failure

loads and the predicted failure loads for all the specimens

\tested. Except for TBU4 the agreement between theory and
experiment is good.

Beam TBU4 failed prematurely due to a casting
defect explained in Chapter 4. The' beam failed suddenly
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!
during a loading stage and the failure was .located at the

region with the least wall thickness in the top face.

Failure occurred after the yielding of hoop steel.

All the specimens with the hollow section failed

in a brittle manner with a sudden drop in load. TBU2 and TBU3
failed suddenly as the main longitudinal steel in the bottom

face reached yield strain. On the other hand the solid sec-

tion of the TBS series showed remarkable ductility even for

TBS4 which had the lowest concrete strength in the series.

However)the ductility displayed was not at sustained loads

but at decr~asing lower load levels than the capacity loading.,

The confining effect of the closely spaced hoops on the solid

concrete core of these specimen is largely responsible

for the ductility: disp\ayed and the very large concrete strains

me?sured. The hollow sections did not have 'such a concrete

core for effective confinement. 'Mqreover1the thickness of

thespalled sections was smaller than the effective depths.

predicted by the model for the compression diagonals at

failure. Thus the thin concrete walls were heavily stressed

over their entire depth and at failure they crushed leading

to the sudden drop in load observed for the hollow sections.

TBS2 and TBS3 failed at slightly lower loads than

those predicted. Both of these specimens failed after the
/

yield of hoop steel fnall faces. As the capacity loads were

approached there was a rapid increase in the measured diagonal
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/
strains and the transverse strains/and this was accompanied,

by a relatively little increase in .load carrying capacity.

The predicted principal compression strains at the onset of

the yield of hoop steel were greater than EO for TBS2 and

greater than 0.85E for TBS3. The large shearing strains
'0

at the high levels of compression in the concrete diagonals
\is believed to have led to the deterioration in the effective

\

concrete strength leading to an early failure.

It should also be noted that for all the specimens

tested the sections had a large amount of longitudinal steel

in the bottom face. The tendency of this longitudinal steel

was to weaken the concrete in the compression diagonals in

the bottom face particularly for high levels of tensile strain

in the bars sucn as was the case for TBS'2 and TBS3 at close

'to their attainment of capacity loads. All TBS series ::;pcci-

mens showed a marked upward deflection after the attainMent of

capacity loads. This upward deflection increased rapidly with
further loading.



TABLE 5.2

I-'
I-'
W

* Except for pure flexure specimen the theoretical prediction
given are those based on spalled section dimensions

**The decision as to whether a beam was over-reinforced or
under reinforced is based on the theoretical consideration
given in Section 3.5.

I iEXPERIMEN'l'AL THEORETICAL*
f' T M T " . M

/
.' -..,c u u u u .' .

BEAM N/mm 2 kN-m kN-m kN-m kN-m FAILURE MODE**--_.~.__ . ------ . --_.
TBOI 19.5 - 401 - 379 over-reinforced.hrittle failure'
TB02 19.7 78 334 72 309 , " ". ,
TB03 19.1 143 232 139 227 " "
TB04 20.4 149 117 _147 -114 " ",
TB05 20.6 143 35 140 34 " II'

TBUi 34.8 \ lun~er-reinforced:rig, not able to fail it0\ 551 - 519
TBU2 34.8 104 ' 439 104 440 IpartiallY over-reinforced: hrittle failure
TBU3, 34.8 207 327 207 326 " " "-
TBU4' 34.8 195 147 221 164 " " ••
TBU5 " 34.8 175 41 l~l 42 . " " ".. ..
TBSI \28.0 209 164 ~202 159 o~er-reinforced:ductile failure

,0--TBS2 32.9 216 169 I 229 176 Partially over-reinforced:ductile failure
TBS3 45.8 245 ;j 269 206 " " ". -

-TBS4 15.5 125 108 119 104 over-reinforced-ductilc failure_. ...._. .. - "---~-----~"-'-,---.._._- .. -- .
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5.7 TORQUE~TWIST RELATIONSHIPS

5.7..1 Effect of Variation of Concrete Strength on Torque-
Twist Curves

Fig. 5.20(a) shows the test torque-twist curves

for the TBS series. beams for which the varied parameter in

the tests was the concrete strength. Fig. 5.20(b) shows the
\

predicted torque-twist curves for the same specimens for\ '

spalled section dimensions. The predicted curves were ob-

tained using the computer program in Appendix D in which the

termination of analysis is done when the maximum principal

compression 'strain was approximat~ly 1.5£ according too
the criteria described in Appendix B-5.

The predicted plots in Fig. 5.20(b) indicate that
,

the effect of increasing the concrete strength is to increase

the capacity torque as well as ,the twist at capacity torque

for a given section. The load levels at which the
,hoo~ steel yields are indicated.

The test curves in Fig. 5.20(a) confirm the increase

in torsional capacity with the increase in concrete strength as
..---

predicted. In regard to the yielding of hoop steel, Table 5.3

shows good agreement between the model prediction and test re-
sults at failure.
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TABLE 5.3

YIELD OF HOOP STEEL AT FAILURE*
THEORY

BEAM SPALLED UNSPALLED TEST
TBSl - HBS HBS
TBS2 HBS HBS HBS
TBS3 HAF HAF HAF

; TBS4 - - -
\

\

* see legend in Fig. 5.20

The test torque-twist curves for TBSl and TBS2
indicate much greater twists at blose to capacity loading

than those predicted. Also TBSl and TBS2 showed greater

twist at failure than TBS3. contrary to theoretical prediction.
\

However, it is of interest to note with reference to Table

4:'1 that TBSl and TBS2 were testeq at 3 and 7 days respectively

after casting whereas TBS3 and TBS4 were tested 45 and 31 days

res~ectively after' casting. Thus TBSl and TBS2 ~ere tested

when the concrete was sti1.lcuring and the strength gain per

day was substantial. On the other hand TBS3 and TBS4 were
.------

tested when the curing process was practically complete

and the strength gain per day was negligible. The creep

~ffects on the young concrete of TBSl and TBS2 due to the

sustained high load levels as capacity loading was approached

in the loading programme which lasted over 3.5 hours is

believed to be largely responsible for the greater torsional
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ductility for TBSI and TBS2 ~ Furthermore' til'eeffective stress-.
n."-'

f . i :\,.,... . ,"
strain curve. for the concrete for TBSI and TBS2 with the

effects of creep was no longer well represented by the
assumed parabola used in the model analysis.

,
A comparatively rapid load drop was observed

soon,after the yield of hoop steel in all the faces, for TBS3.

The greater capacity load predicted for TBS3 was not achieved
\

bec~,;use~f the large shearing strains generated after the

yielding of hoop steel at the high levels of principal com-

pression in the concrete. This tended to reduce the effective

concrete strength to much lower values than those obtained
from the standard compression cylinder test.

\,

"
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,
5.7;.2

/
Effect of the Variation of Loading Ratio on
Torque-Twist Curves

Fig. 5.21 and Fig. 5.22 show ~lotsof the test and
predicted torque-twist curves for the TBO series beams

and TBU series beams, respectively. For low torque levels

these plots indicate, as expected, that the measured twist
'.

valu~s are less than the corresponding predicted twist

values. However, as capacity torque is approached there is an

increase in the measured twists tending to the values pre-

dieted for the spalled dimensions of the sections especially

for those specimens when diagonal\cracks formed in all faces.

The predicted torque-twist curves for the pure torsion cases

.are also shown in Fig. 5.21.and Fig. 5.22 for comparison.
!

These plots show that as the torque to moment ratio,
R, 'in the loading of a beam is increased from zero to the

ratio causing uniform beam elongation, the.torque capacity is

steadily increased to its maximum at.:the balimced failure

point. A further increase in the torque to moment ratio

results in a decrease in the torque capacity. With regard
".-~

to the twist at failure, the effect of increasing R is always
to increase the twist.
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5.~ MOMENT-CURVATURE RELATIONS,

5.8.1 Effect of the.Variation of Loading Rabio on Moment-
Curvature Curves

Fig. 5.23 and Fig. 5.24 show plots of the test and

predicted moment-curvature curves for the TBO series beams

and the TBU series beams respectively. The well known theory,

of ~ure flexure is used for the prediction curves of the pure

flexure specimens TBOl and TBU1. The accuracy of the flexural

theory in predicting the moment-curvature response is shown

by the plots for TBOl andTBU1. The theoretical prediction

for the rest of the specimens is made using the model for

spalled section dimensions. It.is seen that the model uoes

predict the moment-curvature responses for the specimens
tested well.

These plots show that the effect of increasing the
\

loading torque to moment ratio, R, is always, to reduce the

flexural capacity. With regard to curvature, if curvature
under pure flexure is taken to be positive, then as R increases

from zero to the value_.at balanced loading the curvature is

steadily reduced to zero. A further increase in R results in

negative curvature which increases as R is increased. It is

important to note that we the discussio~ is restricted to applied
flexural moments' that tend to cause sagging in a.beam.
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Effect of the Variation of Concret~
Moment-Curvature Curve Strength on

A compa~ison of the moment-curvature curves in
Fig. 5.23 and Fig.

strength from 19.8
5.24 reveals that the change in the concrete

2 I 2N/mm for TBO series to 34.8 N/mm for
TBU series resulted in an increase in the flexural capacities

~nd curvatures of the corresponding beams with a common loading

ratio. The trend of variation as predicted by the model is
in good agreement with the test results.

5.9 REVIEW OF BASIC ASSUMPTIONS WITH EXPERIMENTAL RESULTS
\

To develop the theoretical model five basic

assumptions were made. These assumptions were necessary to

enable the fo~ulation of the equilibrium and geometric condi-

tions needed in the solution for the problem of a structural

concrete beam loaded in combined,torsion,bending and axial

load. The first basic assumption regardi~g th~ distribution

of longitudinal strains at a'section has been' shown to be well

verified by test results. The rest of the basic assumptions

can be considered._valid because the model predictions have

been shown to be in good agreement with experimental results

in the preceeding sections of this chapter for the widely

varying .changes in the parameters examined. In particular~ '

the simple parabolic stress~strain curve used to approximate

the behaviour of concrete in a loaded beam has been shown to

give good predictions fo! the heavi).y reinforced sections
tested.

\
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CHAPTER 6

CONCLUSIONS

In this thesis a theoretical model has been presented which

has the capability of predicting the response of a structural

concrete section subjected to combined torsion, flexure and

axial load. The model is comparable in rationality to the well
.. \

known\model for flexural analysis and it has been shown that

pure flexure and pure torsion can be treated as special cases
of the more general formulation presented.

The capability of the model to predict the complete response

of reinforced'concrete sections under combined torsion and flexure.for

the post-cracking loading range of the sections .has been .demon-
strated .for rectangular beam ..sections. However the basic equi-

I
librium and geometric conditions can be appli~d to any cross-

,
section shape for which the torsiop resist~d is predominantly
St. Venant torsion . . 'Moreover, s~nce the actual stress-strain

characteristics of the steel and. the concrete are.accounted for

in the theory, the theory can be extended to cover such factors

as repeated loading, rever~ed loading, and sustained loading

which affect the stress strain characteristics of the ruaterials.

The theory has been verified by comparing its detailed pre-

dictions with the results of a test programme involving fourteen
.-/heavily reinforced, heayily instrumented beams reported in the

thes~s. The model has also been shown to predict well the be-

haviour of prestressed concrete beams tested under combined

\
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3torsion and flexure at the University of Toronto. Accurate
/

pre/dictions were also obtained for .aiseries.of beams tested

under combined torsion and flexure at the Swiss Federal Insti-
2tute of Technology iriZurich.

In the theoretical model presented in this thesis loading

which produces a ch~nge of moment in the span of a beam has

not been considered. The next development of the model should

be ~o include the effects of such shearing loads. However,
\

results of beams tested in shear suggest that large shearing

strains affect the stress-strain characteristics of diagonally
7

cracked concrete. Thus, a realistic stress-strain relation-

ship for con9rete which takes int~ account the effect of the

shearing strains generated by torsion and shear will be re-

qui red before accurate predictions of behaviour can be maqe.

ACKNOWLEDGEMENTS

I wish to express my great appreciation to my supervisor

Prof. M.P. Collins for suggesting the topic of my thesis, and

for his kindness and patient guidance throughout the project.

I also wish to tha~~ mY'wife; i;dia. who patiently.and with

untiring effort did her best to enable me to devote maximum time

to the project. Her companionship and the cheerfulness of our

-lively children Neema, David and Foose were a continuous source of
inspiration.



T,

126

The test programme could not have been po~sible without the as-

sistance of t~chnicians in the Civil Engineering Department Labor-,

atory under the direction of G. Ezra and D. McConnell. The interest
in the project by .the'technicians who helped, particularly p.

Pidlisnyj, P. Heliopoulus, E. Davidson and W. Morrison, is ack-

nowledged. During the testing, P. Heliopoulus took care of the

electronic equipment and K. Chan, C. Gagg, R. Halim, M. 'Lupp,

L. ~ilatti,. J. Otenvo and E. Mwencha assisted in making the readings.\ .
Acknowledgment is also due to R. Yaworsky for his superb art-

istic work on the figures for the thesis, and to S. Langhill and
M. Fiorellino for typing the manuscript.

I wish to~thank the Department 'of Civil Engineering of the Univ-
\

ersity of Toronto for not only making its excellent faci~ities

available to me but also providing me with and arranging for finan-
!:cial support to cover my living expenses. Further acknowledgement

for'financial support is due to: the University of Nairobi, UNESCO,

the University of Toronto (Doctoral Fellowship and bursary), the

AggPey Memorial Fund-East Africa, and the National Research Council
of Canada .

.I wish to thank' the University of Nairobi for granting me

study leave which made'it possible for me to do this work.

Special thanks are due to the Deputy Vice Chancellor, Professor

D',Odhiambo and Professor F.M. Okatcha, both of the University

of Nai,robi, for arranging for the Aggrey Memorial Fund grant
to be awarded to me.

Finally, I am thankful to my mother' and my father who sacri-

ficed much to send me to school. To them I humbly dedicate
this thesis.



REFERENCES
I

1. Mitchell, -D., "The Behav:iour of Structural Concrete
Beams in Pure Torsion," Ph.D. Thesis, University of
Toronto, 1974.

2. Lampert, P. and Thiirliman, B'., "Torsions-Biege-verSuche an
Stahlbetonbalken," Bericht Nr. 6506-3, Institut fiir Baustatik,
~TH Ziirich, January 1969.

\ '

\

3. Ma:rdukhi, J., "The Behaviour of Uniformly Prestressed
Concrete box Beams in Combined Torsion and Bending," M.A.Sc.
Thesis, University of Toronto, 1975.

4. Wagner, H:, "Ebene Blechwandtrager mit sehr diinnem
Stegblech", Zei tschnift fllrFlugtechnik und Motorluf,tschiff-
ahrt., Vol. 20, No. 8 to 12, 1929.

5. " hRusc, H., "Researches Toward a General Flexural Theory
for structural"Concrete", 'Amer.icanConcrete Insitute
Journal, Proceedings, Vol. 57, No.1, July 1960,pp. 1-28.

6. Collins, M.P., "The Torque-Twist Characteristics of Rein-

forced Concrete Beams", Inelasticity and Non-Linearity in

Structural Conc:retej"SM Study No.8, University of Waterloo
Press, Waterloo, Ontario, 1972, pp. 211-232.

7. ,Collins, M.P., "Towards a Rational Theory for RC Members in

Shear", ,Journal of the Structura1:"Division of the ASCE, April
1978, pp. 649-666.

8. MitChell, D., Lampert, P., and Collins, M.P., "The Effect
of Stirrup Spacing and Longitudinal Restraint on the Be-



.L.<o

baviour of Reinforced Concrete Beams Subjected to Pure

~orsion", Publication No. 71.22, universi{y of Toronto,
;
Department of Civil Engineering.

9. Rabbat, B. "A Vari'able Angle Space Truss Model for Struc-
j

tural Concrete Beams", Ph.D. Thesis, University of Toronto,
1975.

10. Timoshenko, S. and Goodier, J.N. "Theory of Elasticity",
\ .McGraw-H~ll Company, Third Edition, Chap. 2.

\

11. Conte, S.D., and Carl de Boor, "Elementary Numerical Anal-

ysis, an Algorithmic Approach", McGraw-Hill Company, Sec-
ond Edition.

\.
12. Lampert,.P. and Collins M.P., "Torsion, Bending, and Con-

fusion - An Attempt to Establish the Facts", American

Concrete Insti~ute J., August 1972, Pages 500~504.

13. Lampert, P. "Post-cracking stiffness of Reinforced Con-

Crete Beams in Torsion and Bending", Publication 71-20,

University of Toronto, Department of Civil Engineering.

14. Below, K ..o., Rangan, B.V.,' and Hall, A. S., "Theory for

Concrete Beams in Torsion and Bending", Journal of the

Structural Division of the ASCE, August 1975, pp. 1645-
1660.



129

NOTATION
I

A Area enclosed by external surface of section
AC Cross sectional area of concrete

Ah Cross sectional area of one hoop leg

A~i Cross section area of longitudinal reinforcing bar 'i'
"located at (zi' Yi)

Cross section area of prestressing steel 'j' located
\ at (zi' Yi)

AT~ Total area of longitudi-nal .rebars in the section
Ao Area enclosed by shear flow

Al Area enclosed by the perimeter described by the hoop

face

b, h External dimensions of rectangular section

bl, hI Centreline dimensions of rectangular hoop

bo' ho Dimensions defi,ningthe area enclosed by shear flow

C, CT Resultant compression force in concrete in top face

Chi Concrete cover to:hoop steel centreline at 'i'

Distance between two points 'i' and 'j' on the perim-
eter defined by- the hoop centrelines

Ec Modulus of elasticity of concrete
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Resultant compression force in concrete in the direction

Modulus of elasticity of steel /

of hoop steel at 'i'

Resultant Compression Force in the concrete in the

longitudinal direction at a section

longitudinal direction

Resultant tension force in hoop steel at 'i'

Resultant tension force in reinforcing steel in the

Average compressive stress in concrete diagonals

(f = yield stress)hy

Compressive strength of concrete (cylinder strength)

Stress in hoops at 'i'

Stress in longitudinal reinforcing steel at 'i' (f!l,y=
yield stress)

FHi
F !I,s I,

\,
f'c
fd
fhi
fH

f .pJ Stress in'prestressing steel at .'j' (fpy = yield stress
I

fpI = ini~ial str~ss)
•

h,hl,hO Dimensiona1 parameters defined with brbl,bo
jd

\

Lever arm for flexural moment

My Moment causing curvature to a plane perpendicular to

the y-axis (Mby = moment at balanced failure)

Mz Moment caus~~g-curvature to a plane perpendicular to

the z-axis (Mbz = moment at balanced failure)

Nx Axial force in the x-axis

p Perimeter of external surface of section

Po Perimeter of. shear flow path

q Shear flow (qu= shear flow ~t failure)

qb Shear flow for balanced loading

R Ratio of applied torque to applied moment
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/

i
"

r

t

tc

t '.d \
\

Linear correlation coefficient; or magnitude of a vec-
I .

tor defining position of an ,element.
Hoop spacing

Torque (Tb ,,;.Torque at balanced ,failure)

Section wall thickness (tt,ts,tb for top, side and
bottom fac~s, respective~y)

Ratio of section area to surface perimeter (tc=A/p)

Depth of compression strains in a concrete diagonal
(td=tM for pure flexure)

th Hoop steel area in beam face per unit length of beam
(th = Ah/sh)

t~ Longitudinal steel area per unit length of perimeter
(t~ = An/po)

x
Measure of warping displacement for open section
Longitudihal axis of the beam

(z~,yo) Point of action of N in sectionx
(zc'yc) Point of action of Fcl in section
.(zs,Ys) Point of action of Fsl.in se,ction

i.ex An equivalent stress.'block factor (Equ. 2.21)
An equivalent stress .block factor (Equ. 2.22)

~-Yi Shearing strain at 'i'
EO Strain in concrete corresponding to maximum stress

E~b,Ect Longitudinal strains in bottom surface and top surface

Maximum compression strain rn concrete at capacity loads
£ dp. Principal compression diagonal strain in concrete (com-

pressive positive)
at surface)

(£ =
ds Principal compression strain

Strain in hoop steel at Ii' (tensile positive)
\
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S.. - St)cail'~" hoop steel in bottom face ana top fc.ce fornD, t.. ht

rectangular .section /

S~i Strain in longitudinal direction at 'i' (tensile positive)
Spj Strain in prestressing steel at I j I (tensile positive)

Strain in transverse direction (tensile positive)

Difference in strain between the bonded tendon and the

8 \

Sill: rounding concrete
Angle of diagonal compression with respect to longitud-

i.:1alaxis (8 for principal compression direction)p

:.'ClOpyeinfoxcen,,;otyatio (Ph = th/tc)

Longitudinal reinforcement ratio(p =
~

Balanced value of Ph
Balanced value of P~
Compressive stress on concrete element in direction of
hoop steel

Compressive stress on concrete element in direction of
longitudinal steel

Shearing stress

Angular deformation over a given length

Curvature of concrete diagonal in direction of princi-
.~

pal compression

Longitudinal axis curvature (Eqn. 3.11)

Transverse axis curvature (Eqn. 3.12)

Longitudinal axis curvature~in y direction

Longitudinal axis curvature in z direction

Twist in longitudinal axis (torsional rotation/length)
Ratio of principal compression strain to the So value

of cylinder te.st (rld=sd/.so)
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APPENDIX A ;'

Evaluation of Shear Flow Given E:ds

The equilibrium equations (3.7) 'and (3.8) can be
writen as

I,

\
where

(thfh)t = qtan6trtt + qrtb

1 1 chb)/hlrbb = - (2"ab-

1 cht)/hlrbt = tan6t(2at -

1 1 cht)/hl 'rtt = - (2at -
" 1 chb)/hlrtb = tan6b(~b -

Therefore atan6. =
• J.

In general
= a(tane.r .. +"'r.. )

: J. J.J. :l.J
\

where ,i and j are the two walls cut by an appropriate
section, e.gc Fig. 2.5. Rewrite simply as

q (tan6iri_+ rj ) (Al)
thr~-':'qr.

r . J ..••.•••••.•••.•.•.•.•.. (A2)
J.

The shear flow q is related to the principal concrete
compression 'strain E:ds by equa~ion (3-;14)which can be
rewritten as

= 0/f'tdsin6cos6)c , (6 > 0) (A3 )
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wher~
I

td = effective diagonal thickness
t = actual section wall

Compat~bility of strains requires
\,

where

k =1

= concrete principal 'diagonal strain at

level. of hoop steel

= longitudinal.steel strain .at level of
\

hoop steel

f = (td - ch) / td .$. 1. 0 "

ch = cover to centreline of hoop steel

R~cognizing that sinBco8B = tanB/~l + tan2B), ~quation A3
becomes.

qtanB. (1 + tim2B.)~ _.-.. , ~
~f~1-t-.--. 2

c d tan Bi
Then using equations (AI) and (A4) gives

(AS)

In e~uation (AS) the unknown~ are sh' fh and q,

but the stress strain relationship between Eh and fh is

known. Assuming that sh ~ Shy' then fh = fhy' The
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terms r. and r, are also unknown initially but in general
l. J .

ri is close to 1.0 and rj is close to zero. Thus by

ini tially ignoring the, term qr j and setting ri = 1, the RHS*
of equation AS can be evaluated. It is assumed that the

quantities E~h' Eds' ,td and t are given, hence kl of equation
AS can be determined

'. If the RHS < kl then hoop steel is in the poor
yield range

If the RHS > kl then hoop steel is in the elastic
range.

Case A: Hoop'Steel in Elastic Rang'e

If hoop st~el is in elastic range then fh = EsEh,
hence equation AS becomes

- qrj) (Eh + E~h + 2Edh)
f~tdri(E~h + Edh)

This equation can be rewr itten as a q'uadratic 'in Eh as

- qr 'JJ E -h
[klf~tdri(E~h +Edh)+qrj(E~h+2Edh) 1

thEs
:= 0 .• (A6)

This equation can be written in the form

and',hence obtain a solution for the hoop strain as

Clearly the positive root is the correct one, hence

*RHS = Right Hand Side
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;'
•• " " " •••••••••..•• " ••• 0" " " (A 7)

The final solution

With'€h determined, tanei can be evaluated using (A4)

and then using A2 the shear flow q can be ,'evaluated.

Clearly the value, of q has to be guessed :initially if

rj '" 0, so as to solve equation (AG).
is obtained iteratively.

\
\
\

Case 8: Hoop Steel in the Post yield Range

For this case rewrite equation AS as

€ =h /
klf~tdri (€~h + €dh) _

(th fh - qr j) (AB)

Knowing that €h 2 €hy' equation (AB) is solved iteratively

using the given stress strain relationship 'for hoop steel.
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APPENDIX B'
I

• 1

Evaluation of Compatible Strains Given q

The equilibiium and compatibility equations
required for a solution are:

I. Equilibrium Equations

(6) 0) ••• (A3)

thfh - qr.
qtan6. = J ••••.•••••••• (A2)~ ri

From Appendix A:
\

(1 - ~2)ndS - i(1 - ~3)n~s =

\

II. Compatabi1ity Requirement

2tan..8, =
~ (M)

There are thus 3 equations A2, A3 and A4 to ,s01v~
for three unknowns 6, Eh,and/Ed. It is assumed that values are

\ -
given for all the other variables.

B-1 Determination of Limits for Strains Eh artd Ed

It is convenient to evaluate ,Eh in terms of the
hoopyie1d strain,Ehy so that

Eh = nEhy:-';-;-.-:'- (Bl)

If the hoop steel is in the elastic range then rewrite
\

equation (A2) as

tan6. =~
nthfh--- qr ;y Jqr.

~
for 0 ~ n ~ 1.0; and

define •••••••••••••••••••••••••••••••••••••••••••• (B2)

\
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llc-r, /
taneJ.'=. J .' ••••••••••.•••• ;., .•••••••••••••• (B3)ri

Substituting (B3) into (A4), obtain
. 2tan e.

J. =
rl£h + rldh
llrlhy+ rldh

where rl£h = E£h'/E:o'rlhy = Ehy/EO' and rldh
llC - r. 2Thu51 rldh= [ ( J ) llrlhy- rl£hl/[l -r.

\ J.

= Edh/Eo
llc-r.2
( J) 1 (B4)ri

For a practical solution rldh2 O. This simple
requirement can be used to define limits for 11 for use in

an iteration scheme. For example for the case
and ri = 1 which is the case for the side faces
section in Fig. 3.1, equation (B4) becomes

r. = a
J
of the

3 2 2 2 ..rldh= [~ C rlhy - rl£h1/[l - 11 C 1 •••••••••••••••. (B5)

For' equation (B5) ,to give rldh > a
rl£h

..!...l
1/3

1 1 rl£h
..!...l

1/3[- ~ 11 < C or C < 11 < [- ...(B6)rlhyC2 rlhyC2
Thus for hoop steel' in the elastic range 11 must

always lie between l/C and rllli 1 1/3
[--]

-~-- rlhy C2

These limits shall be referred to as ~l and ~2 respectively.

B-2 Determination of Compatible Strains for Hoop Steel inPost Yield Range. /

If both ~l and ~2 are greater than 1.0 then it is

certain that Eh > Ehy' In this case for a
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(

bilipear stres,s strain relationship for the ,hoop steel
a solution for lidsis obtained as follows:

Equation (A2) gives tane, = (C - r.)/r.
J. J J.

and rewrite equation (A3) as

2 3(1 - 1J2)
3Qds + 3

q
= 0 •• (B7)3 Qds f I td sine. cose .1 - IJ 1 - IJ c J. J.

and
\

\let z = sine. cose. =J. J. 1 +
tane.

J.

2tan e.
J.

=

Equation (B7) can be written in the form

For which the solution for Qds is obtained as

For minimum strain energy the correct root is the smaller,
of the two roots i.e.

Qds = ~[b - I b
2

- 4g] .••.••••.•.••.•••••••..•• ~. (B8)

and Edh = fQd E _,,,.
,S'o

The value of hoop strain Eh can now be evaluated
using equation (A4):

- 2 2 " "
Eh = [E £h +E dh '(1 - tan ei) 1 tan 8i ; .. (B9)

--.
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•
/

B-3' Determination of Compatible strains 'for Hoop"Steelin Elastic Range

If both ~l 'and ~2 are less than 1.0 then it
To solve for this case rewrite

\
\

\

where z = sin8. cos8.
~ ~

(for 8>0) (B10)
= tan8i = (~C - rj)/ri-1-+-t-a-n-2-8.1 + [(~C - r.)/r.J2

~ J. ~

The problem here is to find ~ to satisfy equations (B4)
and (B10) .. The solution is to be sought using an iterative
procedure •

•

Now f'(~) = (1-

dz .
d~l (Bll)

where

dS'lds 1 dilds_-
2N-f...~ilhy + N2il 2N-f...ildsr. hy r.~ ~ctn = ----= +f d~ f(l N2) (1 N2)- -

~C - r,
N = )

ri
.-2 ~dz -f...(l 2 ( N2)d~ = -N )/ 1 +r.

~

The iteration process to solve equation (B10)
can be initiated by assuming ~i = i(~l + ~2) for i = 1.
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/For ,subsequent iteration steps, -use ..the recursion formula-,

This gives quadratic convergence close to the root.

B-4 Limitation on td Value

\

\ Equations (B7) and (BIO) are identical if

sine.cose. is replaced by z so that:~ ~

3(1 - )l2)
31 - )l

This equation is solved directly to give

1(1
2

4 1 3- )l
3) [1 I 1 q - )l22J •• (B13)ads = - -2 3' f I tz1 - )l cd (1 - )l)

\

For a real solution

q
f'tc d

2 2
.5. 0.75z (1 -)l~ •.•• I ••••••••••••.••.•.•• (B14)

1 - )l -

Taking)l = 0 and recognizing that the ,maximum possible value

of z is 0.5, obtain the limitation fortd for a given-g as

cr-- .. -"
td > • 37"5 f" ~-; - - (B 1.5 )

c

\
B-5 Limitation on the Value of ads

Rewrite equation (BIO) as

*f(ll) = f (ad) - k
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I

where.
:

and

*f (nd) = (1

i

will be zero. Now
\

*.For a given k, f(n) will be a maximum when f (Qd) is
* a *maximum. Now for a ,maximum value for f (Qd), an-f (Qd)

d

'a *an-(f (Qd)) =
d

3 1
Qds = -2

1

2
- )l
. 3

- )l

dzdQd {(1 !.(l
3

~hen close to the maximum of,..f(n) it is found that dz/aQd is
I

'very small and hence can be neglected. In fact in the limit

wheri n = .Q.l, dz/aQci = a and 8i =45° .. Thus for a maximum
value of f (n) the value of Qds is given by

21 - )l '. .
--~3 ..... ',' . 0' ••••••••••••••••••••• (B16)
1 - )l

Figure B-1 shows the,possible cases for which a

solution is to be sought for equation (BIO). It is indicated

that there are two' solutions of Qds for each case. The

sma'ller solution value is chosen. The other solution value
-

is g'enerally found to be quite ,large/often giving cds values

in excess of 2EO' Such large strain values will only occur

after a failure mechanism has developed. By limiting the

value of Qds as given by equation B16, the search for a solution
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/

is restricted to be
I

for compression straii1 up to capacity,

loading. It should however be noted that for some reinforced
concrete sections it is possible at capacity loading to have

nds values in excess" of the value given by equation (B16)

for the highly compressed zone, however the rest of the sec-

tion will have nds values less than those given by (B16).
"Usin'g the limitation on nd "as given by 816 is convenient

\ "s "

for the iteration scheme used and the capacity loading is
always practically predicted with this limitation.
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f,Qds,Z

......,...,.

I I. I
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,~05 \j :--. _..-iL'
f~0.375 /r I
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I
I

~
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/

_.----

I,

I K
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I

• 1

\ld IIs . I
"Ji

. I l

//! rt .l ~0.5

r\ 0.375

~\lds,z
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. 1'\
I
I
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/ \1 \\ I
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\
CASE A: '2>1,>00 CASE B: 11)12~bO CASE c: '2(0.0 <II

z =

FIG. B.l

>llh)/(1-n
2

C
2), K = q/f~td>Ids 1 1 3 2= f >Idh = f (n c >lhy""

2tane./(l+tan e.); tane.= (nc~ ~ ~ - r.)/r .; maximum value of
~ ~ . 0 5z ~s .

".

*f 2 1 3 2= (1 - lJ) >I z - -(1 - lJ) >I z'ds 3 ds '
z = 0.5 is 0.375

*maximum value of f with

The circles show the two possible solutions for each case. The
solution giving the smaller value of >Ids is chosen.



145

APPENDIX C' !

EXAMPLE: Combined Flexure, Torsion and Axial Load

,Given

'~
381

13 483
13

Concrete

AsS

As4

As3
As2

As I Ys

Y,3

YsS
,4

Steel - (a) Longitudinal
I

*103,I A
21

Ys f E E£yS 2 £y 2 s 2mm mm N/mm N/mm *10-3
• ___ ._ •••• ______ 0.

5 387 354.0 393 201.9 1.95
4 142 270.5 552 205.1 2.69
3 142 190.5 552 205.1 2.69
2 142 1l0.5 552 205.1 2.69

11 ! 3570 2.30 I 436 194.2 2.25
:........-1_______ -,-
(b) Hoop Steel

= 198.5*103
N/mm2

. 2379 N/mm
l.91*10-3

Ah
Sh =76.2 mm
fhy =

Ehy =
Assume all steel has a bilinear

\

f' = 34.8 N/mm2c
E = 3.1 .i 10-3
0

\

stress-strain relationship.
Problem

Assuming spalled section dimensions effective,
eV'aluate the moment and,'axial load acting together wi th a

torque T = 200 kN-m so as to induce the following longitudinal
-6strain profile with a curvature of 5.94*10 rad/mm

\,



= E~y(l) = longitudinal strain at level
of centreline of longitudinal

hoop steel centreline in top face
= ',.657*10-3

= 1.129*10-3

= 1.609*10-3L
I,

---- E~s2

-E~b

= 0.0
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I
= longitudinal strain at level of, ,

Solution
steel in bottom face

To illustrate how the theory presented is
used in the ~olution of this problem the procedure outlined~ \

in section 5.3.3 shall be used. To simplify the problem

we shall take three points on the side faces for the evalua-

tion of concrete forces and strains. Two of these points

hav~ the same longitudinal strains as the centrelines of hoop

steel at the top and bottom faces respectively,' The third
point .is taken at the midheLght of the hoop steel.

, "

Using spalled section dimensions equations (3.7)
, and (3.8)

are used in the first iteration ~ith-rbb = rtt = 1.0 and

rht =rtb = 0.0. This is a good approximation since hI is

always very much larger than either abor at' For subsequent

iterations the values of rbb, rbt, rtt, and rtb are evaluated
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/
us~ng the ap~ropriate values from the previous iteration.

IniHal Values
i

With the given strain profile" evaluate the
strains at the various points selected

Top

\

\

r\! th =£0=0.0

\
\
\

(at level of top face hoop steel centreline)

\ -2
. EJ:bh=E!l=2.259~10 (at level of bottom face hoop

steel centreline)

.1 '. -3
2 . "--'{!2=l.129xlO

! \

i \
i1- ...

Side

Bottom

To start off the it~ration process, assume the effective
depths .of the concrete compression diagonals to be:

79.84 mm

To evaluate the shear flow due to the torque 'of 200 kN-m,

the area enclosed by the path of shear flow is required.
Assume

A = b h
0 0 0 ._-----

where b' = .9bl and h = .9hl0 0

therefore .8lblhl 148935 2A = = mm0

and q = T/2Ao '" 671.433 N/mm
/
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step' 1
/

Evaluation of Resultant Tension Forc~ in Steel in
Long Direction (FSi) and its Point of Action

FSR,=1,667,703 N
Y ='14.748 mms

!~ Ys E~, f T =A,T Tsyss s s s, 2
nun/mm N/mm 2 N N-mmi mm mm

~-_.__ ._--

i 3570 2.30 2.245 436.00 1556520 35799961
142 nO.5 1.604 328.91 46705 5160901
142 190.5 1.129 231.63, 32892 6265936'
142 270.5 .655 134.36 i 19079 5160901
387 354.0 .160 32.39 12507 4427477'

166~703 ~5952101

\

Step 2 Evaluation of Compatible Strains at a Point in a
Plane Given q and £R. Using Appendix B.

(i) Determine Limits R.1 and R.2

C =
thfhy = 1.693*379 = 0.956q 671. 433

R.1 = 1 1.046C =

£ 1/3
R.2 = [_R._ ..!..]

£hy C2

Point I £R. - R.2
Comments

*10-3"

I Bottom 2.259 1.090 As both R.1 and R.2 > 1.0,

I 1 2.259 1.090 £hb > £hy
i 2 1.129 0.865'1i

! 3 "0.0 0.0 - Hoop Steel < £hy--, Top 0.0 0.0,
I I .
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I
(ii) Bottom Face (Use equation 'in'Ap~endix B~2)

tan8b = C =,0.956

( ,

Hence

and z = sin8cos8 = 0.499
\

"NOW', k 671. 433= q/f~td = 348x79.84 = 0.242

n~s - 3nds + 3*.242/.499 = 0

Solving, obtain nds = 0.606 = ndh
,

= ndhEo = 1.88*10-3

= [2.259 + 1.88(1 - .9562)]*10-3/0.9562'= 2.652*10-3
=\21 (2.259 + 1.88) (2.652 + 1. 88),;10-3 = 8.662 *10-3

(iii) Top Face - Hoop Steel in Elastic Range,

Use iteration procedure outlined in Appendix B to. . - .

obtain Edst and Ept with the following equation

N = nC
2

n.e,hN nnhy -
nds =

1 _ N2

z = N/(l + N2)
~

dz t-!2) / (l + N2)
2

dn = C(l -
dnds [2NC(nnhy nds)

2 N2 )dJ'I" = + + N nhyl/(l -
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.f(Tl)=

f' (Tl)

/

dO
- ![20 z~ +3 ds. dTl

.Iterate with

Tli+l = Tl.- f(Tl.)/f'(~.)
J..' J. J.

where n~y ~ = 1.909 = .6J.6=\ €o 3.1
\ €~, n 0.0h = =€o

C = 0.956

Iter. Tl ! / nds f(Tl)
1 .523 0.107 -0.20
2 .829 0.863 0.058
3 .790 0.644', 0.001
4 .789 0.639 2.77*10-65' .789 0.639. -2.0*10-10.

-

€ht = Tl€hY = 0.789*1.909*10-3
1.506*10-3=

€dst = nds€o = 0.639*3.1*10-3
= 1.980*10-3

o + 1.980
= 1.506 + 1.980. = 0.568; hence S,t = 37.005°

Yt = 21[(0 + 1.98)(1.506 + 1.980)] *10-3 = 5.255*10-4

(iv) Side Face

a) Level 1 - same as for Bottom Face

b) Level 3 - same as fo~ Top Face
c) Level 2

HOOp steel will be in e1asti~ range and start
1iteration with n= 2(.865 + 1.046) i.e. n = 0.955.
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Conv,ergeI'l~~in 11 is obtained in two irg;'~atioF~with tIle
i

following results.

-3 -3 E *10"3 Y *10-3 82- 11 Eh2*10 Ei2*10 d2 2
.946 1.806 1.129 1.890 (;.681 42.11°.

Step, 3 - Evaluate Twist

1 [482.6(8.662 5.255)= 2x381x482.6 +

" 3~1(8.662 *10-3.+ + 4*6.681 + 5.255)]

= 0.0323*10-3 rad/rnm

Step 4 Evaluation of Diagonal Curvatures and' New td Values

q,d q,tsin28 . 2
IjJ sin28= + q,icOS 8 + x

td = Eds/<Pd

(td)new 1 (td)old}= Z(td-+-

,
.

q,*10-3 q,*10-3 IjJ *10-3 q,*10-~ t * 'Posi tim 8° td tt i x d d dnew
.0277 167.81-

__ old.----,Bottom 43.7 -.00301 -.00594 .0323 79.84 73.82
Top 37.0 .00301 .00594 / _11_ .0359 55.11 - " - 67.48:
1 43.7 0 0 - " - .03227 58.26 - " - 69.05:,
2 42.11 0 0 - " - .03214 58.82 I - " - 69.33 !
3 37.0 0 0 - " - .03105 60.55 I - " - 70.19:

,. ,
* td values to be used in the next iteration



Step' 5, Evalua~ion of Area Ao
and Re-evaluation of q
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/ . I
." 1<

Enclosed byP~th o~ Shear Flow

Posi tiol Qds 8 td a=8t d
Bottom .606 .709 79.84 56.60
Top .639 .712 _"- 56.83
'1 .606 .709 - " - 56.60

.

2 .610 .709 _11_ 56.62,
3 .639 .712 -"- 56. 83I .••

h =h _!(ab+at) = 324.29mm
o 1 2.

b01=b1-a1 = 426.00mm
.'

b02=b1-a2 = 425.98 mm

b03=b1-a3 = 425.77 mm
ho 2

Ao=T[bOl+2b02+b031 = 138126 mm

rbb=.926. rbt=.075. rtt=.925.

rtb= .074

1For evaluation of q take Ao = 2(138126 + 148935)

For' next iteration q = T/2A = 696;716 N/mmo .

= 143531 mm2
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Step 6 Iterations with Step.s 1-5 to get Convergence j n td Vall1A~

Iteration 1 2 / 3 I 4 5
q N/mm 671. 433 696.433 '699.330 :/697.821 696.J70

tdb mm 79.84 73.82 ,70.16i 69.53 69.37
6bde~ 43.70 4J.19 4J.09 4J.06

,

kb .242 0.271 .266 .2664 .2684
:E £ "10 -J 1.880 2.206 2:J94 2.425
~

db
e: *10-3 2.652 2.69J 2.966 "2.9720 hb

"' Yb'lO"J 6.662 9.547 9.988 10.055

tdlmm 79.64 69.05 66.90 66.26 66.17
d ldeq 4J.70 42.64 42.54 42.60...

..• kl 0.242 0.290 .300 .J025 .3024
OJ OJ

1110-3> < 1.880 2.448 2.586 2.621OJ dl..•
(,) e: *10-3 2.652 3.102 3.700 3.lS1nl

y *10-3 8.662 10.22J 10.562 10.6141 ,

"
/ td2l1Un 79.84 69:J3 66.92 66.36 66.22•• 62deq 42.11 42.26 42. J2 42.J5

N

k2 0.242 0.289 .JOO .J022 .3023..•
OJ OJ e: *10-3> 1.890 2.437 2.569 2.620OJ d2 ,..•

!: *10-3Q n2 1.805 1.884 1.695 1.893
- Y2'lO-3 6.681 7.651 '8;166 , 8.225
~ .

.,

td3rnm 79.84 70.19. 68.95 '67.94 67.90
Ul '" jdeq...• 37.00 37.92 38.04 36.14

OJ ,
> K) 0.242 0.265 .291 .2952 .2947OJ..•

'd3'lO"3 1.980 2.491 2.568 2.625
-3 1. 506. 1.615!:hJ '"10 1.626 1.531

Y '10-3"
.-

3 5.255 6.397 6.565 5.684

\it ltU'l\ 79.84 67.46 05. :;5 64.97 64.77

~
"tdeq 37.00 38.12 36.35 36.40
kt '0.242 0.297 .307 .J086 .J091

*10-3 ~
f:dt ,'. 1.980- -2c647 2. 798 2.321

, "3
E:ht*lO 1.506 1.652 1.573 1.671

Yt*lO-J 3.255 5.748 7.073 7.119 !

'~•.• !.O-3 :-ad/:nm .00JOl .00326 .00339 .00342 :,
!

!J "'10-3 =ad/r.m .032JO .03797 .03959 .OJ987
!:<

'~o:nm
2 1489 J5 14J531

I
142994 14J30J 14J602,
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/ IIt is seen, that by the end of 4 iterations an accura-,
cy better than .5% in td values have been achieved. With good

initial guesses of the td values for the yarious points in

'the section selected an accuracy of .1% is achieved in 3 to 4

iterations. ~his will be realized, for exampl~, if a new longi-

tudinal strain profile is taken which only differs slightly

.fro~,the strain profile for which an iteration process has
\

been carried out and convergence obtained for the td values

which are then used as initial values for the new strain
,profile.

Steps 7 and. 8 Evaluation of Resultant Compression Force
and its Point of Action

Use q = 696.37 N/mm
,

! .. 8. topi w'.=qcot.8.top.! Pos~t~on Yci wiYci------- ~ ~ ~ ~
Bottom 43.08 25' 434 323200 8080000

1 42.60 25
* **2 42.35 190.5 P =3321 E =520130 E =101556000s I

3 38.14 ,357 I

Top 38.40 3572 433 380400 135815000
._"---'._._ .. - ----" .. ........ - .... --_..-'." "_ ..- .. ..... _ .... '-'--_._~.-.•.. . - ~'- ..".-

-- - .,-' 1223800 245450000
=Ycb = ab/2 ycl

Yct = hl - at/2 = Yc3

ps
= T(qcot81 + 4qcot82 + qcot83) /

2

*E

1

** psE ' = T(qcot8tYcl + 4qcot82Yc2 + qcote3yc3)
F = 1223800 Nc
Yc = 245450000/1223800 = 200.57 mm

•
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/

/
i
.,'

I_ .... - --...-. x

/. /of Applied Act~ons

Yc
F

c$

-
~
.'- - ---

o. 5h.:J___ y~1

SteE-9 Evaluation-, yt
- I

I

Nx =,p - P = 1667700 - 1223800 N = 443.9 KNs£ c£

= 1667.70 (200.57 - 14.75) + 443.9 (381/2 - 200.57) KN - mm
= 305.42 kN - m

ljJx= .040 rad/m, q,£= .006 rad/m' q,t= .003 rad/m

Thus for 'the given strain profile and for the sec-

tion, internal resisting actions have been evaluated. If a

s~rain profile, which will result in Nx = o for ££th = 0.0,

is required then E£bh is varied un'til this is achieved.

Furthermore if the strains for a given T/M ratio with T = 200
•

kN - m and Nx = 0 are required', then with the given moment the

top longitudinal strain is varied to get the desired internal

moment and the botto~_longitudinal strain is varied to ensure

Nx = 0 for any chosen top face longitudinal strain. This pro-

~edure is used in the computer program given in Appendix D to

analyze ~he test specimens.
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APPENDIX D

f
/

'.
!

/

.Computer program for analysis of beams ,under combined

flexure and torsion by ..the diagonal compression field theory.

0.1 Program Documentation

Program Name: Diagonal Compression Field Analysis
Language: Fortran IV

\,,
Purpose and Limitations

To analyse the complete response of a rectangular struc-

tural concrete beam under combined flexure and torsion. The

theory is applicable only to St. Venant torsion loading and the
,

program is specifically for a section with one axis of symmetry.

Program Capabilities

(1) For a given fl~xural moment and torque and for given sec-

'.tiondimensions (spalled or unspalled) the program pre-

dicts the twist, the longitudinal and transverse strain

profiles in the section, the concrete principal compress-

ion strains at chosen points, the angles of the principal

compression strains, the thicknesses of the concrete com-

pression diagonals-;;t the chosen points, the shear flow

and the area enclosed by the shear flow.

(2)' The effective thicknesses of the concrete compression diag-

.onals, td, can be greater than that provided by the section
wall thickness.

(3) The reinforcing steel in the section analysed can be ini-

tially unstressed or prestressed or a combination of both.
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!
trilinear or continuous stress-strain curves for steel) are

(4) The stress-strain telationshipsfor ,the concrete (parabolic
/ !

relationship assumed) and ,the steel (option of bilinear or

accounted for.
. .

(5) The response of under-reinforced, partia~ly over-rein-

forced and over-reinforced beams can be predicted.

Solution Technique
\

'The solution technique is outlined in section 3.3.3. The
sequence of operations in the program are as follows

(1) Input beam data

(2) Pr~nt input data

(3) Input the analysis control parameters which includes

the flexural moment and torque for analysis and the
initial guess of the longitudinal strain profile
Also, initialize analysis dimensions.

(4) Calculate the resultant tension force in the rein-
forcing steel

(5) Evaluate 'the shear flow and hence obtain the compa-
tible strains at chosen points

(6) Evaluate,the"twist and the diagonal curvatures at
chosen points

(7) Evaluate td - values

(8) Determine path of shear flow and evaluate the area

~

(9) Evaluate the resultant compr~ssion force in the long-
itudinal direction in concrete
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(IO) Evaluate strain in reinforcing steel in bottom face
/

(ll), Evaluate the internal flexural moment and the torque
(12) Evaluate strain in top face surface
(13) Output results. A sununarized .output of results or

a detailed output can be specified.

90mmentary is given in the appropriate sections of the

program giving in greater details the operations in the program.
\

\

0.2 NOTATION USED TO INPUT DATA

0.2.1 Section Geometry
,

B,H OUtside section d~ensions

BI,Hl Dimensions of hoop centrelines
CHB,CHS,CHT

CLB'

TB,TS,TT

TGH

Cover to hoop steel centrelines in,bottom, side
and top faces respectively

Cover to centroid of longitudinal steel in bottom
face

Wall thickness in section for 'bott6m, side and
top faces respectively

Level at which. test strains are measured with re-

spect to hoop centrelines.

0.2.2 Material Properties
Concrete

FC

EPSO

,
Concrete cylinder compression strength (fcl

Strain, EO' correspond~ng to the peak stress,

f;, in a standard cylinder compression test.
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/

Rein:i:orcingSteel.
i

(a) Longitudinal Steel

I

, ".

,

AS (I), YS (I)

EPLY(I), EPSH(I)
\

, \
ES (I),'ESH (I)

FLy(r), FU(I)

Area of steel bares) positioned at distance

YS(+) with respect to the bars in the bot-

tom face

Yield strain and strain at onset of strain

hardeningJrespectively

Moduli of elasticity before yield and after

onset of strain hardening,respectively

.'Yield and ultimate stresses, respectively

(b) Prestressing Steel

AP (I), YP (I)

EP
EPPO, EPPY

FPI, FPY, FPU

(c) Hoop Steel

AH
SH \

EPHY, EPSHH

ESS, ESHH

FHY, FUH

.Area of tendon(s) positioned at distance

yp(r) with respect to the reinforcing

steel. bars in bottom face,
Modulus of elasticity

Prestrain and strain at.2% proof stress

Prestress, .2% proof stress and ultimate

stress respectively for the tendons.

Cross section area of one hoop leg

Spacing of hoop steel

Yield strain .and/strain at onset of strain

hardening respectively

Moduli of elasticity before yield and after

onset of the strain hardening respectively

Yield and ultimate stresses respectively



D.2.3'.Control Parameters

BMNO; 'Beam Number

•
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,
!

/ j
!

DEADMO

DEADTO.

DMO

.EPCCB( EPCCT
" '

lOUT

INTV

IPRE

LSIMP

Initial moment acting due to dead weights

Initial torque acting due to dead weights

Amount by which the flexural moment is to be

increased in the analysis

Longitudinal strains in bottom and top face

defining the longitudinal strain profile

Parameter controlling printout
If IOUT = 0 complete printout of the strains,

angles, td-values and curvatures for all the
points for each load\increment as'well as a

table at the end summarizing the analysis re-

suIts for mid-points of each side at the level

of strain measurements in a test. If IOUT > 0

only the final summ~ry of results is given

Number of load increments required. If the

loading is increased beyond the capadity of the

section the analysis is terminated when the

maximum p~incipal compression strain is ~ 1.5£0

Indicator for the presence of prestressed steel.

If there is no prestressed steel IPRE is set to

zero
/Number of points on'the side face at which eval-

uations of strains, td-values and angles are

done. LSIMP takes the values 2n+l (n=l,2,3 .•.).
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Indicator of uniformitYibf /the,,!reinforcing
!

steel

N

NPRE \

SOURCE

TAGMO

TMRO

TTMM

properties in the sectio~. If all longitudinal

steel bars have the same stress-strain character-

istics then set MES=O otherwise set MES=l
,

Number of layers of reinforcing bars along the

side faces

Number of layers of prestressed steel along the

side faces

Identification of origin of beam BMNO being an-

alysed

"Specified initial target moment for anal-

. ysis

Fixed ratio at which the torque and flexural

.moment applied to the beam are .increased

Value of moment above which further increments

in moments are reduced to DMOj4in an attempt

to approach the failure loads more ~losely

•
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f
!

!

DATA INPUT PARAMETERS
GROUP. FORMAT' ,

.
,

1 (I3,212,I3,lX,16A4) N,MES,IPRE,NPRE,BMNO,SOURCE..

2 \ «8FI0.0» B, H, TB, TS, TT, Bl, HI, CLB
, CHS, CHT, TGH,

3 «8FI0.0) (AS(I),I=l,N), (YS(I),I=l,N)
I

4~* «8FI0.0» (AP(I),I=l,NPRE), (YP(I) ,I=l,
/ ,

NPRE) , FPY, FPI, EP, FPU

5* «8FI0. 0» (FLY(I) ,I=l,N), (FU(I) ,I=l,N),
,

(ES(1),I=l,N), (ESH(I) ,I=l,
'. N) , (EPSH (I),I=l,N)

'.6 «8FI0.0» AH, SH, FHY, FUH, ESS, ESHH,
EPSHH

7 «aFI0.0) FC,EPSO, DEADMO, DEADTO
--

8 IS, 6FI0.0, 215 INTV, TMRO, TAGMO, DMO, EPCCT
EPCCB, TTMM, lOUT, LSIMP

'-

* If MES = 0 for group 5 we read FY, FULTM, EMOD, EMODH,
EPSSH where these 'variables denote the common values
of the parameters in group 5 for any'I' value.

**I£ IPRE = 0 group 4 cards are omitted.

..
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D.4 NOTATION USEDINl?IHNTING RESULTS !,i
i / .
The notation used in the input of.data is also used in the

printout of the input data. Besides, the following further sym-

mbo.ls are used in the printout 0:1; analysis ,results. .Note that

the values of the indices IJK, 11M, ITR and KK which are prin-

ted in the detailed printout of results refer to the value at

.~theend of the last iteration step.

AO
CN

Area enclosed by path of shear flow
Depth from top face to plane with zero longitudinal

strains
EPLB,EPLT Strains in the longitudinal steel bars in the bottom

face and the top face respectively

FCC Resultant compression force in concrete. in the di-

rection of the beam's longitudinal axis

FSS Resultant',tension force in the reinforcing steel in

the direction of the beam's' longitudinal axis

HO Height of the path of shear .flow

III General counter index
IJK Counter of number of load increments

11M Counter of number of iterations done on EPCCT to

get the internal flexural moment to converge to the

applied moment (maximum value is 7)

ITR Counter of number of iterations done on EPCCB for

a fixed EPCCT to get equilibrium of forces in the

longitudinal axis direction (maximum value is 8)

KK Counter of number of iterations to obtain convergence

in 1:ct-valuesfor a fixed longitudinal str.ain profile
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~axiffium,allowed is 7)

Evaluated internal flexural

centroid of the section

/ /
n\~ment ,:iboutthe geometric

PHIX

PHIZ

\
PSIX
Q

T

TAGM0M

TAGT0Q

TDMIN

YC

YSB

Curvature due to variation in longitudinal strains from

top face to bottom face (rad/unit length)
,,'

Curvature due to variation of hoop strains from top

face to bottom face (rad/unit length)

Twist (rad/unit length)
Shear flow,

Evaluated internal torque

Given appiied moment

Given applied torque

Minimum td~value for' the given shear flow according

to the theoretical model
,

Derines the position at which FCC acts with respect

to the rebars in the bottom face

Defines the position at which FSS acts with respect

to the longitudinal steel bars in th~ bottom face

The indices ~ndicated in the printout of the detailed out-

put of results are as follows

INDEX HOOP = 0 for hoop steel strain E < Ehyh
= 1 for hoop steel strain Eh < c~hy
= 2 for hoop steel 'strain in strain hardening

.-range.

INDEX CONC = 0 indicates normal convergence on principal dia-

gonal strain, Eds'

~ 0 indicates problem in convergence on principal

'diagonal stra in, 2ds'
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D-5 CONVERGENCE-ACCURACY

in the program an iterative
//

procedures
I

,/ '

ale used to obtain

convergence of td-value~, at various points in the section, the
- ,

shear f-lowq, the resultant axial force whi~h is required to be

zero for torsion and flexure loading and convergence of the
applied 'internal actions to the corresponding external ones.

The it~ration process is terminated when the following criteria

are met,:

(a) For td-values:

top face and bottom face - error < .1%

side faces at selected points - error < .2%
(b) For shear flow - error < .1%

\

( c)

(d)

Axial force--(F -F )ss cc

Flectural moment-

- error < .2% for lIM < 1

< .3% for ITR > 5

- maximum number of itera-

tions is ITR=8

- error < .2%

< .5% for IIM > 5

- maximum number of itera-

tions is IIM=?
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0.6 PROGRAM LISTING

FACES

ISPALL'"O
REAoIS, 5000 IN.MES, IPRE.NPAE.6MtlQ.SOUACe
IFIN.EQ.OICO TO 999
ReAO( S. 51 00 I U .ti. T6. TS. TT.6 I .H I .eLB .CHa .CMS .CI1T. TGH
IFIB.EQ.O~O) CO TO 999
IF(ISPALL.Nt:.O} GO TO 1007

NaNO. OF LAVERS OF REBARS ON SIDE FACE
frolES=INOICATOR FOR SAME STEEL PROPERTIES FOR ALL LAVERS OF RESARS
IF ALL LONG. RESARS HAVE SAME STRESS-STRAIN CHARACTER(STICS THEN
SET MES=O OHtERWISE SET MES=I
IPRE=INOICATOR FOH PRESENCE OF PRESTRESSED STeEL
IF NO PRESTRESSING SET IPRE=O
IF TI"ERE IS PRESTRESSED STEt:L SET IPRS-q
NPRE=NO~ OF LAVEIlS OF PRESTRESSEO STEEL
IT IS ASSUM~D THAT PHOPERTIES OF ALL PRESTRESSED STEEL ARE SAME
CH13.CIIS.CHT '"COvER TO HOOP CENTRE-LINES IN eOTTOM. SIDES AND TI1P
CLB'"COvER Ta CENTR~-LINE OF BOTTOM REBARS
FOR SPALLEO CASE CH~.CHT.CHS ARE ALL ZERO

TQ1'"TARCl:.T HEIGtiT FROM HOOP CENTRELINE

~ PROGRAM ANALVSES RECT. R.C. SECTION IN TORSION AND BENDING
C / !

REAL: AS( lOI.VSl I 0 I.ESC! OJ ,FLY1IOI.FUIIO),.£I01101
REAL APIIO) .YPll 0 I .EPPIIO) ,EP'pN( 1 0 I. FP(I'O I.OEDII 0) .FPX( 10 I
REAL rottOl,TOSll O),ABI IOI,FS(lOI.fSlC( tol.ESH(IOIREAL THETA(tOI,ATHClO).OMOS( lOI.GAM( IOI.PLfIOI
REAL epSH(101.EPLYltO).EPLSlIO).EPLL(101.E~HI101
REAL EPOS( 10) .PHIOI I 0), SOU~CE( 151 .ECT( 10 I .ONO/O(( 10)
REAL SSTlIOJ.EPCHIIOI, FOIFF(101.JO.wwll01
DIMENSION INOEX(IOI, ICllOI
REAL T001901.MO/ol1901 " ,.
REAL TEPLI90l.SEPLIQO).8EPLI901.TEPH{901.SEPHlQO).BEPHI90).

.TfPD1901 ,SEPDI901.6EPOI901.rPHI0(901 ,SPH10(901 .BPHI0(90I,
• TTHETAl90 I. ShETA( 90 I ,BTH~TA( 90 I ,PSI x8( <)0 I,PHIXB 190 I.PHI ZB1901 •
• TGAIolA(90 I .5CAIolA( 90 I ,aCAMA( 90 I. XAR 120 I
COMIolON 1'8LOCK II'FC • EPSO. TH, ES S. ESHH,' F HV ,FUH. EPSHHc

c
c
C SECTION GeOMETRV
C
c
C
C
C
C
C
C
C
C
C
C
C
C
C
11)02
10/)0

\
\

001 Z
0011
0014
00 t '5
0016
0017

no 1 I

0001
0002
000)
ooe.
001)5
0006
0007
1,)006
0009
0010

Rt::Ao( 5 • 51 00 , ( AS ( I I • I •• I • N" . (V S I I I • 1':'1 ,N I
IFC IPRE.EO.OICO TO 2
REAOIS.SIOO)IA~11 ).1=1 ,NPRE', IYP( 1'.1=1 .NP~EI.FPY.FPI.EP.FPU

AEAD(S.SIOOI FC,EPSO.OEADMO.OEAOTO
00 fo K""I. N
IF(I-lES.EQ.l JCO TO 5
FLV(K)=FV
FU(K)"FULTM
ESII<.I_EMOO
ESH(K)::IEMOOH
EPSHI K I =EPSSH

"5 EPLY(KI=FLV(KI/ES(K)
6 IFCFU(KI.EO.FLV(KIIEPSH(K)=EPLVIKJ.IO.

EPHV"'FHY/ESS
I F I EPStiH.EO ~O. I €P-SHt1=1 O •• EPHY
TH"'A.H/SH" "
AI "Hl-iHI
HL"VSINI

1007 O::lH -CLB
YO••0.5.ti -CLB
IF(lflA:E.EQ.OICO TO 9
OIN .••a -2~.TS
HI t~=H-T T-TFt
AC"'B .H -BIN.HIN
EC "'2 •• FC/EPSO
ASTOT =0.0
APTOT=O.O

AU~S=O.0
00 7 K"'I. N
ALES=ALES+A::iIK)_ES1K) ---
ASTOT:ASTOT'ASfKI
(10 a K""'I. NPAE

a APfor"'APTOT+APIKI
AC=AC-APTOT-ASTOT

EPpn=FPI~(I./EP.APTOTI'(ALEStAC.ECl I
9 TtN=0.J75.B~Hl'ldtHI

C
C FACTOR FOR CONvERTING DECREES TO RADIANS

CEC~EE=45.0/ATANII .Ol
A4~",-\TANII.O(J)

LONG~ RESAJ:lS

va I Ii
OO!<;
()C~ 0

0021.

0022
00 ~ J

\1)0 ~"
IlO :1'5
')026

0<; 27
OO~dco;:>';!
00 ::'0
00 J I
0032
00 )J

oC' ' ".
')0 )5
o)u :!e.
uon
O( 3 ~
!) 0:1 ,)
1)0 Ill)
0041
00 4~
1)0" 3
004"
00,\ :5
00 ~6
OC"'1
01j':'H
OC 4Q
1)0 f,O
Ol'~'1
00 '">2
O(J51
00 S4
u') :5'l
0(156
1)\)'37

OO'H"
0(15')

c
C ~ATeHIAL PHOPERT1ES
C AMOUNT AND LOCATION OF STEEL IN SECTION
C POSITION OF STcl::L IS TAKEN .'.A.T. BOTTOM-CORNER
C

c
C FPV::oO.2XPROOF STRESS
C FPU"'u.. T INATE STF<ENCHI OF TENDON
C FPI =PRESTRESS
C epPo=PAESTRAI~l

EPPY.FPVI'EP
I

2 IFI Iolt::S~EO.o IGO TO J
READC5.51 00 J (FL VI I ) • I "'1 • Nl • (FU( I I , I = I ,N) • (es I

• ,N ) • ( EPSH I I ) ,1=1 ,N I
GO TO "

J ~EADI5.5100IFV.FULTM.EMOD.EMODH,EPSSH
4 AE~0(5.51001 AH.SH.FHV.~UH.ESS.ESHH.EPSHH

2 llEAOMQ"'INITfAL MOMENT'ACTINC DuE TO DEAO wEIl;>tlr
C OEAOTO"INITIAL TORQuE ACT INC cue TO DEAD wEICHT
C

11.I=t.NI,IESH( II,I=}

,)•.l c.l
006)
01)""
0005
0'066
0007

c
c
C PRINT INPUT D"TA
C
C

~RITEf6,~000J "
"~R I TE {6 .-60'50 )flMNO; souRC E
•••.RITEI6.61001
'..-RI TE ( 6.5140 Ie. tl. Ttl. TT, T S. 6 I •HI • CL8. O. TIN
IIRITE!6,65101
•••.RITE/6.61101



006tt
0069
,)0 TO
0011
0072
007 J
0014-
flO 7'S
0(176
0077
OG78
0079Oot-a
Ol.ltH
0062

oblJ J
O(l'H4
OOtlS
OOt'l6
OC 117
ou r\tt
')0 ~19
00<)0
OO<Jt
OO~2
uOQ)
OO~4
,,)0 (~S
,)<)c,,6
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00 to K_l.N
to WRITE(6.51 t 0 IK. ASI K I. YS (K) .FLY(K I .FU (K I,ESI K I ,ESHIK I. EPLY II<) .EPSH(

><,
IFf IPRE.EO.OlGO TO 13
wRITE16.61151 /00 12 K~l ,NPAE /'

12 wAITEI6.5110IK,APIKI.vPIK),FPV.FPU.FPI,EP.EPPV.EPPO
13 wRITEI6.6120) /: ,/ .

wR1TE'6.5115)AH.SH.FHY.FUH.ES5.ESHH.EPSHH.EPHy.CHT.CH~.eHS
WR(T£(6.6125)wAITE(6.5116lFC.EPSO.OEAOMO,OEAOTO
.••RITe(1I,6490)
I(K ••O
(OMO.O

1!5 111-0.
lSI< IP"o

cC INPUT ASSUMED LONG. STRAIN PROfiLEC TAGMO_INITIAL SPECIFIED MOMENT VALUE FOR ANALYSISC TMRO.SP~ClflEO T/M RATTO FOR ANALYSIS
C OMo~spectFIEO MOMENT INCREMENT
C INTv=NAXIMUM NO. OF INCREMENTS OF .MOMENT R~aUIReD
C FOR TERMINATION PROVIDE 2 BLAW( CARDS
C EPCCT .•• l.ONG. STRAIN- IN TOP FAce
c EPCCB ~ LONG. STRAIN IN BOTTOM FACE
C TTMM ~ VALUE OF MOMeNT ABOVE ~HICH DNa (S DUARTERED
C TOUT _OUTPUT INDEx: IF IOUT=O ->CD/olPLETE OUTPUT IS PRINTED
C IF 10UT>0 SUMMARIZED OUTPUT ONLY PRINTEO
C LSIMP a NO. OF POINTS FOR EVALUATION OF STRAINS ON SIDE; FACES W'HICH TAKt;S
C VALUES 2.N.1 FOR N:I.2..... IF NOT GIvEN DEFAULT VALUE IS 5
C Ia READ(5.5050)'NTv.TMRO.TAG~O.D/ol0.EPCCT.EPCC~.TTMM .IOUT.LSINP

tFcepCCT.EQ.O.O.ANO.EPCCB.EO.O.OI GO TO 1000
IJK"O

20IJKoIJKH
11104:0
1101'1''''0
IPtIJK.EO.I) GO TO II'>
IF(TAGMO/ol.LE.TTNM.ANO.IDNO.Ea.OI GO TO 16
IFf IOMO.GE.11 GO TO 16
10140= 10,",0t' I
01040-.25.0""0

16 IFIIJK.LE.INTv.ANO.ISKIP.Ea.oIGO TO 25
17 NJK"'IJIJ(

IFIISKIP.NE.OINJK=NJK-1

I)O~Q
0100
'>I 01
Olv2
O! a J

c
c
c

•• PRINT FINAL RESULTS SUMMARY ••
~RITE(6.6200)

6200 FORMATIIHI.2Ix.IJHl.ONG. STRA1NS.6x.I:WHOOP STRAINS.5X.I)HOIAG. STR
.Al NS. 4~. I.3HStIEAA STRA IN S. 2JX. 13tlPR INC. ANCLE S. /2 'loX. 517H "10". -). II ;(
.). 7HOEGREES. /6X. 3tlTQa." x. 3HMOM. 41 );(. JHTOP. JX. JHIolI O. 3;(.J HfJOT I
t2X. "HPS I X .2;(. 4HPH IX. 2;(. 4H+>HI Z. JX. )UTOP. JX. JH."410 • .lX. JHBO TJ

00.1701 K=I.NJI<.
XARII) =TEPLC II:H'l 000.0
XAHI21=SEPLIKI*1000.0
;(AHC)=AEPLIK'.1000.0
~ARI41:TePHIII:'~IOOO.0

0104
0105
0106
0\ 07
O! "9
f)1C'C)
01 10
0\ 1 t
1\112:
01 I )
o I I 4
0115

0116
.ll 1 7
'JI I A
Oil ~
01 :!O
.)1~I
0122
v I ZJ
')124
01 2~
'J 1 :;:!l
01 ~ 7
U! 2!i
012~
1)1 JO
()I J 1

.llJ2
01J3
('I I ~ 4
01 J5
1"1)6

U I J I
')1 Jd
J 1)'1
Ot.:. 0
I) 1 /I I
()I 4.1
VI -l.)
01 ••4 '
I)! 4'5
0146
01 47

'.It ~8
\J144
,)i ::'0
,){ <; I
"1':52

i.
XARI51~SEPHI~I~1000.O
XARC61=8EPH(KI_lOOO.0
XAR(7)~TEPOIK1.IOOO.O
XARIS)=SEPOtK)*'OOO.O
XAA(9)-AEPO(KI*1000.0
XAR(tOI=TGAMAIKI*IOO~.O
XAR III I "'SGAMAIIJ( 1.1 000.0
XAR(12):BGAMAII().1000.0'
XAR (1)l "PSI Xl-HI<.1.1 000.0
XARI141"PHlxeIKI'1000.0
XA~(151=PHIZUIKl'1000.0

1701 • ~~tll~.i 1~K ~ 150 I K. TOO ( K I • MOH1K J • (X •.••R I J I oJ: 1 • I 51 • TTHE TAl I<.) • STHE TA( K 1 •

:t~50 FORMAT(I".Ix.2f7.~oIl:lF6.;n
IF ( ISPALL .EO. t 1 GO TO 1002
ISPALL=t

GO TO .1
.25 IFlIJK.EO.IIGO TO 26

TAGMOM=TACMOMt'UMO
.. TAGTOO "'I T AGMOM-llEA OHa I. TIoIRO+OE •.••oro

TOMR=TAGToa/TA~NO'"
GO TO 213

26 TAGMOIol::T,.l,GMQ
TAGrOll,?',.{.T-AGMOM-OEAOMO I. T"4ROtOEA OTO
TOMR=TAGTOO/TAGMO,..

26 ITR=O
M"'=O
MN=O
IFIKK.GE.IIGO ro 77

C Ct-uJOSE STEP SIZE FOR S tOE; FACES
C L=OlvISIONS OF sloe FACE tODD NUMBER)

L=5
(FILS IMP.~'E.O IL=LSfMP

L,'1=L-1
LI<410=0.S.UHI
01VH=l ./L'"

c
C INIT tALIZE ANALYSIS OlJ..lEf';'SIONS ......-'
C

008~81
tIDT:81
HlJ:Hl
A:'):=O.81.B"H
TOO=T IN
TOT=T IN
Allft=2 •• CHB
AI3T:2 •• CHT
Tt-tETAT:=A45
00 35 K=I.L

35 T(1)(j=TIN '
c
C EVALUATE CURVATURE AND STRAINS IN ALL LONG. STEEL
C

40 Pttlx:>(EPCCB-EPCCT I/H
50 EPLT:=E~CCO-PrIIX.(HLtCLal

EPLO=E~CCO-PHlx"CL6
EPLOH=EPCC~-~HtX.CHtl
EPL TH:=E~LflH-;>Hr XH11
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.FVIK),EPSHIl(I.ESHIKII

I

00 60 'I(,"'I.L
El(,aK-I

60 EPLLC I(,I ",EPLBH-O IVH ••EI(,"H\..PHI)(
IFIIPRE.EO.OJOO TO 63
DO 6Z I(,.I.NPRE

62 fPpfl(, l-epPO •.E.PLB-PtH)("YP(K I
63 DO 64 I(,-I,N
64 EPLSIKJ.-EPLB-PHIX.YSCI(,I .•./

EVALUATE RESuLTANT FORCE DUE TO STRESSES IN/LONG. STEEL (PSSI
ESTABLISH THE POSITION AT WHICH THIS fORCE -ACTS w.R.T. 80TTOM-CORNER
LONO. REUARS IYS81

FPPI-O.O
fPPMIIO.O
IF(IPRE.Ea.o) 00 TO 73

71 DO 7Z, 1(,'"'1.NPRt!
FP(K)"STPIAPIK).EP.EPPIKI,FPU,FPVI
FPPI"FPPI"FP(KI
FPX(KI~FP(KI.YP(KI

72 FPPM.FPPM •.FPx(K)
73 FSI"'O.O

fSI/oI:O:O.O
00 75 ":=I.N _ ,.'

74 FSIKI ••STF( .•••SIKI.ES(KI.EPLS(KI.EPLy(K) .FL'fIKI
FSI ••FSI •.FSIKI
FS)(IKI=FS(K}.YS'KI

75 FSIM=FSIM"rSXIKI
FSS=FPPltFS 1
FSIol=FPPH •.FSIH
YSB=F::iMI'FSS

77 KK =0
CN ••O.O 1
1~IEPCCT.LT.O.OICN=-EPCCT.OI'{EPLB-EPCCTI

C
C E •••.ALUATE SHEAA FLaw
C

C
C

. C"C
C

0153
0154
0155
0156
<)151
01 se
at ~Hl
alt.o

Ot 6t
0162
0163
01 e4
OleS
0166
0167
0168
U I t, "I

U\ 70
')1 11
0172
o L 73
at 74
01 75
01 71',
ell 77
Q I 76
1)1 79
O~ uO
o ~~I

\
01 ~2
01 b3

I,)! fl"
01 bS
+ll ">6
(II A7
Oldd
;)11:19

01<;00
01 'il
OI'/~
Ol!))

Ul'i"
I)' .)'5
ll1 'i6

C
C EVALUATE HOO~ STRAINS AND CONCRETE STRAINS
C EVALUATE ANGLeS FROM STRAINS
C

150 CAH8z(0.S.Atl!l-CHa}I'Ht
CAHT=10.5.A~T-CHTII'HI
1"00=1.-CAI'10
~t)T=1 .-CAHT

152 CALL ST RAIfll O. THET Aa, TB, Toe, EPLBH .CHa. EPHB, OMosa. EPOSB, EPCH8.
t INI}Extl,ICI1,tlOt:l,CA.HT,THETAT,GAM8,KK) -

I 53 •.~~~~X ~ ;~~ ~~:.8T;~~~~; T~~t.lg;Gi~~; ~K~tlT • EPIIT , OMOST ,EPO 5 T, EPCHT ,
IF' IC8.EO.O.ANO.ICT.f:O.OI GO TO 155
lFllr~.LE.2.ANO.KK.LE.21 GO TO 155
ISKIP"I
GO TO 20

15~ PHI,Z=IEPtHl-l';'PHTII'Ht
DO 160. K=I.L

160 CALL STRAINIO.THETA{KI,TS ,TDIKI,EPLL(K}.CHS.EPHIK),OMOSIKI,

G.AMS=SIHPIGAM.L,oIVH.t1'I)
360 PSIX=(GAM~.~I.OAMT.81t2.0.0.AMS)l'i2.0.AI)'

01 ~7
QI98

01 "i9

0200

02el
()202

0;;0)
0::""
021}5
02tl6
;)207
,120'\,n 0<)
')210
0';;11
1')" 1.2
u~~J
tl2 ~"
0215
tl:'16
0217
1)2! (j
J~l'"
,)~<;0
')'::;::1
J2:':.!
,}2:: J
0;': 24
012':: ':l
G2 :.!6
0227

rEPose K), EPCHI K'), lNClEx IK i. ICi K I, 0.0',0 .0.1 .0.GA,o.j('K) .KKI

2 eV.ALUAre TloIlST
C

C
C EVALUATION OF DIAGON.AL CURVATURES
C

365 t~~Joa"psl Xf:5 lN12 •• nleTAB l-fH I X. (COSI THET,At31 I •• .2- PHI Z*l SIN ( HtETAlIl )

PHloT=PSI,USIN( :!."THET.AT I tPHI Xt: ICaSI THET.AT 11".2,PHI Z. (5 IN{ THE TAT II
t •• 2
00 375 1C"1.L '

375 PHIOIK):PStXt:SINI2 •• THETAIK»)
C2 CALCU-ATE TO-VALUES ANO',,!SE T11ESE TO GoET NE•• BETTER ESTI"4.ATES

400 I(K=KI('1
TDMIN ••O/IO.J7Sf:FCI
IFIPHloB.LE.O.OIGO TO .OJ
TOAI =EPoS61'Pt1106
CO TO 40"

40J T081=TIN
404 OEOO=AaSITOBI-TO~I/TOB

TOB=O. !5"-1Toa •.Toa t I
IF'Toe.LT.TDMINJToa=I.0S.TO~IN
IFIPHIDT.LE.O.OI GO TO 40S
TOT1 ••EPOST/PHIOT
GO TO 407

40S ToTl=TIN
4070EOT"A8S(TOTI-TOTII'TOT
409 TOT=O.S"(Tor"TOTlI

IFI TOT.LT .TO .•••INITOT •• I .OS"TOH!N
410 00 415 K=I,L

IFIPHloIKI.Eo.o.OIGO TO 411
TOS(I(I"EPDSIKII'PHIO(KI
GO TO 412

411 TOSIKI::2,O_TIN.KI( /'-
412oEO(I"',)=ABSITOSIKI_TO(KI'II'TO{KI

TO I I( l ;;(l • 5.{ T a I Kit Tos I IC ) I
415 IF' TO(K J .LT.TDMINI TOllCl =1.05'llToMIN

IF / DEOU .LE. 0.00 I O. AND.ot::or .LE. 0.0010. ANO. OEO ( t ). U:;. 0.0020. ",'.jO. oeD (
"L'4iOI .LE.o.oozo ••• NO.oEOIU41.LE.O.0020 loa TO 430

422 IFIKJ<..GT.71 GO TO "30
GQT0150'

~."

'.I.: 3 a
r);: 31
0:.! .:!Z
.)2) )
02 )4
,)~ J 5
,j:? 11>
02 J7
02.Hi

C
C
C

llt:;TERo.lINE ?ATI1 OF -;>HtAR FLO .••. ANO E""LUATE .>..REA E~ICLOSEO "'0

430 Al:HI=ARtl(OMOStl,TDLJ.TB,FCI
AOT=A~HIOMOST.rOT.rT,FCJ
DO 4J~ K=I.L
•. ~{ Kl ::ARe( ,)MDS( Kl. TOI K) • TS .FC l
IF I THETA' KJ .ED.O.J I.1.B (I( l ::TS

432 BQIKl::~-A~IK)
HO=H-O. 5_ ("'\'80 ""tiT I
fl08=tiOll I
tlOT=8oJIL)



cC EV"'LUATE RESULTANT FORCE (N LONG •• DIRECTION (FCCI aUE TO CONCRETE 5TR~S~ES
C

0;' 39
0240
0241
. 02 4:!
')243
024"
02"5
0'246
02'1.1
02'''8
O:!49
Jl2S0
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OEl.H=O IVH.HO
,4,01(=0••""(1:)011 ',tBOIL))
00 "3~ 1C"'2. LM

435 .•.ax~ .•.Ox~OOIKI
"40 AD:aOELH."DX

ONEW"'Y AGTOQ/12 •• "Q)
{F(ABSIONEw-O)/O.LE.O.OOl)
O=O ••S"CO.ONe:W)
laQ:aIQO+\
lFIIQO.GE.4JGQ TO 442
I<K.O
GO TO 150

CiO TO ,442

",.
i

/

02t,)
O'::!'64
():!~~
026'6
f)::'o'r
.:I::!06
.:I:: I'll)
u~70
v~71
0272
V.l: 7)
():! 74
0275
O:! .,6
/)<: 'f7

u<..: 7~

"0::: 7~
>,)~:i0
02,'ll
v:l(il
l):! e 3
l •.~H
0211S

OZ'tt6 -
02 a"oc !l6
,)7.6 •.•••
O~90
v;':"J1
l)~')Z
:J~')) ,
0294

'J" 'j':)
,).:! ~6
v:': l)"
J~ <;<,'1
')~9';l
0] 00
a J ,11

()!C 2
())O)
>,)31.14
03(,5
03C 6
,J::! 0 7
I)J I)~
I)JIlQ
o):! I 0
0:'1 \
'-')12
011 3
01 i 4
1)3''5
(1) I 6
u) 17
03 I ,~
0.3\'1
03.-0
<) 1'; \
OJ ~2
03 :?J
,)1.':"
')J~5
v1Cc''3
OJ;" 7
0).12 ~
fJ):! 'il
O,J]O
O)~l
'J J ~ 2
0) 1 J 1
C'!'u
O:! J'5
l),3 ;. Q

442 PLO:aD/TAN(THETABIIFITHETAT.Ea.O.OI GO TO ""3
PLT_Q/TANITHETATJ
GO TO ""ll4"3 PLTaIOMDST-OMDSr •• 2/3.0).PC .•ABT

""" DO ." a K"I.LIFITHETA(K).EO.O.O)GO TO ",,7
PLIKI_O/TAN(THETA(K))
GO TO "lid447 PLIKlaIOMUSIKI-OMOS{KI •• Z/3.0'.FC.rS

448 CDNT.INUe:450 FCCt+=f'LONGIPLB.PLT,PL,L,DIYH.aOtl.l:JOT,HOI
CC EVALUATE NEW VALUE Of EPCCl:J rCR NEXT ITERATION
C

lTRZltTR.l
IF( TTR.EOeal GO TO 490
""Iol"MMt I
FOIFFI"""'I"FSS-FCCI

4S1 55T("''''I=EPCCB
4SJ IFl.lot'''5IFOIFFIM''''II.LE.O.OOI-F551GO TO 4130

IFIABS(FOtFF("''''II.LEeO.002.FSSeANOetl'''.LEell GO TO 460
IF(AB5(FOIFFIM"'IJ.LE.0.003.FSS.AND.ITR.GE.~IGO TO 460

454 IFI"""'.LEoiIGO TO 461
NN"'''''''-IIFIM"".GT.2IGO TO 455
GO TO 465

"55 LL'""'''''-2457 IF(FDIFF(M"'I.Eo.FDTFFINN) ••~ND.FDIFF(Io4M).EQ.FDIFFILLIIGa TO 461
IFI ASSI \ .0-FD1FF( M'" '.lFO IFF (NNI '.L. T.O. t25.AND .EPCCB.GT .EPL VI I II

.GO TO 461
EPCC6"PARAt:I( FOIFfl MMI ,FO IF"I I'll'll, fOIFF(LL I ,SST I .•••"') .SsT (Nfl) • SST (LL I.

tFSS I
liO TO 40

461 EPCCB"GUt: SS t FS5, FO IFF (MI.I) , 55 TI .•••'" I. EPL Y(I I )
GO TO 40

465 EPCCB=SSTt"''''J_FOIFF(M .•••J.IsST1MMI-SSTINNII/(FOIFF(MMI-FOIFF(NNll
IFIEPCCB.LT.SSTIM"").AND.FOIFFIMMI.LT.O.OI GO TO 461
IF(EPCCn.GTeSSTtMMI.ANO.FOIFF(MMI.GT.O.OI ',GO TO 401

GO ,TO ~O
cC ESTABLISH HIE POSITION AT 'olHICH FCC ACTS ••• ~.T. BOTTOM FAC~ LOtlG. "'€9~RS
C

460 PU~0.5.ABa-CLB
"B"'OU.PLD
••T"(OUtHOJ~PLT
00 500 K=I.L
EK"'K-l

500 "wCK1=(DUtOIVH.EK.HOI.PLl~1
.•S""5 IMPl"", L.D I VH .ttO I,

520 WSM=BOT.wTteOB.wUt2.0 •.• S
yC=ll'SM/FCCI

C
C AP~~IED ACTIONS \
C EVALUATION OF"TORQUE ANO FLEXURAL .•••o.••eNT
C

600 T"'2.0.Q.AO
Jo=vC-YSiJ
F.••=FSS.JD~(FSS-FCC1).IYO-YCI
tF(FM.EO.O.OIGO TO '60.3
Tl04"T/f'"
••0 TO 660

003 TM"9999'il.O
c
C EVALUATE NEW vALUE OF EPCCT FOR NExT ITERATION
C

66>,) Ill=flltl
II"'''II/HI.
If'( l'tM.GT.7.0R.1SKIP.NE.01 "0 TO 700
fCTI1IMI:sEPCCT
0"'0"'( IIMI=TAG"'OM-F'"
IF(AaS10MOM( fl .••).LE.0.002.TAG .•••0 .•••1 GO TO 700
IFIABS(OMO"'( 11M I I.LE.O.OO:5.TAGMO .••• ANO.lllol.GE.!D GO TO 700
ITR=O
.•••••••=0
IFI 11 .••• CE.31 GU TO 6dO
IF( IIM.EO.l) GO TO 670
IF(ABSIEPCCTI.Gl.O.OOOO~J GO TO 664
EPCCT.=~ .000 I .O .••Ol-l( I (M 1/ "as (OMOM( I I ~, J
F~C=OMOM(II""I/TAGMOM
IF(F~C.LT.-I.OIt:PCCT::IO.OOOl
IF (FRC.GT .1.0IEPCCT::I-O.<lOOZ/
GO TO 40 .

664 EPCCT =CUESS( TAl.>/olOM,OMO'" ( I l)l), ECl ( I I"" I, EPL V(N I J
(F(EPCCT.LT.-t • .3S.EPSOlEPCCT:-l.J~~EPSO
GO TO 40

670 I 1:11 .•.•-1 '
FRC:OI-IOM(II .•••I.lIDMOMfIIMJ-OMO"l11111
IF (ABS 1FRCI • GT .l.O IFnC:2 .O ••FPt/ABSf FRC I
EPCCT=EPCCT-F~C.(EPCCT-ECT(lr II
1t'(E'PCCT.LT.ECT/1 r. •.q.ANO.D .•.•O~I!lMl.LT.O.Ol GO TO 66.
IF(EPCCT.GT.ECT(IIMI •.•.Nf'l.OMOMIIIMI.GT.O.OI GO TO 66"
IF I EPCCT.LT .-1 .J~.EPSO'tPCeT::-l .J5.EPsa
GO TO 40 '

660 Il=II~1
I:; I I !~-2
IFI T1101.F..O.31 GoJ TO 6tl!
IF("'AS(O"'OM( Il.-.tl.LT.OMSTOl GO TO 681
IMY:: I MY ~1
IF I I MY. F.e.1 I e~c CT:>:O.5" fEeT I 1 I MI .EC T ( I I , I
IF ( 1_"'''' .EO • .2 JEPCCT=O.ZS.E:CT (I I MIta. 7S.ECT I II



'O:D7
0338
Q))q
0340
0341
OJ4~

03" )OJ~4
u,3-'5
OJ46
0347
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IFf IMY.EO.)) GO TO 700
c.o TO 40

6d 1 OMSTO=A8S (Ot-lON( 11M))
IM'l'=O
IF I ASS( 1 .O-OMOHI I J MI/OMOM( II) I.L T •• I ;!:5.AND.EPLT.GT.EPLY (1'1) t

•. GO TO 664
EPCCT"PARA8(OMQM( llMI,OMOM(II).DIolOMII),EPC,CT.ECTIII J.Eel! II.
tUGMQM I / /6dS IFlepCCT.QT.-l.4.E~sal GO TO 40

~~~J~i(~~~~!~g~~r~~.fPSO'GO.(0 20 ,/
EPccr"-I.UEPSD
GO TO 40

cC CONV~RT ANGLeS FROM RADIANS TO OECREES
C

c
c
C STORE RESULTS FOR PLOTTING MlD PRINTING OF FINAL RESULTS IN SU"lMAHY
C

03415
0)"''''
('j~ 50
I)) 51
Q.PS2
03!))
0354
0355

OJ'j6
OJ57
03':iH

g}~~
0.:'61
1)}6'?-
,))t :5
03t'.~

c
cc
c
c

700 "TH6'" TottETAa. OeGREE
ATI-iT" T~IET AT 40EGREE
ISKIP"ICA"ISKIP
00 710 1(.:ol,L
ISKIPalSKIPtlCIKI710 ATHIK)"THETA(K).OEGREEISKIPaISKIP.lcr .
IFllour.NE.O) GO TO 745

•• DETAILEO PRINT OUT OF RESULTS ••

723 WRITE(b.65501 .'
wRITEI6.5l40Ia,TAGTOO,TAGMQM.HO.AO,F5S.FCCl,YSe.Yc.TOMIN.CN
wRiTEI6.6660)
wR I TE (6.6670 )KK. ITR. J 1101. II 1.1 JK. TNRO. OEADTO.OEAOlolo.EPcce

736 ~R1T~(6.b400)
736 wRITE(6.5tJO)T .FM.TM.PSTX.PHIX,EPCCT,EPLT,EPL~.PHIZ

wR 1 TE f 6 .6500)
wHITE16.66001
wR t TE I 6 .6620 I" THB. INOEXt!, EP~lB. EPLBH. I eB, EPOS8 .EPCHt! .GAMe. PHI OtJ. TOB

t.AtJ8,AOB.Te
007",0 K"'l.L

740 'olRI TE (6 ,6630 1K..ATHI K I, I NDEXf K 1 ,EPH(K) ,E:PLLI K I, Ie IK1, EPOS( K I. EPCH( K.
t I,CAM(KI.PtIlDIK I.TO! KI •..•.aIKI.eO(Kl ,TS

wRTTElb.66t OIATHT,INOEXT.EPHT.EPLTH.ICT.EPOST.EPCHT.G"MT.PHIOT.TOT
t.AflT,BOT,TT

wR1TEI6.64/;\01

,)';(.'1
OJ70
OJ 71
0.H2
0371
0174
O} 75
01 76
0177

745 IFIIJK..GT.I )(.00, TO 750
TOOIII"'O.O
••.•0""(11"'0.0
TEPL( I JK 1:0.0
SE:PL( IJKI:O.O
OEPL{ IJK.}:O.O
TE~H( IJI<.)=O.O
SEp~l( IJI<.)=O.o
REPH( IJKI"'O.O

•

O:~'78 .
O;!79
O:!nO
OJtil
.)) "12
v;:!nJ
/)164-
.).! !IS
,no6
')3,,7
I)::' tHI
O:'Ci9
OJ<>O
I) J <It

0,1"'201<)1
O~',4
u~'j5
~) ~o
OJ'-lT'
,)~l'itl
0:!9~
f) •• VO
"'0\01
1140Z
<)"03
04 C /I
1)41.:i
04 at.
0<\ (; 7
1)40d
1)"1')<)

U"IO
.1<' I I
04! 2
~)•• : J
0 •• 14
,)~!5
0'1 to
')4! 7
i)4 '.~
0"1 q
1111,?0

1,)4:':: I

7.0

TEPD{ 1 JKI =0.0
SEPDI tJK)=O.O
SEPOlIJK)=O.O
TPHIO(IJK)"'O.O
5PHIOIIJ)(I"0.0
BPHID( IJI<'I=O.O
TGAMAtIJK)::O.O
SG..•.MA( IJKI:O.O
FlG.\MAIIJKIIIO.O
PS I xn ( I JK 1"0.0
PHIXOIIJKI=O.O
PHIZEH IJI<):O.O
TTHETAllJIIO.O
STHETIIlI )="'THILIotIOI
erHETA( II "'90.0
I J5"'1 JJ( tl
TOO I I JS) "'T
~OMIIJS,=F,..
TEPLIIJSI"'I:PLTH-PHl)(.TGH
SEPL( IJSI:EPLLIUnOI
8EPLI lJ~I::~PL8H~PHI)(~TGH
TEPH( 1 JS) =EPHT-PHf Z.TGti
~EPtH IJS)=EPHILMIOI
BEPHt IJSI=l:p~tetPHI1.TGH
TEPOI IJS}--=EPOST-PHIOT.ICHT-TG~ll
SEPOI.t'jSI ••EPOSIL~IDI-PHIOILMIOI.(CHS-TGH)
FlEPO{IJSJ=EPOS6-PHI08.IChB-TGHI
TPHIOI tJSI"'PHIOT
SPttlO( IJSI"PHIOtLMIDI
UPI1101 I JS I.cPHIOB
CALL G" ••.•a lTEPL( 1JS I. TEPHII JS I,TEPOI f J51, TG"' .•.•" II J 51. TTHt::TA I IJSI )
CALL GAI-IOISEPL( I JSI ,SEP~l( lJSI.SEPD( I JS I.SGA ••.•'" (IJSI. STH~T""! IJSI )
CALL GAMO(~EPL( TJSI,BEPH(IJS),OEPO{IJS),BGAMA{IJS),BTH!TA(IJSI)
TTHETAlIJSI:TTHETAIIJS).OEGREE
STHt::T At I J51 :STltET All JS ,_OEGJ.l:EE
eTHET Al IJSI::8 THET" (I.:JS) .• DEGREE
PSI)(B( IJSI",P5IX
PI11xBli J51",PHl)(
PHIZFlIIJS)=PH[Z
1Ft IJK.EOoll GO TO-20-
IF ( TEpO I I JS I • LT. I .35" E P 50. ANI). DEPD I 1 J51 • LT. I .35_ EP50 I GO. TO 20
IJSI:IJS-1 •
I fIT EPOI 1 JS , • L f • TE PO( I JS 1 I. OR. SEPO( 1 J5} .L T • SEPO ( I JS I I .OR • BEPO ( I JS I

t.LT.Bt;PlJ( IJSIII15-..:;lP=ISKIP~I'
GO TO 20

O~.:2
1)4~J
,')4;; 4
042'5

.()4 ;";6
(H. 2 7
,)42d
")4::: 9
O",~O

c
C FOR .•.•AT STAT~M~NTS
C

5000 FORMATllJ.I;;,12,13,1)(,"4,15A~1
5050 FORMATI15,6PIO.O.2tSI
5100 FORMAT((~FrQ.Q)J
5110 FORMAT(2)(,15,oFtO.J.IP2E12.JI
5115 FO~M"TI6FtO.J,ZFIO.7,3FIO,JI
5116 FORMAT(Fl0.3,FI0.5,ZF10.J!
51)0 FaR~ATI3FI0.~.lPoEtS.~1
5140 FOllM4TflJFIO.31
6000 FORMAT/IHl/21l(,30(ltt"l/

•. 2t,( ,JOH_ ST~UC.rURAL CONCRETE



"FUNCTION STPIAP,EP,EPS,FPU.FPYI

oJ4 Jl

0432

04'33

043.
043'

04,]6
1,)"'37

0431;;
0439
0440
U<o41
04 ~l

1)"44
010\5
044'6
0104'7

\
1)446',
')4 4'l'
04':10

<l001

0002
,100J
"0004
0005
0006
<Jou1
OOO!:S
0009
tlO\O
001 t
f)1J 12
UOI J'
0014
OU l"5,
lJO t 6

OOGt

00\.:2
OOoJ)

OU04
OOGS
1J0";6
CO() 1
()1)r)!1
OOO"'}
\')0 I 0

u(; 11
o)C 1 2
uu 1 J
001/,
OC I ':>
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12IX.JOH* eEA~ IN TORSION & 8ENOtNG ./121X.JOH+ DIAGONAL COMPRESSION FIELD ./121X.JOH_ ANALYSIS JULY 1978 $/ 21X,JOIIH*)'
6050 FQRMATIIHO/IBX.11HSEAM NO. - .A4 •.SxolOH S0'lACE - .15""./,

118x.7H~==~~~=.t5x.6H=a.=a=1 I

6100 FORMAT(IHO,4X,IHB.IOx.IHH.9x.2HTB.Bx.2HTT4ax.2HTS,
.•. tlX.2H6I,ex.2HHl,AX.JHCLB.7x.3H! O.7X,JHTI'N)

-6110 FORMAT(IHO,sx.IHC. ~x. SHAS( 11.5x.5HYSC (1.4x,6HFLY( I) ,4X.5HFUI I) .4 ••
"SHE5( I I ,5x. 6HESHI I)." X. 7HEPL Y( I I • SX. 7HEPSH( II )

611 S FORMATIIHO.5x.1 HI.Sx. SHAPe I J .'5X.5HYPlll.7x.3HFPv.7x,JHFPU.7x.3HFPI...7X,2HEP,Bx.4HEPPv,8x,4HEPPOI
6120 FORMAT(lttO.5x,2HAH.8x.2HSH,8x.JHFHV,sx.3HFUH.7X.JHESS.7x,4HESHH.6.

•• 5HE'PSHH. Sx. 4HEPH'" .8., 3HCHT. 7)(.3HCH6. 7X. JHCH51
0125 FORMATI"tHO.5X.2HFC.8X.4HEPSO.4X.6HOEAOMO.4X.6HOEAOTOI
6400 FOA"'A TIL HO. 6)(01HT. 9)(.IHM ,9X. 3HT /M. 7X .'4HPS IX. IIX. "tiPH! x. LI X. SHEPCCT

•.•10011..4HEPLT. 11 X. 4HF.PL8. I 1x. 411PtilZ)
6480 FORMATll~IO.2x.12~(IH. I)
6490 FORMAT(5x.IOSIIH-IJ
6500 FORMAT( 2x.l0(IH"'I.9311t!"'1.15(IH"'11
6SI0 FOR"'ATI 2xolOOI1H"'11 ","
6550 FORMATIIHO.6x.IHO.4X,6HTAGTOO.4X.6HTAGMQIo4,7K,2HHO.8x,2HAO.~X.JHFSS

•• 7)(.JHfCC .7x.JttYS8.7x .2HVC.8X.5HTOMI N,6x .2HCNI
6600 FORMATIIHO.SHLEVEL.2x.SHPRINC.2x.5HINOEx,3~.4HHOOP.8X.SHLONG •• 4X.

t4HINO •• 4X.16HCONCRETE STRArNS.7X.SHSHEAR.IOx.dHOIAGONAL.8x.7HSTR.B
tL •• 5)(.71t ACT IVE/7 X .5HANGLE .)X. 4HHOOP. JX. 6HSTRAIN. 6X .6HSTRA IN, J X. 4H
tCONC.4X. 7I1SuRFACt;.JX.~HAH_-LEVEL. 6x.7HSTRAIN .6X.5HCURV •• 2X.t1HTHI
•.CK. TO. 2011.,BIIDEPTH' A' •JX. 5HW 10TH, JX. 6HTH rCK. 1

6010 FORMAT t 2X.' TOP' .F9.4. 14 .lP2EI2.3. 14.1 P4EI2.J .OP2F9.", 2F9. 3)
6"'20 FO~"'A T"lIX.' ROT.' .F9.4. 14, IP2e:t2.,]. 14 .IP~f.12. J .OP2F9.4 ,2F9. 3)
6630 FORMATIIS,F9.4, 14 ,lP2EI2o.J,14.1P4E12 .3,OP2F9. 4,2F'9. 31
6660 FORMA TC IHO, 211.,2HKK.2X. 3HI TR ,2X.3Hllfol .2)(.3HII 1 .2)(,)111JK. 6X, ~HTIo4RO.

•.4X,6110EADTO,4X,6HOEAOMO,8X,5ItEPCCBI
0670 FORMATISI5.Jf10.J.IP2EIS.41
Q99 STOP

END

c
C FUNCTIONS AND SU~ROUTINES
C

~UNCTI0N STFfAS.ES,EPS.EPY.FY,FULT.EP5H,ESHI
C
C FUNCTION TO COIo4PUTc FORce IN STEEL BAR GiVeN STRAIN
C I

IFIESH.GT.O.O.OR.FULT.EO.FV)GO TO 10
IFCEPS.LT.O.O) GO TO 5
R=ALOGIOI2.0)/ALOG10(FuLT/FVI" '
STf~AS.ES.EPS.ll.t(Es.epS/FULTI •.••R)"'.f-l./RI
RETURN

5 STF=AS.ES.EP5
IFIEPS.LT.-EPVISTF=-AS.FY

10 ~~~~~~41ES"EPS \
IF(EPS.GE.EPv.ANO.EPS.LE.EPSHISTF=AS.Fv
IFIEPS.GT.EPSHISTF=AS.(Fv"(EPS-EPSHI.ESH)
IF ( (F..•••.(EPS-cP5H I"ESH) .GT .FUL T ISTF=AS"'FIJL T
IF(EPS.LT.O.O.ANO.ABSlEPS).GE.EPV)STF"'-AS.FYRETURN .
END

C
C FUNCTION TO COMPUTE THE FORCE IN TENDON
C NOTE FUNCTION NOT VALlO FOR -VE STRAINS
C

IF(FPU.EUiFPv)GO TO 10
IFfEP5.GT.0.0'.AND.FPu.GT.FPVIGO TO 20

C CASE OF -VE STRAIN IN TENOON
wRITEC6.JOIEPS

30 FORMAT(Sx ••••• TENOON IS IN COMPRESSION", •• e"'S"".FI2.6\
STP"'O.O
~ETURN

20 R"'ALOGlO(2,O\/~LOGIOCFPu/FPV)
STP=AP.EP*t::PS.(I."fEP.EPS/FPUj •• RI".f-l./RI
Rt:.TURN

C tilLINEAR CASE
10 EPS'V"'FPV/~P

STP'=AP'''EP.E~S
fFIEPS.GT.EPSYISTP~AP .•FPV
"E TURN
E.'lO

oeol

ooo~
f}GO)
uoe 4
oeo 5
U006
Q<iu7
uOud
;}O(;9
f)(jl i)
IJO II

C
C
C

1020

FUNCTION FLONG(P8 ••.•T~PL.L,DIV~.XB.XT.XS)
FUNCTION TO COMPUTE RESULTANT ~ONCR€TE FORCE IN LONG. D!RECTION

REAL PLll 0 I
PSx=PB.xB
PTX:=PT.XT
(F(L.EO.IIGO TO 10
psx=S IMPI PL .L.D IVH. XS 1
GO TO 20
PS)(=PLlll"'xS
FL1)NG=PBlI.tPTXt2._PSx
RETURN
END
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SUBRouTINE STRAIN(O.THETA.THK.TO.EPL.CH.EPH.O~OS,EPOS,cPCH.
.INOEX. lC, VI. V2 ,ANG.GAMA, ITR 1
CO~MON leLOCKI/FC.EPSO.TH.ESS.ESHH,FHY.FUH,EPSHH
01 MENS ION X( ZO) .FX( O!OI.Fp,RIME 1201 .FX'I({ 201 .XX I 201

/

SUBROUTINE STRAIN CALCUL4TES HOOP STRAtN.Ir:RINCfP4L COMPRESSION STRAIN
AND 4NGLE OF PHINCIPAL COMPRESSION GIVEN ~ONG. STR41N. SHEAR FLO_ ANO
[;FFECTlve cO~pl~e5S(ON OIAGONA~.,'OEPTH '/

1.••0 I I
K_O :
1<1<"'0
TNN_TAN(ANGJ
ROIITNN,n'2
EPHY ••f'HY/ESS
FHVTH.qFHY.TH
IF( ITR'.EO.O' GO TO !)
ETAcEPH/EPHY
O~()SI =a~DS
GAM•••.l.GA~A
THET •••.I i'THETA

5 F= (TO-OO .ITO
IFlF.LE.O.OIF-O.O

7 F2=F.'2
TR=O.O
IF(JO.GT. THt( 1T~=l TO-TNK lITO
TRZ"1.-TR"'2
TRJ"'I.-TR*'J

9 ~R"'O.O
RV 1 =1 •
CO=FHYTH/Q
CI "CO
IF{Yl .EO.O.OIGO TO 10
RR=FlO.lYI
I-lVl"'V 1
CI=CI/Y1

to Cl=Cl-fCR
CtZ"C 1.'2
'11=1.tCI2
aTO.zO.lfFC'TO)
oML=EPL.lEPSO
OMH=EPHY/EPSO
DOi=J.'TR2.1TR.3
AOUND1=(I.tRRI/CI
IFIOML.LT.O.oIGO TO 37
IFIRR.EO.O.OJ GO TO 36
eOUNO 2 =60UNOP ( C I • RR. OML .0Mtll
GO TO ,38
ggu~gZj~ O"'L.I (OMl-t.C 12 I I",~ I .1 J. I

80UNOZ"'0.0
eOIF=BOUN02-BOUNOl
IF(f10UNDZ.LT.I.O~ANo.eouN01.LT.1.0JGO TO 60
CX-C I
CxZ"C 12
Cxx:CJ I
Cx .•••=C 1.fUIV'FHY-RR
IF I ESIIH .EU.O. 0' R=ALO~l 0 (2.0 I.lALOGI 0 (FUH/FHV J

J6

J7J.

c
c
cccg.g~;

OOt)(l
OUt) 7
1,)008
0009
00 to
00 11
OC 12
Otll.J
OU I 4
001 'j
Oat 6
1)017
00 I t5
au I q
l}l',;:o
oc ~ l'
00 Z2
OU:':3
0024
IlO:.!5
01).•.'6o,,'~7
00 :Hi
0(12''1
1)03'0
00) I
oC' ,,~
oun
aO,!4
003'5
1)0 :UJ
OIl]7
')0 J'"
.,)OJ(J

')0"0
t)()/l I
0042
\ 004)
OC 44
01)45
1,)0"'6
Ot 4 7
O(l"d
()049
0050
OC~t
on ~.2

0001

oooO!
QOC ).

1)0"53
1)(/"34
OO~5
0056~e~~
00S9
0060 .
1)061
006Z
OOh]
0004
Ov05
ilunc.
l){'n7
OlJt.ti
00 .•.•<)
Oll 70
01,: 11 _
1)072
oc 7)
1)(. 74
O~ 75
.)0 7~
11077
0071;
/)()79
1)0 gl)

00 Ii I
0'1 I.iZ
00 (lJ
O(lf1~

00115
I)CtJ6
Ilt: tl7
0tld:J
Ol)~9
00';00
,1(",\
')0'1-2
00 ,)]
Ol)<}4

00'<::'

0,"<;;6
00'17
OOYP:\-
D()g.)

0100
0\ 1)\
'll IJ.!
0103
')! (.4
0! 0'5
01-06
0' 1)7
I) ~ 0'"
O! 09

"I jl;,IIK"1
IF(I<.GE.IO)GO TO 55

42 CC=3.'OTO.CXX.I(TR3'CXIeeC"BB.'2-4 ••CC
IF(eBC.GE.O.O) GO TO 45
IF(Cx.EO.~'I(MI GO TO 43
C'I(=CX.... ,
CX2=CX"2.
CXX"" •• CX2
GO TO 42

43 OM05:o0.5*ee
TO=12 •• a*CXX/(6~'.Z.FC'TR3.CXI
F=' TO-CHJ ITO
IF( F.LE.O.o )F=O.O
INDEX_"
IC=I
GO TO II J

"S SOll=SORT (BBC I
OMDS=O.~.lee-sao)

. EPDS=O~DS.e:PSO
-.EIlCH:oP 'EPOS
EPH-( EPLtEPC t1*( I .-C'I(2 I) /CX2
IFIEPtl.GE.EPH'I'.OR.I.EO.lIGO TO 50
GO TO 60

50 IF1FHV~E6.FUHIGO TO 55
'1"=1
IF(ESHH.EO.O.OIGO TO 54
IFIEPH.LE.EPSHIi) GO TO S5
Cy ••c I • Cl EPH-EPS tiH) 'E S hH/FHV.1 • ) -RR
IF(EPH.LT.cPSHHIC'I'=CI
IFfCV.GT.CXMJCV=CXM

53 IFfABS(ICY-CX)/CYI.LEoI.OE-31 GO TO 55
CX=0.5.(CX~C'I'1
IF( CY .EQ.C I .ANO.C'I( .GT.C IIC'I(=O .S* (CXtCY)
CX2"'CX"Z
cxx=t .t(XZ
GO TO 41

5" FHN=ES.e:PtH- It. t (ES_EPH.lFuH t•• R I .•.• (-1 • .I~ I
CY=CllIFH'~/FHY-i=lR
IF (EPH. LT .EPHY ICY =C I
GO TO 53 ,

55 IF(~.GE.ldlwkITE(6.b551a.To.ROUNDI .B~UND2.~PH.EPL.EPOS.Cx.cy
655 FORMATltHO •••• NO CONVERGENCE AFTER TEN ITERATIONS •••• .I1P9E1Z.J.

t/'" HOOPS IN ~OST-VIELO RANGE IN SU8ROuTINE STRAIN ", 1
CALL G~MO(EPL.E~H.EPCH.G~MA.THETAI

56 INOEx=O
IC=O
IF( EPH.GT .EPHY.,HID.EPH.LE.EP5tIHI {NDEx"'1
IF (EP H. GT .EPSIHI'1 NOEx =Z
Ir(O"'OS.GT.I.~IIC=Z
IF( ITR.C,E.IIGO TO 140
RETURN

60 (=1
L=l
INDEX "'0
If!=()
Ie =0
JJ =0
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/

7.

H
7'

70
71

IFIF.LE.o.tlGO TO 160
DMDX"'O.s.ao
IF(OTD.LT.O.37':5) GO TO OZ
INDEX ",B
GO TO 86

62 IF(EPL.LE.O.OI GO TO 65
QTDTH",4.0.aTD.TR3/(J.0.TRZ •• 2)
saa"'t.o-Z.O.OTDTR
IF(SOQ.LT.O.O) GO TO 61 ,
EPH=BOUNlH .ePHY (' 1 '/

"EP~ .••"SS (EPI+-EPL) f
IF(OePHL/ePL.Ge.0~1.0A.DEPHL/ePH~GE.O.tl GO TO 6S
OMOS~OMOX.(l.O-saAT(SQOI) ,
EPOS .••EPS04oOMOS . .' ~

~~~~:~~~~~~~PL.EPC~i/(EPH~EPCH»
IF'A.aS(T"NT-t.OI~GT.O~021 GO TO 6,5

~~~r~;~b:~A~~~r~PLtEPCH).(EPH~EPCH,j
RETURN
IF(eOUN02.LT~eOU~IDt}GO TO 70
tI -t
GO TO 71
It "'2
x( tl",aOUNOI~O.S.BDIF ..
IF(eOU~D2.Ea.0.O}X\II:0.001
)1( O"'X I f I
IF('ITR.fo.OI GO TO al
IF(ET".GE.I.O.OR.A.B5(ETA-X1QI~GE.Q.5*A85(80IF)}GO TO 81
IFlIfR~GE.l)Xll)=0.5.lx(lrtETA} .
IF ( 1T~. GE .2 I x I I 1=0.5" ( x ( I '+ET A)

COO TO IU
ItI= 18-1
Xtil =0.5.1 x ( I J ~IlOUN02 I
IB= IBtl
GO TO 81

76 X( 1}=O.S-(X( IltBOUNDt)
L=4
GO TO at

77 JJ"'JJ"I
Jt "'JJ-l
J2=JJ-2
JF(JJ.GE~20IL=2
.••x (JJ I "'x C II
IF(JJ.GE.JI GO TO 7~
X( J I",Xf ll-O.OZS.UO{F
IF(JJ.EO.tl GO ro AO • _ (110 07S.eDIF
IF(JJ.EQ.2.ANO~AaS(1.-FXI11/FXX(JII'.LT.0.2:ilxltl-X -.

~(~gsI~ _FxtII/FXX(JI)).LT.0.25) GO TO 781
X( I 1••PARAO( F x ttl. F xx ( J I I" F Xx, J2 I ,x x ( J J I , x x ( J I I , XX(JO!:I ,0.0 I
IFIABS(XI II-XX( JJ)l.GT .0.10'.A.851001 Fllxl I ) ••.••xIJJI-Q.IO.ADIF

GO TO 79 '
X( II=xxfJJI-O.IO.ODIF
IF(FX(II.GT •••.XX(Jtll GO TO BO
"'2
tF'IJJ.GE.)) Gn TO tiO
X f I I = x ( I ) •. 0. OJ 7 s. eo I F

01

••

7017.

J 01 t~
0111
01 12
0\ 1'3
1)114
Ot \-:.
0116
011 7
011 a
Ot 1 0;
0120
Ot 21
0122OIZ)
0124
Ot25
0126
oj 127
01 28
0129
0130
01 J1
11.32
Ot J 3
01 )4
01 3~
f)J ]6
f) t ) 7
0136
OJ. 39
O! "0
I'H -n
1,),142
lJ~ 4 )
014 .•
1) I '4 '5
III ~6
r) 1 47
014,."
01" 9
01 ':50
01 ~I
\)1 ':02
015)
OJ 5"
l'l ':35
01':56
OJ 57
01 3d
O!SQ
OluO
01 tol
'li 62
O! (,J
01 t)4
0\65
01 of)
0la7--------------
0168
01'09
0170
0171
0172
CIII
.0174
017S
l)t 76
I) 1 77
vl78
1)1 79

01 dO
vi ,H
')11"2
.JloJ
Ot !:lot
01 !IS
()l <If>

01 '" 7
[)I n:l
LJ! :0'"
01<J0
')191
01 -12
'li -))
0194
OlliS

01 '>16
01 '}7
014:!
01 'J-}
I)~ (.I\)

O:! ° 1
0::' 02
I"\.! 'J)
0:: 04
02.{)S
0<' ,~o
O;!07
O£ 00
0;' 0':'Oc:lJ
0211
0':: 11
1)2 t )
')2 I -\
02' "i
0:!16
O~ l 7

IJ2 I :'I
0,,19
1J22.:)
O:!21

ao Fx.xl JJI=Fx( I J ,/
Bt ,!F(Xll1.LT.I.OE-6) GO TO 150

CI"'Xf II*CI-RR
PROOIIDC'."'2
DDZ=t • tPRODt
DDt "'l.-P~OOI
PROOZ=PR001.~( II.OMH
DOJ ",PR OOZ -OML '_
IF(A8S(F.DDII.2.0.GT.AeS(00.3I1GO TO aJ
IF( JJ .EO.O,A.NO.L.Ea.l .ANO.IG.Ea.o) GO TO 74
wRI Tf '6.68 I I I ,.0( ( I I .0, TO, BOUND1 , BOUNDZ ,EPL. ,001 ,00]

68t FORMAT(Zx,". OMOS.GT.Z.O .~. ,15,lP8EI2.]./'" HOOPS IN ELASTIC ~A
~N~E IN suaROUTINE STRAIN •• ' I
OMDS"Z ,0
INDEx ••0;
GO TO 100

BJ OMUS=DOJ/(F.OOt I
IFIJJ.NE.O.ANO.L.NEoIIGO TO .as
IF(OMDS.GT.O.0.ANo.a~OS.LE.I.51 GO TO 135
IF(L.NE.4.ANO.t8.EO.OI GO TO 74

as OMOSZ"0"105'''2
Q.4~••C 1/00,2
FX (II =TPZ"'OMO:HGMM-rRJ,OMOSZ.GM"'/).-OTD
IF(AOS(FX(IJJ.LEoI,.OE-6.l)TD) GO TO 100
JF(L.E<"l.1.Af\o!D.FXlll.LT.-.01.OTO.A.NO.18.NE.11 GO TO 77
IFIEPL.Lr.,o.O.ANO.OMoS.Lr._OML)GO TO 76
DIVGM=Cl.OOI/(DD2 •• 21
Of '10M" ( Z ,.C 1 i> C1. X( , I •.PROD \ I _OMHI ( F_ 001 I to!:.*OMDS .• ' ,_, I /001
F~AIMEf 1)~rRZ'IDIVOM.GMMtO~DS_OIVGM)_TRJ.12 •• 0M05'OIVOM.GMM"

tOMOSZ.OlvGMj/J.
IFfAAS(FPRIME(I) I.LE.O.OOOt_aTDI GO TO a8
fF(IJ.E<"l.I.A.NO.FPRI/.lElIl.LT,O.OI GO TO 87
IF{1(.EO.2.ANO.FPRIME(11.GT.O.01 GO ro B7
IF(L.EO.4) GO Tn a7
IF( I.Ea.I.ANO.ld.LE,11 GO TO 75
INDEx ",7
GO TO 137

136 OMuS"'OMOll:
EPOS"'OMOS .•.EPSD
EPCH"'EfJOs.r
TO"'O'TR3/(O.)7S.FCiTRZ'.Zl
GO TO. (ZO.

B7 [)ELTX"'F~(t'J/f'PRIME(11
GO TO aQ

tle IF(FX(I).LT.O.0.ANO.0,",OS.GEol.4) GO TO 86
eEL TX JO_ x ( I I "F X( I ) lOT 0
IF( II.EO.I IDELr"'=-DELTx

89 I::::I tl
L=J
J= (-I
IF{ ASS{ Ot::LTX I.CT •• 0)."'85 (UDI F) .ANO.JJ ,NE.O I

tO~LTX::::OELT~~O.Ol.AASlaDIF/DELTKj
IF( ASS( OELTX j .GT •• IO"'AOS(aO{FI.AN[).JJ .EO,OJ

•.DELrx=DELT~.0,lO.AtlS(~DIF/UELTxl
X( 1 I::::x ( Jl-OELTx
ERROR=A8SIDELTXI/X(JI
IFf I.GE.d) GO TO 9<:'
GO TO (~O.~2J.11



9.
.00

9'
96

,

i

0222
0223
0224
022~
1>226
02.27
021~
022Q
02 JO
0231
0232
0233023.
O;:!J5
O~36
u237
Oi.'~6
u2J~
O~ 40
0;;: 4\
OZ ••?
O~ ••)
O~ ••"
0:-:"'5
U246
0<' 4 7
G,2 ••0
0;;:4 "
02,50
02'61
OZ!;~
02~3
1)2 S4
V25'S
0;;56
'J,"! oJ 7
0~5d
,)~ Sq
i)2l'>O
ll<' (; I
02"'2
026)
0,2 1'>,.
1)2.1',5
02L6
t);? ~7
0::::66
0269
O~70
0:'.7\
0272
1)27)
(J i.: /4
n.,; 75
0276
O~",1
O::7d
n~7~

90

92

105

111

120

125

130

1'0
"5

.6.

1:] 4

IF(XIII.LT.BOUNO;! .•AND.K(II.GT.BOUNDIIGO TO 95
~O~~:ar 00 / /
IF(xlll.LT.tlOUNOI.ANIl.XCII .•GT.-aaUNDZIGO,'TO 9"
INDEx _6 i /
Ga 10 tOO '
IFII.LE.2) GO TO 96 .
IFIERAOR.LE.l.0E- •• ANO.AaS(QMOs-a~OSS)/OMOS.LE.1 .OE-41 GO TO lOO
OMllSS "OM05
IFIABS(FX(J)I.GT.I.OE-5.0TO.OR.ERROR.GT.1.0E-5} GO TO 61
GO TO, 100 .

~~g~~~~OS~EPSO !
EPCH'" p. EPDS
EPH&X 111 .• ePHY
IFIEPH.LT.O.OIEPH=O.O
IF(EPH.GE.EPt1y)fNOEx=t, '
C"'LL GAMO(EI='L.EPH.EI='CH.G ••.,101 •••• THET ••.•IFITHET ••.•EO.Q.OIUO TO 150
fFtO,lolOS.GT.I.511C=0!
IF{ ITR.Cl.!.IIGO fa 140
REtuRN
f.POS=UMOS.E •.•SO
EPCtt-p.ePDS
EPHa(EPL~epCH.(I.-CxO!II/CX2
(F ( EP H.L T .EPHY ) EPH=EP HY
GO TO 130
IC"'4
wi "'EPL to! •• EPCtt
'012 "0. 7S.FC' TO. (EPL tEPCH I /{ Tl-1*ESS'
IIt3"''fn ._2"" .• '012
IFI~J.GT.O.OI CO TO 125
GO TO I soePH=0.5.IS0RTI'o/JI-~I}IFIEPH.LT.O.OIEPH=O.O
C"'LL GAMOIEPL.EPH.EPCH,C"'MA.THET""IP(THETA.EO.O.OIGO TO 150
IF( ITR.EO.OrflETlJRN
GO TO 145
OMOS=O.5'I~MOS~OMOSI I
EPQS",nMQS"EP::,O
GAM•••;().5.(GA~A •.GAMAII
THETA"O.5.t T~IETAtTtl€TAII
FiE TURN
EPH;O.O
OMOS=-OML
Ef.'OS=-EPLEPCH;EPDS
GAMA=O.EPSO/(FC.fHK'O.S}
THt:TA"'O.O
(C'"O
PE TURN
t!P H=80UNOO!' t: PHY
(FIF.PH.Eo.().OI .. ,GO TO ISO
1't1F.TA=AT"'''l( SllRT(EPL/L:Ptlll;GAMA"'Z.a'SOMTIEPL.EPHIcc=e.O.aTO.IEPLtep~II/IJ.O'GAMA)
(FICC.GT.t-OI GO TO 162

,)c 1\0
')2 lj I
r)::'t12.
O~ BJ
021i4
0::' tl5
\)~ r.o6
0': ,97

1)0 (11
OC002
1)00 J
0004
()005
001)6
OC J 7
0008
i)CO~
00 l a
00 II
,}O I 2
00: J
01)(4
00: ~
0016
00 I 7
0<J 1:)
i}() 1 ~
',)c ,~O
00,1 I
01,; ::!l
00' 2 J
Uf':2"
00 ;,~s,l~;,6
or.~ 7
')0;: ~
OO~<)
.)0 JO
<)031
oJ I) J.2
I)OJ)

OMOS_l.5'(1 .-SORTII.-CCI I
CO TO t 64

1020,10105=1.5
164 EpOS=ONDS.EPSD

f;;PCH=O.O
IC=6
HE TURN
END

FUNCTION ~OUNDPICl.wR,D"'L.QM~tlgJ~~~;;~~~_1201.F~IZOI.FPRI"4EC20'
RR2-RR •• 2
O"'R=O~L/QMH
(= I
xl t ':tOMR/C21'joll./J.1
x (::IX I f I
X;!::Ixr •• 2
x3=xl •• ]
Fx( II=X3.C2-2.,x2.Cl.RRtXI_RR2~DMR
~~~~~e'IJ=)••X2.C2-4••XI.Ct'~RtRR2
J=I-I
IFfABS(FPRIMEfJ11.LE'."'l;lSIFl(IJIIIGO 10 5
DELTX~FXIJI/FPRI"4EIJI
GO 11) 1 0 ....-'

S OELT;(-=-X(II_FX(II/OMR
10 IF ( MJ5-( OEL T;( I .G T • 0.2 00';( I I I IDEL T x=DE LT;O' a 200."85'" I '/OEL r, ,X(II:xIJJ-DELTX •

IFIlo'GT.IOICO TO 12
IF(;(IJI.LE.I.OE-BI GO TO IERRDR=ABSIDELTXI/XfJI
Il"'CERROM.r.T •• OOOllGO TO 1
GO TO 15

12 IItRITEI6.1JI

I) FORMATfltlO,IOX, •• ~ NO CONVERGENC= APTER 10 ITER"'TlO"5 I"' FU"'OT10-t80UNOP •• 'I - ~ " ".
15 BOUNDP::. x I I I

IF(BOUNOP.LT.O.OI GO TO 20
RE TUR,,!

20 UOUNOP =0.0
RE TURN
ErlD
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CO~PRESSION GIVEN
A POINT IN ~ PLANE

IFIOMQ5.GT.2 .•01 GO TO 10
OM052",OM05 •• 2
BETA"'C4.0-0M051/{b.0-Z.0*OMOS)
A~B"'BETA.TD
lF (ARB. GT .TtlK IARtj"'ARUN{ FC. T~1K. TO.OMOS. OMOSZ I
RETURN

10 ARA"'TO.(Z.-Z./OMDSI
IF (ARB.CiT .THK )ARIl"'TUK
RE TURN
eND.

FUNCTION TO COMPUTE DEPTH OF THE EQUIvALENT RECTANGULAR STRESS BLOCK FO~
TO G~EATER THAN THE WALL TH1Cl<NESS

TOK=rD-THK
TR=TOK/TO
TR2=TfH.2
ALRT1=OMOS-OMOSZ/J.0
ALtjT2zTR.(OMOS-T~.OMOS2/3.0)
BETA1=(4.0-0MOS1/(6.0-2.0.0MOSI
BETAZ=t4.0-rR.OMOS)/16.0-Z.0.TR.OMOS)
RFI "'AL8Tl*F(;.TO
RFZ_ALBTZ*Fc*TOK \
ARUN=Z.0*IO.5.RF1.~ETAI.TO-RF2.ITHK~O.~.6ETA2.TOK))/(RF1-RF21
IF(ARBN.CiT.HO<.)ARBN=THI( ,
RETURN
END

FUNCTION AR~NCFe.THK.TO.QMOS.OMDSZI

160

5U~ROUTINE GAMalePL.EPH.EPD.GA~A.THeTAI
FUNCTION TO COMPUTE SHEAR STRAIN AND" ANGLE/OF PRlNCIPAL
LONG •• TRANSVER~E. "!;ID PFllNCIPA) •./COMPRESSjON STRAtNS AT

ELO-epL, •.epo (,/
IF(fLD ••LE.O.OIGO TO 160 ' /
EHO.EPH •.ePD
GAM"_2 ••S0RTtELO.EHOI
niErA _ATANi SORT( ELO/cHD I)
RETURN

T11ETA."O .0
G"M •••_d .• O
RETURN /
END

FUNCT ~I-ON-ARB (-0-"405 ~ TO. THK .Fe ).. -
~ FUNCTION TO COMPUTE oePTH OF THE EQUiVALENT RECTANGULAR STRESS ~LOCK FOR
C TO LESS THAN OR •• THE WALL TtilCIC.NESS
C

c
c
c
c

cc
cc

.000 2
.lOD 1
'.l004
0('(,5
OOC6
')(}07

,g~~g
00 to
0011
00 12
0013
O~t 4

00';'2
DOu J'
0004-
0005
orJOfJ
ouo 7
0008
00'09
CO t 0
001\1

OOvl

,
0002
0003
0004
0005
0006
0007
0008
0009
1)0 10
001'1

'OOcil

000\

....._--~-----_._------,~----_._..__ ._---_._--_.- - _ ..
0001

OU"02 .
000 J
0004

. 000'5
",Oc.{'I6

ooe7
OOGd.
000<,1
0010

ccc

J50

FUNCTION SIMP(X,L.O(~t1.H)

INTEGRATION USI,NG SIMPSONS RULE

~E"'L xlIO)
SUMX=O .0
00 3!SO 1(=2.L.2
K1"'K-1
1(2=K"1
SUMX"SUMX'tX(Kl1 .4.0.X(I('1 tX(K21
StMP::zDIVH"H":iU'4X/3. ~~
RETURN
END

OOOt
0002
00 OJ
0004
0005
0006
Qon 7
OCJGtj
000'1'
1)0 I 0
0011
r)vIZ

FUNCTION GUESS(F.UF.STR,EPVI
FRC"OP/F
StGN"FRC/A8SCFRCI
IF (ABS( FRCI.GT.1.0 IFRC •• t .o.s IGN
IF (At3S( FRC I .LT.O ,I IFRC-=O.I-SIGN
IF(STR.GT.EPV.ANO.ABS(FRCI.lT.0.2IFRC=O.Z.SIGN'
IF(STR.LT.O.OI GO TO 10
GuESS=STR*'l .O-FRC)
RETUAN

to ~ueSS::zSTR.(I.OtFRCI
RETURN
END

~Y_NCTIOt,r-PARAS! x3, xl, Xl, VJ. VZ.,';"I.F I

CONVERGENCE TEOINIOUES USED IN ITERATION ARt:
••• FITTtrH~ A PARABOLA THROuCiIi 3 POINTS
••• SECAr4T ~ETHOO

\

0001

0002
000)
oc. '::'4,)005
'JO 06
0007
OOOB
O(;I1Q
GO I a
110 I I
00 I 2
I}C I )
I}li I ~
Oi.-I:'i
Oe-ltl
nl) I 7
OC I 0
\lOI Q
VO.<!O
('1.1::'1
vlJ ~.:
.;It,;~'J
<.lC'.: .••
•.h;2"1
0(;'';:-''1
vl,,;~:"
,).) 20

c
c
c
c
c

IFIAt:JSII.-xJ/X21.LT, .IZ5 ,AND,F.NE.O.OI
0)(31=X3-XI
SX2J.=J(JtXl
SX21:J(2tJ(t
GADZ)" f V]-Yi?; I II J(J-lC2_1
Q1021 =( Y2-'/"1 I/f X2-)(1 I
A::z(Ci~OZ3-Ci~Olt I/ox31
A:(GRDZl.SxZ3-GR023.SXZI)/OX31
~ARAO"'V)-A¥X)._2_B.xJ --
IP(F.~Q.O.OI RETURN
OV=X3*l;llOZ3
IF( .• aS(PARAti-YJI.GT' •.••tiSIOVII GO TO 430
GO TO ,,~o

430 PAR"U=vJ-DY
450 IF(x).~T.O.O.ANO.PARAB.GT.YJ)GD TO 460

IF(X).LT.O.O.AND.PARAS.LT.v3IGO TO 460
RETURN

460 FRC-=XJ/F
SIGN"FRC/A8S(FRCI
IF (A6S (FF-ICI .GT .O.5IFRC"0 .5*S fGN
IF (ABS( rRCl.LT.O .05 )FRC=O .OS.SI GN
IF(V3.LT.0.O) GO Tn 40)
~~~AO=YJ¥(I .-FRel
ReTURN

463 P_RAB=VJ_II.tO.54FRCI
Rf.TUR'4
t:NO

CO TO 460
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INPUT DATA FOR TBU3 !

" .01102

., ,OOOl
••••• 11

'''.''1'1"" O. n
"';Ill ,I'

J .')fl

7"."lO'UO.O
;00.0

"'''''•••
."'.0
J.1l7

.1<1. J
1?~O.O
':)0. "
., .01 !III'
'IlO .0

".,
1~"lO.O
"00.0
., .001
I""~o."

-.OOO,!!

II I ., ",nVI TOIIONTO-O ••"I •••..•I}-.J •• IT51 ••••_C ••
'''.Il ]7.& 'I.'" ~.a2 II.HI

lo.ao ,.,,t I." I."I '.'5 2 •• q~ J) •• '

U.l'l ':3.2 'I'."
1603 ro.J "'z.o
20110.0 900.0 <'00.0
0.1111"" J 0.0l'2 0.00l.
7"J2 J7.' 60.'
.,.01l31 ]0'1<1.0 10<1.0

., •••••;.. &000.0 "11.0 -."lHIOl"
&'.0 7.62 7.6a 7.<1"
1,.0 1.'10

0.6<1'" • 1100.0

''I. 'I"9."
'J.6
16. J
10'10 .0
0.001" J
1.2Q
' •• 11

"'0.11
, .60

"

PRINTOUT OF INPUT DATA AND START OF OUTPUT OF THE
DETAILED PRINTOUT

\ •...................................
•• 'H'UClVA"'L co...:,,!! rll! ••
•• III!"'" 'N TOIl,I(IN " 8o!:NOlNG •
•• Olol.G/;INlL CO••lIOlll':~SILJ" ",tl.O ••
•• ANALY!!'S JUL.Y 1<l7d ••......••••••..••....••............. ....•...

'~~:~~. - TOIlONTO-ONSONGO_VNI1S IO<N-CloI

" N Til TT lS III HI CLII 0 TIN•..~::~~~~:::~~~;~~~ :;~:~:;~:: :::::: ~:;~::::~:: ~::::~~;:~:..
.SI II YSII I '"LYI II '"utll Uti' UN( II l!Pl,.YI II l!PSHI I •215.1500 O •• .].600 115.1100 1'11.20.000 <;100.000 of.'.51l.tll 6.1 1til! .tll; • a .20tl 0.1515,) .J.60tl 715••••00 1<;1.20.000 900.000 1.,f.Sl!-O] 6dJOl!.O.1I •• ,fo "I.1S0 '$5.200 '6.100 20'10.000 900.000 Z.691l!-Q] Z.OOO'!!-Ol, I •• ZO I'. SSO 55.Z00 76. lOa 2051G.000 900.00Q Z .A~Il!.Ol 2.0001!-01• I • .olD 2' ."150 S!l.ZGO 7••••J,)O 201510.000 "100.000 Z.691l!_Q] a.ooel!_O]• J .,,10 lJ •• 150 19.100 6Z .,)OG aOI <;10.000 H.o.OOO 1.9.11!_Gl I." "'1!-02

'" '" '"' "UH 'n I!SHH EPSHH I!"HY '"' ,~ '"'1.2110 1.OZ0 11.900 60.1500 1911S0.000 1520.000 0.0".000 0.00111091 ... ... ...
'C £"SO o,.t.U"Q PUPTO

J •• II'" G.OIIJlO JOS'hOoo 109.000--.__ ._----._---_.- ..•.-------_._------------------------------------------_._------------._----_._-_ ....-, T.GTOO T"'GNOM "' •• ". '" nil " TO"IN '"0.17!> 16.1.9J6 .000 .000 J;I.JI. IJ90.0.1 110.15111 110 •• 91 .'.0111 21 • .$09 a .'1 a 16.,715.. ," "" '" ,,. T"RO QUOTa Ol!",O"f] I!Pcell, , , , , 0.696 109.000 JOS9.000 2. JO!>1l!:_0•

...... .., .
SUMMARY PRINTOUT

'"''.•.•• }I)

S1d I
10. "' •
'''. I Q.....,..
.' •••.I}•••.n'
., 01"
0'. '1\'r. \"
It. ).".1,.
'/."":••.. .,J•.... ', .••••• "J
H•• , 1
•••••6'
•••••'12•...~..•
••••,J
" •• '11)..... "
'0:. •. ' 1
•••••I"
, ••••p,-•.......
" •• '1•••• < ••
''''. )0\
H•• ) J
•••• 21
•••• I -.
.' •• I ,
~";••• 1...''':
".'1 J.).,.,
'?.f.o}.1.. ~,
o),.\J _.,~.~"';
'Z •.' •..~." ,

--. ~------.---.i..1ii1Q;""'"'TfIU'~ll ..- i..,(JI"-~f"iTnr__1JrJ'1>.-!TtriTFlo;-.--~,..,..1l STP"'lS
.10 •• -1 '10 •• -1 .10 •• -1. ,'" •• -, .10 •• -1
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APPENDIX E /

EXPERIMENTAL DATA AND PLOTS

/
!
!

E.1TEST SPECIMENS

E.2 EVALUATION OF STRAINS FROM EXPERIMENTAL DATA

E.3\ SU~MARY OF STRAINS AND LOADS OBTAINED FROM TEST DATA
\

E.4 \VARIATION OF STRAINS IN BEAM FACES

E.5 PLOTS OF MEASURED STRAINS AND PREDICTED STRAINS AT MID-

POINTS OF BEAM FACES AGAINST APPLIED TORQUE

/E.l Test Specimens

The stirrups used in making the steel .cages were

bent careful and their dimensions were checked after bending
!

to ensure uniformity in the dimensions to within :!:2rnm., '

Fillet weld both s(des

380

Three inches of ,overlap in the
\

bent hoop were fillet welded

as'showl\. In the fabrication of

481

FIG. E.O

----
the cages the welded parts were

in the top face and they were

staggered on plan (see Fig. E.3).

To make the cages the hoops were tied to longitudinal
\

steel, with tying wire so that the hoop legs were spaced at
76 rom

~
centres. The central nine hoops were positioned with,

great care and using an accurately ma~ked pattern plate posi-

tions were marked for placement of targets to form the grids

..•



b h

SERIES nun rom

TBO 508 41
TBU 508 41
TBS** 508 41

------------- - ------- ----

1

o
3

TABLE E.1 MEASURED DIMENSIONS
......_-- .-- _._. --- _'_--.0_' _..__.__ "__ .._____.. __..

--Ib1 h1 tb .ts tt n2,b Chb Chs Cht .
nun nun rnm nun nun mm nun mm nun '---- --- ---- ----- ----~
480 380 76 76 81 39 16 14-/15
480 378 76 76 80* 39 16 14 16
482 381 206.5 254 206.5 39 16 13 16

\

TBU2 minimum tt = 60 nun

TBU4. minimurntt = 55 mm
series specimens were solid.

- ..-.b :~Chs
blChi

. 3 tt4 --,:~.:
'-

\
'-0.

II 2 rt3
~

'.h 's 2 "3 -•....•-n I

' •....•J ~f...
2 #3•

7 Us
Chb

hoops @ 76 mrn C/c

f-'....
CXl
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./ /

shown in,Figure 4.17 and 4.18.
/ //

The hoop"bar ribs on these posi-

tions were filed off and cleaned in readiness for the placing of
,

,thetargets used in the measurement of strains.

After the cages were complete the final overall
measurements over the central 1 metre of the span were taken.

, Also after the casting of the specimens the outside dimensions
, \

~f th~ specimens were measured.' The average values of these

measurements for each series of specimens are recorded in

Table .E.l.

E.2 Evaluation of Strains from Experimental Data

Figure E.l. is part of the grid'of targets for

measuring strains 'shown in Figure 4.15. Indicated are the

strains measured.

ROI

R02

FIG. E.l EVALUATION OF AVERAGE MEASURED STRAINS

..~"~ ':
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A summary of all the str,ains
/

mE7~sured
.'

for all the
specimens in tabulated in Appendix E.3;' With reference to

Fig. E.l the average ,strains were evaluated as follows:

The ave:rage longitudinal strains for,'row RLI is ER.l= i,
The average lon~itudinal strains for rowsRL2 and RL3

4
,E EUi~=l

were evaluated in a similar way.
1 9'The average transverse strain for row RHI is Etl = 9 E Et1,\ i=l ~

The average transverse strain for row RH2 was
similarly evaluated.

1 4
The average diagonal strain for row RDI is Edl = "4 E Edl,i=l ~
The aver,;;gediagonal strain for row RD2 was similarly obtained.
The- longitudinal strain 1

ER.3);average ER.= 3(EU + ER.2+

The strain 1 Et2) ; and theaverage transverse Et = z( Ed +

average diagonal strains Edl and Ed2 constitute a set of

" compatible strains which can be used to d'rawMohr I s circle of

strain. Note that average diag~nal strains cdl and Ed2 are

measured in directions which are mutually' per~endicular.

y

E

FIG. E.2 MOHR'S CIRCLE FOR MEASURED STRAINS
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From the circle it can be seen that,
/ ~.

~C"D"D' and hence C"D"~A'A"=y . If~t

6A'A"B" i~ similar to/ '.'

tension/strains are taken to

be positive then £dp will be negative; an~ assuming £0.2 is com-

presslve', deduce: £0.1+ £0.2= £~ + £t •....•..........•.... (E.l)

and the shear strain Y~t is evaluated asY~t=£~1-£d2 ...•.• (E.2)

Using equation (2.16) it follows that

\

Hence

= ~ (Et + E~) ... _. ;'

\

Thus from the measured diagonal strains the ~hear strain with
respect to the transverse and longitudinal axes is directly

obtained, using 'equation (E.2). With the shear strain deter-

mined and the measured average strains in the lon'}ituo.inal

and transverse directions, the principal compression strain is

evaluated by equatio~(E.3). Finally the angle of principal

compression is evaluated as

tan28p = =
Edl - Ed2---- ••••.•.•••••••.••..• (E. 4)

Et - ~E9.
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E.3SUMMARY OF STRAINS AND LOADSOBTAI~ED' FR9M TEST DATA
, .'

E.3.1 MEASURED TORQUE, FLEXURAL MOMENT, TWIST AND CURVATURE,

In the following tables are listed the torque, moment,

~wist.and curvature values measured for all the specimens

for all the load stages. The units used ,are kilonewtons and

meters. The angular deformations are given in radians per

meter x 10-3. The twist was measured by the metrisite over
\

'..1.75 ~eters in the central part o~ the specimen; and by inclin-

ometer readings on the top face over the central 0.61 meters

of the beam. The curvature was measured over the central 1.75

meters and also the curvature was evaluated from the average

longitudinal "strains measured over" the central 0.61 meteres.

'. .



Illl,TA "Ut. I I :>'-1 1 d;") 1
LS-= (, I 2 , • 5 b 7 :t 9 10 11r-orJMl:.'\IT/STM.T •• t •. tH ,J2 •.05 Jl~, •.I~11 l'46 •.14- 175.96 205. 29 2.J?•.97 25b.~O 287 •.::l ) 319 •.5.6 344 •.75 370 •.98t:hlD 4~ •. 1 fj . 7;,l •. L' B 111.St. /14.0•.'>5 170 •.01 19B..fJo 225 •.69 24'-)•.42 2 7~ •.17 "307•.24 331.-93 351.')5C U!< V •. ST A ••. T 1..1::: 2•.56 ~ •.H6 5 •.1 ? 6 •.48 7•.78 9 •. CQ l.Q- •.-iQ 12•.35 14 •.31 16.27 18 •.flHlNIl I • l.~ 2' •.56 3 •.')3 5•.24 6 •. "54 7•.85 <) •• 22 -'--10.72 1.2•.4Ft 14.44 16 •.60 19 •.34ST•.•• I. I:? ;:'•.00 ~ •.(11 3 •.64 4 •.45 5.22 6•.06 6•.95 <1 •• 00::; 9.0t> 10•.47 11 •.97

nr..TAFOO r)F A M T fW2

L ';= 0 1 2 3 • 5 6 7 R
Tr'H()lJE ST AR T 2.4f, 12 •.B4 23 •.6') 33 •.18 42 •.48 51 •.95 60 •.49 67.98 76.82Fr,m. 2 •.46 11.fl7 22 •.16 31 •.(\3 40.06 49 •.14- 57 •.34 64 •.'56 71 •.35
~"I)Mr::NT STAR T 4 9.4~ 88.55 12')•.42 165.20 200.~1 235.90 26B. 0 7 29f>•.33 329 •.60Er.lf) 49 •.43 R4.87 123.66 157 •.07 191.10 225.34 25~ •.23 283.4? 309 •.01
TII!.'I ST ST/lI~ T 0•.01 0 •.11 0 •.51 1.16 1•.95 2 •.75 "1•.35 )..qo 4.45

END 0.01 0.1 3 0.51 1.23 2.00 2.78 3 •.'35 3.85 4.251N::Lf\l•. 0•.01 0.15 0.83 2.06 3•.43 4•.93 6 •.1f> 7 •.25 9.44
r-iH:V •. 5TJ.rl T 1•.,:?:2 '2 •.06 3•.10 4 •.15 5.19 6 •.24 7 •. 2R B •.]] 9. ~9

Ef'lI) 1•.::'2 2.0b 3.10 4.15 5.19 6 •.24 7 •.28 8.48 10•.31
S Ho!. I •.22 2.34 1.58 4.50 5•.58 6•.73 R •.OO 9.1)7 10.5Q

n"'Tb. FOO rr 1\,/-1 Tno 1

L~= 0 I 2 , • 5 6 7
Tlln ouF. ST AllT 4.<.)5 24.59 46.'52 6q.3:2 96 •. OB 115 •.36 132•.84 142 •.65ErJO 4. »5 22 •.04 42 •.93 64.61 90 •.17 106.93 121.21 128.58,.,nME~IT sT A.~T 3(,•.10 "'4.10 95 •.37 127 •.88 166.04 19:!.~3 218.45 232.44ENf) 31') •. 10 60.47 90.25 121.16 157 •.61 181 •.51 201.A7 212.'311TWI~T 5 T AH T 0•.O~ 0.37 1 •.Btl 3.86 6 •.90 9.89 13•.93 17.92ENO 0•.02 0.37 1.91 4.C1 7•.20 10.]9 14.83 19 •.22IN~~LrJ•. 0 •.1)2 1•.25 .1•.71 6•.A5 11.64 16•.29 22.71 28 •.59':unv .. ST.\~T O •.H") 1•.52 2•.40 ".4? 4.55 5.61 6.55 7.40 •.....cNO O.1i9 1•.48. 2.36 3.34 4•.55 5.50 6.4,2 7.42 00":;Ta •. O •.HQ 0 •.95 2•.48 3.57 4•.61 5.56 6.52 7 •.64 VJ

D..\T.\ Fno IIF 11,"-1 TB04
\ L~= 0 1 " 3 • 5 6 7 8 • 10rr,r,of.jE ST A,HT 6•.83 2'>•.63 46.57 60.76 78 •.80 95.16 109 •.71 125.50 136.14 143 •.81 149 •.42 -",

fNn f.,.H~ 23.12 41 •.31 54 •.59 70.7:?: 84 •.29 98.70 112 •.51 124.36 132.00 132 ••98
'<In MF ~~T ST AI~T 22 •.1:?: 34.58 41'\•.46 57 •.86 69.82 60.66 90.31 100.77 107 •.82 112 •.90 116.6'3FND 22.12 ]2 •.91 44 •.97 5~•.78 64 •.46 73 •.46 83.01 Q2 •.16 100.01 1.05•.08 105.73
TW IST ST A,f.'T O•.O? 0 •.23 2 •.02 4'.11 7.06 10•.05 12 •.Q9 17 •.03 21. 02 25 •.01 29.55

ENf) O •.f):?: 0 •.23 2.12 4.21 7.1J 10•.10 13.19 17 •.38 21 •.4 7 25 •.56 30.44
INCUI •. 0.0;'> 0 •.16 2 •.76 5.22 8•.36 1I•65 14 •.9 ,1 19 •.71 24.49 29.42 3B •.16cur-v .. ST.\RT 0.55 0 •.70 1.38 1•.59 1.54 1•.54 1.38 1•.17 0.96 0 •.86 0.75 .:--......

[NO 0•.55 0.65 "'1.38 1•.46 1.4') 1•.16 1•.23 0.96 0.86 0.70 0•.75 ."'3TI-l •• 0 •.:;5 0.69 1•.43 1•.4;..9 ! •.'46 1•.)Q 1.30 (l.Q6 0.73 '.0.55 0 •.67
OIl,TA,FOR I1F A r", THO~

L5= 0 I 2 , • 5 6 7 8TPl..'OlJEST A,nT JI•(,f, 37 •.56 49 •.58 62 •.8A 76 •.86 90.60 1tt.15 129 •.81 140 •.2 7
F"ll) 11 •.f,f, 2" •.39 41 •.05 54 •.4 0 68 •.12 80.68 9Q.03 116.?A 125.60

:of{IMI"'l T STM.:T ft •.47 1 j •.59 15 •.C)6 111•.59 21.36 24 •.0A 28.14 31 •.Ji.l 33•.90
f"f'l[l 0.47 11.cn 14.28 16•.92 19.6'3 22.1 J 25.74- 29 •.16 31.00

TWIST ST4, •••T C.(l4 0•.79 3.6'3 5.63 7 •.72 9.62 12.61 15 •.60 18 •.10ENO 0•.04 0.84 3 •.66 5•.66 7.72 9.72 12 •.fl8 15.75 1f\•.?q
1 Nt:::l. N. 0.04 1.4-1 4 •./13 7 •.70 10.4] 13 •.17 .21•.64 24.79 32•.30(ur, V •. STAq T C •.~1 0 •.:31 -0 •.31 -0 •.t> 3 -1 •.12 -1 •.'l1 -2.43 -3 •.:'!7 -4.5'5

Et,lf) O •.~I 0 •. " I -1')•..\4 -0 •.64 - 1•.14 -1 •.6,~ -2 •.24 -~ •.25 -4 •.n4-
<;TI ....•. o. ~1 o. t '5 -0 •.57 -1 •.02 -1 •.55 -2 •.10 -1 •.01 -4 •.18 -f> •.6A



Il.'\ T:. r (-:.' -" '..~T ,'1 J 1

LSo: " • 5 , 7 " 9 10 11 " " 14 15
~"IG'.l• r .• (,4 i .;1. t. \-'"'O('.:.I :1~.;• r. ~ t ;-. G 1 :..",Ii. 11') 2~,,,,.(';,7304.32 111.44 ". <:j-;l. "i~ ::::i~'O,i 7 'd?7.-;1 419'OQO £"67.0~ "i21.~5 54H. en
LU~HI o • ;),~ ." ' •• I" -;,. :' ~j '-.• t I ,... ~•.. 7. I q ~. ":'2 <1.05 "i. rl9 .~••4 .l--(i'.20 10.•41 11.0e: I'?'. 0<) 23 .•9B

() ..)~: • c'.' -'O.1 ,~ • 4 :- ., • 1 .1 (, • ,',;1 7.3~~ 1;).04 '1.6c .~'O? ,) 1 ,j •• "ls,~' 1-:).6~ 11. H .12.19 13.72 0.00
1>/1.T .\F(lk lIr' '\M T till:?

L ,,:::: 0 1 2 , • 5 6 7 BTc- •.•.WJt:. STAi~r o.So 5.71 16.•54 27.00 3"'.47 57.70 78."'5 B8.90 100. ORENI) 0.'30 4.78 1'5.59 25.52 34.78 55.0R 75.81 P.5.52 96 .•1'3~flMt:'~T 5 T <\'1 r 42.(11 6:~.07 103 .•47 14~.51 17q.Hl 261.11 341.14 380.59 423.16EnD 42.t1! 5~.42 99.84 137.9g 173.32 251 .•OR 330.46 367.65 4'OA.•28rw 1ST STAh'T o. f) 1 0.04 0.16 0.51 1.]6 3.70 5.80 7.19 8. q9END 0.01 0 •.04 0.16 0.6J 1.51 3.95 6.34 8.04 9.44I tli""I.N. o • {)I n •.1S 0.56 1.51 2.47 5.75 8.62 10.54 12.04f"UPV. ~.TAr;;T 0.">9 0.98 2.03 1;07 4.12 6.21 R.•51 9 .•86 11.•4:'\Hlf) 0..<;9 I).<,;H 2 .•03 3~O7 4.12 6.21 8.61 10.02 J1.4R'~Tn.• 0.5(' 1).<)7 2.02 3.•04 3.•Q9 6. 12 7.99 9.77 J1).62
lJ~TA , np nr- At., TnlJ~

LS= Q 1 ) 3 • 5 6 7 8 9 10 11Tflj-.'llUI:STAh;T II •• nM 17.~J3 ;~:6~I, 57 .•90 74 .•12 104."1'3 IJ4.34 160.56 170.04- 187.51 194.88 207.25r:: HI) 4.Q~ 15.72 53.95 69.4-9 98.92 127.51 152.26 162.49 179.44 186.76 196.08MO"'7:'ITSTM,JT 3"'.•1A 54'Of:4 8,13.41 112.20 135.51 179.63 222.04- 259.6? 273.31 298 .•41 309.00 '326.77r /'ll) :lo.ltt '>1.61 B"3.hS 106.53 12ft.56 171.14 212.21 247.77 262.47 286.62 297.34 310.72Tw1ST STAf.T O. I 1 O.~O 1.95 3.94- 5.94- 9.8A. 1'3 .•92 17.•A6 19.•90 22.89 24.flQ 27.88FNf) (' • 1 I 1').30 2.10 4.09 6.19 10.13 14.27 f8. -41 20.•35 23.49 25.44 29.03I Nr:LN. 0.11 0 .•51 2.70 5.16 7.49 1!.86 17.01'> 21.4-3 23.75 26.90 29.36 3).05::URv. STA;.;T O. ,:",I 0.77 I.e6 2.7J 3.~? 4.57 5.•92 7.19 7.82 8.76 9.35 10.21(-t .•D 0.'01 0 .•77 1 .•86 2.73 3.39 4-.57 5.•92 7 .•19 7.•82 H.76 9.35 10.21sn". (\. ')1 O.ll4 1. as 2.4 <) 3.12 4. I9 5. J'] 6.07 6.51 7.14 7.27 7.78 ~OAT •.•.FOP Hf'M.l T 1It)-'\ 00
.<0

L 5= 0 1 2 3 • 5 6 7Tflf.OUE STAP T h .•2R \ 25 .•16 44.40 64.51 137 .•90 160.?-4 183.64 195.1 '5FUD 6 .•?/'l '22. A2 40.52 77 .•R6 128.111 148.73 170.66 182.25MfIMC"JTST AI.•T 21 .7"6 .]4.27 47.02 7".61 109 .•00 123. 81 1)9.J2 146.95
F! II) ;'1 .7(, )2.72 44.45 69 .•21 10~.56 116.18 130.72 138.40T~vl<;T SiM,T O.ll 0.43 2.•53 10. J 0 20.0R 25.07 31.05 '36."'\4-
t:~ll} 0.11 0 •.4 :3 2.63 1(I.~1 20.4B 25.46 31.£'5 38.8]

rtYLtl~ O~I"3 I:' .4 " 2. ~5 10.00 20.:'9 25. 17 .11.•87 0.00ClJl-lv. STll,~T o • ~.I O.~9 0.94 0.85 0.4() 0.•08 -0.43 -O.9A
[-~1I) o ~'j 1 0.39 0.94 (\.76 0.•21 -0.15 -0.70 -J .•6J '-"';TP'O 0.11 "0. f. ':5 1.25 1.•14 O.AI 0.71 0.J4 0.•12

"-nl\ TA FOP flEAM Tf1U<)

\..$= 0 1 2 3 • 5 h 7 B 9Tl~F(lUr $TArH S.S~ 4(.).00 5J .•70 76.34 10.1.b8 J28.04 !4R.5R 171 .12 !7H. 4R 175.42E:'''10 5.'1::' )7 .•36 45 .•64 69.2k Q4. ?5 ! J 9.74 139.60 159.50 166.07 167,.~O."lfIMENTSTAPT 7.2S 15./15 16.18 21.25 26 .•27 31 .• 4R 35.54 40.00 41.46 40.85Ff'lll 7.•75 11 .•~5 15.38 10.•A6 24 .•AO 29.A4 33.77 37.70 3<.).00 39 .•'~4TWIST STAPf C'.12 O. -rt1 5.10 10.09 15.08 O .• CO 0.00 0.00 0.00 0.00rNr) 0.12 1 •0~ 5.27 10.42 15.24 20.21 25.)8 36.02' 48.22 56 .•04
TN'l N. C.12 ().•7f1 5.15 10.•49 15.55 20.47 21").2J 36 .•71 48.90 0.00CUI<v. STAf.'i l) • I ('l 0.19 -0.136 -1.73 -2.A2 -3. t',5 -5.02 -10.('9 -15.99 -18.91["Nf) 0.10 O.IQ -1).9., -1.fi2 -2.73 -3.7H -<;.11 -10.50 -lb.49 -IA.ql';Tt.' • ('1.1 O' 1).84 -1.57 -l.~1 -.l.6e -5.20 -5.74 -11 .57 -1H..66 0.1')0



---

OA TA FO" PoE A'" THS1

LS= 0 I 2 3 4 5 6 7 • • 10 11T()~()UE ST"rn 12 ••71 eO ••54 100 ••56 111 ••77 122.61 133.99 147.0] 163 ••4 7 176 ••71 186,.05 ,196.77 202 ••91t;'ND 12 ••71 71.60 91.63 102 ••02 114.01 123.95 136 ••4 0 151 ••21 162: ••97 175 ••13 182 ••03 18A ••13l-1nMENT~:TAqT 34 ••37 79 ••39 92.59 100 ••(')2 107 ••21 114.75 123.39 134.29 14] ••06 1 50 ••58 156 ••36 160 ••43END ]4.37 73.40 86.67 93.56 101.51 1OB .• 10 116.35 12~ .16 131.95 142 ••01 146 ••59 150 ••63TWJ ST Sf AFiT 0.01 1.00 6.09 10.0B 14.07 lR.06 21.04 29.4 '1 35.41 41.40 47 ••38 53 ••86FND 0 ••01 3.05- 6 ••39 10 ••48 14.47 IB.46 2~.39 29 ••.98 35 ••96 41 ••R9 48 ••08 54 ••81INr.Lr~. 0 ••0! 2.20 5 ••21 8.08 10 ••27 13.27 15.B7 19 ••70 24 ••07 27 ••50 32.41 37 ••20r.URV. ST AM T _0••52' 1 ••75 2.46 2 ••6Q ' 2.85 2.98 3. 06 ].1.:) 3 ••20 3~IO 2.A9 2.51ENn 0.52; 1 ••73 2.38 2.61 -2.80 2.62 2.9; 3.02- 2.97 2:.64 2 ••54 2.12STR. 0.52' 1 ••77 2.35 2 ••49 2.36 2 ••35 2.43 2.21 1••9'1 1 ••89 1.5A , .15
nAT 'I, FOR fJF AP~'TAS?

\
LS= 0 1 2 3 4 5 6 7 • • 10TORQUE START '1.28 I, 44.:FJ 92.24 109.95 123.16 146.67 171.74 201.00 215.74 208.96 180 ••77END 11 ••28 40 ••) 4 75.09 100.44 11 5.45 13(,.23 ) 59.89 186.09 197.66 190 ••51 , 66 ••07MnM£~T STA,r..T 3~.42 ,55 ••36 80.45 98.R2 107.57 123.16 "139.77 159.16 166 ••en 164.44 145 ••75EtJO 33.42 52.55 75 ••71 92 ••51 102.46 116.23 1 31 .91 149.28 156 ••96 152 .21 136 ••01TwI ST STArn 0 ••01 0'.6] 3.00 fl••73 13.97 21 • .32 31 .17 44 ••88 57 ••4'1 72 ••'31 105.72F-r,./f) O.O! 0.63 3.12 9.23 14.34 21 ••70 31.79 45.63 58.35 73 ••56 106 ••96I t~r:LN. 0.01 ,0 ••28 ' 2.33 7.80 9.72 14 ••50 21 ••06 29.95 40 ••47 62 ••76 0 ••00(UI~V. STA.RT O.4~ 0.67 1.69 2.:n 2.6] 2.55 2.23 1.59 0 ••54 -3 ••67 -22 ••80r:,~IO C••4~ 0 ••59 ,1.66 2 ••31 2.37 2 ••27 1 ••97 1 ••16 0 ••07 -5 ••~4 -24.90STn. 0 ••4] 0.77 1.71 2':19 2.17 2.09 1.47 0 ••72 -O ••lq -2.11 -3 ••10

DATA. FOR nE,A,MTRS3 •....
00' LS= 0 I 2 -- 3 4 5 6 7 VlTflROUr-\T ,1nT 5.'52 52.54 100. AS 14H ••06 195.53 238.97 244.61 214.69 "-,END 5.52 48.81 93.32 1 J7.95 184.40 223.08 22Q.41 199.14.•••C'Mf:~T 5 TAPT ?9.60 60.45 92 ••15 123.13 154.28 182 ••78 1B6••48 166 ••85 ,

F.I'lf) 29.60 58 ••01 87 ••21 116.50 146.97 172.35 1 76 ••51 156.1')4
TWIST ST,A.RT 0.00 0.50_ 2.99 11 ••97 20.70 31.67 39.27 56.60E"lD 0.00 0.50 ?q9 12.10 21.20 32.04 40.40 57.47INr:LN. 0.00 0.50 2.41 11.71 20 ••137 33 ••45 3<}••7] 49.17Clmv. ~T A.~T o. ~3 0 ••49 1 .64 2 .•16 1.64 1 • Ct 0'.01'} O. 00

~'"END 0.2 :3 0.49 1 • f-. 4. 2.00 1 .48 O.A5 0 ••00 0 ••00 ",c;n:t. 0.23 0.67 2.03 2.14- 1. ">5 0.72 -0.11 -2.21 -"
0" T.' FOR flI"' AM TnS4

L'5= 0 I 2 , 4 5 6 7 8 • 10TOr.UUE STAi<T 11.06 30.06 61 '. 38 71 .10 76."16 86.? l 99. 1 0 110.72 119 ••79 t 24 ••88 119 ••87FNO 17.16 27.76 54.59 63.53 69 ••00 77.27 B8.Hl 97 ••91 1 06.20 110 ••00 104 ••93MO""r-:NT~TAr<T 33.1')3 45.70 66.25 72 ••63 76 ••47 82.56 ')) • 0 1 98.62 104. 5~ 107 ••92 104 ••63
EI'lO :n.?3 44.1 C) 61.80 67 ••66 71.25 7(,.68 84.25 90 ••22 95 ••66 98 ••15 94 ••83TwIST 5T4FT 0••02 0.22 1 • 92 4 ••0t 6.90 10.90 IS.88 20 ••87 26.85 34 ••43 49 ••79'r" NO 0.02 0.27 2.02 4 • .)1 7.35 11.29 16.1~ 21.42: 27.~5 35 ••13 50 ••49INrLN. 0.02 0.'57 2 ••()0 5.77 9.87 14. 10 20 ••'26 26 ••27 35 ••29 45.82 75 ••21r:UI:iV. STAqT (I.H1 0.96 1.54 1 ••95 2.1 1 2. 1 1 2. 1 1 2 ••01 1 ••90 I ••70 -1.70,NO O.rH 0.96 1.59 1.96 1.96 1.96 1 •ql, I ••R5 1.,85 1 ••'>4 -2 ••22'; Tn. O.HI o .9B 1 • ()2 2.25 1.55 1.06 1.28 O.h'! 0.70 0.45 0.46

-;, •• A



E.3.2 MEASURED STRAINS

186

/
I !

In the following tables.arelisted the' strains measured

from the target patte~ns shown in Figures 4.17 and 4.18 for

all the section faces of all the beams at all the load stages.

For any particular type of strain such as longitudinal strain

in the top face, the strains at a given load stage for a par-

tic~lar row of targets, the number of strain readings in

that'row are listed below the title of the row. If it was

not possible to obtain readings of strain over any two tar-

gets in a row, the listing will have a zero entry for that

position. All the strains are listed in units of 10-3.
Figure E.3 shows the positions of the targets on the steel

cage for a side face and the top face. Steel studs, ,inside plastic

tubes with springs to enable easy extraction, were glued on to the

hoops and waxed to keep moisture out. These studs were replaced

after casting by brass targets 'from which strains were measured.
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!In this section the average strains for ,any beam face

E.4 VARIATION OF STRAINS IN BEAM FACES
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are plotted so as to reveal the variation trends of the

measured strains on the sides. Plots are made for all the

TBO and TBU series beams at approximately half capacity load-

ing and'at approximately capacity loading. For the TBS series

plots ,are given for the near capacity loading case.
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SYM80L
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EO FOR CLARITY
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S
6
4
4

AIN
STEEL
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AT APPROX. HALF CAPACITY LOADS

FOR TBU .SERIES

.2

2
U4, LEGEND.
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. /5'
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E.5 PLOTS OF MEASURED STRA~NS AND PREDICTED ,TRAINS AT
MID-POINTS OF SECTION FACES AGAINST APPLIED TORQUE. .
The following plots give the complete range of the res-

ponse predictions for all the beams tested and the correspon-

ding measured val~es for comparison. In the plots of test

data s~parate lines~re plotted for the North and South faces.

These lines are evidently in close agreement. For the model
. \predi~tions for the section with one axis of symmetry, the

values for the mid-points of the North face and South face

are identical and have been referred to as side face values.

It should also be noted that response predictions were made

for the spalled and unspalled section dimensions for each

beam. The spalled predictions are plotted in thick lines and

the unspalled in thin lines.
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