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ABSTRACT

The problem of a dielectric coated linear antenna has been investigated in
several steps. In chapter 1, the scattering of an obliquely incident electromagnetic
wave by a composite cylinder has been studied and the general result reduced to
simpler forms for certain special cases. In chapter 2, the simplest case of an
electric dipole within a dielectric sphere and a cylinder has been discussed. In
chapter3, anintegral eqﬁation for the current distribution o_n-a dielectric coated
antenna has been formulated. When the antenna is infini.tely long, the integral
equation Yiélds an explicit expression for the current distribution in the form
of an integral. The asymptotic behavior of this inteéral has been investigated and ...
the drivingl point admittance plotted for a set of different parameters. An appfoach
to thes solution of a coated antenna of finite length is indicated.

A brief review of the problems related to plasma diagnostics has beén pre-
sented in appendix 1, The problem of inhomogeneaus coating has been discussed

in appendix 2 and 7. Several other appendices show the various mathematical

details. .



CHAPTER 1 ' Y

. SCATTERING OF ELECTROMAGNETIC WAVES b

BY A COMPOSITE CY LINDER*V | !
In many problems related to space exploration and guided missiles, one is " ,
interested to kﬁéw the scattering cross-section of a re-entry vehicle }y covered
with a plasma sheath, or the kind of dielectric coa.ting-one' should have in order:
that the géattering cross-section may be 'appreciably réduced.

- The problem of scattering of ele)ctroma.gnetic waves by ob;.tacles have
received attention of various authqrs. 1-9 Many of them, however,' treated the
case of normally incident electromagnetic waves only. A consistent approach
to the problem of scattering by cyiindrical structures has been described by
J.R. Wait. 10

The problem to be considered in this chapter is that of scattering of an
obliquely incident plane electromagnetic wave to a composite dielectric cylinder.
The approach is similar to that of Wait, 10 who treated the problem of a single
dielectric cylinder,

1.1 STATEMENT OF THE PROBLEM AND FORMULATION

The geometry of the composite dielectric structure is shown in figure 1.

Az

I‘L' e, €4

-~ M2, €,
MENN
I < 7
S

Figure 1 - Composite Cylinder and the Coordinate System

*This ardcle. with stight modification appeared in reference 14,




A plane electromagnetic wave is incident on a composite ' infinitely long c';rlinder

making an angle ¢ -with the axis of the cylinder. "'

Let - i
i ' ' :
E = incident electric field '
¢ = unit vector along the direction of Ei
k, = propagation vector
f = angle of ingidence

g‘lwill be assumed to be parallel to the plane ¢=10
i.e.;, = in the x-.z plane. .

Since the H field is assumed to be perpendicular to the axis of c,ylind'er, the wave

“will be called TM wave. When the Efield is perpendicular to the axis, the wave

will be termed a TE wave. The equation of a plane wave is

. nd g
»1 ~ _ik, 'R . : !
E =¢eE e

In circtular cylindrical coordinate system

X = rcosch; ¥ = rsingy; z = z

. "i ~ -
"E = eEoexp'[ikozcos@—i/\orcos¢]

(1)
. Where , =

,\O-,:kosinﬁ .

Using the expansion of

e"'i z sind {see Ref. 12)

e—iz sin @ — ; e—inBJn (Z) (2)

n = —o0

one writes

. A‘ - [ m ¢ ] .
—1 £sin { — — o ) .
e 2 S R 8 A )

n = —so

—1 A I cCos
e o ¢=

9. (3)



Substituting (3} in (1), one obtains i

E =eE, I (-d"],(0F, L@
where
F, = explik, zcos@+ing]
i
Therefore, the z-component of E° will be

+1 g

Eiz = E - ; = E sin,G 2 (_i)n Jn (Ao l’) Fn . I (5)

(s

Since the cylinder is of infinite length, there is no discontinuity along the z-direc-
tion, As such, the z-variation of all field componerits must be the same as that of
ikoz cos 6 .

the incident field, i.e., according to the factor ¢ The z-component of the

scattered field will then be -

Ej = % ang_ll)()\ 1) F, (6)

n = —oo
aS is a coefficient to be determined from suitable boundary condition and Hf.,l) (Ag 1)
is the Hankel function of the first kind, defined as H{D (A9 =J, (0 + iN, (A, D),
where J (A, and N, (A r). are two independent solutions of the Bessel equation.
This function is cho.sen to ensure proper -behavior of the w‘ave at infinity. Hence-
forth, the superscript (1) from HI () 1 will be omitted.

Because of the assumed polarization, the z-component of tﬁe i field is zéro.
The z-component of the scattered .field, however, will nof in general be zero
except in the case of normally incident wave or of a perfectly conducting cylinder. 13
Thus, even thoug_h, the incident wave is purely TM, the reSultant-field have to

be constructed+as a superposition of a set TE and TM waves.

<10~



Therefore, (the summation in the sequel runs from n = ~-x to + = }°

i
H, =0 .

n | 7
HS = S bSH, (A, 0F, (7)
It is now necessary to relate the other field components with E‘z , E;, le and

,- To do this, one starts with Maxwell's equations and obtains the following

relationships.

E 1 _‘a OE, . oH, - _ !
6T 35|17 T m .

1 . a aHz . aEz (8) ;J
'H¢'= —_— | — —— tiwe - "
k2 _ a’2 r do¢ ' ;
In the above k, u, ¢ are the properties of the medium and a— =ia. For the
z
iko z cos
present case, the z-dependence is as ¢ . Then, a= kycos@. Itis

now easy to write the ¢ component of the incident and the scattered field.

- Thus, f-rom%(S), (6), (7), and (8)
—an E, sin @ ()" J, (A, 0 F,

Fy = = . - | (9
r)\cz) ' :

—an ag . 1w bn
S =2 .= H (A,t)— —— H' (M 0|F : (10)
E¢’ ’ ,\2 oo Y n ‘"o n :

r o 0_ -
_ ik E, sin@ i
HY =% —— (-] (A, OF
o) Wi A n ‘%o n
00
12

HS = £ =% bSH, (A 0 o a) By (A 0) | F (12)
o) r”}\vz ntnto T @iy Ay n 'n "o n

. 0

-11-



The prime sign with ], and H, indicates differentiation.and as indicated previously,
the summatiorn runs over n from_ =o:i t0 . Thus (5}, (6), (7), (9) - (12) are the
field representations in Region III. Since the radial components are not required
for matching boundary conditions, these have not been set up. It is now pljossible
‘to set up the field components in Regions Il and 1 following’ the same principles
-and observing that in Region II both J,’s and Hy's are permissible solutions and
in Region I, only the J.’s are permissible solutions, These are

Region II

B2 = by J, (Ay 0+, Hy Oy 01 Fy . . (13)
HZ = Sla J, 0 +e, Hy (Ay 01F, (14)
EE;)- =S I_ by Ja g 0 + g Hy (Mg 0]
. r)\%
. lop
- X [ag Jp (A ) + ey Hp (A ‘)]}Fn : (15)
- i k2 an
H = X —— b J.(Ar H’ - A H_ (Aqr F
& [wﬁz X [by T (Ag0) + ¢y HI (A50)] 1:7,\‘22 [ag Jo (A ©) + &g Hy (A )]} n (16}
Region I *
ED) = 2d ] 0y OF, (17)
HD = Sf_J () ) Fy. {18)
gl - % R S O lag ‘(A O | F | \
¢ T2 dp Jp (A8 = A nln(A e n ,(19)
- ik
H =2[ 1) = £ T, O )]F
o) g Al dan.( 1 “\1 nln lr. n (20)

-12-



All summations run overn from -ix’ to &/, and the superscripts (1) and {2}
indicate the regions in which they are valid.

As. indicated previously

d =k, cosf A, =k, sinf

M

n

(k% - lt:::‘z:mcos2 6)1/2 , Az = (k% - kg cos? 6)1/2

1
1]

exp [ing + ik, z cos 0]

a,, b, etc are suitable cqefficients to be determined from the boundary conditions,

These are R
H;H§=H§%H;+H;=H$? |
(2) at r = h : (21)

i s _(2). i s _
EZ+EZ_Eg),E¢+E¢_E¢

MY D) - g | | (22)
B2 - g1, g _ (D at = a
¥ 270 S &

1.2 DETERMINATION OF THE COEFFICIENTS

Since atr = a, Eg) = EE,_Z), one must have:

b3 dy J,(A; a) exp ling +ik, zcosf] = X [bn]n(‘\za) + ann(:\za)] exp[ing +ikozcosﬂ.]
Multiplying both gides of above by e 'P%and integrating with ¢ between the limits
0 to 27, the above reduces to

dy Jp (Ap @) = by o (A 2) + ¢y Hy (Ay a) (23)

- In a similar manner, the boundary condition (21) and (22) applied to the proper

field expressions yield the following:

fn Ia ()ll a) = ap ]n ()Lz a) + e, Hy (:\2 a) . (24)
top
dy Jo (A @) + T fyJa(A a) =
a )\1 1

-13-



=7

fap

n ﬁ
.- aﬂ [by Jn(Aya) + cuHy (Aga)] = —— [ay T () +egHi(Apa)]  (25)
a 2 .
ik dy 72 (A ) £ ] (A
—— a) —
wpy A »Jn l a Af " n‘la)
2 26
= [bn]r;()\z a)+ey Hy(Aya)l- = [an]n()\z a)+e, Ho (A5 a) ] (26)
Wi A aA3 o
Eg sin 0 (=) J, (A, b) + a3 Hy (A, B) = by T, (Ay b) + ¢, Hy (A, b) (27)
by Hy (A, b) = a J (Ay b)Y +ey H (Ayb) ] . " (28)
om iwp .
— [Eq sin 6 (=) J; (A, b) + a5 Hy (A, B)] + by H/ (A, b)
b Ag (]
an Lop
-— [y Jo Ay B)+c Hy (Ao b)) + - lag T (A;b) +e  HI (A, B)) "
b:\z 2 7 (29)

k2 .

! ko - 01 4 - . an

[Eg sin @ (-i)" J; (A b) + a5 HY (A, B)] — —— b H, (A, b)
@ g Ay : b Ag

ik? n

. = " [bn]r;()tzb)+anr;()\2b)]——Z[an]n()\zb)+ean(A2b)]
©@H2A2 bAs
- (30)

d

There are thus eight equations (23) to 30} and eight unknowns a_, bys ¢y dps

e, f,, a2 and by . By manipulating the equations and using the value of the

“ot

Wronskian,

’ . 21
Jan Qo BYHI (A, by = H (A, B) J (A, B) = m

‘the above eight equations may be reduced to the following set:

LT -14-

N



Ay bn""Bn‘.cn = Dya, +E e -

Hyby +Gpep = Bpa, +Bye,

Ln bn+Mn €, = Pn a, +Qp €,

R, bn+Sl_1 €y = Ln a, +Mpe, - T

where a, b and e

n ns ©

n n

defined as follows:

‘n F 1 17T
An = "";‘ Jn_(‘\z a) '—2 - ‘\—2
2

M

fem ) 1
Bn = '_a" Hn (Az a)‘[—

are the unknowns and the quantities A , B, etc are

1]
-1
A5

. t\%
fe, T dew Ty @
D, = —— J (A;a)~ Jo (Ay a)
n ‘\2 n P f\l Jn (‘\1 a) 1] 2
fep iwp;  Jy(A a)
E. = e H'(A;a) - : H_ (A, a)
0 '\2 n A I\] J-n ('\]_ a) n 2
ikd (A ) i k3 B )
H = .. , T, (A a) - Ja(ay a
Toemh JpGye) 0 wpghy 0
ikd J7 (A a) ik
G, = H_ (A, a) — H' (A, a)
L =2 5 0,0 [=- =
)
Moo= 2 u o) [— - o
n b 0 pi [ 2 = /\%]
o .
Tep iop, Hi (A, b) b
: ‘\2 ? ’\o Hn (‘\o b) .
iwp_ imp.o Hf; (f\o b)
Q, = HY (A, b) — : i H (A, b)
’ '\2 ’ ’\o Hn- (’\o b) -
ikZ  H (A, b) i k4
R, == (A; b) = — Ta (A5 b)
? ®po A, Hy (A b) T (2 m'u2’\2 02 - '15—

(31) -

(32}



ik2  H/(\,b) i k3
S, = v Ho(yb) = —— H (A, b)
B wp, A, Hy(a by T2 Wpy Ay 02

2k2(-i) | E,sin6
T, = —— — =
Top, b Ag H, (A, b)

The solutions for the unknowns may how be formally written down.

1] B, -D, -E,
1] G, -A, -B,
0 Mn _Pn _Qn
b "'Tn Sn _Ln _Mn
n - A .
A, 0 =Dy -E,
H, 0 -Ay -B,
‘ I"n 0 -P n "Qn
Rn _Tn "Ln "Mn
€n = 3
An B, -E, Ay B, -D, 0 (33)
H, Gn 0 -B, H, Gn -A, 0
L ]
Ln Mn 0. —Qn Ln Mn "Pn 0
R, Sn —Tn -Mn o Rn Sn —Ln ~Tg
®n = A n:— A
An Bn _Dn —En
A Hy G_n‘ o o=4Ag -B,
 |Fa My =Py -Qq
Rn Sn _Ln "Mn
and || sign represents the determinant. Once a, bgs ¢, and e, are known,

the other unknowns may be easily found. These known coefficients may then

be substituted in (5), (6}, ‘(-7), and (9) to (20) to obtain the-different field

components.

-16-



This then is the complete forma.i solution of the gen'era.l problem. The result
for the case of the magnetic vector in the ¢ = 0 plane and the electric vector
along the y-direction may be obtained using the analogy between the magnetic
and electric quantities, namely, by substituting in the above resultsH forE;
-E for H, a.'ﬁd ¢ and ¢ interchanged throughout.

1.3 SPECIAL CASES

It is interesting to see how these complicated results behave in certain
very special cases:
Case 1 - If one lets uy = p,,%¢; = ¢, , the above problem should reduce

to the problem of a single dielectric cylinder. With the above substitution,

{32) becommes

A Ja (Ao @) .
. — a — = —
n a n o] A% ‘\2

B, = 2 H (A )[1 ]
=« 2| — - —
1 n ‘Yo
2 2
a A )\OJ
Towp, iop  Jr(A a)
D, = T (X, a) ~ T, (A, a)
n 1\0 n (o] Al J'n (Al a) n 0
fwpt, iwp,  J;(A 2)
E_ = H (A a) — H (A, a {34
n A-o Il( Lo ) A-l Jn (A-l a) n (o] ) )
ikf Iy A o ik2 oo
F_ = a) — ‘(A a
n GJF}.I I\l Jn (Al a) Jn ° CIJ,LLDAO Jn °
. ik Ji0g e oo ik2 e o a
= a) — a
n @y Al Jn (Al a) nto Ay Ao n*o .
L, = M, =Q, =S, =0

~17-



.2mpo

Ph = .__2_...._...___
mAz b H (A, b)
2k2
R = —.
n 2
mop, A2 bH, (4 b)
2, \n .
2kg (—1) E, sinf
T, =

rrcépo Ag b Hy (A B

Therefore (31) reduces to

A b+ Byc,-D,a, —E e, = 0

jan)
o
+

Gy, —Aja, —Bye, =0°
P_a =0

R.b. = -T ' (35)

11 n

a, =0 -
by = (- E_ sin 6
k
7]
bﬁ = e, = 2 E, sin § {0 2 [.l - _l-J _nees?
G'JP'.O ‘ ?7V2 l.l2 V2 [Hn (V)]2 D
H_ ()
f,o= bS —
NS
: , , (36)
H () K Ja ()
I, ) VH, (1) w ], (@)
a: =c, = (=D E, sin 8 |- + 21
Hy ) - [Hn (1})]2 D

d. = [E,sin@(=i)" J, (») + aJ H (W] .
Tp (0

-18-



Where

HI) ¢ I || He N2 Il
CIvE ) T w T, | {vH ) uK T, (W
1 172
- [— - —] n? cos? 6
02 2

- 1212 .
N = ki/kg, K = py/p,

These results are, exactly what one expected and agree: with Wait's, 13 the
result for a single dielectric cylinder. The corresponding results for normal
incidence may easily be obtained by lettirig 6 = 90° in (36). The back-scattering

. cross section for this infinite dielectric cylinder may be defined as

s
' ] ES P omni (37)
og perunit length = lim 271 [~— = :
£ oo E! st

where P$ . is the total power re-radiated per unit length of an ideal omni-
directional scatterer that maintains the same field E® at a radial distance r for
all values of ¢ as that maintained by t_he. actual scattering cylinder specifically

in the direction toward the source {¢ = 0}, Thus, for the infinite cylinder under

consideration
e ’ 2
p) ag H (X, 1) expﬂin¢+ikozcost9]
.- . Nl = =t
og Perunitlength="lim *° 2#r E g m ik P
I+ sinfle 1 z cos@ —{k_ r sin @ cos
8=mn/2 e R ° ¢
% =0
2
o3 1/2
2 ™ nm
2 aj : exp [ik, t—i ( = + —)]
n = —s0 mko £ : . 4 2
= 27r — .

E, exp [-ik 1]

where the asymptotic expression for Hn(l-:‘3 r) has been used. Since only the

- absolute value is of interest, the above reduces to

2

o0
2 ad

I = oo

' .4
og per unit-length = —=
oo

=]

-19-



4 =]
- | =
Eo ko n=0 En a'l'1 (38)
4 > 2
= ——— __h n
s nfo en ()P W
where
€ = 2 for n# 0
=1 for n=0
and
W, = ajl|E; (-i)"] e
With e:% and y; = y, (assumed), from (36)
ay Jo () ) |
W, = = = — + 2 - .
E_(=i)® Hy () 5 LTHIG N2 5w
° 2 [H, ()72 - =
vH () uK J, ()
. =_k1 To Gey ay By, (kg @) + 2k Ty Gy a) T (k@) (39)

ky T ey @) Hy (kg a) = kg T, (kp ) HY (k, 2)

This result agrees with King and Wu's result in ref, 9 p. 69.

Case 2 - Highly conducting cylinder with a dielectric coaxial cylinder outside.

;!

This is the most important case. Here in Region 1, one assumes -— 55,
ClJfl

2 3 E) o

k=g 7 (am ) Tieme

L iewg)

ki?/kg = -+ very large !

@ g €5
M=k -k2cos? 6 Tk} ¥ iap o

With these restriction, (32) reduces to the following

an Jn (‘\2 a)
Ta

2
A

-20-



G

n

Ln’ M,

n

I

B

R

n

an
- -
a

iwp

Ay

iwp

2

i1 2
1k1

wpy A

2
1lc1

+ Pos Qn:

H, €A, a)

A
Jr; OLZ a)
Hy (4 )
I (A )
(Ay a) —mmee
Jo o2 T
IL Oy @) |
H, () 2) —— (40)
Jn (A'l a)

Ry S, and T, are the same as in (32).

One may substitute (40) into (31) and solve for the unknowns., From (40}

it is apparent

=l=>' Dmlﬂm

=

€n

~

R

Hn U"Z

To (Ag

By

Hp

P~

a) B
a) A

0

Ja Gy i (g )

Cad

— b e, ¥ - ——— a
Hy (g2 70 ° HiGga) °

Before solving for the unknowns, some comments regarding the boundary

conditions at the surface of a perfect conductor are in order. At the surface

of a perfect conductor, the tangential components of the electric field and the

normal component of the B.field must be zero. The normal component of f) is

zero inside the perfect conductor, but is not zero, in general, just outside the

conductor, because of the presence of the surface charge density. Likewise,

the tangential magnetic field inside a perfect conductor is zero, but is not zero

just outside it.

This discontinuity gives rise to the surface current density,

Thus, the boundary conditions required to solve a boundary value problem

-21-



- involving a perfect conductor surface are either

. Eqb =0% E, = 0 at the surface

. 5 (41)
or — {r qu) =0; > H, =0 at the surface,
One has a choice now to continue with the solution of (31) with (40) or réformulate
the problem with the new set up. If the formulation is correct, both must yield

the same result. If instead of solving (31) with (40), one prefers to work direcfly

with the perfect conductor and the outer dielectric c-ylinder, the procedure will

be to start with (5) to (16) and apply boundary conditions (21) and the condition

that at «

Il
-]

I

(2) _ £2) _ '
ED ~ By =0 | | (42)

This will yield the following set of relationships?
E, sin 0 (—)" J, (A, b) + a5 Hy (A, b) = by J, (A b) + cy Hy (Ayb)
by Hy (A, b) = a_ J, (A, b) + e Hy (A, b)
an . 0 5 . iOJ,l'.Lo s 4
—— [E, sin 0 (=) J_ (A, b) + aSH (A, b)]= —— bSH (A, b)
b A2 Ao
lap

: an
= - — (b, 7, (Ay b) + ¢, H (A b)) — A
b Aj 2

Lay Jo (Ay B) + e, Hy (A b))

ik2
[+] .
——  [E, sin@(=)" }] (A, b) + aS H (A, b)] —

Wy Ay

s
5 bn H, (a\o b)
, b a\o

1k2

[by J Ay B) + e B (g )] = —— [ay Ju (Ag b) + e Hy (Ay b)]
Wiz Ag b A3

by Jo Mg a)+c H (Aya) = 0
a, Ji(Aya)+e  Hi(Aya) = 0 (43)

Here again one has a set of six equations and six unknowns. As pointed out

earlier, solving for _the unknowns in (43) will be the same as in (31} with (40).
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By either or both methods, one obtains the following results.

1 17 @ ~iwg, HI (A, b) 6y,
b |- - 2|2 x-a Y+ — W (44)
a 2 a2 b o A Hp (A, b) A
~and
1 1l ik} ik H (A b
ag [— ——[— Y =b_- V4 X {45)
)tg )t% b @pg Ay oy Ay Hy (g b)
' 2k2(~i)"  E, sin
4+
S 2, H (A b
From (44) and (45), one obtains 7O Ag b n (o B)

2, .\n .
2kg l(—l) E, sin @

e mwu, A2 bH, (A, b)

'—c'up.z Wity Hr; (;\o by 7
2y 2 V- oo Y
1 17 on ks Hi(A,b) ks Ay A, H(A, b)
—_— —],—-Y+[ - — Vv (4‘6)
)\g )\% b @pyA, Hn()tob) (:);.LZAZ [_l - -1_] f
L ETEET

In (44), (45), and {(46) above, the functions X, VY, w.,

Ja g BYHy (g ) = I (A @) Hy (Ay b)

X =
H, (A, a)
Co "~ Jo (Ay B) Hy (A a) = J 1 (A, a)H, (A, b)
Y = = .
H; (A5 a)
Ja (A2 b)Y Hy (A5 2) = J1 (X5 2) Hy (A, b)
v = _
' Hi (A, a)
Jg Qg b)Y Hy (g @) ~ Ty (A a) HY (A, b)
V -

H, ()tz a}
Since a;-is now known from (46), b,

n

second equation of {43)

T Ohy b) Hy (A, b)
bS = a, ———— + e, ————
H, (8, b) Hy (1 b)
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v are defined as follows:

{47)

is obtained using (44) and (46) and hence

and ¢, also are obtained from the last two relationships of (43}). From the



ap and e, both being known, b; can be found. From the firat equation of (43)

a’ = 1 [b, X —E_sing(-D"J_(A, b)]
B H Ok R ne

. Thus

E, sin @ (~)" J (A; b)

. Hy (A, b)

-2ik2(-i)" E sin ¢ '[mpz op, HI (g b) ]
- —_— W - Y
e po A2 b (Hy (4 )12 L A2 A Hy (A b)

1 172 [=]2 %3 Hy (4 b) K v][ers  es HiOob)
e - — -— Y + - -] W= = Y
A2 a2 [P Wio Ay Hy Oy BY  wiphy X [ Ay A, Hy (A, b)
Thus one obtains the complete solution of the problem. It is interesting to see

how af behaves for the case of normal incidence. For this case,

a = ko cos@ = 0
/\0 = ko sin@ = ko
- 1/2
Ay = [k —k2cos?01"7 =k,

also assume

o B
Then
[ 21 i
- E, (-i)° b mb o H, (A, b)
T H OB [T k2 H, (A, b) Koy
L. @ fo Ao Hpy (Ag b) @iyhy ;_

Note:

).
= = % 11, 0 B H (g B = T (g B Hy (3 B)]

i
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also

T OgbY Hy (hga) = J (hga) Hy (Agh)

v -
X Ja0gb) Hy(ga) — J,(ha) Hy (Agh)
Ja (a) NjOb) = T (D) Ny (Aza)
T 7, (058) N, (pb) — J,(A,b) N (Apa)

2i |
E_ (i i[]n(xzb) N_ (Aya) — T, (Apa) N, (Agb)]

5= - Ab) — '

“n H_ (A b) Tahob) fk H (A b) [J,, (A9b) N (A5a) = J, (Aga) N (A5b)]

~ky Hy (A ) [T (Apb) N (A5 a) — T, (Aza) N (Ab)]}

ky T (kob) [T (kpa) Ny (kpb) = 1 (kab) Np (k)]
<k, ] 2 (kgb) [Jo (kga) Np (kpb) — Jp (kpb) Ny (k)] -

= Eo(-i) NG ; .
—ky Hp (kb)) [J, (kpa) N7 (kgb) — J i (kyb) Ny (kpa)]

+ko HY (kob) [T (kpa) Ny (kob) — J (kgb) Ny, (kja)]

(48)

]
a!‘l

Obviously, the coefficient of the backscattering cross section W, = ;
' E (~1)
o]
= the quantity in .{ | above.
This result agrees with Eq. 18.3 on p. 69, ref. 9.

The solution for the problem of a single conducting cylinder may simply be

obtained by letting a =b, Ay T hgo opy T ol in the result for the above case.

For this case, from (47)

X = Ww=290
21
Y2 ————
mA, a Ho (X, a) ‘ .
v = _ o (49)

mX, aHy (A, a)
Then from (46) and (43)

(50)
From (45) and (49)

b, = (- E, sin6 (51}
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Ia (Ao a) (52)

° I Fagm R
> o 2 ) E_ sin@ 53
a; = — W) (-i)" Eg  sin@ = c; (53)

From (43) and {50)

b - 0 (54)
Looking back into the field components in the various regions, it.is observed
that for the case of a single conducting cylinder there is no z-component of the
H-field. One may thus make a.ﬁ important observation that lfor t‘he'case of a
single conducting cylinder, if the incident wave is TE, only TE modes are
excited. Similarly, it can be shown that for thi_s case, if the incident wave. is
TM, only TM modes are excited. However, for a dielectric cylinder with oan
obliquely incident wave, a combination of TE and TM modes will be required
to safisfy the boundary conditions even though the incidgnt wave may be just
TE or TM.

The results of various simplified cases may thus be obtained from the general

formulation.
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CHAPTER 2

THE ELECTROMAGNETIC FIELD OF AN ELECTRIC DIPOLE

SURROUNDED BY A SPHERE AND A CYLINDER

The effect of material bodies on the behavior of antennas has been the subject

of numerous investigations. The emphasis, however, had been only on loop and

biconical antennas. 1-6 Ga.lejs7, Ka.tzinlo a,nd,A.dler11 treated certain aspects

of an electric dipole inside dielectric sphere é.nd, cylinder. In this paper, the.

‘general case of an electric dipole inside dielectric and permeable bodies in the

form of spheres and infinitely lopg cylinders will be studied. The effects of the
vatriation of the material properties onthe power outflow will be discussed, for
the special cases of spheres and cylinders having diameters very small and very
large compared to the free space wave lgngth. The: importance- of large diameter
sphere and cylinder arises when a dipole is embedded in a material medium
such s the ionosphere which is large, yet of finite dimensions.

2.1 Electric Dipole Surrounded by a Sphere

The method involves the study of the primary field (the field of an electric
dipole in an unbounded medium} in a spherical geometry and then construct the
secondary field (the field created by the presence of the material sphere)} using
similar wave functions.

2,1.1. The Primary Field Due to an Electric Dipole

A short electric dipole of dipole moment 'Ih' is located at the origin of the

coordinate system and is oriented along the z-direction {Figure 1).



P(R,¢.8)

_’.J

Figurel - An Electric Dipole Surrounded by a Sphere.

For a z-oriented electric dipole, the vector potential is given by

N =a

-3 £ e & mp bD ¢ (1)

where
R = x=-x)2% -y 2+ (z-2")?
x",y". 2" - is the location of the dipole and
X ,y,z - 1is the point in space where AZ is desired.

The vector potential in (1) is to be expressed in terms of some spherical
functions. A suitable function is the spherical Hankel function, h, {kr )}, since
this function has a singularity at the- origin, exactly where the souce is located.

Using the following identities

iz -

N -
1]

h (z) = j,{(=) + ing(z) = -
Py {cos @) = cos @@

d .
= P (cosB) = -Sind (2)
de : . _28.



where P; (cosf) is the Legendre function, equation (1} reduces to

A iplhk
z -

Py

by (kR)

T

A~ iplhk iplhk
r i p

h, (kR) cos 6 ~ 3 h, (kR) sin@

A ipThk A iplk d : 3
= R S ho(R)Py(cos®) +§ ——— by (R) = Py (cos) (3)

AA I
where R,z , 6 are the unit vectors.

The electric and magnetic fields are derived from the vector potential using

the following relationships:

E - (YV- A+ k2 &)
Q)#é' .
1 -
T’I. = e VXA (4)
3
These are
T R DR By (cos 6
TR R MR Pyleos O
~ wplh d d
= — [Rhy (kR)I— P, (cos 6}
. iR ar TR RIS Py
~ A Ihk? d
H = — hy{(kR) — Pq (cos &) ) ,
? T MR g File - ()

It is observed that® has the Egp and Ey components a'nd-ﬁ has only the Hy compo-

nent.

2.1.2 The Secondary Field Due to the Presence of the Sphere

The secondary field must be of the same form as the primary field given
-in (5). The boundary conditions on the surface of the sphere are
1 2
E(E)) = E(e)
at R = a .
(1) _ 4@ (6)
The superscripts of E and H represent the region in which they are valid. To

obtain unique solutions one must also have an outgoing wave at infinity, It is

now very simple to write the field quantities for the two regions, noting that in
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Region 1, one requires the homogeneous and the inhomogeneous solutions of the

wave equatiens, and in Region II, just the homogeneous solution.

. Region I
(1) wplh d d
Eg = - — [Rhy k —p
] 7R 4R [ .1( R) ] 0 1 (cos &)
1 4 ] d : .
- €1 1R I® Ri1KR)] o= Py (cos 6) (7)
LD b e L p , erk 4 ;
¢ T T4n 1(R)£ 1 (cos )+im,u ll(R)‘dG i (cos 6)
Region II
B fo— d[Rh kR]dP( 6
g =~ lkoR 4R 1 (koR) ia 1 {cos 6)
2) frko. d |
Hy = hy (k,bR) — P 8
¢ = fopy MR gy Prlcos® ‘ (8)

In (7) and (8), e, and f; are suitable constants to be determined from conditions

in (6). Thus at R= a

oIh & kR 4 — < [RiaR T LI [Rhy (k R)]
4R dR 1 TkrR dr 1 “ kR dR 1%

£k
Ihkz Elk . 1%o (9)
—— h, (kR — Jj1 &R} = - h; k,R) :
. MR fopy. 0 °

It is now necessary to solve for e; and f; from the two equations. For the

present case, since only the field outside the sphere is of interest, Only_& need

. be evaluated. The result is
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iThewp : 1

£, =
5 .
4rka’ ) i . 1 Km K ..
j; (ka)h [ (koa) + j|(ka)hy (ka) E:; w5 hykya)j)™ (ka)
where
Kn = wig
N = k/k,

(10)

Combining (8) and (10), one obtains the formal solution for the radiated field

outside the sphere.

2.1-3 Special Cases

The value of f; in (10) may be reduced to simpler forms for the special

cases; namely, the case of a small sphere (koa yka <<1 ), and the case of a

large sphere (kja,ka>> 1),

Case 1 k,a, ka <<l (small sphere, low frequency case,)

For this case the following approximations. are possible,.

1
i1 (kya) ’:; k,a .

1

2,2
o

hy (Ifoa)' =

-

]1 Oa 3

with these, (10) reduces to

Thapk, 3
fl =
47 64+ 2
where
Er = E/Eo

The magnetic field is then, from (8) and (11)

Thesp k k
2 Wit 3 o
H? =22 * —— by (k,R) sin 0
47 €+ 2 Leop, -
iJhk?

= 7 hy (k R) sin 8
” -

€ + 2 -371-

(11)

(12)



@) _ iIbks | -
with ¢ = 1, the above reduces to Hyo = o - h; (k,R) sin @ = magnetic field
T

due to a dipgle alone in free space, In the far zone, the electric field is

E(Z) Foo (2)

9 = | Hy = 30 ilhk2 hy (k R) ‘sin' @ — (13)
Q r
The radiated power is
m
1 2) )+
V- H(¢) 1-:(9) 2nR? sin 648 , (14)

where * indicates complex conjugate. Using the asj.mptotic expresion for

h; (k;R), the following is obtained.

hy koR) hy (k,R) &

2 52
. k2 R
and
. - 3 2
“ W, = 10I°h%K2
: e ﬂ+2
s";.;f'\

The radiation resistance is

3A2 2

€+ 2

3

€ + 2

(15)

h 2
R =-—— = 80r2 [—]
.I2 '\o

where R, is the radiation resistance of a dipole alone in free space. The above
result is not valid for ¢ equal to minus 2, since then R, is not defined. It is
obvious that as ¢ becomes less than unity, the radiation resistance for the case
of a small sphere increases. As ¢ increases, R decreases rapidly. The

. 3h ‘ L . .
quantity — may be called the effective length of the dipole. It is also seen

&+

that when the sphere is small, the radiation resistance does not depend on the

relative permeability K.
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Case 2 kpa , ka>>1 (large sphere, high frequency case). For this case

e cos (koa)
41 kpa) = -
‘ koa
e eikoa
a) ¥ -
1 Yo koa
sin (k,a)
i (ka) ~
51 0 koa
ik
’ ei 0o?
hy(kja) ¥ — |
koa

e, T 0é

47 K

cos (ka) — i -N— sin (ka)

f1 =

| ik (R—
e ik K, PRt AP : (17)
¢ - 47R ‘ K

( ) i i ( )
a) — 1= k
CcOSs k sin a

If one lets K =1, N =1, in above,

@ tk,Ih ik R

Hgbo - P e sin @ ‘ : (18)

which is the usual expression for the magnetic field of a dipole in freé space.

Thus -

—ikoa
@ _ K e
@ T Teo K

(ka) = i —— sin (ka)
cos (ka) — 1 v sin (ka

H (19)

The far zone electric field is 120 »H®) and the radiated power is

¢
25202 2
10k2 12h2k2
K i : ' (20)

| cos (ka) — i —_ sin (ka
N (ka) |

W =
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The radiation resistance is

2w K?

, m

R, =— = R, : (21)
2 K

| cos (ka} — i T\I—m sin (ka) |

where R, :’-‘801r2 {h /A, )2 = the free space rad. resistance. Comparing (21}
with .(15), it is seen that whereas for.the low frequency.case, is independent of:
'K, the radiation resistance R, for the high frequency ca.s._e,depends both on
Km and ¢ .

It is interesting to see the behavior of R /R, for various values of K andN.
For simplicity both km: aﬁd N will be assumed to be real.

Case 1

Km =1, ko2 = constant, ¢ varies,
1 1

- = say —
1 )
L-(-7) sin? (Gkn)
T

D
To invesi:iga.te the extremum points of R, /R, differentiate p with respect to €

R,
—_—
R,

keeping k,a constant and equate the result to zero.
dD
de

Then

sin (\/Zkoa) =0

= 0

tan (\/Tf koa) = (1 _fr) \/’?rkoa (22)
The first equation of (22) requires

Vegkoa = nrr,;ni:' +1 );?';2 £ -

/

At these points,
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The second equation of (22) has many solutions. If ¢ is greater than unity, -

tan (Ve k,a ). is negative and therefore the solutions must be in the second and
the fourth quadrants.*: Without explicitly evaluating these points, one may

proceed to find the values of R /R, at these points. The result is

R 1
—_ - - (23)

o 1 (1 - el.)z € (koa)2
()

G 140~ ¢) ¢ (kya)?
If Ve is sufficiently large, R /Ro = ¢

The plot of R; /R, is shown in Figure 2.

Case 3 K, =1, ¢ = constapt, k,a. increasing

R, , !

=~ 1 (24)
R, cos (\/'e-l,koa)+: sin? (\/?tkoa)

r

The plot of R, /R, for this case is shown in Figure 3.

Case 4 ¢ =1, Ky varies, kspa = constant

R K2 .
e (25)
R : 13 sin2 '

o 1+ (K, = 1)sin® (VK kja)

Apparently, the maximum points are near,/ Kpksa =zom, n = +1 , 2,... and the
- ] 13 e " . ” -

minimum pcunf.s are near v K kja = (2m +1)-2-, n=0,1,2, .. .«The maximum

- values ofRr, /Ro are about Igﬁ and the minimum values are about Km The plot

of R, /R, vs. Ky is shown in Figure 4.

*If, however,¢. is less than unity, the solutions are at (Ve kya)in.the first:and the third quadrants.
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Figure 2 - Relative Radiation Resistance vs e {(not to scale)

\/? = COnst.

r

Figure 3 - Relative Radiation Resistance v& -k a (not to scale)

R/R,

a'km

Figure 4 - Relative Radiation Resistance vs ky (not to scale)
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2.2- Electric Dipole Surrounded by an Infinitely Long Cylinder

The electric dipole of moment.. In is assumed to be z-oriented and located

4

- at the center of the coordinate 'system as shown in figure 5.

Figure 5 - Electric dipole and an infinitely long cylinder.

As in the spherical case, here also one writes

h e ikR
a, ¥ 2 C : | (26)
< 41 R :

and attempts to express. e kR /R as a combination of the functions involving the
cylindrical Hankel function of zeroth order. There being no restriction on.the
eigen-value, it will be continuous, and therefore e il&R/'R should be expressed

as an integral over all ¢'s. One may then use Weyrich's formula which is

eiaz Hgl) ( k2 ___a2 1’) da . (27)

- subject to the conditions

(a):r and z real; (b) 0 < arg \/kz—a2<n;= (c) 0. < agk < n

37
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In the present case, condition (a) is obviously satisfied, and so is (c)
since k = o'VE V+ e+i:_. Condition (b) will be used to choose the contour of
Cl.) .

integration. Using (27), (26) reduces to

Ho ( ka__a2 [) eid’z'da (28)

The superscript (1) from H, has been omitted for simplicity in writing.

Also
- 1 - A 1 aAZ
H=— ¥Yx A=-¢ —
# poooor
T-2 9w +ieon - (29) <
okz . Ve
Therefore '
iw azAz
Er =
k2 araz
B, o
: 52 .
E, = — [ = T4, (30)
K2 8z2 . i
The boundary conditions are
(. y.,@)
Hg '= Hg |
atr = a )
1 2 . (31)
Ez()z EZ() '

It is observed that in region 1, the vector potential will consist of the
homogeneous solution of the wave equation and that due to the source. In region
II, however, it will consist only of the homogeneous solution of the wave equation.

In the two regions, the vector potentials are, therefore
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B, (VkZ-aZ ) elef gq 4 a(a@)], (Vk?-a?e)eie? da

b(a) H, (VK2 - a’r)el@% da’ (32)

where a (¢) and b (a) are to be determined from the boundary conditions.
Applying now the conditions in (31) and noting that since the exponential
eldz is appearing in all the inteérals, the integrands alone may be equated,

the following is obtained:

- K
l’U,Ih p —[n. i }
. [Ho(ﬂoa) H; (a) - 7z L H, (la) H; (ﬂoa)]
afa) = :
1)
' = 7 Jod w ey - 35 ey, o)
N2 (s}
(33)
ﬂp[h
bla) =
- 4N? [2 [ Kn t la
J’(k)l{ day - — 7 1, dayug €2
N2 % o ]
where
L: kz-az ,£0= l':cz)-—a2

Kn = P/Ho . N o= k/k,
The prime sign with j, and H_ indicates differentiation with respect to the
argument.

"Thus, the solution of the vector potential is formally given by (32} and (33).
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With Km'—-] s, N =1, a {g) in (33) vanishes and

b ko 1

4 lﬁ rrzﬂ [JO, (ﬁoa) H, (foa) -Js (foa) Hc; doa)]

b(a) =

But

. 2i
Jo @ H; D= T5 @ H, (@) = =

Then

1 Ih
bla) = o

8x '

This is exactly what was ekpected because in absence of the cylinder, the
- solution for A must be given by. (28).

2.2 Radtated Power

The poynting vector is given by

-+ - -
P E H* =

X

SR

1
= = [Z E, HY - TE, H*]

. In order to find the radiated energy, one may integrate the poynting vector

-along an infinitely long cylinder. Thus, the energy will be w

contributions of ends of the cylindered located at = « .
This energy flow across the ends of the cylinder at £ « doés not contribute
to the field radiated away from the cylinder and will not be considered here.

Thus

W Pr 27 rdz

iw :
— b @) &2 2a%) Hy (VK2 -a% 1) el da .
k




By interchanging the order of integration and using the following properties

of the Difa'c delta function,

278 (ay —ay) = eileg —aplzg,

-_—O0

(=]

g(al)ﬁ(alnaz)dal = g(az)

the above reduces to

. 2 ,
g o 2lemr ' b(a)_b(a)"& ¢ ul?" €ou dnda (34)

2
ko kg

. Equation (34} is a complete expression for the radiated energy both in the near
and thé far field. ‘}EvaluatiOn of t};e expression appears to be difficult withéut
resorting to numerical techniques. Instead of going into any further .d.eta.il on
this,. a:r; approximate method will be diééussed in the next section for evaluating

the far field.

:2‘2..2. As,ymptotic evaluation of the electromagnetic fields by the method of

steepest descent.

i

An asymptotic evaluation of integral of the form (32} is required.

NN b(a) H, (VkZ-a?r) el da

The variable of integration @ runs along the real axis from - * to+ ™,
However, there are .two branch points ata = tk which lie on the real axis.

This difficulty can be avoided if k, is first assumed to have a small imaginary
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part corresponding to a small but finite conductivity of air and then let this
imaginary part approach zero, With sufficiently large.r, it is then admissible
to assume!

/1.2 2
ko—ar>>1.

Then

o0 . T
2) 7 l ' 2 B —12 ilaz + \/kg—a2 r]
A, P b(a) [——————c¢ e da (35)
I3 = ﬂ\/kz-_az r )

In order to integrate (35) by the method of steepest descent, the following

substitution will be made:

a = k,sing
¢ = ¢y +1d¢y
2 = R sin @

'3 = Rcos 8 ' (36)
It_ may be noted that in (36} the angle ¢ is measured from the r-coordinate |
.(a.nld not from the z-axis, as is ﬁsua.lly done}.

The detail. of the integration is shown in appendix 3. The result of the

integration is

-1 - o

A;Z.) o 25(k0 sin @) e (37)

Y -»oo R
R ’

The electromagnetic far fields are then

w42 -



ik R

2 . pi .
H¢ = — — bk, sin ik, cos d -
R Mo :
(2) (2) '
e 2 Ve 1 (38)
-0 . |

where b (k, sin 6) is the value of b {a) in (33) with a = k_ sin 4.
Equation (38) is the formal solution for the far field. .
The expression in {38) may be reduced to a simple form if it is assumed

that the radius of the cylinder is small such that to a < <1ra.nd £2<<1are valid
) a.ssurnpti.ons. There is, however, one restrictioﬁ. Since ¢ Iruns from -« to
+ oo, ﬁo a.nd& also run from -w to toe . If z is assumed to be large; then. the
major contribution to the integral (35) will be from regions where a is not too
large. Thus for large =z, &oa' and Ea may assume values small compared to
unity.

For this épecial case, b (a) in (33) reduces to

l|_tOIh

b(@) & : | (39)
42 izo a2 1€ 2i :
;7 -8 - —
. and
) ilhk_cos @ ikoR
o] ¢'o o 4 R

irrk% a2 cos? 8 (g, = 1)

1 -~
4
where H¢- is the magnetic field in frc_:eépa'.ce due to a dipole alone. If ¢ =1,
(]
the quantity in the bracket,[] , becomes unity and as expected, and (40)
reduces to the far zone magnetic field due to a dipole alone. The electric field
is obtained simply by multiplying (40) with/ ’, / ¢, + Unlike in the case of the
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{2 ‘ . . .
sphere, here H\z; does not increase if £ is less than unity. As is evldent from
. . (2)

(40}, for all values of ¢, other than unity, H¢ decreases compared to H(%.
This ‘is not surprising because in this case, the.infinitely long dielectric rod
- behaves as a wave guide and some energy will be flowing along the rod.

If the diameter of the cylinder is assumed to be large such that {a and
an .are both much greater than unity {the validity of this assumption has already
been discussed), then it is possible to use the large argurnent approximation of

the Bessel and Hankel functions and reduce {33) to

b(a) K S [3]1/2 <
@) ~ -4
¢ 8nm !0 Ergo

Ccos s — I
{

sin s

where
5 = Za - n/4, S5 = !oa - rr/'til (41)

Then from (38)

(2
H ~ H
¢ R—’DO ¢0 E‘rto
>0 - .
Co0s 5§ — 1 510 s

where ‘Hqso_is given by (40).

Because of the difficulty in carrying out the integration about an infinite'
cylinder to obtain the total radiated power, only the poynting vector will be
considered for the purpose of comparison. The ratio of the magnitudes of the

- Poynting vector for this case to that for the case of dipole in free space is then:

T At
(/L) ' (42)

P
o~
P, . Erzo
coss -1 — sins

L

44



So far there was no restriction on the value of ¢ and u. To simplify the

- matter, in the following discussion, both ¢ and , will be assumed.to be real.

Note:
e . k2~ k% sin? @ N2 — sinZ 8
Fo - ko cos - cos 0

Therefore, with ¢ and p real,

NZ - sin? @
p Y- .
I~ cos @ (43)
Ps 63 cos? 6
1 + < 1 |%in?s
N2 = sin? @

L]
If Nand ¢ .are both unity, P, /p0 reduces to unity, as expected. It is

interesting to study the behavior of P /P, as K, and ¢ varies, for any fixed 6.

Consider the case when ¢ = 0. Then

.P_r vVeKy

= ¥ (44)
P0 . R 2 m
1+ (/K = 1) sin Ve Kn koa"—4]

A few simple cases may now be considered.

Case 1. . K,= 1, (Vek, a) varies

The maximum value of Pr/ P, is about
o
\/?Ikoa - z =amn =20,1, 2, ...

At these points

Pr/Po = ‘/_E_r

N

T

The minimum value of Pr/ P, is about
. m
\/?P'“l‘;oa_ j(2m+1)-—2-,m =O,1,2,-t~;_ hY
SRR

" }
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At these points

P /Py '3.11/6: “

The na.rtu‘:.i:-‘é; of variation of P, /P, with ¢ &k,a is shown in figure 6.

@-ﬁ)?r Cni%‘)ﬂ'

i
(-3

Figure 6. - Variation of radiated power with «

[ ka—>

. and k,a (not to scale).

Case IT

K, varies, ¢ =1, kja = constant

| , 1 . —_— T
PI/P0 i d ﬁm/ [1 + (; - 1) sinZ (\/Kmkoa - -:4-)]
m

. The minimums are about

K, koa -

&
Il
=3
3
=3

=0,1,2 .

: PI/PO ! min
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The maximum points zre about
VK kga—n/4'= (2m+ 13 o/2jm = 0,1, 2. ..
(PPl k32 ' -
g Oma_x e/ _ (Km}3/2

This is shown in figure 7. -

oo o n
. {2m + 1}—2 v v kg 2 (m+5h— + =

Figure 7. Variation of radiated power with Ky, {not to scale).

Discuésion_ .

From the plots in figures 2, 3,4, 6 and 7, it is apparent that in th(_e
cases of both the large sphere and the large cylinder, the radiatioln
depends on K and g , and there are resonant and antiresonant points.
The radiation increases with the increase of K, and £ according to the
pattern shown in the figureg. One possible explanation for the exisfence
of such resonance and antiresonance peints is that both the sphere and
the cylinder behave like 'resonance cavities', with resonances occurring
at intervals of ka - r radians. A knowledge of the positions of these
points would be helpful in designing any antenna structure. The curves also
reveal that if maximizing the radiation resistance is the criterian for the
design, lincreasing K, or e is more helpful than increasing the physical

size of the structure because this way no benefit beyond a certain range

can be obtained no matter how large the sphere or the cylinder is made.

-47.



. | CHAPTER 3

CURRENT DISTRIBUTION ON A CYLINDRICAL ANTENNA"

WITHIN A" COAXIAL MATERIAL CYLINDER

The antenna is assumed to be of a material of infinite conductivity, and
oriented along the z-direction. It is of radius 'a'. A dielectric and permeable
homogeneous material cylinder (with properties g and ¢ and radius 'b' surrounds

the antenna coaxially and is of infinite length along the z-direction. The confi-

guration is shown in Figure 1, « ?z
.. l :
—b
- Y — o
| A
|
1

_.x. 5 - - r_ 5.,

4
17

Figure 1-A Cylindrical Antenna within an Infinitely Long Material Cyiinder
If the current distribution is assumed to be 1{z) along the length of the
-antenna, then the vector potential 'A' at any point {r, ‘¢, z), r>a, in an unbounded

‘medium with properties ; and ¢ is given by



A - M 1(&€ g (e, 2/a, £ dE

zp 4
—h
where

1 eIkR
g(l’, Z/a,é-) = m— dqs

27

;-?T

R = r2+a2—2arcos¢+-(‘:zl—§lz

(1)

(2)

The subscript zp of ‘A'indicates that the vector potential has only the z-component

and Eq <. (l) gives the primjary excitation only.

One may now use the formula

Using (3), Eq .. (1) reduces to

Ay = u (@) H{D ) e~ 9% dq
where u() = - Jo 1) etatag
mw
—h
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3.1 Total vector potentials inside and outside the material cylinder,.

Formally one may write

AD - a@], b eiazaa + b () BD ) e o7 da

A(zz) = c(a) Hgl) (to 9] e—laz g, (5)

where ’&= \/Eg—az and a(a), b(a) and c(a) are suitable functions ofa. The values
of these functions will be determined frofh_ t.h.eibou.nd«a.ry,land the excitation con<
ditions. The first term A(zl) arises due to.the diffraction from the boundary
surfacgat r=b. The second term, which is singular atr=0 , accounts for the
exci.ta.tion by fhe current distribution-in the enclosed antenna. A comparison be-
tween (4) a.ﬁd-_(5) suggests that b(a) in (5) should be chosen to.be equal to u (q) in
= (4). Equation.(5) differs from Equation-(3é) in Chapter 2 in that the sig-n-in fhe
exponent is différent. This is, however, ohly a question of convenience a..nd does
not change the character of the integrals because-all functions involved are even.
ing . *
As in the case of the electricdipole': in-Chapter' 2, the lcontinuity of the tan-

gential electric and magnetic fields at r=5b gives'-‘the following value of a {a).
a(a) = u(a) f(a)

where ) | « ¢ ' (6)
v dn- — = udou;d v
2 b

f(a) = L
= Fabadv-gde,d
’ fb ' 50



The prime $ign indicates differentiation and Hg { )} has been written to mean

H (1) ( ) for convenience., This abbreviation will be used throughout. Combin-

o
ing (5) and (6), one obtains the vector potential on the surface of the antenna

(atr Za). Thus

a - u(a) [£(a) ], () +Hy ()] e1%%da (7)

[ ]
In what follows, the radius of the antenna will be assumed to be very small com-
. :
pared to the wave length involved, so that only the z-component of A and E are

significant, The condition that E, must vanish on the surface of the antenna re-

quires then that

42
24,

+k? A, =0
§z2

From the usual linear antenna theory, one then writes for a symmetricaliy

fed antenna

[Ag‘l)]r = By cos (kz) + ¢ eikizl ' | {8)

i

'w'here it has been assumed that the gap width is vanishingly small. J-,_LB,l and C,
a;e suitable constants. B] is determined from the gondition that 1 (fh) must
vanish and C; from the condition that there is a discontinuity of the scalar po-
tential at the gap at z=o, due to the applied voltage to feed the antenna.

Lorentz condition gives the relationship between the veqt.o.:jr?' éngi the scalar

potential. Thus
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$(2) = — —

sin (kz)

Limic [$(8) - ¢ ( - 8] =-zf ¢, =Vythe applied voltage

5+ 0
50 that
k 1
ca=Z3V . (%)

Combining (7), (8) and (9), one obtains after some algebrdic manipulation, an

integral equation for the current distribution on the antenna.
. :

h o

dELD da F (a) emid(z=8)
—h . —oa
L= - Bk [iV eik‘lﬂz| + B cos (kz)] . (10)
wft 2

where

F(a) = I, d) &) ], da) + H (L)

and f{a) is given by (6).

The constant B is different from the previous constant B,

The first part of F(a) arises due to the presence of the material cylinder
and the second part due to the antenna itself. This can be seen easily by letting
it =p,and e = ¢ in (6). For then f (o) vanishes and F(q) reduces to ]o(fa)Ho(fa) ,
which is indeed the kernel for an uncoated antenna. In order to check if the
first relationship of (5) along with the value of a(a)} in (6) and b(a) equal to u{a)

- is actually the value of the vector potential within the cylinder, one may use
- -52-



the usual method of formulation of the Green's function-involving_sources and
boundary surfaces. In Appendix 4, it is shown that the vector potential, as
given in this chapter is indeed the vector potential for the problem.

Equation (10) has to be solved for I {z) to obtain the current distribution
along the length of the antenna. Unfortunately, it is very diffjcult to solve
this equation exactly. Even for the uncoated antenna, only a.pjnroxima.te and
cumbersome solutions are é.vaila.ble in the literature. Before attempting to
solve Eq::.. (10), the simplified®*case of an.infinitely long antenna will be
discussegd.

3.2 Infinitely long antenna within a dielectric cylinder

The limiting case of a cylindrical antenna with h- = is theoretically simpler

compared to-the finite length antenna. For this case, the current and potential
in the antenna form travelling waves starting from the source point at z=o,
Hallén? has shown that for an infinitely long antenna, the constant B in (10) is

zero because of the absence of any standing wave, so that the integral equation

for such-an antenna is

dE1D daF (@) e-idz=8 - _ M™ k2|
wp

3 regarding the properties of an. infinitely

The following.remarks of Hallén
long antenna deserve some attention:
"An.infinite antenna does not exist. But the behavior of outgoing travelling

current waves on an antenna of finite length must be the same as if it were
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infinite. If.we have correctly determined the current on a finite antenna, which
is the more difficult problem, we must neces sarily be able to extract expressions
for the travelling waves. In othef words, the solution for the infinite antenna
must be included in the solution for a finite one. This gives a good check on the
more ldifficult problem. '

The solution of (11) is simplified By virtue of the existence of the following

-identity:
oo 7 .
} . 7k —1QZ .
elkl.zl = - u-i . ""'—""f—"'—— da ' ( 1 2')
e n gt 22 )

'Cornbining (11) and (12) and taking the inverse Fourier Transform of both sides,

one obtains after some straightforward manipulations

==

L 1
1(£) el® d¢ = 4wV —
: L2 F(a)

so that

(13)

Equation (13) is the expression. for the current distribution along the
antenna. It is difficult to evaluate the integral explicitly. Therefore, in the

following, an attempt will be made to study only its asymptotic behavior for

large and small k /| zf, ”



3.2.1 Asymptotic evaluation for the current distribution for large k Jz lbl the

method of steepest descent,

Various authors have discussed the asymptotic behavior of the current dis-
tribution in.the infinitely long uncoated antenna..4-6 Their methods beiné com-
plicated, it is difficult to extend the£n to the case of coated antenna. It is,
however, possible to use the method of steepest descent to evaluate the asymptotic
behavior of the current and this method wﬂl be used here. The result is usuall‘y
obtained as an infinite series, but since for large enough k |"z|" the first term
of the series is predominant, onl.y the first term will be evaluated here. The

L N ' ‘
details of the method are shown in Appendix 5.

It will }l:>e assumed that the antenna and its coating is thin, compared to the

- 'wave length. It is first necessary to simplify the function F (2 ) as given in
(10) and (6). It is observed that F(a« ) contains terms (= \/kz -a?) and

ﬂo ( = \/k%—-a_i ). Since the integration is along the real axis, difficulty
arises due to.the fact that k, is re'a.l, because the points a = * k,, are branch
points, Thi's. difﬁcuity, however, is usually avoided by assuming the existence
of a vanisﬁingly small imaginary part of k, , corresponding to a slight con- |
| ductivity of air. Similar trouble arises if k is real, but may be avoided. by
assuming again a vanishing small imaginary part of k. These points were
discussed in Chapter 2, Since only the current distribution for large =z is of
interest, if is apparent from (13) that the contribution to the integral from
~large values of ¢ is negligible because of the presence of the factor e—ldz
which becomes ra;pidly oscillatory with increase of 4 (z bging already la.rge).

Therefore, if ‘a’ and b* are sufficiently small, {a , and f-ob may be assumed
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to be small compared to unity so that the small parameter approximations of the

Bessel and Hankel functions may be used to reduce F{a) to

o i In —— _ | — _ 14
ng n , i lp {14)

~ 2 2
s & rlc k2-x2
F(la) © i= =~ t%ln > — ln2 Co (15)
7 &2 L 2 £ al] .-
1
where ¢ = b'_a]ef .
| b

(16)

The first term of the series of the asymptotic value of the integral (16) may

.be obtained directly by using the results shown in Eq. (10} in Appendix 5..

2,2
rl,c -k

b
Thus G(a) = In - In —
2 ‘rt:i a
With COSl!J o i
(o]
: k,|z|
21 2;
a ’ = ™ — in x
a=k, sin o S ¥o) = 5 i . |z|1n —
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Therefore

ik, |2|
1(2) 22 we, Vrfen : - < — (17)
' -4z 2i (k- k7) b
k, In - |zl In —
I‘Zko 2 & a

Thus the current distribution far away from the source is given approxi- -
j :

mately by Eq::.. (17).
If in Eq:.. (17), one lets. ¢ = 1, the second term in.the denominator:

vanishes, and I ( z) reduces to
[ ]

ik |z
2&)50V\/en eko| 1

, o (18)
k0 I "1412' -

1)

2 .2
Fak0

Eq:. (18) obviously is the current distribution of an uncoated antenna far
away from the source, as expected. This result compares closely to the
result obtained by other authors. For example, Ku.nz5 gives the following

result for an uncoated antenna.

f v 2V il L JR | | |
7?0 lﬂ v21 121 1’0 EO ‘ - (19)
F2k0 a2 I‘

Since k | z) is large,k a small and ferz, , results (18) and .(19) are com-
parable. Chen and Keller6 gave a similar result‘.‘

If ¢ is not too large compared to unity, and the coating is thin, then
the second term in the denomihator of (1.7) is negligible compared to the

first term, so that

ZOJEOV\/; dk, 12|

f(z) o
_i4l3

2 2
I’ koc

k0 In

(20)
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1

Comparing (20) with (18}, it is clear that the term c { = b[%lcr ) may be
defined as the effective radius of the coated antenna. An effective radius may
be defined.as the radius of an uncoated antenna which will have the same
current distil'ibution as that of a coa.1‘:ed antenna, This observation agrees
with that of Wu7 , who describes the second term in the denominator of (17) as
the surface irnpeda;nce term due to the coating.l

3.2.2 Current distribution close to the source and the Driving Point

Admittance,

It*is desired to obtain an approximate value of the integral in {13) for =
close to zero., Chen and Keller6 has evaluated a similar integral by a rnethpd
vclfhich is based on the fact that the behavior of the integral fo;- small z is
primarily dependent on the behavior of the integrand for large «. A technique
very similar to the above will be used he;e.

It is convenient to define ¢ertain quantities g,y , ¢, p- and ° as follows:

B=kled, y=ald, y=p '1+[g]2 e

then -

la=ic,b=i=c, lIyb=ic’
a

6
Chen and Keller have shown that ''no matter how large the constant ¢
is, the absolute values of the argument of Bessel and Hankel functions
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exceed ¢ f.or all y greater than a certain complex multiple of g which Ava,nishes
as B does. Consequently, for all these values of ,, the Bessel and Hankel
functions differ by an arbitrarily small amount from their asymptotic forms."
Without going into any further details about the justification of replacing

the Bessel and Hankel functions by their a_syrnpt.otic forms for large argument,
(since this is already well explained in Chen and Keller's paper), one may use
the method to find the.behavior of (13) for > very close to zero. To obtain the
desired result, it is not even necessary to utilize the su'bstitutions in (21).

Thus for large a, one may write

=i -2 =iu, I =i =k =iy

! v 2

=I —

Vol =ha ™ o
2 2

Hgl)(la) = - Ko(ua) o —_ _71.. e 02 (22)
mi Tl 2ua :

o na 2 2 ”
“(la) =211 ~og , H (la) = — X, ~ = —a
Jotay =oily wa) =i o Ho ) = 70 Ky ) &0 A foea

In (22), only the first terms of the following series expansibﬁs of the modi-

fied Bessel and Hankel functions have been retained. 8
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For |z|>>1, 2] >> lV.IZ and 0 < phase z< n

L~ =, 42 -1 @ -1%) 42 -39
zy X - - + e e
v Va2nz 118z 7 2!(82)2

1

Cve—dmt =2 (42 -12) @2 -1Hu -39

— 1 + + F+ e e
Vinz 118z 21 (82)2 :

. For |z]>>1, |z >>T[1)|2? -7 <phasez< n

2 2 2 2 iha2 2
KV(Z'JN,\/?":Z 1+ i ) + “y ) (v )

@2-1h. .l 3f ]
(r— 1)1 (8z) — 1

-
With the approximations in (22), the function F(e«) defined in (10) and (6) re-

duces to
—ill +y; e™™¥]
Fa ~ -
Tud
‘ . 1 u 1 u
whereylz[——.-—] [1+~—];x=2(b—a)'
Er 110 €r .uo
Therefore (13) reduces to
[(z) & _2iweVa _— da (23)
: u (1l Y] e 1X]

—0

The above integral is quite complicated, Some simplifications are possible if one
assumes ¢ to be not too large, because then uf/u, Z'1 {a being large). For this

case, y reducesto y, &y = {e, =1)/(¢ +1) sothat

[eiaz —nx a? —-kz] da (24)

a“ -~

I(z) © -2iweVa
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Apparently the term ¢—192 may be changed to ¢! ?% without affecting the result,

The following property of the Fourier Transform (Formula 141, p-199, ref. 8)

is useful.

du = ni H) [a 22 + 7]

with a, b, zreal > 0, 2« a2 positive for u > a, negative imaginary for - a< u< a.

Using this formula, Eq. (24) may be reduced to

I(z) ¥ 2weVan [Hgl)(k lz) + I (~yp)° Hgl) (k /02 -x§+|zl2):| (25?

- n=1

In (25), zand nx are apparently real, k has been assumed to be real although
-it can be shown that k may also be complex. Egq. (25) may be reduced to simpler
forms for certain special cases,
Case I.. x=2 (b - a) + very large

For this case, the second term in (25) decréases rapidly with the increase
of x, so that

I{z) & 2wcVarH (k jz|) | . (26)

This result is also apparent, if one starts with (23), where the term e™9¥
vanishes for large x(u being large}). The resulting integral may be performed
using a Table of Fourier Transforms!?!, In this integral, ¢ will be éssumed to

\
be complex, or having a vanishingly small imaginary part. The result is the

same as. in (26).
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Case 2.- ¢, 5 1, uncoated antenna
f‘or this case, y = 0
1(2) ¥ 2we, VarHL k_ |2)) " . (27a)
This is the usual result for an uncoated antenna. |
Case 3.~ {z| << x;¢ large (so that ¢ >> l) but not too large {so that the previous
assumption of u/u, = 1 is still a valid assumptidn). The functions ¢ anci a b@ing

independent variables, the above requirement is easily realizeable.

For this case,j =1 .
- (27b
I(z) ®2weVar [ HP k|zh+ £ (-1 HP (ekxn) ] . )
n=1

Case 4.~ |z| << x; ¢ small compared to unity.

For this case,y = -1

27
HY (akex) ] (27¢)
1

[(&) X2@eVarn (. Hgl) (k|zj) +
n

it Mg

Comparing (26) and (27), it is observéd that the current distributien in a coated
antenna consists of two parts. The first part is the same as though the a.ntem-la, was
located in an unbounded medium having the same property as ‘the material of the
-coatiﬁg. This part depends on the position of the point where the current is to be
mea.s-ured. The secoﬁd part of the current distribution consists of an infinite series.
This part depends on the thickness of the coating.

The driving,po_int admittance is defined as the ra,t'io of the current at [z| = &

(5 being ha.lf'.‘the gap size) and the voltage applied at the gap. Thus-frOm (25}, the
driving point admittance of a coated antenna is (wﬁth 18] << x)

L(8) (28)

¥ 2wean [ HD(kjgh+ £ (-0, (k%) +iN, (akx)] ]
1

de =

n

i

=h2 -



The first term of Yap is easy to find once the gap size is given. The second

term involves the infinite series and as such is more complicated. A general

treatment of this series is quite involved and beyond the scope of this project.

Only the special cases in {(27b} and (27c) will be discussed.

o
o0 = -]

S =PHD (akx) = S (=D (], (akx) +i N, (akx)] (29)

n=1 n=1

The series (~1)"J (nkx)is a special case of Schiomilch series. A de-

1

([ SR

n

tailed discussion about this series has been présented by Watsonl6, It is only

-
necessary to mention here that by using Parseval's integral, he has proved the

fgllowing theorem
Lgodgovins

1
(fl)n Io (nkx) = ~

(30)
. 2

LU vl

n
provid'ed that 0 < kx < 7 ; the series oscillateg when kx.= 0 and diverges to +

when kx = 7. Values of the series for kx larger than = may be obtained using

techniqﬁes discussed bir Infeld, 15 et al. They also treated fhe series 3 (-1)*N_(nkx)
n=1

in detail. The discussions, being quite involved, will be omitted from here.

Only some numerical values of this series will be reproduced from their paper

for ready reference (Table 1.)

The other two series ]  and 2N, may be evaluated using the following

relationship s9.

R T .

nx) = — — + —
n=1 ° 2 x
ot 1 r 1= ' 1
2 N, (x) = = — In - pI— —1 -1 (31}
n=1 id 47 Ty

1 ! [ X]Z
1 -
[ 2wl
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T TABLE 1 (taken from ref. 15)

x 2 (1" N, (n7x) x 2 (-DN, (nmx)
n=1 n=1
0.0 + oo 1.6 0.25190
0.2 0.31478 1.8 0.19638
0.4 ' 0.04728 2.0 0.13919
0.6 -0. 18637 2.2 0.07657
0.8 -0. 54814 2.4 0.00177
-t

1.0(-) - o 2.6 -0.10178
1.0(4) 0. 43521 . 2.8 -0.29843
1.2 0.36854 3. 0(-) -

1.4 0.30845 3.0(+4) 0.26222

Eq. (31) is only a special case of the following more general relationships.

3 ]o(kx) cos(kxt) = —— + 3,
k=1 : 2 [=1 V-‘x —(2nl+tx)2
! z 1
S ——
xv1 =% {=1 \/xz;-. (2xl- rx)2
iy 1 r 1 m 1 n 1
5 N, (kx) cos (kxt) = — — In = + — [ 3 — 4+ 3 7]
k-1 i 45 27 L I =1

= 1 1 > 1 1
- 3 - — - 3 - ._l
l=m+1 \/(Zn‘l+rx)2—»x2 27l f=n+1 \/2ni—tx)2—x2 27

provided that x >0, 0 <t <1, 2ma< x (1=t} < 2 (m+1)m, 207 < x (‘1+t )‘< 2 (n+1) m;

(m+1) and {(n+1) are natural numbers and T'= 1, 781072.
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The first summation.in (31} (i.e. £ ], ) can, of course, be easily found if x is

*

given. The second summation is slightly complicated. One obvious simplification

arises.if x= 2 (b-a )} is very small compared to unity, Then it is clear

__1__...1 & o
Jl =]
S 2nl '
so that
oo 1 . .
b N, (nx) ¥ - = In "_”_x_ , Cx< <27 ‘ (32)
n=1 m am

When thigs not the case, then one may useé a téchnique used by Wessel, 10

This uses the following approximation:

|
—
1

'NYE

i M3

2 ————-.1—_1 + In 2 (33)
1 [ [x]Z ; [X]Z
1- 1+ 1- —
2nl ; 27

where m is any _a.rbiﬁ-'a.ry large integér. Now it is not too difficult te calculate

the value of the series, Wessello has actually tabulated the values of X J, and
ZNgyover a range of values x from 0.3 to 13.5. The table is reproduced on
the following page without modification: For values of x less than 0. 3 the

series I N, {ax)} may be calculated from (32). However, one observes that
ne=]

in order to arrive a.t‘(27), it was assumed that
k |z| < < 2k (b-a)

Inpther words, the thickness of the coating (b-a) must.be large compared

to one fourth of the total gap width.
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TABLE 1. (taken from ref. 10)

x z Jo (nx) 3 N, (nx) s Jo (%) s Ng (nx) s Jo (ax) 3 N, (nx)
n= n=1 n=1l n=l - n=1 n=1
0.3 2.8333 1.0047 4,8 | -0.2917 ~0.0729 9.3 -0.1008 0.1222
0.6 1. 1667 0.7828 5.1 | —0.3039 —0.1466 9.6 | —=0.1202 0.0998
0.9 0.6111 0.6515 5.4 | ~0.3148 -0.2456 9.9 | —0.1376 0.0756
1.2 0.3333 0.5568 | 5.7 | —0.3246 -0.4004 (10.2 | —0.1531 0.0494
1.5 0.1667 - 0. 4815 6.0 | -0.3333 —0.7356 110.5 |—0.1671 .0.0201
1.8 0. 0556 0.4183 6.3 4,.0029 0.3164 |10.8 [~0.1797 —-0.0132
2.1 |—0.0238 0.3627 6.6 0.64l6 0.2973 |11.1 | —0.1913 -0.0533
2.4 | -0.0833 0.3124 6.9 0.3462 0.2782 |l11.4 | —-0.2021 -0.1039
2.7 | -0.1296 0.2655 7.2 0,2078 0.2595 |11.7 | =-0.2119 -0.1739
3.0 | —0.1667 . 0.2207 7.5 0.1220 0.2407 |12.0 —0.2211: =0, 2851
3.3 |—0.1970 0.1769 7.8 0.0609 0.2219 }12.3 | -0.2296 —-0.5380
3.6 | —0.2222 0.1331 8.1 0.0147 0.2022 |12.6 1.9249 0.2272
3.9 | —0.2436 0.0880 8.4 | -0.0223 0.1843 |l2.9 0.4413 0, 2152
4,2 —0.‘2619 0.0401 8.7 | —=0.0527 0.1639 |[13.2 0.2431 0.2030
1.4.5 | -072778 -0.0125 9.(5 | -0.0785 0.1435 |13.5 0.1470 0. 1907




The driving points admittance for an uncoated antenna is obtained from (27)

and (28). Thus

1(3) .,
de = T = 2weganm [IO (kq w{)'{'iNo (ko |8)]

If ko,l 8_| is assumed " small compared to unity, which obviously should be

the case, then

Iko |3
de“-'-" 4@503[—; +iln — . _ (34)

Thus the input admittance cohsists of two parts. The first partis the con-
ductive tem and it is independent of ;he gap size. The second term. is a capaci-
tive term and is dependent on the gap size. The result is comparable with the
result obtained by Chen and Keller. 6

3.3 The cylindrical Antenna of finite length within a dielectric cylinder.

The integral equation for the current distribution on a thin cylindrical an-
tenna was given in Eq: . (10). 'i‘he constant B is expected to be determined from
the condition that the current at the ends of the antenna is zero.

For an uncoated antenna, the function F(4) in (10) is simply [J, (l:a) Ho(la N .
For the coated antenna F (o) becomes more complicated, as shown previously.
For short, unceoated antennas, {of the order of a wave length or less), the
current distribution has been found quite accurately by many authors. A good
collaction of many of the works .in this topic a.ppearé in King's book. 13
Wu 7'.:_\,nd Ra.eme:r12 have done some works for coated antennas.

For long antennas (long compared to wave length), a method suggested by

Hallén” is very useful. He pictured a long antenna as a transmission line with
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current and poten‘;ia,l waves emanating from the source at the gap and re-
flected from the ends of the antenna. The tw§ refiected waves from the two
ends travel toward the source and again gef reflected at the gap. Thus there

is an.infinite series of reflected waves. Other authors® .14 have us_sed a similar
principle to .solve the finite but long a.ntenz'fa. problem. Since the coated antenna
current distribution is given by an integra.l: equation similar to that of the un-
coated antenna, and the physical situation is somewhat the same, a similar
approach would be .useful for the coated antenna problem.

2
Following Ha.llé’n's . theory, one attempts to expand the constant g in an
-
infinite series of waves:

s}
i
e
™3

(_l)n Vn ei anh N (35)
This substituted in {10) yields

da F (@ e~ia (z=&h
-h

_ i87’rk.[:_1 Veinl + ; (-1 v eikh(Zn—l) [eik(h—z)_.l_eik(h-:-z)]] (36)
> n

n=1

for ~h < z< h .

The right side of (56) is essentia.ily the vector potential due to fhe current
distribution Inin the antenna. It is apparent thé.t the current distribution should.
have the same form as the vector potential, so that one may write for the

current,
;s - _6B-



I(z) = I( + % (1" kD@ =D g hyzi1, (h-2)] (37)
n=1

In (37), I,{z) is the outgoing current wave in an infinitely long antenna, the
s:olution of wiﬁch was discussed in section 3, 2. I's are the reflected current
waves: I, (h + z) is travelling in the positive z -direction, and I (h - z)in
the negative- z -direction. In the phase factor, the te;:'m h{2n -1) refers to the
total distance over which the wave has travelled before the last reflection. The
factor (- )} indicates that the waves travel back and forth and the direction of
the ‘curr‘ent is reversed at the reflection.

It is now necessary to determine v, and 1, . By substituting .(37) into
(36) é.nd using the condition that the total current must be zero at the ends of

the antenna, which requires that the successive current waves must satisfy the

relations

I (0) = e~tkBy (n)

I (0)

l

e~ik2bp " (2n), a>1 ‘ (38)

Hallén was able to formulate one cormnmon integral equation for the reflected

current waves, Following his steps, one may write for the case of the coated

antenna
i8nk .
o o B G LY
. . W
In (o d¢ F (Ct) e_la (z ...é’) da = (39)
m (z) , z<0
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The function m{z ) is unknown, There is an infinite set of integral equa--

. tions corresponding to each n. I, ( z) is the current in an infinitely long

antenna.._ Hallén has shown that the different reflected current waves approach

the form of the o,utgoring wavei I, {z). They differ from I (z) mainly at small
values of z.. In-the 1i1n.it of large h, the incident wave comes from. infinity and
therefore has a constant amplitude when it approaches.the end., The limit value

of the reflected wave I (z ), when the incident wave comes from infinity is

I[(z) = I1(0) e_Ikz, z<0 (40)

Haldén has shown rmethods for calculating all the reflected waves. In the
following only the limiting value of the first reflected wave will be calculated.
A convenient way to calculate this reflected current wave is by using the
Wiener-Hopf technique. This method has been used to find the reflected wave.
The.deta.ils of the method is shown in Ai)pendix 6. It has been shown there

that the first reflected current wave is given by (Eq: . (22), Appendix 6)

a2V, [ T gy (@eiaz |
Il (Z) e — 1— da (41)
a),urr lz F(a) .

where ¢;and ¢, are given by Eq: . (14) in Appendix 6.

The éva.lua.tion of 1, {(z) from (41) is quite involved. The complication
is due to the fact that even b, {(¢) and by (g) are known only as integrals g.nd
F {( a) is not just a éimple function. Numerical techniques have to be
adopted to find an answer. No attempt will be made to evaluate (41).

Instead, the function I; (z ) will be examined for its behavior for large k ! z,|'.
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An integral similla.r to (41) was (_e{va.lua.téd asymptotically by the method of
steepest descent in Appendix 5, | From Equation (10) in Appé#dixB, it is apparent
that the asymptotic behavior of I; (z) in (41) is largely dépendent on the value of
¢ (a )/ F{a)at a =ksiny, . For large enough k | z I , it was also '_shown- in
the same appendix'ma.t sinl% is approximately unity. !Sin-ce ¢ { a) is analytic

and non-vanishing in the entire upper half plane, for ¢; (a« ) at « = k , one writes

simply ¢, (k), which is a constant. Therefore

' . A2V ¢y () @) (k) e-iaz
Il {z) - ida
k jz| » o wpm 12 F (a)

Using (13), this reduces to

L (42)
Lz ¥ 2¢; (k)¢ (K1, (2)

k|z| » e .
where I, (z ) is the current in an infinitely long antenna.

Equation (42) Si’lOWS that the first reflected current wave in a long antenna
is proportional to the outgoing current in an infinitely long antenna.

It is thus possible to eva.lua.te-ma.ny- properties of a coated antenna in a
manner exactly analogous to that for an uncoated antenna. Since, once the
properties of the infinitely long coated antenna are known, many of the proper-
ties of a long but finite coated antenna can be determined by a compa.rison' to
the case of an uncoated antenna (except for the added difficulties in calcula-
tions due to the more complicated F(«) ) the discussion for the finite antenna

will be concluded here. Attention will instead be focused to certain additional

features and some numerical results for the infinitely long antenna.
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3.4 Additional Topics on Infinitely long coated anteﬁna,

In section 3.2, the integral equation for the current distribution on an infin-
itely long coated antenna Wa.s; formulated. An explicit expression for the current
distributién function was also obtained in the form of an integral. The integral
was evaluated approximately and 'a.symptotié values for I { z) for large k |z] and
and small k [z] were obtained. In all these discussions, however, the dielectric
property of the material of the coating was assumed to bei real or with a vanishingly
small lossy part, In the following it will be ‘shown that many of the results qb-

tained in section 3.2 are also valid for complex dielectric coating.

L J
3.4.1 Infinitely long antenna within a dielectric cylinder having complex

dielectric property.

Since most of the derivations will be exactly similar to those in section 3. 2,

" only some salient points will be discussed here. Whe;never ‘necessary, pertinent

equations in section 3.2 will be referred to avoid duplica.tioﬁ. It must bé_ noted,
however, that the conductivity of the dielectric cylinder will be assumed to be
small compared to conductivity of the antenna so that the conduction current

is predominently flowing along the antenna. Here . is complex, so that

(43)

where o is the conductivity, o is the radian frequency and .’ is the real part

of €.
Therefore
k = kl +il-:2
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where

1 2
k, = \/QZ#E’,\/—- 1_‘_[_2’] +1
© 2 WE J

. 7 2 . 44
k2 B “'&12[16' J%J]T_'_ :_;] -1 ( )
= -GJE . . .

Without difficulty, it may be shown that the current distribution on the an-

tenna will be given by the integral eqﬁa.tion {11) and the explicit solution for the
current by (13), with k and ¢ as defined in (43) and (44). The asymptotic vaJ.ue.s
of the curzrent distribution function will, as in the previous case, be given by
(17) for large k |z| and by (25) for small k|z| . The driving point admittance
will be given by (28). In each of these cases, ¥ and ‘5 will have to be inter-
preted. in the sense of (43) and (44). |

In this connection, it should be mentioned that rel'a,tionships (’5"3;) to (33) are
n-ot valid for coml;lex k., Therefore it will be much more di..fficult to obtain thel
numerical values for the driving point admitftance. The difficulty .is with the

[=<]

evaluation of the two infinite series X J (nx)and £ N, (nox) for complex x.
: - n=1 n=1

At the present, no information about these two series appears to be available
in the literature. Numerical techniques may, however, be used to evaluate
them.

s

3.4,2 Electromagnetic Field and Radiated Power from an infinitely long

coated antenna.

Without explicitly evaluating the current distribution along the antenna,

it is possible to derive expressions for the electromagnetic fields and the
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radiated powgr. For this purpose, one may start from (5) with b{e ) = u(a)
and, applying the boundary condition of continuity of tangential electric and

L]

magnetic fields on the surface atr = b, obtain the following expression for
cf{al.

opeV ) 1
nz%r_g N2 {Ho (I, b [J5 () H, () - ], (la) HY (16 ]

cla) =

K

m ] >
s Do) By () - 1, ) B ) B o ] (45)
N b
where the value of u{a) as given by (4) and (13) has been uéed.
The magnetic field is then {outside the cylinder}
- 1 , . .
HY - — L c@Hy dy 0 e™ie® a - - | (46)

o

where c{a)is given by (45).

E, and E, may now be found in a straightforward manner using relationships
{30) in chapter 2, The radiated po.wer may also be found following exactly the
same steps as in Chapter 2, | The“asymptotic behavi;r of Hc(;sz) in (46) mé.y
easily be found by the method of steepest descent, described. in Appendix 3.

It is not intended to go into details about these a;spects of the problem and the
discussion will be concluded here, Attention will now be focused to a more
useful measurable parameter, namely the driving point admittance.

3.4.3 Driving point admittance, Numerical results.

The expressions for the driving point admittances for an uncoated and a

coated antenna were given in (34) and (28) respectively. For the purpose of
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plotting the driving point admittance, it is convenient to normalize the function

and separate into real and imaginary pa.rt's.in the following manner. Thus

deu

G

Gy Re

1

To (kg |81

it

a
2&)60 T

deu

2&)60 anm

W
it
—
g
I

N, ¢k, 18]

o0

¢ [Jo ko 18l VE) + 3 (1! 'Jo (20 Ve, k, (b_a)]]

2we, am . n=1

dec

(9]
.
=
o
[

B, = Im % = ¢, I:No ik, lal Ve + ) gl (_+,i)“ N‘0 [2n Ve kg (b_a)]]

The subscripts u and ¢ are used to indicat e uncoated and coated cases re-
spectively, The variables are 8, {b-a), and ¢,. The results of variation of these
quantities on the value of G and B are plotted on Figures 2-4.

In figure 2, first keeping the thickness of the coating constant, G, and G_ were
plottec.l by varying the gap size flcyr different values of the dielectric constant. Then
the gap: size was kept constant and the thickness of the ccating varied. G. was then
pl.ot'1-':ed, for various values of ¢, . In this figure, ¢, has been assumed to be sma.li
compared to unity.r It is apparernt from figure 2 that G, and G_ are both independ-
enli.:' of the gap size, as long as the gap size is small, and that G, varies with x (the
thickness of the coating) as well as ¢« . The curves revéa;l that the conductance
. increases directly with ¢, and inversely with the thickness of the coating. This is
exactly what onel would expect from elementary considerations. It is observed

" that by varying ¢ and k, x, it is possible to obtain conductance less than, equal

to, or greater than the uncoated antenna value.
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Figure 2 - Driving Point Conductance vs Gap Size (dashed line)
and Thickness of Dielectric Coating (sclid line)
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In figure’3, B, and B, are plotted for various values of (e, << 1), first keep_

ing the thickness of the coating constant and varying the gap size, and then, keep-
~ ing the gap size c‘onsta.;qt and varying the coating thickness. In both cases, itis
seen that the susceptance increases (negatively) directly with the dielectric con-
stant and inversely-with the gép size, These results are exactly what -one would
have expected. Intuitively, the susceptance of an antenna should be comparable
to the case of a simple parallel plate capacitor. In such a case, the susceptance
(whigh is directly proportional to*the capacitance for a fixed frequency) increases
directly with the magnitude of s___l__ and the area of the plates, but inversely with
the distance between the plates,

In figure 4, similar information to that in figure 2 is shown, however, with
¢¢ >> 1. For this case also the above comments made for figure 2.apply. The
drivin.g point conductance for this case (i.e. for ¢ >> 1) will be given simply by

Gc=

™

¢, . This means that for large ¢, G, is directly proportional to ¢, and

independent of the coating thickness provided that /i k {8 << 1 and 0 < Ve kyx < 5.

The plot being just a sfraight line has not been shown,

From the formulas given in (27), (28) and (34), it is possible to plot many
more results without any difficulty. 'fhe formulas being in such simple forms,
it is considered unnecessary to go into any more details, Figures 2-4 reveal
many of the salient features of a dielectric coated antenna. Since plotting more
of the same properties would not change the general pictu're already presented,

the discussions will be concluded here,.
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Figure 3 - Driving Point Susceptance vs Gap Size (dashed line)

and Thickness of Dielectric Coating (solid line)
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APPENDIX 1

. THE PROBLEM OF PLASMA DIAGNOSTICS AND
THE PROBE THEORY

In a gaseous pla:sma, some of the most important characteristics 'aré the
‘temperature and déﬁsity. Since a plasma consists of electrons, ions and neutral
gas particles, the terms temperature and density have to be associated _wi'tli each
species. of particles (pamely ions, electrons etc.). In many applicatioﬁs such as
in the field of thermo-nuclear fl..ls.ion, it is impoftant to know these properties

accurately.
.

Of the various methods for the measurements of temperature and density in
a plasma, the important ones are:

(1} the probe techniques

(#) microwave diagnostic techniques

{3} the spectroscopic tecimiques.

Each method has advantages and disadvantages and is suitable under different
circumstances. A survey of the various methods, along with their advantages
and disa.dv_'a.nta.ges have been presented by Dicksonl. Only the probe techpiqué
will be considéred— here,

One important characteristic of a plasma is its tendency to adjust its
constituents in such a way as to maintain an overall neutrality and forcefree
condition ‘inspite of any external forces applied to it. As a consequence when
~an electrode or even a neutral conducting body is introduced in a plasma

.medium which was originally neutral, an en;relope (the so-called '"plasma

sheath'') will be formed about the body so as to shield the plasma region from



the stresses that otherwise would be caused by such a body. This shielding is,
however, no‘.t quite pe;fect in an actual case, and a small potential drop between
the eléctrode and the plasma rmay penetrate beyond the edge of the plasma sheath.
When an absorbing body is introduced in a neutral isothermal plasma, the

initial flow orf electrons will exceed the flow of ions because of the relative

- weight and mobility of the two kinds of particles. This is due to the fact.that
the velocity of the pa.'i:'ticleS' in thermal equilibrium is inversely proportional to
the square root of their masses. Therefore.there will be an accumulation of
net negative charges until thé pr.ob'e reiches a potential such that an equal.number
of positiv® and negative particles reaches this probe in any time. Thus if the
electrons and ions have ené;gy corresponding to +1 electron volt, the probe
potential cannot exceed -1 v“olt' because if it does, the probe will continue to
receive ions and no electrons, which would restore the probe to its original
poten;ia.l. The temperature of the eleétrons usually is higher than that of the
-ions and therefore the potential of air insulated probe can never exceed.the
potential of the plasma.

From 1.9%3 to 1929, Langrx;luir, Mott-Smith, Blodgett, and Tonks developed

.the probe theory. 7-10 14st as ina diode, Langmuir viewed the discharge to be
- - separated from any collecting surface (probe surface) by a spa.cel charge sheath.
He showed that the thickness of this sheath is, in general, a small multiple of
the so-called Debye length. In 1929, Langmuir and Tonks introduced. the word
"plasma'’ .to distinguish it from the "silea.th”. In a pla.srna.,,.the- two kinds of
charged particles are equal in number. On the other ha.ﬁd, in a sﬁ:aath, the

densities of the two kinds of particles are such that one of them can be neglected -

at least in the first order. The other type of particles gives rise to a space charge',

which produces a large electric field, which in turn drives a current large
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compared to the local random current. -In plasma, both kinds of '
pa,z.'ticles bei‘né of the same number density, space charge effects may be
neglected. However, the currents. (small compared to the random currents
which flow in the plasma), require electric fields to drive them and.the di-
-vergencé of the field determines. a small difference in densities of the two kinds

of particles. Allis3 summarizes the distinguishing characteristics of the two

kinds in the following manner.

60. -

plasmas: n -n_<n_; J ¥} qoms8, —0_ = e V- E

_J’(“+ -n.) dﬂ

In shtaths, the last equation is essential. In the above discussion, the probe

LI
she&ths: 0 _>20_; J>Jandomi E = -
[s]
surface was assumed to be perfectly absorbing. This means that all the electrons
"and ions striking the probe surface are absorbed and no secondary emission
takes place. 4 Although the major contribution to the probe current is due to the

ion current, there exist many other factors to influence the probe current.
Some of these are:as follows:>

{1} Ion densities and velocities near the probe

{2) Electric field set up by the probe

{(3) Collisions between electrons, ions, and gas molecules

(4) Ultra:wiolet rays and metastable atoms striking the probe

(5) Plasma oscillations

(6) Effect of removal of ions by probe from surrounding plasma
The usual assumptions made in probe theory are:

{1) Probe small compared to mean free path, which is defined as follows:

If the molecules are regarded as rigid bodies, in absence of any external

field, the molecules are quite free through a certain distance between two
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sucessive impacts. The free distance is called the free path and the average
free paéh of a system of molecules is the '"mean free path."
(2) Sheath small compared with probe radius
{3) Ionization in sheath and secondary emission both negligible
—,(4) Plasma oscillations absent
With the above assumptions, the probe current is equal to the sum of the
random therrna.lly diffused ioﬁ and electron currents., When a probe is intro-

duced into a plasma medium, it collects positive ions at a rate determined by

. ‘the random thermal currents in the plasma and by the electric fields that guide

~these curtents towards or away from.the probe. Since the thermal currents and

the electric field affect each other through the space charge effect, the problem

~is complicated. It may be shown that under actual conditions the positive ion

collection is determined not by the temperature of the positive ions but mainly

by the electron temperature. .

1.1 Fundamentals of Kinetic Theory of Gases

1.1.1 Concept of Velocity Distribution
A simple gas, whose molecules are spherical and possess only energy of
translation and are subject to no external forces, will be considered. The

molecules of the gas will be moving at random and as such there will be

collisions and encounters resulting in the changes of velocity in both magnitude

and direction of the colliding molecules. If the collisions are assumed to be

-elastic, then it is conceivable that some molecules after the encounter will be

left with zero velocity and others will have a relatively high velocity. Thus

physically it is apparent that there will be a whole range of velocities from

zero to some high value, when a whole system of particles are considered.
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The function which represents the distribution of velocities in a system of’

molecules is _termed.the-velocity distribution function. Maxwell and Boltzmann

derived independently by different methods. the nature of the distribution function

and it is often termed as the Ma.x.w'ell-Boltzmann distribution function. Maxwell's -

\ . 4
method is relatively simple but mathematically les$ rigorous. Boltzmann showed

the same result by his mbre elegant H-theorem. Lorentz later improved. the
-argument to the same problem. Fc;r simplicity Maxwell's method will be
- considered here.

.Ma.xwell assumed that as th; components of the velocityw, , w, and v, are
perpendic.ula.r to each other, thg distribution of one of these components among

‘the gas molecules will be independent of the other componenté, and they will

‘also be spherically symmetric, Thus

=2 =2 =2 1.
= L= ul ==—1
U - Yy z =7
ukuy = -uyuz = O, = 0

The bar onu, , u; etc. represents the average value*,. If one assumes that

F(uy ) du is the probability that a molecule should possess.an x-component of
velocity between. uy and ux + duy and that F(ux) is independent of u, and u,,then

the probabilities that its y and z components should have values between uy and

w + du, 5 vy and u + du, are similarly F{u,)du, and F (u,)du, respectively.

Hence if f (u,, uy , Uz )duxduyduz represents the number of molecules per unit

u, ) dugdugdu, = aF(ug)du, F(uy) dug . F(u, )du, where f is the

volume then f (u, s Uy s

distribution function.
Since in a gas which is in equilibrium, there is no preferred direction, then

f{u,, Uy, Uy ) can depenél on'ﬁx Uy, Uy only through the invariant 1-1,2c + u}z, +

uzz, =u? . Thus

*The derivation that follows is based on reference 6.
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ﬁF(ux)dux-F(uy)du, Flu,)du, = f{u,, Uy u,)du, duy du, = QS(ug + u

J

Therefore

oF (0,) F (o)) F () = £uy, uy,u,) = )

Differentiating (1) with respect to ux, one obtains

s e Fay - 2, 2
duy ¥ z x du?
But nF(uy) Fu,) = é/Fluy)
. -
Then
1 .d F(uy) 2u, deb
F.(ux) dux ) du2
or
1 de 1 d Fluy)
?b du_z ) 2u, F(u,) duy
Similarly
1 de¢ 1 d F(uy) 1 d F(u,)
¢ gu2 2uy Fluy) du, 20, Flu) du,
‘Then
. 1 dF(u,) 1 dF(uy) 1 dF(u,)
iux F(u,) du N 2-.1y F(uy) cluy - 2u, F(u,) du,
- d
_i i i = —a, where a is a constant
T ¢ du?
Therefore
dFu)
: = —2au, F(u)
duy

Integration of this yields
iln Flu,) = —au}zt + InC
so that

Flo) = C exp(—aug)
|
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Similarly
F(ay) = Cyexp(=aud); Flug) =Cyexp (-auy) .
so that

ff(u) = C exp [—a(u,zc + ug + ﬁ%)] = Cexp (- Iau?.) {2}

The problem is now to determine the constant ¢ and o under particular conditions,
It may-be noted here that the assumption that the distribution of the three

velocity components among the molecules is independent of the values of the

-~ others is not completely true, and thus the distribution function is not always of

the .form f =Cexp (-auz). However, for many practical purposes, this repre-

. -
sentation gives reasonably satisfactory results and Boltzmann and Lorentz showed

the above to be approximately true by more rigorous methods.

The constants C and a may be evaluated in terms of the number densityn

-and ‘the absolute temperature T,

By definition

a =ﬁ(u) du

- also
1
< mil = % kT and 2 = | u? f{u) du
Therefore

where

rﬁm = mass of the particle, k = Boltzmann's constant, f {4 = the velocity

distribution function.

ﬂf(u)du =j C exp (—~ auz) 4nu2 du - (3)
0 s 7
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The quantity 47udu is a volume element in spherical coordinate system.

Therefore -
3
3: nkT = 4n -gi C exp (-~ auz) u4 du _ ‘ (4)
4]
One notes
‘ 20~ 1)!
uf exp (— auz) du = (20-D) exp (——auz) du
{(n=1)! Z(ZH_I) a”
0
also
jm 2 1 m
exp (~aqu“)du = — ‘/-—-
2 a
/0
. [= <] l L
j ul exp (—qu) du = — VT (5}
0 e 4 3/2
ud exp (~qu) du = 2 \/—?—
A 8 ,5/2
Combining these, one olbta.ins the value of n.
J,l = 4"Cf u? exp (-auz) du = ﬂcﬁ, (6}
- 0 a3/2
= ' (M)
~3—l“nkT =27 Cm u4exp(—-a_uz)du =—3- M
2 _ A 4 52
Therefore
i KT = 3/2 nkT _i m
3 - n 4 a
so that
m .
a\_ = _ (8)
Also from (6) and (8)
23?2 M m 132
G- 32 " 2nkT _ ' 9
Finally
) m 13/2 m L .o ‘
fiw) il re exp |- o (7= 7)) (10)

where ¥ -¥ =i, ¥ being the total veloc-ity, v

o]

, the drift velocity and ¥ the random

- velocity.
Eq. (10) is the usual form of Maxwell's velocity distribution function.
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It has thus been shown that for a given set of the properties such as the
density, rne.;n velocity and temperature of a uniform gas, there is only one
possible permanent mode of distr;lbution of the velocities of the molecules
(namely, the Maxwellian distribution function). If the actual mode happens
to be different from this mode, it will tend to apprbé.ch this state, It is now
obvious that since the derivation of the Maxwellian velocity distribution function
assumes spherical symmetry and the absence of external forcgs, .then.the velocity
distribution function of the ions at the plasma sheath will not be in general

Maxwellian. due to. the presenc.e of a potential gradient.

1.1.2  Properties of the Maxwellian State
The number of molecules per unit volume wii:h velocities in the range u, du
is fdu or fduy, duy du, . Hence the number of molecules per unit'vqlﬁme,

in the Maxwellian state, whose cémponenf velocities lie between the limits

u, and ug + dug, uy and uy, + dpy, and wu, and u, + du, may be written as (using the

value of f from (10))

[ R o (11
n Z'r-rk_T exl:i e (ug—=uy ) |du, exp |- uy “yo) du exp[—- e (u,—u, )_Jdu .

This means that the distribution of v, is independent of uy and u, and so on.

The mean value of any function ¢ of the molecular velocity of a gas in the

Maxwellian state can be found from the equation

_p n 132 [ n | |
R (e = P B e

For example, the mean of the peculié.r speed u will be

- L][}TM] B/Tu exp [_ ﬁ u :l éu
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where the integration extends through all velocity space. Then

.
m 3/2 (ma m 5
‘Ef 4”[271'1{'1'] ‘jo‘ u” exp [— T u ]du

(13)
One may now use the formula \'
r .
‘\ex_(p [~aui]lu?t+]l gy = i ,n=0,1,2,... (14)
2an+1 -
0
so that | 5
) 1
J_gxp [—auz] ‘u3du = e——p——
~ 5 m ]2
0 ' I:ZkT]—
-Combining (13), and (14), one obtains. -~
4 _ [exr]? (15)
I

Another mean value oftén needed is that of the z ~component of the peculiar

velocity, averaged over those molecules at a given point for which this com-
ponent is positive; this is denoted by u +

Since the number density of such
1
.molecules is 50 from (14) one obtains

1
5 nu,, =f fu, du
+

The integration on the right extends over all values of u for which u, is
positive.

Hence, using (11)

-_— 0l

o : ea e
m 7 372 o 5], n
el = 2 ' — d— u ex — ——
Yz + 127 kT exp kT x| N P

0
Using (5), (8), (14}, and (15) this reduces.to

- m | 32 T2nk7] V2 T2mkr| V2 [T
w,, =2 -
27kT m m

m
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1 -
R o (18)
Obviously, the number of particles crossing unit area in one second

along the positive z-direction will be

1 1. o%
=n.-3 -2 (1n
2 2 4

. Relationship (17) is important in many problems. For example, in probe
theory, when a probe is at space potential, all electric fields vanish and the
rate of collection of positive ions will be determined solely by the random straigh-
line' motion of the ions in the ne'iéhborhood. From an eleﬁentary point of view,
it may be‘assumed that the probe is struck by the same current that would strike
an equal element of area inlthe undisturbed gé.s. Thus if o is the gas density,
u the mean velocity, and A the p-robe area, the current J will be given by
(using (1'7))5
nuA
J = e (18)
Obviously (18) is valid only when the probe does not cause any appreciable
disturbance in the dis—tribution, because then the distribution function will not

be Maxwellian,

1, 2 Distribution of Ion Concentration in a Uniform Electrostatic Field4

In order to understand the physical principles involved in ..the phenomenon,
it is sﬁggestive to consider the variation of density of a gas in thermal equilibrium
and under the influence of a gravitational field. This variation arises due to the
interaction of the gra_vita.tiona.i forces and thé thermal agitation of the molecules.
A column of air, 'A' squa.rg meter in cross-section, ;_naintained_a.t a constant
temperature and free from all disturbing forces will be cﬁnsidered. -Let x be .
the distance in a direction opposite to that of G.-
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‘Figure 1, Section of a Gas.column in equilibrium in gravitational field
L]

In"the steady state, only the upper and the lower surfaces need to be
&

considered. The upward force P; due to gas pressure is Ap(x). The downward
force P, on the upper surface is A p(x+dx). The downward force P; due to gra-
vitational force is Apgdx. Then, for equilibrium condition,

Ap(x) — Ap(x +dx) — Apgdx = 0

dp

But pfr+dx) = pf) + W dx , Therefore

dp

— dx + dx =0
Let n = number of molecules-per cubic meter of the gas at any. given temperature
and pressure, m = mass.-of the molecules

Therefore p = nm

From the ideal gas laws

p=nkT
dn .
o
Then

d
-‘-1= - ELn dx
n kT

gmx
a = n, exp —Tr—.
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The quantity gmx represents the potential energy of a molecule at the pointx .,

If the two s'u"ijfacés‘ are at x;, and x; then

nj X ’
dn .
L BN
0 kT
2 .

. Therefore

;—i; exp [_ -g—k”—; ) —xz):l - exp [{1?2] (19)

‘The sign of “;3 must be such that the concentration increases in the direction
of the field.

* Following the Qame principl.es, it is possible to show that the average steady
state contentration of ions at two points in a uniform electrostatic field is given
by an equation simil‘a.: to (19), the potential energy term being 'given,by' the
difference of the electrostatic potential multiplied by the chargé q carried by

-each.ion. The equation.is then

n-f —-q(V] = V3) J ‘ 2
—_— = ex _—

ot P kT ‘ {20)

2z .
where
Vi = potential at x;
. and
V, = potential atx; .

1.3 Effect of Space Charge

The-l pr.obe I(:urrienf depends on the probe éotential and also on.the precise
form of the electric field. in the surrounding space. The form of the electric
field may be determined by solving the problem of spacé charge motion in a
. sélf'-crea_.ted electric field, The solution is possible through the following

simplifying features: (1) the inability of the plasma to sustain a large potential



drop; (2) the inability of electrons to reach the highly negative probe. Since
‘neither the e'lectrons nor the ions have moré than a few volts of kinetic energy,
‘Fhe' two factors stated are interdependent. Thus, if an electrode-is maae 20
volts negative, very few electrons can be present over most of the region of
poterntial drop, which therefore takes the form of a positive ion sheath surrounding
the electrode and shieldiné the plasma from most of the potential drop.

The calculation for the size of the sheath may be done.first by considering
a:: one dimensional case. One may consider two infinite parallel-plane electrodes
in a*vacuum, with one of the eleétr‘odes emitting electrons thermo-ionically. The

emitter will be assumed to be an equipotential surface. Poisson's equation is

valid in the region between the plates.

d?v ‘
R (21)

dx?
whéreé v is the potential at the point x, p is the charge density and ¢ is the
dielectric constant of the medium. The force on an electron is

dv av
ma = ed-; (22)

where m, e and v are the mass, charge and velocity of an electron, respecltively.

The kinetic energy is

mv2 } .
-—2-— = CV (23)
Then _
2eV 1/2 .
v =|— (24)

This assumes that the velocity of the electron at emission is zero.
The current density is given by J = - pv = - nev where n = number density of
electrons atx . Then

p= v - Ve _ _ '
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. Substituting this value of p in Poissoen's equation, one obtains .

1/2 1/2 '
v _ _( (i) y-1/2 (26)
Ve 2e
dv
Multiplying both sides of (26} by 2 I
vy d®v  j /m
()% -42)" of
dx/ 4.2 el2e/) |
Then
Fo\1/2 . |
1-(2;) v’z | ¢ (27)
€ \2e

" If it is assumed that the current is limited by the field or that there are

-more electrons being emitted than are reaching the anede. The field at the
‘cathode must be zero, for all lines. of force from the anode end on electrons

rathee than on the cathode. As the cathode potential is assumed to be zero, the

constant Cis zero. Therefore
1/27711/2
dv
v [%,l(?__ ]'_ y1/4
dx e\ 2e )
1/271/2
\7_1/4‘:“{’:[--'I _I‘E) J dx
€ \Ze
1/211/3
434 _ [_{(E‘.) ] .
3 2e

But Vv=0at x = 0, soethatC; =0

Thus,

y3/4

1/2
['?‘ -'I’ m 2c]
4 ¢«

(28)




This is the familiar space charge equation or Child-Langmuir law. If can

- be shown th.a;.t this law holds for any electrode configuration. Relationship (28)
holds for the thickness of the sheath of positive ions around a negatively charged
electrode if v is the probe potential, p is the ionic mass, ] is the current density,
- This will be valid under the assumption that the sheath contains only those
positive ions which diffuse- or drift into it from the interior of the plasma. The
electron penetra..tion into the sheath is negligible and it is assumed that at the
pla.éma. edge the field is zero, for if it were not, electrons would be repelled
unt?l this condition became satisfied. These assumptions are approx'ima.te.
More acdurate formulatiofi will be given in section 1. 4,

Further simplification of (28) may be achieved by repiacing the current
density (in this case, the positive ion.current) with suitable values. The number

of particles that cross unit area in unit time along a particular direction is

-
o

T (Ea. (17)

: 1/2
But & :[?f—f (See Eq. (15))

im

Therefore, the positive ion current dens ity/unit probe area will be

-]

> neir k
= —— = pe
4

l

{29)

[}
3
3

. This is the standard formula for the random current in a gas.. Substituting

this in (28), one obtains for the thickness of the sheath

B¢ T 1/2
x = |— /=L 3/4 . 30
[9'n kTe] M . : (20)

=95-



Equation (30) may-also be written in terms of the Debye length defined as .

N ek T
d “af :
nel

Then.

(31}

X = —

M fiev\3/4
3 mkT

It is apparent from (31) that if the sheath voltage v is approximately equal

. kT
to =7, then.the sheath thickness is nearly equal to the Debye length.

1.4 Plasma Sheath Equation and Bohm's Criteria for a Stable Sheath?
' - o

It wﬁs mentioned previously that if a probe is introduced into. a neutral
plasma, a plasma sheath will be formed around the probe to shield the plasma
from the probe iaotentia.l. However, if the electrons have several volts of
kinetit energy, they can penetrate several volts of potential drop and thus
permit correspondingly large residual potential to penetrate into the plasma.,
Although these potentials are not too great, they rmay be large e_noﬁgh to draw
in ions ‘much more rapidly than would be possible by the ionic thermal velocities

.alone. Thus, the as sw;lmption of zero volta.ge-a.t: the sheath edge is approximate
‘and is true only to the extent that electx;on energies are small compared with
the total potential drop actoss the sheath.

Since electrons are not a.b'sorbged by the probe, they remain in equilibrium
in its neighborhood ?.nd their density is‘therefore. given by the Maxwell-

Boltzmann relationship (See Equation (20))

eV
ne = no EXp [—-kTe} . (32)
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where n;is the electron density in the neutral plasma,
v = potential of the probe

T = Electron temperature

¢

'If n. is the electron density and n; the ion density, then Poisson's equation

=
becomes
2v o -,
VIV s =G -0
or
en: V
) e eV 1 . 5 33
VV—!—--r-nexp,;o— = — : (33)
e © kTe C

Before (33) can be solved, one needs another relationship between nj and V.

. :
Langmuir and Tonks have investigated the situation under a wide variety of
assumptions for different conditions and showed that in all cases, the regions

may be divided into two parts; a plasma region and a sheath. In the plasma

region, n; ~ 0, (almost neutral plasma)

Here

v2v=o0

The field is weak in this region. In the sheath region, V is large. Therefore

eV . . . ; . ' :
n, = 1, exp I:m — ].is small. Only pesitive ions are present in an appreciable
[

amount, According to Behm, 5 et al. , the boundary. betweefn the two regions may

. v 1 . .
be set at a point where —;— =-2- . Beyond this, the electron density becomes
<

. i,
rapidly negligible (the derivation of this will be shown later.) This happens
because only a few electrons have enough kinetic energy to reach higher potentials.

Thus, contrary to the assumption of Langmuir ahd Tonks and others, the E

, kT
voltage at the sheath edge is not zero but should be given by V = —-E_ . Until the
' 2e

sheath forms, the plasma will be almost neutral i.e., n, ~ n; .



In the sequel, it will be shown that the potential penetration must be such
+as to a.ccele;ra.te- ions to a velocity corresponding. to half the mean electron
kinetic' energy. This criterion is not exact, however, because it depends
somewhat on the distribution of ionic vélocities at the sheath edge. When a
neutral atom is ionized, éecondary electrons are liberated with many volts of
kinetic-'energy and. ions with practicaily none. Because of their rapid motion,
electrons collect on the walls, charging them negatively. This negative charge
repels the electrons and attracts the ions, which fall to the wall as a result of
the®electric fields in which they ltla.p‘pen to find themselves when they are formed.
Meanwhilfe, by frequent collision, the electrons attain an %pproximately
Maxwellian distribution with a temperature of 2 to 4.volts, Within the plasma
region a very gradual change in potential takes place, There is no precise
point at which the sheath begins. Thére is a transition region between the

plasma and the sheath regions. The plasma region. is chafacterized by a state

!

of zero electric field and the sheath region by negligible electron density.

Sheath Region

|

*.F

fgs ¥ et
|
|.
i

Transition Region

I
I
|

Plasma Region

=Y
|

X

Figure 2. Potential Distribution about a probe (exact model)
Although the problem of potential penetration into the plasma can be

treated exactly, such.a treatment is always very complicated. To a first
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approximation, it may be assuﬁed that the plasma potential is constant, at
least in so fe;.r as the processes involved in sheath formation are concerned.-
However, the plasma fields cannot be completely neglected, because over the
-long distances that they cover, they are able to accelerate positive ions up to
appreciable enerpgies, of the order of the plasma electron.temperature. In the
-approximation that is used here, the role of these fields may be taken into
account by assuming that they provide ions at the sheath edge with some mean
energy eV,. Although there may actually be a distribution of energies, it can

- be shown that for quantitive purposes the distribution may be replaced by a

I
!
y

stream of ions, all of which possess the mean energy of the distribution. .There

~

remains only a small uncertainty in v_ arising from the lack of an exact definition

of the sheath edge. This uncertainty is, however, quite unirhportant, because

- of the smallness of the plasma fields. A simpiified model of the situation is,

thus, as shown in figure 3.

Sheath Region

Transirion Region .
Plasma Region

P R - o

X

Figure 3. - Potential Distribution about a probe (approximate model)

To a first approximation, the change in plasma potential beyond the sheath edge
may be neglected, assuming that far away from the electrode the potential

approaches V, and that the electric field approaches zero.
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For this simple case then, one may write Poisson's equation .
2 e,
V4V = = (0; = ne)
€

For the thermal equilibrium condition, one may write the approximate equation

ﬂe = ﬂo CXP _——— (34)

kT,

At the sheath edge the potential is V = Vg and the electron density is n,. The

‘ion current density

l [ )
.—1n v2= eV .
2 i
Therefor?
2eV ’
B = [ c (35)
o .

This is because the current density must be the same at all points (inside

the sheath -as well as at the sheath edge).

Therefore from (35)
{36)

From (36), it is seen that the ionic density n; drops as the ions are accelerated

by increasing v. For the one dimensional case, Poisson's equation becomes

(using (34) and (36))

azv e ( ) eno VO EG—VO ) 37)
il RSl PVl ot I ‘

This is the so-called plasrma-sheath equation.
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1.4.1 Potential Distribution at the Sheath (Plane Electrode). .

The potential distribution in the simple case of a plane probe (one dimensional
case) is obtained from a solution of (37). For this purpose, multiply both sides of

av.
37) by 2 —
(37) by .

av #v <%} [Vo c(V-Voll gy
ox axz € v . kT, ox

Eq. (38) may be reduced to

.
a av 2 a 2eno : kTe € (V - VO)
L) L2 2 A s — - —2 39
dx (Ox) ox € 2 0 ¢ °xp kT, (39)

That (39) is true can be easily seen if the differentiation.is carried out

explicitly. Now integrating (39), one obtains ’

2 2en ©OkT, . e(V ~V
av e 0
- = 2 2VVg + 7 exp |- =———= {2+ C (40)
. € €. kT,
where Cis a constant of integration.

In order to evaluate the constant of intégration, Bohm used the approximate
boundary condition that at the sheath edge, the field disappears and the p'otentia.l
approaches V3. Although there is no precise point at which the sheath begins,
it is shown that in.the plasma near the sheath edge, the fields are so small tiat
the potential remains close to Vg over a distance several sheath thickness in

. av .
extent. Thus, by setting ol 0 at V=Vg, one obtains from (40)

2en kT .
C=-— [2v0 + —e] o (41)

€ €
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Substitute this in (40) to obtain

av )2 Zen, | v kT, e (V~Vq) kT,

—_) = 2V — 1) +— - - '

6:() € 0( Vg ) e exp[ kT, ] e (42)
It is obvious that

(av) 2
—_ > 0
dx -

This means that the .right side of (42) must be positive for stable conditions.

For large v, this condition.is obviously satisfied. In order to study the behavior

when v is close to Vg one may expand the right side of (42) as a power series
. L]

of {V-Vgy). To do this, it is noted that
]

, 2
V -V (V —Vq)
12 _vosvevnl/2 oo, L e 1 -8

Also expanding the exponential function in a power-series, “the right side of (42) .

becomes equal to

—

2en, 1 (V- VO)Z ) e . 2-
e
Then equation {(42) becomes
3vY 2 en 1 '
—-) ~ == ——](v--vo)2
dx e [ kT, 2V, (43)

X

. av2 |
Smce(——) s (V-Vo)z, e, n, and ¢ are all positive, Eq. (43) will be satisfied

- only if
kT, '
Vo T . | (44)

Equation (44) is Bohm's criteria for a stable sheath formation. This condition
-must be satisfied for the sheath to be stable. To put it in another way, "a
stable sheath is possible only when ions reach the sheath with a kinetic energy

‘at least half the electron temperature."
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Referring now to equation (42), it may be observed that it will be very

) difficult to iﬁtegrate this explicitly. Bohm used numerical techniques to evaluate
this to findV. However, when only approximate result is sufficient, it may be

. assumed that throughout most of the sheath, the first term of the right side

predominates, With this, equation (42) becomes

av )2  denyVy v
dx h

€ VO

orT
L
. dv }461‘]0\70 v)1/4
+ - = —
dx. € VO

Only the negative sign seems to have physical meaning., Thus

d(V/V) Teny v) 14
: dx - eV va

Integration of above yields

- = = - x + C

4 V)3/4 46!‘10

The condition that V = Vg at x = x, gives the value of C to be

4enO

4
C =— + x
3

EVO

-850 that one obtains

3/4 'a €en | .
Y T A RN (45)
Vv 4 va ° .
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According te Hall, 11 the unity on the left of the above may. be neglected in,the

region for which (45) is valid. The ion current density is

2eV,
Ji = env; = enjv; = eny ‘ (46)
m; .
. From (45) with the unity on the left neglected, dne writes
Ve fo e
"'“) = /= (x5 — %)
Vs N 4 eV,
- Therefore,
. 3/2
viiz " 2V . (47)

. 9en0(xo—x-)2

Substitutihg (47) in (46), ene obtains

o = 2e 4¢ Vlj/.z-" ' . (48)
K ETRRE R :

IHere again, one obtains the familiar Child-Langmuir equation.for space-
charge limited current flow. This may be cornpa.redjvgfith equation (28) obtained
previously. This shows that an approximate picture of the c.a,th-ode sheath may

‘be formed by consiciering the plasma to be simply an-ien eli'nitter. .The emitted

2ev,1/2 . : :
o . -
. ions with an initial velocity of -move into the wall under the influence

My

of a space-charge field in a manner similar to the behavier of electrons emitted
“from a hot cathode and moving into the plate of an electron tube, for which the
Child-Langmuir equation was originally formulated.

1.4,2 Potential Distribution About a Cylir_idrical Probel3

As in the case of the plane probe, here also one starts with Poisson's

equation
e(n; —n.)

v2vy - : (49)

€
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Since the electrons are approximately in thermal equilibrium,

e (V~Vy) o _ '
i, & o exp [- w———— . (50)

e o
kT,

The value of n; may be found from the current density.

J; =n;v;e, -5 m; vi = eV

Therefore
/2eV
‘.";l = mi

In above V is the potential at any radius r,

*v; = velocity of ions where the potential is Vv

v 2 potential of sheath edge

=
H

electron density of sheath edge
From continuity equation

errni v e = 2r.rr°no v, €

one obtains

nOrO VO |
o SN A - -(51)

Substitution of (51) into (49) yields

N, I, v, e{(V-V) a .
viv = = Ji_q“@ - —_ (52)
: € I v kTe . ) -

Equation {52) is the: .plasma sheath equation. 'The exact solution of (52} will

be very complicated, and only an approximate solution will be attempted.
In the sheath region V is large (not close to the sheath edge). For a

solution to be valid in this region, then, the last term in (52) may be neglected,
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so that - .

In circular cylindrical coordinates, with circular symmetry, this becomes

I

d?v dv enyry [ Vo
dr2 dr £ v

(53)
Solution of equations similar to (53) has been discussed by Langmuir and
Blodgett.10 Following theirrmethod, one lets

.V - 5[2/3 ﬁ4/3 ™ (54)

where s i a constant to be chosen later-and 8 is a function of the ratio of the

sheath radius to the radius at any point r. Substitution of (54) into (53) yields

2v  dv 4 T a2 dp\2 4
P — = == = 3,81'2——-{3-!-1'2(—-@ -#—"/,Br-—ﬁ-l-‘B2
dr2 dr 9 p2/3.1/3 42 dr dr
also
en, 1, Vé en, I, \N—'o
¢ Vo« s1/2 g2/3 [1/3

Equating these two, one obtains

42 FZTAY d en, VYV '
S‘Brz—-——‘8 + 12 (—B + 7 f: —B +[32——9 o =0
d:2 dt 4

For convenience, one chooses

[ 9 €05 Iy ﬁo] 2/3

o - (55)
Then
| d2 48}2 d '
3812 f + 2 (d—;?) + 71 d_rB +pP-1=0 - (56)
dr
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Since the space charge-free' potential is expressible inthe form of a ratio of
- L

t/r, where T, is the sheath radius, it is convenient to make this substitution.

De'ﬂning a new variable v as v = :— Eqg (56) becomes
o : X

a2 48\ d |
3 Bv? d—f+v2(£) + 78v d_f*‘ﬁz—l =0 o (57)

Now one makes the substitution
u = —lnvw . ‘(58)

Then

du

1 .
- = — °
dv v

Combining (57) and (58), the follovs‘ring is obtained.
. | . : ’
a2 ag\2 d '
38 B +(._ﬂ - 48 _’3+ﬁ2_1 =0 (59)
du2 dll dl.l

- Equation (59) may now be solved as a series involving powers of u. Thus, let

(60)
Substituting {60) into (59). and equating coeffitients of each power of u to zero,

one obtains

1 2 11 47
a; = +1, a, = + = , Ay = + — , @y = —— .,
== 27 =5 T =07 4T 3300

Since B comes as 82 in the expression for Vv, both * values of the coefficient
will yield the same g2. Therefore the solution is

2 11 3, 47 4, . A(E’l)

 —u u

120 3300

Values of 82 are calculated and tabulated in reference 13 for various values

8 2
= u4=— u
5

of 1, /r. Combining (54) and (55), one cbtains

g2 l 2/3

£,/T

V=M

where Mis a constant scale factor and is given. by
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' 2/3
2
Qe n,rg \./Vo _

4e

M =

Therefore

% - B /0P (62)

Knowing r /r, v may then be calculated:

1.4.3 Floating Probe in a Plasma

*To derive a relationship between the voltaée and current in a probe, one

L]
cannot use the Child-Langmuir formula, since it contains an unknown term, the

sheath thickness x,, the measurement of which is not always easily made. In

such a case, one usually assumes that all of the attracted particles which start

towards the probe reach it. In the absence of a retarding field the flux of ions
n: v: n,v
171 a_nd e e

and electrons to the surface of a probe is respectively, where
n is the number density and v is the mean thermal velocity. Since normally

n; ® 0. and vi<< v the probe quickly acquires a negative charge and an electric

e *
field appears which qua.lizes the rates of ion and electron collection. The
potential difference between j:he probe and the plasma Vg is mainly dropped across
a region in front of the probe called. ;:he sheath which is approximately one Debye
length thick. If one makes the simplified assumption that the shape and size

of the probe is unimpertant and that the ion current is unaffected by the potential
difference betwec_an: the probe and the plasma ‘(m-aithe‘r of these assumption; is

generally true) then one can equate the numbers of ions and electrons, The

positive ions will be attracted and the current density will be
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li =
8kT;]1/2
But y; = - = mean thermal velocity
ﬂmi
Therefore
Ji =oge 2mm;

1
Only those repelled electrolm: whose energy is sufficient to get them up the
potential hill will be collected, so that at the sheath edge

e € Vf} -
le = &—— = N T
where
v = floating potential (true 'electr.'osta.tic potential of the probe with
‘respect to the plasma at infinity)
T; = electron temperature
Ngy = ‘number density c;f glec£rons at the sheath edge
ve = mean thermal velocity of electrons
Jo = electron.current

Equating the two currents (with n,,~ n; . ), one obtains

/kTi 1 ,BkTe [ e Vf]
—— = e— exp .
2rrmi 4 Tm, kTe

Taking logarithm of both sides and rearranging

kT, “m, T, : o \
< i R (63) [1

In
2e m: T ; ;

vf=—

\7 is generally negative with respect to the plasma potential.
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the plasma. - ) !

4

)

1.5. Review of the theory, of Electrostatic Probesl

. =

Dickson has presenied a review of the theory of electrostatic probe. The

folldWing is a brief outline of the theory based on his repert. In figures 4-and

.5, typical characteristics of an electrostatic probe are shown:

Figure 4 Single probe V-I characteristics. Vais rheasured with respect

to one of the discharge electrodes or with__respect.to'a grounded conductor in

:The'position of the curve along the horizontal axis is dependent upon the

reference electrode chosen for the probe potential.

oW

- ﬁ_ F A4
. {
re *
L ]
- Vi
. oy _ _ _ _ _
A B b
A

Figure 5 Single probe V-I characteristic {shifted)
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i, = randorm electron..current
. .
i; = random ion current
le . = electron current -
i = .tota;l probe:current.

The different region in the volt-ampere characteristic curves may:. be
explained as follows:
Region AB .

In this region the probe is sufficiently negative relative to the plasma to

repgl all electrons. The probe is surrounded by a sheath of positive ions. The .

"-"".-"tota.l probe to plasma potential drop ('vép.),appears across this sheath:'sc that the
outer edge of the sheath is at plasma potential. Making V,, more negative only

: servqs,_f_g increase the thickness of the sheath of positivg- ions about the probe.
The cu;rent remains the same. The current density in the sheath J is pro-

is the density of ions in the plasma, V, is the

. .
portional to n__ V_ e where n P

PP P PP
average veloci.ty. of the ions and the current is I = JA where A - is the probe area.
In region AB the current is due to th.e random motion of pesitive ions in the

. sheath and is not affected by eitl:xer the thickness of the sheath or the potential
) of the probe with respect to.the plasma. Therefore', this current (i; ) should

lead to the determination of n; , the positive ion density.

Region BC

_As Vpp is made more positive, this positive ion space charge sheath becomes

thinner so that some of the faster electrons are able to reach the probe. The

-electron. current subtracts from the ion current so that the total probe current

diminishes as shown in the region BC on the curve. At point C, the electron curreﬁ:t

~111-
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due to the more energetic electrons is equal to the ion current due to the random

Lo

- motion of the positive ions in the sheath and the overall current is zero,

Region CD

remmmnr

As the voltage is increased still further, the electron current exceeds the
positive ion current so that the overall current is now in the opposite direction
and equal to i, - i; . However, the probe is still surrounded by a s‘heath. of
positive ions. This ion sheath remains until Vep = 0, when the sheath thickness
goes to zérp. Then the sheath disappears and the plasma extends to the probe
surface. The currentat V. = 0 is due to the random ion and electron currents.

PP

- When Vpp.is made slightly positive, the positive ion current rapidly disappears
resulting in a slight increase in overall current, after which the current remains
essentially constant,
Region DE

.

In this region, the probe is surrounded by an electron sheath so that as in .
region AB, a change in voltage changes sheath thickness but does not affect the
probe 'curl:'ent. The probe current is determined by the random motion of the
electrons in ;‘.he sheath and is not affected by the thickness of the sheath, so that
the determination of 'ire should lead to n., the electron density. At E, the
current increases rra.pidly. This is due to the fact that ionization by collision
(secondary emission) with probe atoms produces positive ions within the sheath
which neutralize the electron space charge and allow the current to increase

indefinitely without further increase in voltage.

1.5.1 Determination of Electron Temperature {Te) from Single Probe Measurements

The electrons reaching the probe in region BD will be those with sufficient

energy to overcome the retarding potential V,.in the ion sheath. Assuming a
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Maxwellian velocity distribution, there will be n electrons reaching the probe

per second where

eV I -
pp
n, exp [—- ot ] {64)

=]
I

n number of electrons reaching outer edge of sheath per second.

e

L

The electron current density at any surface is-equal to the number of electrons .
reaching unit area per unit time. Therefore, if one assumes a plane probe and
neglects edge effects so that the sheath area is fhe same as the probe area,

one obtains,

° eV | : ' |
. . PP
i,'=4i_exp |- (65)
¢ ¥ [_ kT, l
where

ie = electron current at the probe

ice electron current at the outer edge of the sheath, which is the random
electron current.

In an erdinary plasma, it is difficult to measure V In practice, the probe

pp°’

voltage is measured with respect to some electrode, with the result that the

characteristic is shifted. The Vo -1 characteristic. shifted by an amount vy
which is the potential difference between the plasma and the reference electrode.
As shown in -Figure 4, the plasma potential is positive with respect to the
reference electrode as would be the case if the cathode were used as a reference

electrode., If the anode were used as a reference electrode, the characteristic

¢curve would have been shifted to thé left,

In Figure 4

VPP = VP - Vd
50 that
N ‘ e(Vy - Vy)
i = 1 exXp |-

e re kT
' ' -113-



- Taking logarithm on both sides, one obtains

) . S VP eVy
In e =lni, - — +
KT, kT,
Assume i, , Vg and T, to be constants. Theln
e Vp
Ini, =constant -
, kT
e
so that
d (i) e 1.602 x 10719 11,600
— itH é TR e — = s = - : 66
dvp kT, 1.38 x 10723 T, Te (66)

whare T, is the electron temperature in degreesKelwvin,

If In & is plotted against Vp, a straight line with slope m;, is obtained where
e 11,600 d i)

mO = e — = — = n le

kT, T dvp
so that
y 11,600

T, = - X

m

0
If the plot of Ini. against V; is not a straight line, then the velocity

distribut-iop of the electrons may not be Maxwellian and the preceeding theory
does not appl?. If this is the case, the probe readings will not reveal any
information concerning the plasma temperature. At the present time, it is not
possible to dete_rmine' the ion. ternp.era.'ture By the use of electrostatic probes.

Present probe theory has yielded ion te;ﬂperatﬁreswhich are higher in order of

‘magnitude than the actual ion.temperature obtained by other means.

1.5.2  Determination of Electron Density
This again depends upon the assumption of a Maxwellian velocity distribution

for the electrons in plasma.
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It is first necessary to determine T, by the above method. Next it is

necessary to know the random current i, . As is apparent-from Figure 5,

this is the value of ie at V__ = 0 or point D on the characteristic. On the usual

Pp
characteristic (Fig 4) it is difficult to determine the exact location.of this point.
Therefore, the current value of the horizontal segment DE may be used since
this consists entirely of random electron current. But this too may be difficult
because DE may not be horizontal due to edge effects at the probe. However,
. by careful éxamina.tion of the characteristic, a reasonably good v.a.lue of if; may

. be pbtained. .

But f#om the Kinetic Theory of gases, the random electron current is

given by
kT
e
]1_ = eng 5
wmg
so that
kT,
i, = Aen amperes _ 67
re e /2mm, P = (67)

where A is the area of the probe. Other terms were defined previbusly.

From (67)

Ire . e . 3
—_— = electron density/meter

Since T, is ilready known, i, is obtained from the characteristic curve. All

may be calculated.

the termgon the right side of aboveam known and hence n,

1.5.3  Limitations

(1) In order to be able to obtain a V-I characteristic, the plasma current
must be high enough for convenient measurement. Thus the probe method is
successful when the electron density is of the order of 1010 electrons per cm3

or greater.
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(2) In the V-I characteristic, no account is taken of any secondary or
ther}noionig emission from the probe. Therefore the plasma temper.‘ai‘tu;;e
should not be so high as to make these -effects appreciable. Thus the probe
~method is net useful where an extremely high temperature is- encountered.
An example of this type may occur in controlled fusion research. Apart from
secondé.ry emissions, the probe may itself be damaged by such, high temperature.
(3} One basic assumption in the probe technique is that the size of the probe
is small compared to the mean free path of the electrons. When‘tl-ie probe is
large, it collects so many electrdns that the surrounding space is depleted more
-rapidly thhn can be compensated for by diffusion from distant regions and electron
collection is considerably reduced. In the absence of a magnetic field, no problem
.arises because the probe can be easily made small compared to the mean free

path.

1.6 Characterization of the Plasma Sheath by Equivalent Complex Dielectric
Properties ‘

In order to study a pi'oblem in Electromagnetic theory involving a plasma
sheath, it is convenient to characterize the electrical behavior of the sheath by
an equivalent complex per_mittiv_ity, which is depencient primarily -on,the electron
density dist‘f;ibution- inside the sheath., A relationship between the electron

. densitir distribution and the dielectric property may be derived starting from

the equation of motion for an electron in an electric field:

d2 c m, dr

m

e ? T 7 dt = =eE; exp(-iwt) (68)

.

where r is an average time between collision of electrons and neutral particles.
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At steady state, the above equation reduces to

m
2 : ¢
—w'm r—ia T r=-eE
so that
-_— EO
—-lwrs ———— = v,» velocity of the electron.

mg (1/7 — iw)

The current density will then be
e2 ﬂe ED | .
efe T T isiw . (69)

. :
One may now define an equivalent conductivijty and dielectric property by the

'
relationship
J =(op-iwe) E, (70)
Equating (69) and (70), one obtains
e? n, E
— i E = e ————
(UP lmfp) e m, (1/r - iw)
So that
2
e"n,_r
op = - {71}
' me[l +(mr)2]
| e? Da 2
Ep - -—

m, [1+(wn?]
- Equation (71) gives the plasma contributions to the conductivity and the dielectric

property. To this, the free space dielectric constant must be added to obtain

the total dielectric property. Therefore, the total dielectric property is

e” ng 2_2
- (72)

+€e=¢|1-=

€ = ¢
1 o
Me€ 1 4(w)?
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2
e~ n
It may be observed here that the quantity £ is dimensionally an angular

meg

frequency squared. In plasma physics, it is customary to define a plasma

frequency wp as

The relaxation tirde ¢ may also be replaced by the equivalent collision

frequency defined as v = L, Substituting these in (71) and (72), one obtains,
T
2 . .

o e . (73)
<P m (vz, +wd) *
| %

€ = ¢€ ] - —

- V2 + o

For collisionless plasma, v = 0, so that oP =0 and

3 (74)

€1=E 1—-—-
. @

Equations corresponding to (68) to (74) may be derived for the case of the ions.
But it is apparent from (71) that since me <<mj , op and % due to them will be-
-much smaller compared to those due to the electrons. Therefore, the effect
of the ions on the dielectric properties of the sheath and the plasma may be
neglected. To find an expression éor the dielectric properties of the sheath, it
is thereforre necessary to find the na.ture" of electron distributien in the sheath
and in the transition region.
Bohm has shown that the sheath consists mostly of ions and very few

electrons. Therefore, the dielectric property of the region inside the sheath

-and close to the probe is approximately equal to the free space dielectric constant.
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Under conditioens of thermal equilibrium

ng = o exp [_ .___...._] & L _ s J @5)
kTe kTe

eAV

where V- vV, = AV (in the sheath edge) and assumed to be small compared to
unity.

But the differential equation which is valid in this re(gion is (equation (43))

d(V-vy) “/';no e - 1
x » A e [k T, 2vo] V=Y

so that

]

o]

V-V, = Aexp.(—ax) : (76}

where

€N, e 1
g = fe———— — e
. € kTe 2V,

and A is a suitable constant.

Substituting (76) into (75), one obtains

£A .
n, Cad n, [1 - ot exp (- ax)] _ (77}

The constant A may be evaluated from the condition that at x = 0, ng 20,

This gives
kT,

A = e—

e

Therefore

n, ~ o [1-exp(—ax)] {78)
where a.is given by (76) and x is the distance of the point of observation from
-~ the probe surface. For a cylindrical probe, the relationship will be obtained

simply by replacing x with r. If one considers the fact that the electron

-119-



distribution is zero for a distance inside the sheath, sa.y_‘fro‘;'n I =:O tor =a,

a

then (78) should be written as | .

n, & n, il-exp[-atr—ajjl _ . o ..(79)

Equation (79) substituted in (73) yields the value of the,complex dielectric -

-

property of the plasma and the sheath. Thus,

elvn ‘ : ’ '
o, ~o % {l—exp[—a(r—a)l} _ . (80)
P m;(v2+a)2)

* ezn [ ]
o 1 ~explr—g(r—a)
el’-gc.[l - il

m, € l)24_&1‘2

It 1&}*’ therefo;'e evident that when a probe is introduced into a plasma medium,
the dieléét_ric' property of the sheath and the transistiqn regions varies from free
s‘pace value (near to the probe) to the final plasma value in accordance with (80).

Somé pertinent data are. given below for ready reference.

Mass of an .électron, m, =9.107 x 10-31 kg

Charge of an e.lec‘t;'qn, e =1,602 1\(_10'19 coulomb

. 1_ _ .

Boltzmann constant, k = 1.38 x.10-23 watt sec/°K

1 electron volt = 1,602 x 10-19 watt sec.

kT
c .,
- in volts.

Apparently, kT is given in watt-sec and
€
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APPENDIX 2 S .

WAVES WITHIN A RADIALLY INHOMOGENEOUS

. DIELECTRIC CYLINDER AND THE PROBLEM OF SCATTERING

The dielectric cylinder is assumed to be infinitely long and oriented along the
z-direction. The radius of the cylinder is '""a'' and the material is characterized
by p = i, . ande = e(r).” Starting from Maxwell's equations, the following relation-

ships are obtained (for a source free region).

VR + E20F 4y [‘f: V-‘(('T))] - 0 (1}
s .
Vz-}? 4 LA | +]:V€(:) X (Vx-ﬁﬂ =0 ' - {2)
. .E(r)
2 -
ViR + 2R - = v-yk =0 (3)

These equations and their solutions under specialized cases have been

discussed by several authors. 1-3 It is sufficient to indicate here that no

general solution of ._(1) - (3} is available. If, however, one makes the simplifying

assumption that ¢ (r) is sufficiently slowly varying such that the last terms in

A .
(1) - (3) are negligible compared to the other téerms, then some solutions may be

t

obtained. These solutions may later be used in (1) - (3) to obtain more accurate

solutions by iteration techniques. The sirnplified equations may be written as

%

w2+ 201 F = o : (4)
" ' |

2.1 The Solution of the Wave Equation

The z;-COmponent of'K_, T and B in (4) will satisfy an equation of the form
V2 + K2@1d = o - (5)
. The solution is

P explihz + inglZ (1) ‘ (6)



where 2, (r) is a solution of the equation
{(7)

dz 2

I d n n
[[ ] + [kz(r) - h? -—] Z_ =0
2 ,

—r I- dr
. I
The function Z, will depend on the function k?(r). For example, if k2(r)

is a constant, Z, is the solution of the Bessel's equation. - When k? (r) is not a

constant, one approximate solution may be obtained by letting
(8)

Z,(r) = 172 Y

This substituted in (7} will yield

2 ! 2 .
.dlfl Z—n .
L R Gy = 0 (9
dr2 * 2

The case to be considered here is that of the collisionless plasma sheath

It was shown in Appendix 1, that the variation of the dielectric property is

given by (Equation (80) in Appendix 1)
[ ezno .
€ ’—‘-’eo{l— [1 —exp ——a(r—a)]} . (10)
me fo“’2 |
where for a collisionless plasma, v has been assumed to be zero.
From (10), ‘
2 5 y eznof“o eznoy.o
kf(r) = w*pje ¥ ki ~ + exp(aa) exp (—ar) (11)
m_ w? Me

, e _
The solution of (9) with {11} is known only for the special case when n = £ —

because then (9) reduces to

2 -
4¥a 2, 2
+ [=B* + ¢ exp(—anly, = 0 (12)
.d:2
where '
2
e 1 P',
2. 0.,2 2 °'¢°
- = k% —h* - 13
B (o) meMZ ( )
2
e’ n P.
C2 = °° exp(aa) (14)
m

]
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To solve {12), one makes a change: of variable from r to u such that

ar
u = exp [— -—] (15)
: 2 .
With (15) substituted into (12}, one obtains
a2y dy 2 2 | |
. n 1 n 4c 4B " 0
' du2 + a du + az - a2 u2 n - ‘ (16)
Equation (16) is of the form of Bessel's equation and the solutions are . /

Yy I (v), Np ()

where

2B 2 o 17

® N = e— ) vV = — 1
a a
It is Bpparent that the solutions in (17) are not useful in boundary value
problems where one seeks a solution for arbitrary?. A more general solution
of (9) with (11) is possible only through some approkimations for the electron
density distribution. Among the many possibilities, two are important in the

sense that they permit formal solutions of (7). These are the electron density
d P
distribution according to the functions {a) ¢ +— and (b) [—C‘] wherec, d and f are
r
suitable constant to be chosen in order to fit closely the actual distribution under
specific conditions. The: solution for (7) under these two conditions will be Vs

discussed in the following.

d
2.2 Electron Distribution According to the Function ¢ + —
— r

In this case

2 .
VR & Tato d
k) #ok2 - _[c +—] (18)
m, B r
. This substituted into (7) gives
2
¢z, | az, , 2ﬁ_ﬂzz y 1
+ —— H — + — = - = )
dr2 r dr N B r 2 n { 9)
where
2, 2. .4
2 2 < O'U'OC 2 e nopo
kg = b = — = —g" ;- - =28 _ (20)
. mc ]‘l‘le .



Equation (19) is of the form of the wave equation in parabolic coordinates.
Solutions of this equation have been discussed by many authors, The equa.tién
‘ha,.s one regular singular point at f = 0 and an.irregular one at’* = %,, A
regular singular point is defined to be one where the general s;olution has a
pole or a branch point. Anirregular singular point is oné where the general
solution has an essential singularity ('a' is an essential singular point of

' if f (z) (z-2)" 5 = as =z > a for all finite values of n),  The singular points

of a differential equation

" a2y ay |
o +'P(Z)E +qlz)y = 0

are the singular points of p(z) or q(2) or both. All other values of 2 where p and
q are analytic functions are the ordinary points of the equation.

The solution of (19} is obtained by making the following substitutions:
x 1

Zr; = P exp(—gr)F{r}); t = 3 (21)
. g
These substitutions give the following equation that F must satisfy

d?F dF

X—— + (t—%X)— — sF = 0 : (22)
dx dx

1
where ¢ =I +2n;s = ’ {1+ 2n )-—E . Equation (22) is the confluent hyper-
g

geometric equation. Its solution is obtained by letting

F = 3 a_xM

) m
m=o

This,. when:substituted in (22),yields the following recursion formula for the
-coefficients.
an 1 ¢+m) (m+l) — (s+m)a, = 0

Thus the solution of F which is analytic at r. = 0 is given by

E ) 1' s s(s+1) 2 s(s+1)...(s4+m—1) o
= - —_— X% 4. :
(s_|t1x * tx - 21 t(c+ 1) o m!t(t+1).. (e+m—1) (23)
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The series {23) is known as the confluent hypergeometric series -and it .
. {

converges in the range -« <x <« . Various properties of this series have been ,

discussed in the literature. 4
In the solution (21), it was tacitly assumed that n3, 0,i.Ret 31 because : '

otherwise the solution is not analytic at r = 0. If this is not the case, then

the solution becomes (for n negative)
Z =" exp (gl‘ ) F ('S/t‘ /x) (24)

1
—.(1—2n)+E .
2 8

7]
[

t = 1220
X = ~2gr
and F is given by the series (23).

- 2
2.3 Electron density distribution accerding to the function. (r /L)

In this case, kz (r) = kg - (r/&)2 where [ is a constant. Equation.(8) now

becomes

2

LN [k2 h (1)2 'iz]z 0 25

4 - —_— - — — =

dr2 r dr Lt ) ¥ a (25)

The solution of (25} may.be obtained in the following manner:
2

Let z; = @ exp(-fz-’-_ } F{r) (26)

This substituted into:(25); yields the following equation that F must satisfy.

#

d’F  [1e2a  27dF T, 2(1+n):|
— - Fl= +|Kk2 -n?- =0 2
dr2+[f _E]dr+|:° t J7 (27)

If one changes the variable from r.to x defined as x = t2 /(Zt), then Equation

(27) reduces to
- K2 — noE d
a2 dF 1+n (ko : 2
x—+(1+n;,—x)-———[—-!r'i'+—'“—F=0 - (28) .
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This is the s.';me form as (22) and the solution is given by the series (23),,with

the following s and ¢t.
l+n (kg “hz)z

= — o ——— i . 2
° 2 4 (29)
t = I%n

As in section 2.2, (26) is valid foran> 0 or Rec >4 . For Ret }1 » the solution

~

s e o
_ 2
Z, =t exp'ﬁ(f{L)F(S/t/X)
where .
. -
t = l=n
1.+n (kg - hz)ﬁ
5 = o -
2 4
X = 5-'1'2/'/ (30)

F{s/t /x} is given by the series in (23).

2.4 Scattering of Electromagnetic waveg by a Radially Inhomogeneous

dielectric cylinder.

Referring to Figure 1 in Chapter 1, and with the same type of incident
field, it is fairly sft'r.a.i‘ghtfo;;:wa;rd to solve the problem of a single dielectric
cylinder, once the solution of Equation (7) is knowﬁ. If it is assumed that the
function Z_ (which is finite at r = 0) for a given electron density distribution is
known, then following the procedure of Chapter 1, one writes the field components

for the incident and scattered field, E; s E; , HiZ » H

S E; ) Egs , Hf;b , and H*;‘b exactly

as in Chapter 1.

For the field components. inside:the cylinder, one writes, howev'er,

E, =

2 a,Z, ) Fy
n= —oo
H, = 3 b Z,©OF, (31).
n=—oa . .
where a_ and b, are constants and F, is the same as in Chapter 1.
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Applying the boundary conditions as in Chapter 1, and after some alg.eb.raic

manipulations, one obtains

- - " 1
= [(=D" E, sind J,(v) + ai Hgl) )] Z—[;_(a)

[ HD () . ()
.

Ty
|

: . I, vHD () A%2 2 (a)
ay = E (-)"sinf [ - m—— + :
, HY @ o [B0 @] % D
| ko .. 2 1 1 n cosd
b, =— E,sinf{-i)" | — [— - _]
f),uo ‘nvz u? ve [Hgl) (v)]
Y L ]
Z,(a) ‘ (32)
bl:s1 =.b
H (v)
where
Hgl) ’(v) Z; (@) HSII)’(AV) N2 Z/ (a) . . . ] 5
B - - g . - - —n“cos“ @ | — - —
vHD () A2az (@) |[vE ) Aaz (a) [vz )

2 24,2 2 2 2
v =2Aa,u=aAa, N = k/ko, A = \/k — k5 cos“

A, = k, sin@ and a = radius of the dielectric cylinder,
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APPENDIX 3 ¢

METHOCD OF STEEPEST DESCENT

It is desired to evaluate an integral of i:_he form (35) in chapter 2 approximately

by the method of steepest descent. The integral may be written as

. - ilaz + k2 - & 1]
I - f(a) e ° da (1)

where f (a) is in general a complicated function of 2.
’ . I [ ]
* With the substitution in (36), in chapter 2, Eq. (1) reduces to

fk, singy e 0 <207 Pk, cosg dg | (2)

where .c‘ is a suitable contour,
The method of steepest, désce'nt (originally ini:;'odulced by Debye for obtaining
 asymptotic expansions of the ﬁankel functions) is discﬁssed in detail in various
literature, and only the salient points will be outlined here.
The i:ransf:ormat-ion of ihtegrall(l) from the @ plane to the ¢ plane changes
_the contour from along the real axis ;between - = to += to ABC as shown in
figure 1. It is; desired to deform éhis contour along which thé imaginary part
of f'koR ;:os (_g-¢,) is constant in tiue reéion where lits real part is largest. At the
‘ ma;ximuﬁ point ofl itk R cos (6 - ¢}, nameiy’ at; ¢ =6-i0,Relik,R cos (f-¢)] is largest.
This is the so called ''saddle point. " Th“e equation.to the deformed contour is
obtained by evaluating In [i koR cos (0 -¢)] at ¢ =6-i0, |
T};i-s gives

cos (qusl)cosh ¢y = 1 : (3)



Figure l..Contours of Integra,t'ion in the Complex ¢-plane.

The ‘pIot of {3) within the allowed Riemann sheet is_A,‘B'C' shown in
Figure 1. Along this/contour, (i.e. ¢; and ¢; satisfying Equation (3))

sinh ¢2
ik R cos
o COoS ¢ 1 o l o (;5 (

As stipplatgd, the imag'-ina.ry part of the exponené- in (4) is consté.lnt, a.long the.
new cont-our_. For large R, 'the quantity has a maximum at ¢, = 0 and rapidly
decreases on both sides of the saddle point.

. Before evaluating the integral at the saddle point, it is necessary to
examine the nature of poles-tl'llelihtegr'and has and if there is any significant
contll'ibution from such singularities. The poles on the proper Riemann sheet
. are the surface wave poles and those on the improper sheet are the leaky-wave
poles. Without explicitlf evaluating the residues at these polés,r it may- be
observed that %r.om physical point of view, these contributions must be very
small lif the.fiel?'l far away from the surface of the cylinder is desired, because
all such contributions will decay exponentially. . Therefore, if the field far

away from the surface is desired, the significant contribution will be from the

saddle point.
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About the saddle point -

sinh? ¢b,
—_— gl {5)
cosh q52 2

and it may be shown easily that along the new contour

m

—j—

dp = VT e 4dgy _ (6)

Combining (2) to {6), the following is obtained

-
u

m
: -k R ¢ —i=
kR

L= V2 fksing)e © e 2 e %k cosgdd, o

[ ]
—u

where u is a point on the contour close to the saddle point. Within.this
régionf (k, sing )cos¢p = f (k,sinf )cosf , independent of ¢,. Also,.if the limit
of the integration is changed to -~ to . , very little is added to the original

L

value. Then

. o 2
-i— ik R —k,R ¢
1Y Tk, sin®) kycosfe fe © e 2 dgy
. n .
2 -1 ik R ,
e i f(k, sinf) k, cosf ¢ 4 7o ] (8)
k R

- Equation (8) is the result of the integration in (1) 'By the mefhod of steepest

descent.
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APPENDIX 4

GREEN'S FUNCTIONS: INVOLVING SOURCES AND BOUNDARY SURFACES

The three dimensional Green's function for-an unbounded medium having the

properfies gs€e 5 k is given by the formula

w
) ikR (1)
G le/r)) = > f f-R—»dqs
» - . .

[ ]
where

R = r2+rg -2rrocos¢.+(z -—-20)2_

Relationship (1) is a solution to the equation

2)
V2 Gy (t/r ) + kK2 Gy (t/r,) = —dn 8le—1,) (

It will be shown that the inhomogeneous equation

3
(Vz + kz) AZ = - ]z {r) (3)

subject to arbitrary boundary conditions on a closed boundary surface may be
expressed in terms of G (r/r;). To do this, one multiplies (2) by A, and (3) by

Gy, (r/ro) ., and subtracts the results to obtain

Gy (t/r)VE A, () = A G )V2 G (/) = —p), (6 )Gy (t/5) + dnA, () Blrr,)

Integrating this over all source coordinates r  inside s,, one obtains

_fff [Gk (;/ro)v (2) Az(ro) - Az(ro)Vg Gk(r/ro) ]dvo = —p fff]z(ro) Gk(r/ro)dvo + 47 fffAz(l:o) 5(r—ro)-dvo



Usingthe property of the delta function and Green's Theorem, the above reduces to

1 . .
el ffs Gy (r/:g)VoAz,(rf’) - A, .(rf;) Vo Gr (r/rcs))] n‘dé’o
o

A, (r); r within and on s

+ :E;’ JIT Jg (e5) Gk(r/ro)dvo 21 _ (4)
0-

; r outside s

The object is to apply {4) to the case of a coated antenna. The cylinder,
. , L]
"covering the antenna, will be assumed to be of infinite length for simplicity.

L
Normally, it will be necessary to write two integral equations and solve them
simultaneously to obtain A, (r) . This is, however, very complicated. Since
the aim is only to check the formulation of Chapter 3, all is needed is to

apply the solutjon obtained in Chapter 3 to the equations in (4} and see if they

are satisfied. : ‘
Az

1T T 7
F_ 7 / "Point of Observation

zZ, a ¥
BRI\
h, AN AT
*_ = %\_ o _L source
h
__*—u- — _\\\§H/

,/\/ " Boundary Surface

¥
LS
at
F -

Figure 2. Source point, observation point and boundary surfacé-for

formulating Green's function
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It was shown in Chapter 3 that the vector potential inside the coating is given by

h

oo o0

A = -;i:-r dEE) | T, aHy k) e e =) gg

a(a) (ke 1% dg (3)
-h

— 00

where a (2} was given.in Eq.. (6), Chapter 3,

The first part of (5} is simply the contribution from the -antenna in an un-

bounded medium, since this is equal to

ikR
e L

] (c) = dé ; Ry = \/r2+a2 —'2ra cos¢ + (z = &)? {6)
1

Comparing (4), (5), and (6), one concludes that in order to show the equivalence

between (4) and {5), it is only necessary to show the following to be true:

[ Gy 6/e)Vg Ay () — A, (3 V] Gy (/s3] - &8

(7)
= 4n a(a) J, (b) e719% da
To prove (7), one starts with the formula
i . —iaz-z,) .
. —2' ]o(lro) H, {Uche ' de; > r, (8)
1 —o0
- ! b —ia(z—z,)
-2 Jo‘k‘lf) Hb (E"I'O)e da: r <1,

In order to-prove the first part of (4), it is noted that for this caser<r,, so

that one chooses the second expansion of (8}.
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G/ == | Jom g
Vo G/ - = | T,

Also from.(S), with r =1 =

A, G)

" | 3
d¢ I(£)

gl

B

Vo A2 () = 18—'; ¢ K&)

~h

-ia(z—-zo)

Ib) e da; 5 =b

... —la{z-z])
Hy(lb) & o da; rg = b
b

B L —ialzg—€)
Tollay Ho@b) + @) Toilsi] & da

o0

—ia(zy—¢)
Jolla) () @) gl e e

It is convenient to use the following abbreviated notations:

Gla)

E(a)

I

Ho(lb) + £(a) Jolb)

2i Hy (L b)

' l K N ) . -
nlb [— =2 Jo (16} HY 1ob) = J3 (i) H, (lob’]

o 2

HZ (Ib) + £a) J 5(Ib) =

. 1 er Prs
o N .

I, N2 -

-134.-
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In the above the fdllowing wronskian relationship has been.used,
, , 2
JoM Hy(wv) = Jo(W)YH (v) = —~
Combining (11) and (12) with (13) and (14), one obtains

—~ia(z -&) da

A0 = d& (&) Gla) Jo(la) (I15)
ﬂ'

) '
oAy (t3) = f d& I(‘f)[ E(a) Jo(la) e 07¢) da
87

One substitutes (9), {10), and (15} into. the left side of (7) to obtain

[ [Gk (r/rg)’g. Az (rg) - Az (ri) Yo Gk (:/ri)] . dg",o

h oo
—ig(z—z )

®da | d I(‘f) da Efa) ], (la) ! e-ia(ﬁgj{ )

-
|=

J, Uy Hy(b) e

raf -
o | =
B

—h —oa

_ ~ ~(z-2,)
J d¢ 1(£) \];(a)f[g(da;c o= f) 1], B (b) e = (16)

- The surface integration around the infinite cylinder of:radius b may be carried

out in the following manner. 'With.lcylindrica.l symmetry

ds_ = 27b dz0
(o] —00 - |
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By interchanging the order of the integration, one may carry out the integration

with z  first, and then one of thea -integrations, using the following properties

of the Dirac Delta function:

[==] .

e—1(B—a)Zo dz, = 208(B—a) (17)

- -

g¢B) 8(B-a)dB = gla)

Carrying out the two integrations in the right of (16) in the above indicated steps
and substituting the Va.lués of G{a) and E{g) from (13) and (14}, one obtains after

some straightforward manipulations,

[Gk (r/rg)Vo A, (rg - A, (rg)Vo Gy (r/rﬁ)] . d§’oi

K

J' m
- h- oo HZ (b) Hy (Lob) — =T H, (ib) H (I b)

. | o '
=2 e [ 1,0 Jo o) e=12E=) dq

' m

| !
= T = T HIGh) = T ) o (igh)
N- "o

Using the value of a (@) from Equation (6) in Chapter 3, this reduces to

dn a(a) ], (Ir) e71%% da

-—O

This is exactly what was to be proved in {7). Thus it is shown that the A,(r}

given in Chapter 3, Equation (5), is indeed a solution for the first part of

the iﬁte.gral equa.tibn.(4).
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It is noted that in (4), r appears only on the Green's functionGy (t/1,).

order-to prove the second part of (4), one chooses the Green's function for

e>r, {r outsides ) in (8) so that

S ]o(lb) H, (ir) e—m(z—zo) da

. i)
Vo G (/) = ;_ Lyzany H, U0 e "7 dg

. -
L]

.Using:(15) and.(18) together into (4), one obtains

-
H

Gy (/)Y A, (r5) — A, (3)V, G (c/r3)] - d8
k o’vVaozVo z Mp!Vo Yk o (o)

° .
s h ) .
=_’5 ;—" ds, | Sl 0 a0 | ag 1) ] (a) ! E(@) T8
T
So —oq’ i =h -
@G 4o | 1yzumyny an e T 4

A 1) | GlayJgUare

—-—r0

Carrying. out the integration ad in the previous case, the'above reduces to

], () Hy (o) o Tlaz8) 4

and this is exactly equal to
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—u [[] J2(t5) Gy (r/r(')) dv,

Therefore the second part of (4) is proved, that is

[G) (/SIV, A, (5) ~ A, (DY, G/t - @&,

.0 a.

. +op I 1,60 GG/h)dvy = 0511,

It is thus proved that the value of‘a;(;) obtained.in Chapter 3 satisfies both
the integral equations in {4), and therefore is the correct value of the vector

potential.
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APPENDIX 5 - ' .

EVALUATION OF THE CURRENT DISTRIBUTION FOR LARGE k| z|
BY THE METHOD OF STEEPEST DESCENT -

It is the desire to evaluate asymptotically an integral of the following form

(Eq. (13), Chapter 3}.

T ez ® iz |
Iz) = | o _e da = --:——da ’ (1}
12 G{a)  12G(a).

L] —-—0 —g

[ ] .
where ¥ = k? - ¢° and G(q) is an even function of a. An integral of this type has
) g y

been evaluated by the method of steepest' descent"by varibus authors. 1,2 A

similar approach will be adopted here.

The integral in (1} is transformed from the e-plane to a comp!lex ¢ -plane

“defined by the following relationships

-~ N
a = ksinf, ¢ = ¢ +ith

Therefore

—ik i o .
e Izls nyr @ 7 (2)
kcosys G(k sing&) C

’I‘he path of integra.tioh in the a-plane is along the real axis from -~ to + e .
If k happens to be Iféa:l?: '_therll-.‘;the cegtou.r ‘is,c‘hc_)‘s_l'eh;with;an upward‘inc}lient'atigx;:l
‘ata =-kand a downward indentation @ = +k. The path of integration-in the ¢ -plﬁne,,

T 7 . . \ . y
‘is from —5+ioo to el iw , and is the same as shown in Appendix 3.



In order to find the path of steepest descent, it is convenient to write (2)

[ ]
i

in the following form:

—;r-"-.ioo klz| [_ I%ZI ln (cosyy) + isin?t,[r]
L e

1 (3)
Iz) = — Gk siny) def
1T .
—=tie
One defines
Ep) = - In (cosy) + isiny (4)
. k|z| .

It is de%ired to deform the conteur in the complex ¥ -plane in such a.way
_that along the new path, the imaginary path of f (¥} is constant in the region
where its real’part is largest. From here on, the method is exactly'as shown

in Appendix 3. The saddle point is at

- .
1
£'y) = = tany, + icosyg, = 0
o] klzl ]

This gives
1 1 i T
. = e— & 1 - . ~ + 14 —_— - 5
slﬂwo 2:ik'|z‘1 41(222 : 21k|z‘ 3}
s S < _ o o
where term of the order of..- has been assumeéd negligible compared to
T i .
‘4k“z ;

unity, k[z| being quite large.

rola

It is appa're"nt: from (5) that the saddle point is close to the point ¢ =
N i | | |
ear, + 5‘,

o Mo n- i 7 42 | ' (6) .
Sm(l!’o:cos[‘/’o_-i] = 1—-2—[5[/0-“'5],, .

Near -’;_T s

R 7 [ .1 ‘ o 2 (7)
sing : —-cos! (,[;OT—E ?_ -1 T.E f wo_._.z]
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2
. In (6) and (7), terms of order higher than (:,bo';-;r-) have been neglected. -

Comparing (6) and (7) with (5), one obtains

There are thus four saddle points and it is necessary to examine f ( y)
closely to choose the correct path of integration, - Kuehl! ha7$ shown that the

saddle point Which contributes to the integration is at

v ,_v:_; Ry AN o (8)

Kiz] |

'I‘i1e deformed contour crosses the saddle poin’t at an angle of -.Z- . The

path (taken from Reference 1) is shown in figure 1.

Once the correct saddle poinf is .obtained, one can directly. write down the

.\
-

- result of integration as an infinite series. 3 The first term of the series is

kiz|f(yr,) .
oyl [T— (9)
k Glksint,) klz|e'™ £ ) |

It is now necessary to evaluaté f(¥,) and 7 (¥,).
| : !' ‘

From (4), (6) to (8), one -obfains

)~ L [F] P —
~ _ — In — ! i+ —
o'ﬂ k|z| klz] 2k!z|

) & -2

-141-

o



Therefore

: eik|zl
Wz) X —enfer —— (10)
k Gk sin(,bo')
With
si LA
"o ¥ 2ik|z|
- fi
c [y —
os i, K]
-\
) \
il \ . E‘
i \ th — plane :
o |
N3 ot
¥ \F <1
w5 \ e

contour

saddle \
points .

saddle points

Figure 1 The Contour of Integration by the Method of Steepest
Descent (taken from Ref. 1) _ ‘
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APPENDIX 6

THE SOLUTION OF INTEGRAL EQUATION BY THE WIENER-HOPF TECHNIQUE

It is desired to solve an integral equation of the type given in {39) along

with the condition in (40) in chapter 3.

187k .
P | oo —l—ﬂ—Velkz,z>0
: wp :
1({) d¢ Fa) e~i0z=C) 4o - (1)
3 'oo - —o . m(z) , N < 0 |

[ ]
with the condition

Iz) = 10y e~z 2 <0 (2)

In order to solve equation.(l), one may use the method commonly utilized

1 used

to solvé the Wiener-Hopf type of integral equation. Levine and Schwinger
° this method to determine the radiation of acoustic waves from the open, un-
flanged end of a circular pipe. Hallén2 used it to calculate the reflected cur-
-rient wave on a c¢ylindrical uncoated antenna. Wu3 used it in the problem of
semi-infinite coated and uncoated antennas. Noble4 has compiled in his book
a great number of problems with solutions based on this method. The same
method will be used for the present problem. A set of Fourier Transforms
will first be defined.

K¢ - Gla) e~12¢ dg
(3)

1
Ga@) = — | 1 eieCar

=



It is assumed that the function G (4) consists of two parts, one part being
. [ ]

analytic in the upper half plé.ne and the other part in the lower half plane. Thus

Gl@) = G.(a) + G_(a)

where
o
1 ..
G, (a) = — 1(u) e'®? du
\2enm 0

0 -
1 . 4
G_(a) = \/2_./ T(u) e'™ du ' ‘ . (4)
I

Since I (i} is known from (2) for negative values of v, G_(a) may be cal-

culated.- This will be
L ]

. . 1 (0
1(0) e™ike ciau gy - [© - (5)

T \2r ila—k)

ThusG_{a) i.S analytic ina, in the Whole upper half of the complex a-plane and
also in a strip in t-.he lower half plane in which [Im (2} |<¢ where ¢ is equal to
the imaginary part of k. The functiOn G.(a) is regulalr iri the whole lower ‘half
of tixe a piane. It must vanish as e-+i= : The limit value G, (a) with a+ise .

may obviously be obtained from the value of I {u) in the vicinity ofu-0.

Thus

limit " . 1 1(0

a-sic G, (a) = 1—_ 1{0) e!®™ du = — (,) {6)
‘ VIr \/—; (—ia)

The function'm(z) defined in (1) is given by

—i87k .
—1onx Velkz, 2> 0
) wp

m{z) = ’

- an unknown , z <0
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A set of Fourier Trénsforms of this function corresponding to Eq. (3} may be
. ]

defined as -

1 ,

m(z) = \/ﬁ M(a) e 7192 dg (7)
~ with

M(a) = M, (a} + M_ (a)

where M (2} and M_{a) have definitions similar to.those in (4).

Apparently
. L
M, (a) = .—_'}_ ——181rk itz g, L (8}
Vim' 0 ap - . Vir  woplk+a)
M (a) is regular in the whole lower a-plane and in a strip of the upper-half
plane in which ijlm (a) |<£
. m(z) elaz dz S {9

T

— 0

M (a) is unknown. It is regular in the whole upper half plane and vanishes at

' .
infinity essentially as (—) in this plane.
) ' ia

Suibsi:it-uting_ (3),- (4), and (7) into (1), one obtains

M, (a) + M_(a)] e719% da

This may be reduced to

o

{276, (@) + G_(@)] Fl@) - M, (@) = M_(@)} e~ da =0 | (10)

— 00

It is now necessary to examine the locatlon of the poles of the function F(a)
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The denominator of F{a) under consideration is
.

1

11 -. S
T = JoUb) Hodh) = Jgb) HoUch) _ (11)
] I )
where
2 2 2 2
b= -a o .lo = vk - a

This function has been examined by Adler. 5 He has shown that if the
dielectric cylinder is of a matkrial whose dielectric constant is complex or

has at least a non-vanishing irmaginary part, then all zeros of (11) will be away
. from the réal a-axis. In a similar manner, if k, -is assumed to have nonvanishing

‘imaginary part ¢

o then F (a) is regular and non vanishing in the étrip of 2¢,

[ ]
which extends on both sides of the real axis. Therefore ln F(a) is regular in the

strip |Imal<Imk, - Consequently'it may be represeni_:ed by a Cauchy infegral,

with a closed contou-r,which is deformed to fit the narrow strip of regularity.

”~
Thus
oo —id
1 In F
- InF{a) = — ‘n—(y) dy
‘ Zmi y—a
oo =18
) +1i8 In F(y)
It
- ‘é""' Y dy
1 —
™ L evis T
where
0<|8|<Imk,
If F{a) is written as
Fla) = ¢ (adighy(a) . : ' (12)
then
In F(a) = In qSl (a) = In ) (a)
so that one may write
1 InF(y) 1 In F(y)
= —_— P ” = — 1 3
(;51 (a) = exp 2mi y—a dy ¢2 (@) = exp 271 y—a dy (13)
—o0 —10 ) —o0 + 18
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‘The function :,'bl(a)'is regular and non-vanishing in the whole upper half

a-plane, ;nd b, {a) in the lower half plane, and both these regions of a.na.ljrticity

can be extended to the other side of the real axis provided that the border line

-

is within Im k.

One observes that

m-—-ia
1 InF
¢1(-a)=exp—_ [ L2
. 2xi 1. y+a
' _‘.'—uc—ia
—eo 418
- In F(——y)
. - 27 2/
=+ 18
.
oo+ 18
1 InF (14)
= exp — (y)d (
2mi a-y
—o0+ 18

Thi;_is true because Fi(y) = F (-y). ‘Comparing (13) and (14} it is obvious that

¢1(=a) ¢pla) = 1 l {15)

:E!qua.fion .(lOi) now becomes

o0

b1 (@)

T - M@ - M@} <0
2

{ 2n(G, (a) + G_(a)]

or

= ‘¢ (@) ' RNV ' o — 12
_.I.aZ e 217[G (a) + G (a)] ¢ (a) [M_‘_ (a) + M_ (a)] m } da =0

g | -k (16)

- The functions ¢; (a)/(azwkz),» (az-—kz)/gbz(a), G_(a) and M _(a) are all regular within
the strip +3. By a.ssu_miﬁg k, to have a non-vanishing imaginary part, Hallén
has shown that both G_(a) andM_(a) are also regular in the strip and in order

‘that (16} must be satisfied, the integrand must vanish. Then

2_,2 2 _i2
=M + M_ (a)]
¢ (@) W@+ M_(@] 27
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Using (5) and (8), one obtains

2.2 ,

a® —k VZr kia 1 8zkV a—k aZ — k2
G, (a) + *— o) = — — M

@ + = (0) _(a}

27
@y (a) Ve wp ¢ (@) ¥ by {a) (17)

= a single polynomial, P(a)
The left side of (17} is reéula.i: in the lower h;a.lf plane, the right side ih the .
Vup‘p‘er half plane and bo.th coincide within the stfip |Ima|<8. Therefore they ‘__1_".r'1ust
i:ae e-.;lua.‘l to a single polynominal P {(a}. Since both G+(a) and M_(e) are . . bounded,
P (&) must be a poelynominal of no higiuer than the second degree. But since G {z)
and M (a) _Tll)oth-_‘)ya.lhiéh at infinity, P Ea) can at best be a polyznomin:.:\.l of first degree.
.

Thus

Pla) = Cy + Cz(a—k)

where C;- and C, are constants.
, .
Ata =k, P(a) = C;, so that from (17)

. Cy = VIn 1(0) \ ' ' : (18)

S
Also dividing the left side of (17) by a - k and letting @ approach i= , one obtains,by

using the result in (6),

V2 (a+k) 1(0) CVZIr etk 10)
$yl@)  (=ie) | ila-k)  $y(a

Cz:

. Therefore P (a) is a constant and is equal to C;; Thus

- P = I(0 | ' ) 1
(@) = \2r 5,00 (0) 7 (19)

Using the right side of (17) and letting @ = ~k, one obtains
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so that

iop 10

Vs e—o —

ik a'k
_ sf:z()

- (20) -

In order to find the Fourier Transform of G(a), one combines (17), (19)

and (5) to obtain

2k i ¢2 (a)
Gla) = G+(a) + G_(a) = 1(0)
: V27 ¢y (k) (k% — a?)

Combining (3), (13), (20), and (21), one obtains finally

AEV k) | pyla)eTia
z) = —— ———— dg
T le(a)

Equgfion (22) is the formal solution for I ().
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APPENDIX 7 '

AN ELECTRIC DIPOLE WITHIN A SPHERE AND A

CYLINDER OF INHOMOGENEOUS MATERIAL

In Chapter 2, the electroragnetic fields of an electric dipole surrounded by
‘a sphere and a cylinder of homogeneous material were obtained. In this appendix, 1'-, i
the corresponding problem with an inhomogeneous material will be discussed

briefly. The case of the sphere, being simpler, will be treated first, and then

‘the problem bf the cylinder will be taken up. Azimuthal symmetry will be assumed

in both cases,
L ]

7.1 An Electric Dipele Within an Inhomogeneous Sphere

The theory of a biconical antenna within an unbounded radially inhomogeneous
sphc;ﬂcal medium has been given by Fikioris. 1 A similar approach is applicable
to'the prgsent case. The permeability is assumed to be a constant and the

Rermittivity to vary with.the radial distance-only. Thus ¢ =¢ (R), ¢ = constant,

d

i = 0, With a z-oriented dipole, the field components will be {as in chapter 2)

Hy Eg r Eg- The relationships among the various components are provided by
‘Maxwells' equations.

1 {9 ‘9Eg
— | =— (RE — i | = H
R L E0) 36 R Te

1 . .
TITT -;% (H¢ sin ) = i« iwe Eg

13 ' o (1)
__—I-{- 5{ (RH¢) = - 10.)6E6

Combining the three equations in (1), one obtains an equation.for qu' This

is

1L 2 g ) J ! O (@, si é) 2, RH | 0 (2)
| = — _ _ sin w = .
R|e R 91" 38| Rsing a6 ¢ M



Using the separation of variables techniques, (2) yields the following eq,uatiorgs:

Hy = GR)T(6)

e d 1 d 7 a
—- — |- — (RG) I:a) pe - —1- G=20
R dR | ¢ dR R2

— =0 {3)
d9 [smB 7] (T sme)] + aT

where a is the separation constant. Ifa is chosen to ben (nt+i), then the.third
equation in (3) is a well-known equation whose solutions are given by the
associated Legendre fuﬁctions Pnl, {cos 8}, Q%l (cos@). Since only pnl (cosg)‘remains

finite at cosf = =1, Pn1 (cos @) is the bnly allowed solution. It is also well known

d
that Pn1 (cos Y = I8 P, (cos®), With g =qn (a+1), the equation.for G- in (3) becomes

dr1 1
= .—[ - = (RG)J [k2 BACREVE PR ' (4)
R drL ¢ 4dr Rz 7,
%e solution for Gin (4) will in general depend on the particular choice of -.
P :
1 R+a :
Fikioris*, for example, treats the case for ¢ = ¢, where a and b are two

. ) ! . R:+b
arbitrary constants. Without going into any detail about the specific choice of

(1)

€ , it may be assumed that Eq. (4) will have two selutions, 61 ana G(z,). G
¥ n n n

will be finite at R = 0. The function Géz) is expected to behave as an outgoeing
wave at R = o« .

.

-If ¢ is a constant theh.:Equat—i-on (4) reduces to the ‘well known equation

?¢ 2 de 2 (n 1) | ‘
2L L k2a G =0 . (5)
g2 R d R? |

. Two indei;)endent solutions of (5) are in (kR}, h(l) (kR}. These are the s;;herical
Bessel and Hankel-functionl.s. A comparison of (4) and (5) suggests that the
functions G,(ll) and Grfz) should be normalized such that the asymptotic behaviors
é.nd the limiting solutions for R approaching zero are the same as those of

a (kR) and h{ (kR)..
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That is -

G RTh R

2 H+1) (i 6
| c(2) o) b R ) (6}
whete ki is the value of k (R) at R = 0. Using the solution for qu obtained and

combining with Eq. (1), one then writes

d
'qu;n = a_ G — P, (cos 8)

n n dg
E ® 2 Re P, (cos 6)
fn = iweR  dR n d4 n 1€O°
o tag ' : ' (7)
ERn allirowen-t G, n(n+1) P, (co5 &)

- In'the last equation, the following property of P,{cos ) has been used.

d d
g [sinf 35 Pp (cos6)] = -n(n+1)sin 6 P (cos6) (8)

n

. In‘(;'),and_(S), H¢n, Egy,etc. represent the n-th mode, G

or Gh(lz)

stands for eithe.::r Gél)
or a linear combination of both (depending on the region of validity of
the solutions), 2, is an arbitrary constant which is to be determinfed from the
proper boundary conditions,

It is desired to construct the field éc;rﬁponénts for an electric dipole in an
unbounded radially inhomogeneous medium using the élementa.ry solutions in
{7), and (8}. | Comparing (7) .";Lnd ‘(‘8) with t};e response of an electric dipole in
an unboupded EOmc;geneous medium (see Eq. (5), Chapte-r .2) and notiﬁg the
no_rma.liza.t:ion of thé G_ function in (6), it ié é.piaarent that (7) and ‘(8') will be the

2
(2) Th ki

response of a.dipoleifn =1, G =G '~ anda = = . Therefore, the primary
. . 147

excitation due to the dipole at the origin of an unbounded radially inhomogeneous

medium is given by
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| Thkf
Ih k?
FRp < T TR G_(lz) P (cosf) 9

Once the primary excitation is known, it is straighfforward to set up the
total field components due.to an electric dipole within a radially inhomogeneous

spheré of radius ‘a’, following. the principle described.in chapter 2. Thus,

-
(within the sphere)

Thk? :
1 d
| ully - [ fey2; + e G(ll) ] = Py (cosf)

) idn 1 dg
»
hkf 4 €1 4 d 10
(1) _ 4. —_— [RG(z)] b+ o—_ = [RG(U] — Pj(cosf) (10)
' 6 4pweR AR 1 imeR dR 1 dé
In region,2 (outside the sphere)
. 2 _ ¢ .h(l) (k_R) ..d.. P, (cos#)
g@ _ 1! £ [RB{D (&, R)] 4 P, (cos 6) (11)
0 iweg R 1 oo dé

In (10) and (11),e; andf;, are suitable constants to be determined from

* the boundary conditions which are

E(l) - E(Z) '
0 0 at R =a ' .
g Log@ ‘ : (12)
¢ ¢ :
Substitution of! (12} into (10) and .('11) immediately yields {exactly as in
chapter 2)
d . d
_ 2y — M1 - M = re@
mid | 67 IR 6 R (re "]
fi =
1 -
idn
(1) d (1) (1) d (1)
hl (koR) a"ﬁ’ [RGI ]—-'!:’IGI a’i [Rhl (koR.)] R - a
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The constante; may also be evaluated in a similar manner. Any further
. . L
discussion about the field components would require a knowledge about the exact
nature of the function ¢ (Rl. For the purpose of this appendix, the discussion for

the case of the sphere will be concluded here.

7.2 An Electric Dipole Within a Radially Inhomogeneous Cylinder

In chapter 2, the problem of an electric dipolé within an. infinitely long
homogeneous cylinder was treated. In this section, the corresponding problem
with a.n-. i'nhorilogeneous cylinder will be discussed., For simplicity, the cylinder
is assumed to be only radially inhomogeneous and the dipole located symmetrically

-at the origin.'

PR
Withp = 4o, € =¢(r} and 5+ = 0, Maxwell's equations yield

I¢h
oM
—; ¢ = - iweE
. az r
-
oH,  oH,
—_— - E
3z o Ot
o (Hg) m - ladk,

Combinirig the three equations in (13), one obtains

a[l 7 (eH ] iy CH o (14)
S e T e e | |

It is desired to solve Eq. (3} for H The function ¢ (*) will be assumed to be

- ¢.
- such that the resultingH¢ {r.z ) belongs to the Lebesgue class LZ in the intérval

of z from - = to + ». A function f (z) is said to be in the Lebesgue class _LP

in the in terval (a,b) if |[f(z}|P (p>0) is integrable over (a.b). When qu( Frz) is

in the Lebesgue class LZ in the interval - o < z< =, then a function h¢(r,a )

defined as

1 .
hy(ri@) = —— H, (r,z) e'%% dz : (15
¢ 2n ¢ o )
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LV

- of the type (16) were discussed in Appendix 2, Samaddar

exists. hq5 (r,a) is the Fourier Transform of H¢(:,z ). The inverse transform is
[ ]

o

H, (r.z) = -L h, (r.a) c~19Z 44
N e

Exéluding the cases when Hgs(f :z}) does not satisfy the above condition, one

—0Q

may solve Eq. (14) by the Fourier Transform method. To do this, one takes

-the Fourier Transform of (14). Applying the usual condition of the function and

its derivative vanishing at « , one obtains after carrying out the integration,

d - 1*d ) 2 2 i _ ' A
: oI [; T ir h¢> (r,a)]} + (k* -g°) hqb {r,a) = 0 (16)

The function hqg(r,a) which satisfies Eq. {16) will in general depend on the
functiome (r). For example, if ¢ (r) is a constant, (16) reduces to the Bessel

Equatidn.. Then two possible solutions are:

*
by (r.ad v a(a) J; (VkZ-a? 1), b(a) H(ll) (Vk?-a? o)

so.tha-t'
Hy (r.2) = (Vk2-a? £) ¢i9% dq ' _ a7

whefe a (a) and b (4 are suitable coefficients to be determined fro‘m-—boundary

‘conditiens. For certain.special choices of ¢ (t), methods of solving equations

2 solved an equation of

the type (16) withe (r) = B+yr2. Eq. (16) then reduces to

' : N2 2 | |
L - S [ @) (F) v -0 a

where
y =1, 0 =vy/pB

: 2
1]2 = kgﬁ—az H '52 = ko}’
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If ¢ (r) does not vanish on 0<r<a , the solution of (17) which is finite at r = 0 has

"been shown to be

h¢ + Jy(po) + X dnr2n+1 . (18)

n=1
where d_’s- are func‘tiOns'of n,0, £&. The values of the different dis have been
shown in Reference 2.

Without going into any further detail about.the specific choice of ¢ (r) and
1l:he corresponding solutioln of (16}, 1t may be said, in general, tha;t hqs will have
. typical Vsolutrions R(1(r,a) and R(2} (r,a), the first of .which remains finite at
r =0 and the other behaving as an outgoing wave at: = o .

*

Then

“c(R(2)
H¢ (r,z) = ] (r,q) el@Z 44 . (19)
. A md(a)R(l) : '

As long as ¢ (r) does not beconié zero or infinity at 1 = 0, the R functions may
conveniently be normalized such that their asymptotic behaviors as r approaches

CZeTo are

r(D e I WKk -a® o)
r(2 ~ D (/1 - 21y (20)
r= "

where k; is the value of k (r)_,.a.f,l r=0.
It is now possible to write down the field components inside and outside
the cylinder.

In region 1 (inside the cylinder)

le(@) RD () + d(@RD (r,0)] ¢!% da

oQ

(21)

1 d 4 1 d ,
[c(a)— — RG] +d@= —[RD i a ]]elaz da
r dr f dr

T -156-



~In region 2 (outside the cylinder)

1 - .
H(;) = |/ e H(l) (VK — a?r)e'® da
, ) > 4 . - (22)
E(z)= ;1_50 . e(a)— — [IH(I) (\/ 2 - a r)]elazda

. ‘The functions d (¢} and e (a) will be determined from the conditions that

(n (2)

H ¢ = H

(1) (2) at r = a )

E, =Ey (23)

Subs’ti;:ution- of (23) into (21) and {22) yields the following value of e (a).

(2)1 d [ R(l)] _ R(l)_l_ d_ [rR(Z)]
' * r r dr
e(a) = ¢(a)
1 1 iy 1 (1)
) (1)(.& 9= ; [rR(l)]. - c_rR(l)— -——[:Hl (o0 ]
. r = a
whete
lo = k-‘o - o

The value of ¢ (a) will have to be chosen from the excitation condition at

r = 0. .It will depend largely on the exact nature of the function R(z)(r,a_), which

: ag_a.iﬁ. depends on the nature of ¢ (r).
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