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ABSTRACT

The parametric interpolators of m",1crn CNC machines u,e '1''') lor's series

approximation (0 generak.succes.,ive parameler v~ILJeswhich ill turn give, the X.y.Z

coordinate.' of lil." 1001 j"l'iliollS after 'lLh,liILlling inlo the curve cqll<ltiPIl, In orcin 10

achIeve grealer accuracy higher order deriv<Jtivcs arc required which complicates lh,'

calculation whell the curve is represented by l\URI3S ClIl've. This mdh",l "Iso ulilizes

Ih~ curv~lure lo e~tima\e the chordal clror on a gi\'cn segment which neglects a fmction

of lhe eITOr.In order to ilvoid caicul;lting hig.her derivatives and make the calculations,
c'asier the cla,~ical !llUTlh-onkr Runge-Kullu melh()d ;0 prop()~ed in tlli, rc;carch wbich

only requires the first derivative (0 be calculaled hul aehicve~ lhe aC~Ulal-yof Ta}'lor'~

approximation ",lh higher oruer lerll1~, Thi, lhesio also propose, Ihe eslilll"tion of

chordal error on the average vallie of the parameters at lhe end poinls of a given cline

segment, whieh does nOIrequire cilkulation of cur\'ilture ilt cvery segmcnt.

I'inally "varj"blc I"cdrillc j"lerplll'llor is proposed which adju,ls the IlTdral~ dep~ndillg

on thc ClII'VCpropcnics 10mainlain the chordal error wilhin thc specified tolerance, '10

eVJh",te the feilsibility imd performance l,f the pwposed method computer simulalions

are perlil1l11edon chl-jerellt typc~ "I' 'pline curves slarling Ii-ome"hic ,phne lo NURfJS

Simulation results show lbe superiority of variable fccdmtc interpolation in lCI'Ill' of

leedrale and chordal error wmpared to those resulled from nsing conslant feed",te

mtnp"1ali,,n employing Taylor', appro~imation.
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lIIAl'lBl 1

TRaDUCTION

1.1 Background

Free-form or sculplurEd ,urElcc~me used in a \'~riel} 01"arphca(j,,"~ in UUWllloti,-c,

aerospace. ,hip bui lding industries, Dies nnd molds ()(-aulomoli vc body. propel kr and

impeller blades. and aircraft wings etc, arC lypind examples that involve frel'-form

surface design and machining. Mode(l1 CAn/CAM ~yslcms provide a (Ic~lg:ller\\'llh

tools for defining such free-form surfaces re]Jre~ell(cd hy ]-)) parmnctric curVCo illld

smfaccs. Multi-axis Complder Numerical Control reNC) machining is 11I",[ly used

I"r machining such complex li-ec-form surfaces. When a ji-ee-Iorm ,urface is

machirmd using a CNC machine, lh~ path "rthe cutting tool call be c()n,idcr~d as a 3-

D spline curv~ Therefore sllrfncc lllachillLllg lrlv"lves rom Ina;" pll:lSc,= i)

Opllmi~,ation of machining proce~~ parameters, ii) Tool palh pianning, iii) I ,,01 path

interpolation and Iv) Servo control I'hase i) and ii) deals with aulomatic teatme

recognition, the ,d~dion of cutter and its ,peed. Jc~dmle and depth of cuI elc, ami Ihc

optimization or 1001path. Pha,e iii) is conc~rn~d wilh the eOnVel'51011or tool palhs

obtained from a t",,1 path planning systelll int,) limc-dependC'lll cOlllmands I(ll dnvLng

the servo control system of a CN C machi n~ mainlaini Ilg tlw paramC'ters I~suIILngii-om

pha~e i), PhasC' iv) mainly deab ",ilb closed loop control i'~lle" ~llcll a, adaptive

control ,tralegics, lCedbaek. stability d~_ Tbe traditional appfO,l~h of"machilling parts

hJving geometric features l'cpr~s~nt~d by parametl'ie curves is ,h,\\\'n in Figure 1,1,

The d~,'gners first develop tb~ model of the part ill th~ CAD sy,t~m. Ihe part

geometl')' i~ lran~rerred to the CNC 'J~lem by means of a pari program ((i-codes. M-

codes) consisling mainly of motioll c'lllm"'rIlL<" These motion commamh arc

tfilll,tuted in real time by th~ CNC in!cl'polatol' into a ~p~,cial form_ cOlllnining the

~oul'<jinates of wc~cs,"vc l<Jol posilions_ bcl,>,-c b~illg S~1l110 the cnl1lt'ol loops oi-

lTIurhine tool dl'ives. A.,>mosl CNC interpol,lll11-' can prores,; only straight lille' ami

~irclllar arc motion command~, the parametric curve repre,;cnting thc 10,\1 palh i~

discrdiLed into a sct of hne s~gmell\s which approxunute th~ original curvc to a

desired ac<:uracy. This segmen!<l\ion i~ accomplished in the CAD/CAM system and

lbe segmcnts arc fed into lhe post-pl'Oeessor for lh~ generation or U-eodes. These G-

,



codes are then downlo~ded into the CNC system for real time command gClleratll\11of

tool positions,

CAntCAM CNC System

L.ille,,,..'Cir~lIl",-
Post-Processor (i-cock Intcrpola10r
(Par! Program)

x,O'J

Line/Are coordlllalCS

Segmeots
CNC Controller

Curve
segmentation

Signal and
Parametric Feedhaek
Curve

Curve lvbchine Tool
Representation Drivc,
of tile tool path

CAD Model

Figllfe 1,I: Tr~ditional melhod 01 lllnchining parametric curve"

To better approximote the vriginal curve and to keep the error ",ithin tolerance, [he

eurve has to be divided into a large number of linear and circular arc ~egmenls_ Such

linc~rized-scgmcnted contours arc undesirable 111real applicalions lor the lollowing

['casons:

• The Iran,mi~sion en-or hetween CJ\D/Ci\M and CNC machinc occurs duc to

huge number 01'dala.

• A large memory is required 101' the CNC machine,

• SUl'face aecUl'acy is deteriorated because of lhe discontl nui 10'of segmenlation

• The speed of tool movement beeomes ullsmooth because of the' linemizalioll

orthe eurve in eaeh segment
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• If the number ofsegmcnts is rcdllCCCi,thc (001 pmh will "pprOXlll1ill~thc ~\lIVe

Ie,s accurately Jnd chord CIror will be in(l'~8scd,

In ordcl' to eliminnte the problems oftJ'aditi('lJal iippIO<ICh,modem CNC lll~chines mc

being develop~d hil\,ing inlerp"li1lor' C'lpable "rrcc"ivlIlg only the par;lIneinc ~LJ"'e

cocffieicnts and the control points. In I'cecm melhod. shown ill [,igure 1,2. the tool

path r~present~d by parametric curve i~ not disercti7.ed in the CAD/CAM system:

m~leaJ the (i-codes of the curve containing curve information ar~ lranskrreu 10(hE

CNC machine'." interpolator which thcn gcnemtes thc position comnwllds fo,-Ihe

ma~hine lool driv~~.

CNC SystcmCAD/CAM c

Motion I.incar!
I'(\~(-I'toeessol' Comm:mds Cireulm!Cul \'C
(l'al't I'rogmm) (G,eodes) In(np"l,,« lr

f"";';'''' (""""",,d
LinelAl'c! (x,y.z c()ordinate~)

Curve
Segmcnts CNC Conlroller

Curve Sigld and
Represenlalion l'ecdb<Jckof the (001pilth

M"-chin~ 'I nol
Drivcs

CAD Model I

Figure 1.2: Recent method ofmaehinillg parametric "lLrV'"

The parametric >pline intCl'pnlatOl'of modern CNC machin~' s ~()ntr<)llcrr""c; \ ", l)]lly

th~ curve information and gcnclaks wc~~<;sive (nol positions on the desircd ellrV~by

incrcasing the parameter valll~ in an iterative method as Jollows:

U,'I~"'+/\(U,)
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\\'here u, is the current \'alue o!' paramdcr, !i,' I is the parameter vallL~aller _"LLllpling

period T o!'thc controllcr and LI (14,) i~the ineren,clltal value, The ill1crpolalcd point,

(i.e. x, y, z coordinate,) on the desired eurve are c;llculated hy ~lLhstitlLtingII;S inlo

the corresponding mathematical model of the origimlly de~igned curve whieh may be

a Ikzier wrve, H-splinc curve, a ~nbic ~pline eurve or NOll-uni rorm Rational [j-

Spline (NlJRllS) curve. The parameter value l~ updatcd using either the Jir:<.t-ordcr01'

the ~econd-order Taylor', series approximation method. When constant rccdrate

interpolation is u>;ed, this approximalion rc~ults in trnncalion errors wbich in tHnl

cause the inacl.'uracy in the ~ctual feedratc and its fluctuation, Thc chordal deviiltion.

resulting from the stmight line motion of the cutting tool betwcen two adjacent pomt~,

dircetly affecG the ~urfacc accuracy or thc machined part. In machining of free. form

SllTraCCSin automotive and aerospace industries, acelll'acy of the m~chm~d part is of

outmost importance. The cUIT~nl practice is to estimate the cbordal error by

approximating the Cl1l'vatureof the ~one~ponditlg CUf\'e segmelll This results in enor

value les~ than the actual ~alue,

1.2 Objccti\'cs

The main ohjective of this re~eareh is to J~velop a variable feednlle intcrpolator

which changes the feedmte smoolhly in order to keep the chordal error withm

predelemlined tolcralJc~ Specifically the obj~divc, can he stated as follows:

• To improve tb~ aCCllffiCYof feedrate and its fluctuation with re~pcel to the

given f~edrate by employing the I'ourth-order Runge-Kmta method 10

generate the succcssive values orthe parameter.

• To comparc hctween chordal error resulting rrOTl1using the pres~lll mcthod

and from the proposed method in which chordal error \\iill be calculal~d at a

point on the curve corresponding to the average orthe paramete' valu~, at the

end points of a CllrVCsegment.

4
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1.3 Methodology

The methodology followed in this research can be outlined as follows:

•

•

•

•

•

Analysis of the present method of interpolation algorithm employed m CNC

controllcr for generating successive tool positions and identifkatioll of it,>

shortcomings,

Development of mathematical model of the proposed interpolation Jlgorithm

by using the Runge-Klllta method.,

Derivation of the mathenwticai expressions for calculating the chordal errOl'

according to thc proposed method.

Development of variablc fecdratc interpolation algorithm to maintain a

predefined allow<lble chordal dcviatioo.

Pcrformanee evaluation of !he propo,eJ interpolation tcchniquc by computer

simulation based on the pW)Jo"ed mathcmatical model for 3-D spline curves

like a cub,c splinc CllrvC, a 13-splinc curvc illld " Non-unilorm Ralional G-

Splinc (NURBS) curve,

1.4 Overview ofthe Thesis

'I his thcsis consists 01 eight chapters, The first chapter hrieJly introduces the suhjeet

of computcr-aided design ami manufacturing, especially the integratlOn oj'CAD/CAM

systcm and the CNC machine tool. The chapter enJs with the ovcrview of

interpolation used in modem CNC machines to generate Sllcce,sive tool positions on

!he parametric curvc.

Chapter 2 discusses the ~talc or the art in tile field of pilrametri~ interpolation fol' CNC

machine tooL

Chapter 3 explains the traditiolJ,,1 appmach of CNC intcrpolation using the Taylor's

series approximation for machining or parts having free-form curve~. The

shortcomings ofthis appro~ch ~re ~15opointed out that need to be over~ome in order

to minimize machining error and maximizc surface quality of Ihe mu~hmed part.

5



Chapter 4 explains the proposed meth"d of interpolation employing the classical

fourth-order Runge-Kutta method. J( abo explains a new mdhod i"r estimating

chordal error. Finally the variable feedrate interpolation algori[hm i~, developed in

which the feedrate will he adjusted in order lo keep the errol' within 'pn:ified

loleranee.

Chapter 5 presents the theory or H-spline and NURBS eurvc. The Co,~.delJo()r

algorithms for evaluating points on thc curve and the deriv,ltives at a given value of

parameter are also explained,

Chapter 6 shows the results of compLder simulatioJls. The algorithms for computeI'

program and the CLJrveson which simulation wus perrnrmed ul'e also p,-.,sentcci. j he

chapler ends with the <.ilscussionon the resLJlts.

Chapter 7 is the conclusion of this thesis where lhe whole work i, sUl\1mul'izcd, ,md

the recommendations ror further re~eurch al'Cmentioned.

6



CHAPllB2
LITERATURE REVIEW

Researchers have developed various (edmiqucs of parametric interpolation fol' the

CNC machine tool's conlrollcr. I'he main objective of all these research works was 10

reduce the chordal error and fecdrate Iluctllation, To machll1e parts having sculptured

surfaces the cutting tvol has to traverse along a 3-D spline curve of varying curvature

al different segment<" Segments of the curve having .,mall radius of curvature mc the

source~ of higher chordal error jf the 1001traverses with a {;()n~lant [rednlte, Again,

the surface quality and machining time depend on the optimum fccdmte, Hellce,

researchers tried to find out ways 10 resolve this connie!.

Chou and Yang [1] developed a formulation for the command gcnewtlon of

parametric curve machining taking: into ~onsideration the dynamics of the 3-axi~ Cl\'C

machine tool and the machining proces~. '1hc data stored in the CAD syslem I'lr a pmt

modcl is usually static in nature and representcd by unities, paramctcrs, For thc

motions and control of machine tool, thc data need~ to be transformed into a time

dependent domain. Tn thcir research the geometrical propcrties of a Cllltcr path,

including position. tangent. curvature and torsion are analytically related to the

motion dynamics of a machine tuol including teedrale, acccleration. jcrk and driving

force which arc needed for commwd gencration and machined sllTbec quality

analysis. Based on their work, Huang fllld Yang 12] de.-eloped a generalized variable

feedrale parnmetri~ interpolator by using the Euler approximation mcthod for

generating succe.<,sive parWleter valucs. Their method yielded ~atisfactory resul[~

compared to those from w.ing linear. circular and cubic spline intcrpolators fl~IOL1gas

the curvaturt' 0 f the curve for machining wa~ ~mall.

Rcdi et 0.1. [3] implemented a cllhie B-spline interpolation by applying thc fOlward

difrerence algorithm. They implemcnted ihe interpolating U-;pline curve through lh~

data points lying 011thc product rathcr than approximating thos~ points. Bcdi ~I al [41

extended the B-spline cune intcrpolator (0 a surface interpolator by utilizmg the

greater computational capacity of a nctwork ur computers called transputers. These
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transputer8 when interfaced with the controller of tbe ma~hme tool. can avoid

problems such as eommlmication errors. jerk) motion, and gouging.

Wang and Yang [5] developed a method ofinlerpoJating a set of discrete data points

to fonl1 a composite qllintic spline for application in precision machining. A cubic

. spline fitted between two consecutive datil poinL" by approximating the arc-length

with the chordal lenb>ih is a chordal-lenglh parameterized cubic spline. Thea

algorithm starts with fitting ~ set Dr givcn data with a cubic spline and then on the

basis of this curve a composite quintic spline i, generated wlth nearly arc-length

parameterization, 2ndorder continuity and no high-order osciilations,

KorCll et aL l6j developed a real-time conslnnt fccdrate illt~rpolation algorithm lor

p<lramctric curv~s based on the I,r,t- and second-order Taylor's serie~ approximJ.lion

method. Shpitllini et aL f7] developed thc same interpolator for 2-D implicit curves

and 2-D parametric curves. The re~lllt~ in terms of position uccuracy and feedrale

deviations ,how significanl improvcments. Yang and Kong [8J proposed ~ parametric

interpolator for variablc feedratc based on the flrst- and second-order Taylor's

expansion. This research is a comparative study of linear a~d parametl ic interpolators

on several aspects sllch as memory 8i~,e.fcedrate l1uc\uation and CPU lime.

KiriL~is[9] presented an increm~ntal step algorithm for general 3D and 20 parametric

curve interpolation. which. for <Igiven position of the tip of the clltling tool, c,,]culates

the nexl position as c1o"e1yas pos,ible to the c\ll've'b) lulfilling two criteria: first, th~

next step must follow 'I givcn directiolJ along the curve; second, its normal distance

from the curve must be the minimum one among th~ eorre,ponding distances of the

,teps that conform to ih~ jirst criterion, This algorithm reqnires many complex

calcLllations which restrict its use for real-time application,

Lo [10J prop,?scd feedback interpolators Ii,r both 2.0 implicit Cllfves lInd paramctric

curves which utilize feedback action to correct feedrate error. Zhang and Green,,'ay

[11] implemented a real-lime non-t)llii'1TITlrational B-~pline (l\;UKBS) interpolator for

an articulatcd robot.

Lo et al. [12] presented a CNC interpolator with a path compensation for the contour

error applicable for rep~ated contour machining processes, Their method generates a



compensated path, for which the contour error is opposite to the contour error for the

actual path whi~h 15 monitored and ~aved by the eonlroller using the reedbilck

devices. and then to utilize the compensated path a~ (he ne" reference 1001path itlr

the sub~eqllent repeated contour machining. The experinlC'ntal results proved the

effectiveness of the algorithm in improving the "ccuraey of [he snhsequent repealed

machining. A new approach to CNC tool path gcncration was sugj!.csted by Lo 113].

Traditionally the CNC controller gcnerates command with a spccificd cutler-location

(eL) vclocity known as the feedrate, But it is the cutter-cuntad (eC) vdoclty wInch

is related to the machining efficiency and quality. In this new approach, threc

different method8 of linear, Curve and surlaee interpolator is devcloped where the CI.

velocity is derived that resulls in the motion of the euUing edge with th~ "peci[j~d

leedrate.

Yeh and Hsu [14] developed a sp~ed-controll~d interpolation algorithm hy deriving a

compcnsalol)' parmneter which improved Ihe ~urve ~peed ac~ura~y. Rung-Shine [15]

proposed a real-time surface in1erpol~lor for 3-D parametric burl~lCelll~chining un a

3-axis machinc tool. This interpolator can read surJace g-codes, containing geometric

information such as the cuellkienls of the parametric surface, as well'as culling

conditions.

A v"-l"iableJeednile interpolation ,>ehcrnefor planar implicit C\ll'VCSis pl'escnled by Xu

[16] et al. whi~h relate~ the geometric propertics like tangcnt, c\ll'vaturc etc to Ihe

kinematics of thc tool along thc eurvc. Thcy presented the interpolation schemes IVf

the cases of constant te~dnde, path-geomctry-varying feedmtc and timc varying

fecdmtc considering initial J~celerd(iun and finJI decelemtion. The e~pcrimcntl\1

re~ults proved that machining efficiency can be increased whlie ,al181)llng: i1

predefin~d tuleranee of thc contour crror of the curvc.

Hcisig et Jl. [17] pr~senl~d a new algorithm for the off-Iinc intcl'polation of data

puin!>;and real-time axis command gcneration which resulG in ~On8lanl leedrale and

reduced angulill' accclemtion. Thc splincs produ~ed by Ihe algorithm are C"

continuous and independent of machine tool kincmatics, Lalti guc et al. [1il] presentcd

an accUl'atc method to generate a CNC [001 path for a smooth free-form sllI'tace in

temlS of planar cubi~ f1-~plin~ curves which can he fcd into thc curvc interpolator,

Their method first intcrpolates thc break points generated by computing the offset
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~urface-<.lriving plane intersection curve reflecting the curvature, Then the maximum

scallop heigh! along the scallop curve and the maximum pick feed are evaluated ~o

that maximum scallop height ci>in~i<.le~with the tolenmce. Results verify the method

for better machining accuracy and lower memory requirements.

Farouki and Tsai [19J proposed a systematic derivation of !he proper Ta}lor ,;enes

coefficients for variahle fcedrate in!erpola!o~, u~ing ~imple notations and re~l1l'~lve

formulae suited to real-time computations, Bahr et al. [20] presents a method of CNC

interpolation in which the finitc forward diffcrencing algorithm for fast evaluation of

points on a cubic parametric curve is modificd so that thc inherent aecumulativc crror

in the calculation of one pieec of curve will not propagate to the wholc composite

curve. The reSLlltsprovc that thc method is accuratc, adaptive!o curvature ofthc CLlrvc

and reduces jerk.

Zhiming et at. [21] prescntcd a real-timc interpolation algorithm for NURIJS curves

ba~ed on the second-order Taylor's approximation which resulted in smaller contOLlr

errors and fcedrate fluctuations, But thcir calculation of contour error was based on

circulJr appro"imu\ion for t'Slima!ing Cllrva!urc of a segment which can not givc the

rt:'JIvalue "fthe errOr.

An approach for lineur and angular l'eedmte interpoliiliOIl for planar implicit curves is

presented hy Xu [22]. In multi-axis CNC machining, the cutting tool combines

trJn~la[ion and rotational movement, with respcct to a workpiecc. This approach

relates the angular fee<lmte to, the linear l'eedrule ilnd tllen the angubr l'eedrJte

interpolation is developed from the linear l'eedrate inlerpobtion.

The eXJct ~alue or arc length for a B-sp1ine or NURES curve is very difficult to

calculate. As a result a feedmte profile with desired JceeJeraticl11s ill reul-t;l11e is also

difticult 10 achieve. Nmn et ai, [23J propo~ed u method tlJU(re~u1t~ l~ e.\u~t I'eedrate

!mjeclory through jerk-limited acceleration profilcs for paramctrie Clll'VCS, fhe

recursive tmjectof)' generation method e~!il11atesan admi~sible pu!h increment and

determines the initiation of the final deceleration stage according to the distance left

to travel at every sampling time. The simul~tion results illu~trate the gel1~mtioll of

smooth feedrate profile.

10



T8ai et al. [24] developeu the NIJRBS interpolator eon~iderin:s aecelerationi

deceleratioll planning oel(lTe the interpolation. The experimental re.,ulls ,1Igge~t that

interpolator with bcll shape aeceleration/deecleration plamling is satisfactory for

rea!j~ation of tile aeecleration/deceleration. bcfol'e ftedrate in1trpol~tion. S. Y. .Jeong

ct al. [25] proposed sampled-data parametric interpolation teellnique which estimates

the parmnder using a quintic polynomial obtained from the tabulated p~l'~l11eltr<md

length data. As the ar~-length 01' ea~h ~egl\1ent of the C\l['VCis estimat~d from

curvature and ~horu lenglh, this approach i~ also not that accurate,

In all the resear~h works [he interpolation for parametric CUf\'es or suri"ce, is ha~ed

on the T~ylor's serie.', approximation for genemting ~uc~es,ive value, of the

parameter. Considering the ac~uracy of re,lll!s firsttilrce terms of the series are lIse,l

requiring thc second derivative of' the parametric C\I['VCto be calculated at every

sampling time. Derivative~ of curves like [3-spline and NURBS are quite eomplcx and

reqnires several iterations. This re~eareh proposes the fomth-order Runge-Kutt<l (RK)

method to find the parameter value, requiring only the fil'Sl ueri"ali \'e~ "r parametric

cu.rve. The RK method is compul;llional1y easier to implement due to its l'ecursj"e

nature. 'I his research ~bll pr<)po<;e~a di ffel'etlt method of culculatmg the chordal en'or

avoiding the calculation of C\lfv~tllre at every ~ampling time. Based on tile calculated

error the algorithm utilizcs a concctive ~ction to fin<J the new parameter value for

which the chordal error will be within tolerance.
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1llAP11B3
PRESENT METHOD OF CNC INTERPOLATION

3.1 Taylor's Series Appro~iDJation

The general form of a three dimensional p,!r<1l11dric Cllr\'c of nth order can be

expressed as

P(II) = x(u)! + y(u)J + z(u)k. and

.,,'''' (3,1)

() " "-,z U =anzll +1l,,_1,1I + +l1,','U+ n""

where, (1 :c:u:S Uma,.

The coordinates (x.y,z) llfpoinlS on the curve is obtained by substituting the values of

the parameter, u, in the above equa(illn~_ In Computer Numerically Controlled (eNC)

machine tool, the lip of the cutting tool moves from one sll~hpoint to tile next and

from there to next, and so on, To lind the successive values of the paranwler. u. the

following iteration is used:

11,+1 = U, + i\.(u,)

Where, W, is the parameter at lime IL, Mi+]is the parameter at time 1,+1am.! il(u,) i~Lhe

incremental value, The simplest approach would he to increment 11uniformly, i.e. in

equal small increments 6.11,and caleulate the corresponding x;+,= X(ll,+,), )',+,= y(u,+I)

and Z"'I= z(u;+,) at time t,+[. The sampling period, T= 1,+,- t" is constant for a

machine's controller. This approach h"" the !()llowing problems:

• Depending on the curvature the chordal length,

and (x,.y;,z;) is not equal. Hut the tool traverses this distance in equal time
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intervals T, So the feedrak i.<,not eon~tant, rather it varies from one segment to

another along the curve,

• The optimal size of the increment iJ.u is not known. If 6.U is too ~rnall, Lhe

resultant I 'i~are ton ~mall as well and machining 810\\'8down. II /~" i, too hig,

the re~uH.ant LiS arc too big and machining aC~llTacyis not maintained.

That i, why real-time parametnc interpolator ean not be based on uniJorrn

segmentation of the curve according 10 eqllal increments of the parameter. 11.

Segmenlalion of the curve should be such Ihal the ehordallcngths. L;. of each segment

are etjllal so that the feedra!e d()es not vary along the cuneo Researcher, have

developed the method for determining ~ueeessivc values of u so th;11 the chordal

lengths L, (machined at each sampling period T) arc constants, resulting III a con~lant

feedrdle. The method is outliued below:

The feedrate, V(u) along lhe curve is defined by

d" Ioc -, dl '=',
v ,

" ... (3,2)

,,,(3.3)

The solution of the ahove equation for a constant V results in the required value 01 the

parameter, 11,at any time t. As analytical ;olull()n of the above equation !s diflicull

and infeasible to implement, a numerical method is used to find the solution, The

function u is expanded at the neighborhood in time I, hy using the Taylor'~ Series

Approximation.

..
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Now.

( ) () ( )d'i (, ,-')'d'''1 'U/'+I =ul," ',+,-1, -'=1'+ 1+ , -,=, +HlgllerOrdaTerm.l'dl' 2 dl) ,

d"l r2 d1uI=> U,+I = U, + T- 1=1, +---2 ,=/ + High('FOrderTcrms
tit 2dr,'

_____________(H)

And.

..,., (3.5)

- j[ ]'[ ]'[ ]'fd-s d dx(u) dy(u) dz(u)
- ~- -- ,-- ,--
du). "="j du ilu o="i du ''''', du "°"1
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(3 6)

Putting equation (3,6) into equation (3.5) we get

l'inally, putting equations (3.3) und (3.7) into e(jUJtlOn(3.4) and neglecting the Higher

order terms we find,

The above equation is the second order Taylor's Series Approximation to lind the

value of parameter, u,>!, at time 1,+1,calculated from the current value. Ii" amI lh~

derivatives of the current tool position (Xi, yj, z,) with respect to /I. '] hi~ ncw valuc,

U,I/, i~ sub,tituted in equation (3.1) (0 find the nexl rejerellc~ (001 po~iLion (X"I' 1',,1,
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Z,+I).Although this interpolalion algorithm i.,> supposed to pw\'ide constam leedrate

machining. there arc variations in aetnal euUing speed due to the apPI'OXill1atlOIJof

Taylor's Series, Neglecting the higher order tel'ms (HOT) of the ~eric>;results in a

value ofu'_1 diITerentfrom that which would be obtained if the 1:10 j Were used. As a

result, the chordal disumce, L,. between (x" y,. z,) and (X;+I,y" [, Z,H). trav~l~d by the

elllting tool in T seeond~, i~such that the actual Jeedrate of the 1001between lhis two

posllions is not exactly V, the specified feedrate The actual '>peed, V, at the ith

<;egmenlis calculated from lhe following equaliml'

r~'"~:=G )[k, - x,)' + (Y"I - y,)' + (Z'+l - z,)' r;, _,.".."..(3.9)

3.2 Determination of Chordal Err'Jr

As the culler moves straight bet\vecn conliguous interpolated points, two position

errors may occur as: (a) RaJial error; and (b) Chord error, during motion for a

parametri~ ~urve as shown in Figure 3.1, The radial error ig lhe perpendicular dbtan~e

bet\\ieen the interpolated points and the para111elriccurve. Basically, the radial error is

caused by the rounding error or computer systems, With lhe nlpid development <)1

microproeessol's with higher accUJ'aey in compulillg, the radial error is no longer a

major concern in presellt applications, 'lhe chord error is the maxin,um dislallce

between the interpolaled trajectory CD and the arc AB on the dc,ired curve.

Chord ""'"

I'.,ametrk ourve --._.i
---., -"--~. " •• -.1)

-' .•.• \
/ '11,';-.,"

Radial £ITO,' \',

"
\'~

, ", "
",,
\'. lTIlcrrolotod 1''''JlI

1/,,10",
" C"

Figure 3.1: The radial ami chordal errors,
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As the sampling time, T, for a CNC machin~'~ ~ontroller i~ eonMan!. the clmrdal error

depends on the machining f~edrate and the radiu~ of eurvaturc of thc pmamctric CUl'Ve,

It can be understood from Jiigurc 3,1 that chordal error is higher if th~ radiu8 of

curvature 01'arc AB L" smaller. So if the tool traverses along the curve with it con~t;1l11

feedrat~, V, there will be high machining error on the segment~ ol'the cUr\'e where the

radii of curvature are ~mall. Again for a givcn curvature if the ft,edrat~ i~ high then the

chordal distance bctween two aJj;t~~nt tool positions is also high, \vhich in turn r~SLJlts

in high chordal error.

To e~timatc the chordal error, it is a~sllmcd that the curve segment hel\\,ecn P{lI,)

and fi(u, ,I) is J circular are with radius p, at parameter u" a~ ~hown in Figure 3.2,

r:urv7---------~~

P(",+I:
,,,,Cir~k

c

,,,,,,,,,,,,,,.-:~:"

PI

_____1: \ p(u,),,

Flgure 3.2: Esimatioll of chordal error.

The radius p, at parJmel~r u, i~ IOlllld from thc curvalur~, "'" at parametcr 11,which is

calculated by the {,,!lowing equation:

"
P(U)XP(ll), ,

K

p (u),
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........... (3.10)

The chordal distance. I,,, is approximated hyl!'(lIi+l) -1'(lIi)l. So lhc chordal

error,

Ei~OB-OA~OB- ,iOf)l_Af)2

_1 _[VTJ' =_1 [1- 1_[V""]']
",2 2 K 2
, '

...... (3.11)

'I his approach of calculating chordal CITorncglccts Be. J-j~ncc the actual error will be

greater than thaI calculated from equation (3.11).

18



CIIAPIIlI4
THE PROPOSED METHOD OF CNC

INTERPOLi\ nON

The present method of finding succe8"ive (ool positions utilize~ the Taylor"s Series

Approximation to obtain the next pammeter value, 11;,I, from the C\II'rcnt \'illue, U', and

substituting this value in the mathematical expre~,i(ln orlhc pammetric curve

designed in the CAD/CAM ~)'~lem. It \\i!lS expbined in (he previous section Lha!due

the omission of highcl' Older tenm orlilc Taylor's Seri,,~ the actual fccdwte bEtween

successive tool po~itions varies from the prcdctcrmill~d teeJrale. Hence for constanl

reedratc interpolalion, the fccdrate variali'!ll i~unacceptable. Tn redllcc tilis variation

the fourth-order Rlmgc-Kutta (RK) method is proposed for lillliing the pmamctcr

values.

4.1 Runl:c-Kutta Method

The Fourth-order RK method is explained here. jf we have ,m ordinary differential

equation of the following form

d,
dX =f(x.y)

The solution [27J of the above according to RK melh"d is:

Y.,I =y;+<1>(x"y"hjh. .. (4,1)

where, h = Xi>1 + X,. and <t>(Xj,y, ,h) is called the "".,."mell/ fllnc/ion, \\.hich can be

interprel",] as a representalive slope ove!' the interval. The incremenl I'unclio[] can be

written in general form as

Where the a's fire constants and the K's are
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K] =j(x"y.)
K2 = f(x, + !',h,y, + ql,K,h)

K) = .f(x, + f!lh,y, + q2lK]h + q22K2h)

whcre, the p' sand q' s are Clll-.;.wn\s For fOllrth order the valuc of fl is equ"l 104,

According to the Fourth-order RK melhud equation (12) is written as

where,

K, =f(x"y,)

K1 = t{ x, +~h'YI +-iK1h J
KJ = .r(x, +~h,Y,+~K2h)
K2 = .r(x, + h,y, + K,h)

Now linn ~qua\ion (3.3) we ean write.

d" V V
_0 __ ~~~~~~~~~o/(u)

d' ('h) I[d*)]' ,['''''')]''[d''")]'du "'v du du du

The right side ofth~ abovc ddTcrcntial equation is a function oj" 11 only. Su according

to the Fourth-order RK method. lh~ ~"lulion "fthe abovc is

where,

u, =u +'!'(K +2K +2K +K )r.,
1+1 j, 6 I 2 3 4
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v

(":;') "~",]' +(d:r:) "~"]' +( d:/;~)",]'

K -
;

And,

K
;

v, , ;

dx(u)
+

dy(u)
+

dz(u)
du k r di, K r du ;; r,,~u_+-'- lI=u_+-'- II=u ~-'-, , , , , ,

v

"~",'K"r + [d:~')
r [ ,[ dx(u) dz(u) .

u=",,'.KJT + du II=U;-'-Kl Jdu

TIle RK method achieves the accuracy of a 'j ayi(Jf S~ries approach without requiring

to calculate the higher d~rivative5. To achieve high accuracy from lh~ Tilylor's Series

the higher <.krivatives arc required. Current methods utilize the ,~ries up to the 2"<'

derivative, Computation of the derivatives makes the interpolator slower, which

becomes significant in case of curve~ represented by H-Spline am.!NURIJS. The RK

method i~also efficient for cOll1pul~r implementation be~ause of the recurrence

relationships of the K's. That is why the proposed method of interpolation is lllsler
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and generates mOre accurate parameter value~ ~omparcd to that generated Ii-olTI

Taylor's Series Approximation. As a re~uU, the actual reedrate between ~uccessive

tool positiuns remains very dose to the predetermined feedrate with negligible

variations,

4.2 Det"rrnillation of Chord"l F:rror

The proposed interpolation utilize~ a different method t"r finding the chordal error.

The exact valuc of chordal error is the maximum distance between the straight line

connecting two adjacent tool positions and the arc between them as shown in Figure

4.1.

--_._---- '--. fi("",)

figure 4.1: Estimation of chordal error 0[\ the point of average parmllctCI'.

The curve segment between point'; P(u,) and P{u,-,,) ~an be approximated by a

~ircular arc, The point On (he curve segment eorre,ponding to the average value of the

parameters 1/,and u,+} can be ,..,sumed to be the m()~t distllllt point from the straight
- -

line 1'(1/",) - F(u,). Therefore, the chordal error, E" is the perpendicular distance

-[",+,) --lrompoint P "2 ' to the line P(u,+,)-P(u.).Mmhcmatically,
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== x",i - Xj
L,

J

Y",i - Yi
Yi,-I - Yi

k
2m, - Zi

2;+1 ~,

0-'- [~m,-"I," -,H;",-,In" -y,1V..{('m,-,I,"-,I ~",,-,I, ,k -,,1]1
4 .'.[("'r,x,,"-J,)-{Ym,-y,I,"-,I~ I

L,

IG,,,,! - Y, XZt+1 - Zi)- (z,,,, -', xY,+1 - Yi)]2
+ [V'ml - Y, XZi->-1 - zi)- (zm; -;;, X"I+I - v,)]2
+ [G'mi - Yi XZi-H - Zi)- (2ml - z, XV,+l - Yi)F

_ , (4.3)

4.3 Variable Feedrnte Interpolation

The objective of this research is 10 develop a v<lriable feedrntc interpolatioll scheme

I"orCNC machine tool's controller. As was pointed <Julearlier that constant fccclratc

interpolation does not guarantee that the chordal error w1l1 be within the specified

t()lerunce. Chordal error may exceed the specified tolerance ,I"the radIUS of CUf\'uturC

of a curve segment is smaller. So an inlerpol~tioll algorithm is necessary whi~h

generales wriable feedrate to keep the chordal error within pr~dd~rnlin~d tolerance,

The algorithm should chcck thc magnitudc or chordal ~rwr first. then dcpcnding on

",hdher it is within toler~nce thc ncx! 1001 posilion will h~ g~nerated mainlaining

some relationship which i~ explained helow.

Fib,'1lfe4.2 shows how the chord length 01'a circle varies with the dist~nce between lh"

midpoint of that chord and thaI 0 r lhe COlT~spolldingarc.
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" c
rigure 4.2: Variation of chordal erro, with chord length.

Let the radius of the circle i,r, then

QR ~ OR - OQ = OR - -,I(OA" _AQ2) = OK _ ," (OA"_ (AP/2i)

Similarl}, it can be shown that,

ST= r.-,i (rl_ (Acnll ,..

.. , (4 4)

_.. " (4.5)

No\~, if we consider the ar~ segment of the spline CU[\~ between successive lonl

position as a circular arc then in Figure 4.2. A is the currcnllool position. P or C is lh~

next tool position, AI' (lr AC is the tool trajectory and QR or ST is the chuaJill error.

From equations (4.4) and (4.5), the general form ell]] be expressed a~:

E, =p, - ,,' ( 1'( - (r.;' 12)'), where p, is the radi us or ~urvaturc of the itil segment,
}o", is (he chun.bl error, and
f,' is \h~chord length.

or, L,'~ Y (8E,P, -4 E,2) ... ,.,., .. (4.6)

If the current 1001 position is A and the next position, generated from the interpolation

algorithm using the RK method, is such that the calculated chordal crror is greater

than the tolcranee then the next tool position will not be that generated from RK

method. To maintain the chordal CITor wllhin tolerance the l1exl position will be

derived by using the relation or eqlmtion (4.7), wherc L, will he replaced by tolcJ'Jnee.

The resulting L,' is the chord length between the corrected next tool position and the
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current position. To find the p;~nll~c_l~rII,., IhM will"gin: the corm:1C:d IICXI tool

position. the IIlgorilhm uscs V, '" L,'I T.

6

5

,
-E
S3
::;

2

1

o

••;.,
',,' -r
.••;:~,: !'~
"" '.)...

"I

I
I
I

o 0.2 0.4 0.6

Ei (mm)

0.8 1 1.2

Figure 4.3: Relation between chord length and chord error for different \'lIlues of
mdius of curvature.

Thc equation (3.11) nc:cds the mdilL~ of curvature for the eorrespomJing curve

segmenlllnd 1'I.'quiressevcrol computation stcps. In order 10 find a simple relationship

between I., and E, • I., is plolted for diffcrcnl values of II, ••••'here the runge of f:, is
05 E, 5:.P,.

The chord error resulting from using the Tuylor's Series Approximation or Runge-

Kulla mcthod hardly exceeds 0.1 mm, hm the error tnleronee elHl be much smaller

than 0.1 mm. Now Figure 4.3 shows lhat for n giveo ';ulue of [/1. the relationship

belwccn L, and 1:, can be fllirly npproximated by n Iinenr relationship for 0:: E,:: 0.1

mm, Therefore, in this mnge of E, ' we can wrile

L, 1 E, - L, 'I Tolerance
or, U - (/.; E,)- Tolemnce (4.7)

And the fc:cdmtt' to be used by tht' RK method 10find the next parameter I',., is

Vi. ((L/ E,l. Toltmn<:e)l T , (4,8)
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IllAl'JIR i
THE B-SPLINE AND THE NURBS CU RVE

5.1 B-splinc Cune Eyaiuation

NURBS stands for Non-uniform Rational B-splinc. Although B-splinc curve is a

special form ofNURBS curve, the mathematical definition of NURBS curve is based

on that of 13-splinc. So the mathematical definition of B-splinc is presented first.

A B-spline curve of order k and having n+J control points is expressed [26] as

"
F(u)= LP;N;,k(U)

i=U
_. (5, J )

Where. N".(u)'s are the k-th order basis functions derived hum the following

recursive formula

II-I. li~k-II
Ni.k(u) = , " Nu_1(u)+-,--,-N'i+l.k_[(U) (5.Z)

i+k-l - i i+k - i+l

N, (u) = il,I"U$/<+l
I, to,elsewhere ..•.•.............. , •...•... _•... , •.•. " ..... H (5.3)

And Ii, are the knot values. (,,+k+l) knot values Imm10 lo 1,,+1need to he "pe~ilied to

define (n+ 1) basis functions from i•.•'v,! to I•••.'"k.

If the B-spl inc curve has non-periodic knots, the curve passes through the first 'and the

last control points, TIle non-periodic knots 'lIe determined from

0 ,0::; i < k

I, I'-k
+ ,k <. < n- ,

n-k + 2, n < i ::;n+k
___(5.4)

One of the most important properlies of FI-spline wrve is lhal itlws loca! modllieo/ion

properly. A portion of the curve of a B-spline is affected by a finite number or the



control points. Alternatively. a control point affccl~ only a linik number 01' curve

segmenl~. Let the cllrve .,egment wrresponding 10 the palameter values in the closed

interval rf" I,~11be considered. The control points that affect the shape of th is segmcnt

would be those whose counterpart blending functions of order k arc nonzero over the

interval [I" III IJ. Among the blending fUlletion~ of order 1, only N"du) i~ nonzero ovcr

that intervaL We obtain l",2(u) by substituting N, I(U) in the first term and .11,',.1,(11)by

substituting it in the second term ofequatioil (5.2). In this WilY prop"gHting the elTed"

of ],',,2(1<) and N,.I.2(u), respectively, mtn the blending functions of ordcr 3, and so on

the blending functions of ordcr k can be fonnd, Firml1y, it can be sho\\'n thaI the

blending functions N,_k+I,k(U), N,_!+2,du). '" N".(u) have non/.ero Viillle~over the

interval [II, IltJ]. Therefore the control points affecting the shape of this curve segment

".,1'" That i" only k control points allect thc shape

ofthi> segment.

Cox-de Boor developed the algorithm l(lTlinding thc c{)of(linatcs on a [3-splinc Clll'VC

for the parameter u in thc range I, :::;1<:::;11+1. based on the property or FI-~plinc

cune explained above. Equation (5. l) ean be expres>ed a~ fol1ow&:

" ,
P(u)= L~lVi,k(u)= LP;Ni,du)

1=0 i-I-k+l
........ (5.5)

Substituting iVI,I(U) in eqlilllion (5.5) and arranging the summation the following

expression can be derived:

, -,
Ip;N1•k-1

;=I-k+2

-,
where p, i~ dcfincd as

......................... ,,, , (5.6)
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By repeating (hb pro~edure an mbilrary r times. 'lie get

.. (5.7)

where,

P(II) =
I ~r .LP; N;,k_r(U)

1=/-k+1 +1
............... (5.R)

Substituting (k-l) for r in equation (5.8) gives

_ -i-I _1_1

P(U)=Pl N',I(U)=PI

.,. (5.9)

Therefore the coordinate, of a point corresponding to a parameter value /I in the range

I, ,; u ,; "+1 are lhose orp;-I, which is oblllined by ~e~tioning the line ,egm~t1b

between the associated points recursively, starting fi'om those between the ol'iginal

control points. The process of evaluating ;;;-' using equation (5.9) iterativc1 y can he

illustrated ~chematical1y. a~ in Figure 5.1 .
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, ...•....•... "'" ..•.... (S,lO)

~-, ~j-'PH PI-I ' 1'1-1

~P: ~p; _1_2

~
-i-I

p, P, r,

Figure 5.1: Cox-de Boor algorithm fo1'evaluation ofB-spline curve.

5.2 Derivatives ofB-spline Curve

'j he first-order deriv<lt;ve or a B-spline curve is expressed in the form of Q 13-spline
curve equation of 1 degree le,~ than the original curve. The derivative of a [3-spline

CLlTve,when u is in the interval If S; U S; I[ +1 is

ii\u) 1_,
-~= II',N,I_I(U)
dll I=!_l~~ '

Substituting N"k_I(II) in eqUJtioll (5. I 0) ~lld arranging the summation the following
exprcs~ion can be derived:

_"_(_u) ~ t [-"---"-[p,' ).(, ---'--~"-Jrr',., )]N1 ,_,(Ii)
du 1=1_'_.1I,.,., -I, 1"'_1-1, " ' -

= i (f,']'.,v",.,(u) (5,11)
,=i_'.'

whc", (()' o[ ,-( (C')",(,- ": 1["")]
1",_, " 1"'_2 I"



By repeating this pmeedure an arbitrary r lime,,",we gel

............... (5.12)

[ [']'-'[ l']'-']-,' II-t, - 1/-/,-
where, (p,) = '_. p, + 1-. '_ P,-I

t,<k_, _, " 1,+I.-r-1 I,

.,....,....,..,....,..,..,.,..,.".,,(5,13)

Sub,lillding (k-2) for r in equation (5.12) gives

,',) ( ')'" ( ')'"(~;' = Tj N",(u) = r,

The process of evaluating (r,' r-' \Ising eqnalion (5.13) il~ratively can be ill u,lml"d

schematically, as in Figure 5.2.

Figure 5.2: Cox -deBoor algori lhm for ~valualing 1I' derivative of il-splinc curve,
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The second-order derivative of a l3-spline cUJ've.wilen 11is in the illlervni

11$1/$I'+li5

d"jj{lI)
---,

rIu"
..... (5.14)

Sub~titllting .1y',,k-c(lI)in equation (5.14) and <lrmllging the summation the following

exprcs~ion ean be derived:

, [ H (-") [ H Jr-- ")]L: 'f', + 1- ' P,-I N,.k_J(U)
,-i-h' I,.~-J-I, 1,+k_J-I,

r ")' [H (-")[ "-, Jr- ")]where, 1', = ~ P, + 1- ~ PH
11+1-3 I, 1,+<_.1 I,

By rep~a(ing (his procedure an arllitrar)' r times, we get

... (5.15)

........................ (5.16)

... (5.17)

Substituting (k-3) for r in equation (5.1Gj gives
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The process of evaluating,( ~"r-Ju~ing eqllation (5.17) iteratively can bc illustrated

scbematieaUy. as in Fib'llre 5.3.

(PI-'+''')

(- ")~(- ")'1'1_!+4 I'I-i+4

(- ")~(- ")'~(- ")"1'1_<+1 I'I-i+5 l'1_k.il

Figl.lre 5.3: Cox-dc Boor algorithm for evaluating 2n<lderivativc ofB-spline curve.

5.3l\liRRS Curve Evaluation

A I\'ou-uniform Ralional Fl-splinc (l'iURBS) corvc .of order k and having ,,+ f control

poinb is exprcsscd r26] as

, -
Ih,I',N,.k(H)

F(u) '" -'''-,,----
"

Lh,Nr,i(u)
"G

]2

................................. (5.lg)



Where, NI.;(u)'~are the k.th order basis functions derived I]-om equatIons (5.1) and

(5.2) and the h,'s are the weights of each control point.

The coordinates of points on NtiRRS curve can be evaluated by Cox-de Boor

algorithm similarly as for ,a B-spline curvc. When thc numerator or e'lualiOIl (5.18) is

evmualed the ",P, ha"e the role of the control points Pi in the Cox"dc Boor

algorithm of finding points on the B-spline curv'e and lor the denominator the h, plilY

thc role of 1',.

5.4 Derivatives ofNURBS Curve

The first-order derivative of a NljRBS curve can be obtaliled hy difl"ereilliating

equation (5, 18) with respect to 11as follo\vs:

__, {5.19)

The second-order derivative of a NUKUS eurvc cun he found by diffcl'cnliatillg

equation (5.19) with respect to u as follows:

_ (5_20)
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J[" ] d["- ]In e'llmliOll.' (5.19) and (5.20), - I.h,A',_,(II) and - L:", P,llii.k(u) are
du ,,0 _ ill! ,~o

found from the Cox"deHoor algor; lhm of e~alualmg 1" derj valive of B-splinc C\II'\'C

substituting h, alld h,P, for P, respectively.

Similarly, d2~(:th,lV',.k(lIlj oed dd
2
2 ( f h;!};!'.,',.k (U») arc found froln the Cox-

du ,=0 U \i~O
ueRnor algorithm of e\'aluating 2"; <.Icrivativcof B-splinc curve substituting h, and

h'p, for P, respectively.
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GIIAPTffiB
SIMULATION RESULTS

6.1 Algorithms

The proposed variable fecdrate illterpll1al;on employs the fourth-order Runge-Kuttu

(RK) method to genefiite the successive values of the parameter. If the eh"nlal error,

calculated at the average value of the current illld nexl parameter. is less than the

specified tolerance, the next 1001position is found by u~ing the next parameter and the

tool traverses at the spe~ilied fecdratc. If the chordal error exceeds (he tolerance, the

chord length that would result in elTor within tolerance is calculated and the r~sul\mg

feed rate is utilized by the RK method to generate the next correc(eu p<lramclcr value.

This algorithm is tested for feasibility ~Ildperfomlance hy writing tile interpolator in

MATLAB 6,5 and performing s;mul"lwils on a personal compuler with 241 GHz

CPU on diJlerentlypes of parametric spline curves, ~ueh a~: a 3-D cubic spline, a 2-D

profilc ofaeam detlned by B-~pjille curve, a 3-D profile ofa fan defined by fl-spline

eurve and a 2-D NURBS curve

The algorithm of interpolation, when constant feedrilte und 2"d order laylor's Series

Approximation or 4'11 order RK method is used fol' gcnemting SHcce~5ivc valucs of the

parameter and coordinates of 1001position. is showtl by the flowchart ill )'igure O.1.

To il1uMrale the supel'iority of the prop08ed interpolator results in tcrms of chordal

error and aelllal feedrate are compared with those using the present methot!. The

algorithm for calculating actual feedrale and chordal crl'Or (by estimating curvature),

when using 2"d order Taylor's Series Appl'Oximation with constant feeJrate,;8 shown

by the flowchart in FigUl'c 6,2.

The algorithm for ealculatiug actuill feedrate aml chordal crror (by using thc ilverage

parametcr value), when using RK method with eOllsumt feedrille. is shown hy the

flowchart in Fig;ul't' 6.3, Finally thc proposcd valiable feedrate interpolation algorithm

is shown by the 1lowchart in figure 6.4.
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STARr
'0, 0)

v- v- g"'<'"

2nd Order Taylor's
u,-u,>/ Selie~ Approximalioni
v- Vo,~" 4'11Order RK Method

I 1I,~I I

j
U,</>H,,",? Ye~

M,+} u""" I

No

Calclliaic Calculalc
x(u), Y(II). z(u) x(u). v(u). 7(U)

STOP

Figure 6.1: Flowchart of the algorithm for generaling 811CCestiiw1001p()~i\l()J1sI<)r

COll~l.an(feedrate Taylor's scrics approximation or Rungc-Kulla method.
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START
(u,=ll)

20<1 Order Taylor's
Series Approximlltion

Caiculate K,

Calculate
L" Vo };;/

Yes

Cakuhite
Li• V" £,

STOP

Figure 6.2: Flowchart of the algoritlmllor ~akuluting acll1allecdralc and chordal

error by u~ing constant fccdratc and Taylor's series approximatioll,
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START
(u,~(J)

V~ VKm'n

U,~UIII 4th Order Runge-Kutta
V= VfM'I Method

I 1i,11 I

1i,+I> IIm=? Yes
u,+! Ii",,,,,

CakulaLcN" (U,_I+ 11,)12
Calculatc I(U,+I+ u,)/2

Calculate 1';, at
u~(u,+u,'I)/2

Calculate E, ~t I
lI"'(U,+II,'I)11 Calculate

t., alll! V,
I

Calculate
I"~and V, CalcnlilLe

L,. and V,

I
S I 01'

Figure 6.3: Flowchart of the algorithm lor ~"lculiiling adlmllccdralC and chordal

error by using ~on,t~nt feedral~ and Rungc-KuUa method.
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START .
(1/,= 0)

v= V~n',n

1/, - U, ~ Fourlh-"rcier u, - ",+1
V= V: Runge-Kulla v= VKn~"

Mdhud

I "u I
1

U'+/>Umax'! Yes
U,'r-Um= I
I

"[No
Calculate

Calculate V" rl, F:,
(U,+1/,>1)/2 I

Calculate
x(1/), y(u), z(u)

Calculate E, a(
u=(U,+U/lI)/2

I ( STOP )
E, > Tolemnce'? No

Ye~ Calculate
V,

Calenlate
L,' = (L,! E,)* Tolerancc

I
C~lclll~te

Ca1cllialc x(u), Y(u), l(U)
V:=L,'/T

Figure 6.4: Flowchart ofthc variable fecdratc interpolation algorithm using the 4"'

ordcr Rungc-Kutta mcthod.

39

•



6.2 Results ami Discussion

This sedion discusses the simubtion reSliltS of different interpolators in terms of the

genewted !nol positions. chord"l error and feedr<lte 1,)[ !he parmnetric cur\'e~

mentioned in the previOll~ section. First, Ihe chorda! errol' Bnd feetlralc' arc compared

bel"een the interpobtion llsing the Tuylor's approximation and that using the RK

method for constant feedra!e mode. Then lhe chordal error, feedrate und tool positions

generated from the variable feedw!e interpolation are ~hown.

Figure 6.5(a) shows the cubic spline ~ur\'C, for which (he control points are given in

T<lble 6,1 and the ma!hematieal expre~sion is:

x = sOil -100,,'+5011
y = 12rl+35,1-5511,, .
l= -lOu +1211'-41!

Table 6.1: Control points of the ~ubi~ >plinc curve.

No. 1 2 3 4, 0 50 -I 00 50

y 0 -55 35 12
, 0 -4 12 ., 0

Simulation results for the cubic spline are shown in figure 6.5(b). (c). (d), (e) and (f).

For conslan( fecdrate interpolation, the Taylor'~ series approximatioll rcsulls in larger

chordal error as compared to that orRK method ror the cubic spline curve as shown ill

Figure 6.5(b). Error increases I,,!lowing the ~aml' pattern for hOlh method; The

curvature of (he curve starts increasing lix parameter V<lllLl'Sgreater than 0.2 and

maximurn curvature corresponds to parameter value~ between 0.5 imd 0.6. The

m",ximurn error resul(s rrom the curve segment where the curvature IS ma~imum. As

in TaYlor's approximation the error b ~ulculated based on the estim"tion of the. .
curvature for a given segment and this neglects a small portion of error, the actual

error is greater Ulan those shown in Figure 6.5(b). For a given ~egl1lent the maximum

chordal error is very difficult to calculate analytically and would be infeasible for

40 •



,

. ". .-',
:-....

.'" ,•

,. '.......................:

...••..- --

, '........... :",.... "'.. '".<" .".. : .......... . ",'
I'" •..•.:. I .r.:.... .

.{IS •••.... : .. i.... ....: : -'-'1 ••..' ,:---

.1 - ••••••• ( •••••• 1""' ~ ; [><t j .

.>'::" " s..'. •

,
I- .
,.

,
i

I'igun: 6.5(0): 3-D view of the cubic spline CUTW.
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Figure 6.5(b): Chordal error from conswnt fCOOr:llC (200mmlscc) interpolation for the
cubic spline.
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200,8

implementing into the real-lime interpolator. That is why to heU~r e~tim<lte the crror

RK method utilizes ealeulation of elTor at the averagc parameter Vallie 01' a glven

segment.

The RK mcthod ofintcrpolation also results in beller feedrate profile compared to that

from the Taylor'~ approx. for consumt fccdrate mode as shown io Figure (j.S(e). The

fluctuation of feedrate is greater l,n bU~r method where the moximnm dc\'iation is

about 0.23%, For the RK method thc maximum fccdrate deviation is 0.15%. The

rea50n for thl~ variation in actual feedrate can be explaincd by remcmbcring that both

the methods utilizes an approximation to generate sueeessi\'c parameter ValLLe~and

the loollra~els the distance between two adpcent positions in a sampling timc, which

is constant for a machine', conlroll~r. So the chordal length between the gencratcd

next position and the ClilTentposition varies depending on whether thc toni is passing

through a segmcnt of high curvature or low eurvatul'C. As RK method givc~ better

accuracy of gen~raling successive parameters, the variation in chordal length is less

than that of the Taylor's appl'Oximatiotl method .

.
.201 '~-~-------r=;:;;;:;;;~

I .... T'llors "pro;
1__ Rl<melhod

. 200.4
o
~ 200.2

'~~ .. , ;f oS ":200'. ._._._.==== __ ,., i"' r' - ---.
1;.lSS,6 "'., ...• ,'

"
199,A

,199 :/, . "'L_~_~__~_~_~__~_~__~~
002 004' oa; 0.08 01 012 01< 016

Tim. (o.condJ

Figure 6.5(c): AClU~1feedrate from eonsl~nl feedrate (200nmv~ec) interpolation 101
the cubic spline curve
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FigufC 6.S(d): Chordal ~rror from variable fL-edrnle inlerpolation with spccifil-d
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Figure 6.5(1): Tool positions generuled from variable fl'Cdrnte interpolation wilh
specilkd fccdralc 200mmlscc.lolcrnncc 111m,for the cubic spline cur'o't'.

Figure 6.S(d.). (e) und (I) ShOW1lthe rcsull~ of proposed \'nrill!l!c fcedro!c interpolation

for the cubic spline CUNC.'[he chordal error is within the lolcmn~ of 1/1Ill.Then: arc

1••••'0 positions where there is close 10 the lDlcmnce. the maximum value is 0.991 11m.

The reason for this is the algorithm of variable fccdmle intcrpolmion. The algorithm

generntes the next position command if the chordal error is less than 111m,otherwise il

recalculates the next position. The portion of the curve having low curvature results in

error close 10 111<:tolcmncc.

The fcromle prolile resulting rmm the \'lIr111hlc fcedrolc intcrpolntion is liS expected.

'£be portion of the curve having low curvature resu1ls cnur lcss than 1fun nnd so lhe

tool moves with thc specified fccdrntc of 200 mm/sec. for thc sc:gmcnls of the curvc

resulting error greater than to!cmnce, thc interpolator adjusts the fccdrnte so that

chordal lcngths IlI"Cvery' s.mall and thc toot truverscs these Smllll distances nt const:ull

time (i.e. sampling time). 111cvarintion in fccdmlc is nlso smooth resulting ill smooth

lI(:ceicmlion and deceleration of the tool.
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Figure 6.6(11)shuws thc ClIm profile descrilled h}' II IJ-spline curve of order' 4 having

the knO! VCClUr:t - (0.0,0,0, I,2,3,4.5,6.7.8.9.1 0.11, 12, 13.13.13.13] nnd eontml point~

as SI1o.•.•11in Tahlc 6.2.

Table 6.2: Control points of the cam

~ , , ) 4 5 6 7 8 9 '0 " 12 13 14 IS
~~

:t 0 , ) 4 5 , 4 , ., 4 ., ., -4 .J .2 ...'L
4 4 ) 0 ., .) ., •• .6 ., .) ., 0 ) 4

~

-'- 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 ...'L

Figure 6.6 (b) and (c) shows the simulalion results uf ('lnslant fe'Cdmte illtcl'JlOl:1tioo

for the com profile. As c:ln be secn in Figure 6.6(h): thc ovemge value of chordal error

resulting fmm Ta}'lor's lIpproximution is grc<Iter tlmn thut from RK method. 11te

maximum chomal enur resulting from the fnmlcr method and is 21.6 11mand from

the lnlter method is 9.4 ILm.The deviation of actual fccdrnte from the spccific-d value

of2oo mm/sec is I:l\'nter fmm Tu}'lor's approximalion than thaI from thc RK method
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a.' shown in Figure 6.6(e). The mllXimum deviation is 61% fOf the fanner method and

13". for the lallef, As fe<.-drntearreeL' t~ machining effieicm:y, surfacc qualit), and

the dynamics of the mnehine tool and RK method generutes less nueluation in

fcedrnle, it is better in those Tl:speCtscomf"ln..-dto tm" Taylor's approximalion. So this

explains why using the RK method for f"lmmeuic inlcrpolation not only provides

eompututionul efficicncy hut also provides more necnrole fcedrate profile.

The chordal errors resultiog from the vnriuhle fcedrote interpolation fOf lhe earn

profile are shown in Figure 6.6(d). The ma~imum error is 0.99 11m which is within lhe

IOlemnce. As the cam profile has mainl)' fOUfSC'Ctionsof high curvatuTC, the figure

shov.s four regions of high error although within the lolemnee. In nil other sections nf

the curve error is of much lower "alue us those sections have higher radii of curvnture,

Figure 6.6(d): Chordal error from vllriahle f•..-cdrole interpolation with specified
feedrnle 200mmlscc. IOlemnee 1lan, for the cam (B.spllnc curve).
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cam profile (IHplinc curve).
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Actual feedrnte resulting from the \'ariable feedrate interpolation for the cam p",JiI~ LS

shown in Figure 6.6(e). Depending On the curvatul'e at different segments "f Lhecurve

the interpolator reduces thc fccciratc so that chordal error remains less than the

tolerance. The muximum and mininllim value~ of adlJ<11IeedraLe arc 207 m/scc and 17

mm/sec rcspectively. A~ can be fuund Ii-om the figurc 6,Na) the curve hi!:' low

curvature at the top and bottom of the plot. The actual fecdratc incrca~~~ at Liw,e

segments, The surlilce quality will be as desired because the feedrate doe~ nol exceed

the ;pecified value by much, The cluillge of feedrate is smooth ,,,hich would result ill

smooth aece1eraLiun/deceleration of the tuol.

The 3-D fan profile, shown ill Figure 6.7(a), represented by a U-spline curve of ordcl'
4 ha~ the knot vector,

t= [0,0, 0, 0,1.2,3,4,5,6. 7,~, 9.10, II, 12, 13, 14, 15, 16, 17, J8. 19,20,21,22.
23. 24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 34, 34. 34],

And the control points as shown in Tablc 6.3,

Tahle 6.3: Control points of the fan

No I 2 3 4 5 6 7 8 9 10 II 12, 0 40 60 40 20 20 40 60 100 100 100 80
I 100 100 80 60 40 20 0 20 20 0 -40 -60, 0 5 III 5 5 II -5 -I 0 5 II 5 III
No. J] 14 15 16 17 18 19 20 21 22 23 24, 60 40 20 0 20 20 0 -40 -60 -40 -20 -20

-40 20 -2() 40 -60 -I 00 -IO() 100 -30 -60 -40 -20, 5 5 0 -5 -w -5 0 5 10 5 5 0
No. 25 26 27 28 29 30 31 32 33 34 ]5 36

I , -40 60 I -100 - lOO 100 -80 60 -40 20 0 -20 I -20
0 -20 -20 0 40 60 40 20 20 40 60 100, -5 -10 -5 0 , 10 5 5 0 -, -10 -5

No. 37, 0
IYTTOO, 0
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Figure 6.7(c): Actu:il fcrdrntc from mrinblc fcedmle interpolation with spccificd
fcedrole 200mmfS4'C, lolemrn:e 111m, for the fnn (B.splinc curve) .
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Figure 6.7(1): T (101 positinns gcncmlcd from lhe vnricble fcedrote inlcrpolulion fill' the
fun (B-spline curve).
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For ~ons(ant fe~drate int~rp()lation, the simulation resuhs of ehordal error and feedrate

are shown in Figure 6.7 (b) and (e) forlbe 3-D fan profile. The ehOl'dal error l'esultitlg

from using th~ Taylor.s "pproximution exe~eds that from the RK method several

times, The maximum elTors for the two method.,>are 3 "nl and 2 ,lImrespeetively, The

results for both th~ method, show that there me twelve peaks of the error plot. Thl> i~

due to the f<ld that the I,m ha~ four blades and eaeh has three segments where the rmhi

of curvature are smaller. When the tool pilSses lhrough [he~e ~egnlen[, the chordal

error becomes greater. So [h~ peaks of the error plot correspond to the~e hlgh

curvature ~egmellls of the fan pl'Ofile. figure 6.7 (c) slIggesls that there is no

significant difl"erence bel,,~en (he Feedrate pl'Ofilcs resulting from t"o methods, For

both the methods maximum feedrate deviation is around 21%. Th~ l1uelUation of

feedrate in a fraction of it se~ond r~su](" in bigh aeceleratiOlv'deceleratiun mui Jerk,

which in tum loads the servo control of (he machine.

rhe results of variabk lcedrate interpolatioll for the f,ln are shown in Figur~ 0.7 (d),

(e) and (f). The results are s"ti~rad<)ry in that chordal error is confined within the

tolerance. Whenever the tool comes out of a segment of high cllrv~(ure the crror

mcrern;~s and if this magnitude is within the limillhe algorithm pel'lnits the tool to

tra\'el to the next position. The l'esults of ~duiil feeJratc arc also satisfactory, because

feedrate Joe, not exceed the specified v~lue to a greater extent. lhe lllQximum

feedrille obtained is al'Ound 224 Illln/sec. So (he ma~hined surface gllality can be

achieved as desired. rhe varialions in reodrate are significant only at the segments of

high eurvatme. The l'igure G,7 (e) shows twelve valleys corresponding to those

segments oflhe ran profile having smallol' radii of~urvature. As error increases when

the tool travels through tho~ segments. the algorithm den~ases the Feedrate

according to tile relation established in Chapter 4.

The 2-D Nl.iRBS curve, shown in Figure 6.8 (a), of order 3 hu.,>[he ~"I\tml points

shown in Tahle 0.4, the weight vector h ~ [1, 25, 25. 1, 25. 25, 11and the knot vector t

=10,0,0.0.25,0.5,0.5,075.1, L II.

Table 6.4: Contml points ofthe 2-D NURBS curvc.

No 1 2 3 " 5 6 7, 0 -150 -150 0 150 150 0
0 -150 150 0 -150 150 0, 0 0 0 11 " 0 0
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r or the 2-D NUR13S CUIve. si tnuiatioll "'su lis of cnm,lalll kedralc 1I1krp"l" 11011'" ~

~hO"" ill Figures !'i.8 (b) _111d(~). Th~ suitubility of RK nlC'thoci is bL'~!cxplailled hy

lhe 1'1,,[01'arm ill !'lgur~ !'i.H(h) I"r lbe 2-D NlJRIIS curve which h<JS1(11'"ocgmrnts

of high curvatul'e and two segments of almost straight line. /It Ih~ se'glll~L1t~"fhigher

~IJrWllureIhe T"ylor's "pprox, r~,Hlh Illueh grealcr ~hordal errol 111,111the RK method,

Thc maximum ehordill crror~ IrOl1llhe~c melh(ld~ arc 99 Ilin ;md 6 5 I'Il1I~"pcclivcl}.

The maximum values correspond to those when Ihe tool enters illto a segment of

snlaller radi u<;0 f curvalurc frolll a ~cglllelll al'llo';t ~lraight.

TheI'e me two peak valuc~ (12174 mm/sec 1(" T"ylm'.' "I'p,oximal;oll. W),)) mml,c'c

for RK method) offedemte, as shown in Figure' 6,H (c). lor l>oth(he mdlllJd" l'~,\llt;llg

whcn thc tool leaves tbe cUl'ved portions and enters th~ struighl POl'1iOIlS,'I he r~asoll

for these high v;llues (,I' feedrale i~ IhaLlhe tl",l[r",cr"c~ li'om onc l1omllo Il,c n~"t ill

cOIlslant !il1l~period. i,e. the sampling timc of the eOlltrolle,- ofthc CNC m~chine. In

the straighl porlion (l!'lhe CI1""".,I ch"nge lllihe \,,,1,,,,ol'pnralllt"Icr 1~'lllb i" :l1l1ll~h

dislant poinl on th~ ~llrv~. \\,hi~h lhc 1001 tn,veb III " .,arnpling timc 1~'uILilig ill a

higher feedrale. The~e Iwo ~h'll1gc, wo"ld I"c~,,11In trcmcndous load on (hc ,;crl'o

~Olltrol 01' the machine alld would C"lI~Ctli~ machillc 10 vibralc viol~lltly, .'\Itllllllgb

resulting in 11uclualioll 01 ll-~draLc (Ill" RK method l'l'"ul[~ ill 11."lIali,'1" \'alliC of

kedmle.

Th" rc~ul(~ ofvarinblc f"edrate illterpolation for tile 2-D NlJRHS Cllrv~ arC ~howll ill

Figure~ 6.H (<.I),(e) ami (I). The chordal error remain~ weli bdow Ihe tolenlllce rhcre

nrc four I'egions where the error incrcascs and corresponds to those segment> of the

CUJ'VChaving high CUl'vaturc, \!'-,'henthe tool t1avcls ,llong Ihe t\\'O 5egn1Clll~\\,hich "r~

almost straight the chordal ~I'ror r~l1la;n, very clo'e Il' zero. The "cll",1 I"e,halc

rCMlliing from thc simulation of variablc fecclmtl' illlel'polmioll t'etllaill~ \wy clusc 10

lhe ~pec;fied ""lllc "I' 200 11111ll,e~I"r nlO,,! 01' IIIC (illle. I hcse are tllc timc,

eorrespondiug 10 \\,hCll the tool Iraveb ,llong the slraighler pOFI](ln~01' lhc cur\'e. I"

Lhe four ~cgl1lenb wherc thc curvaturc i, high. tllc int~rpolatnr l'educe" f~cdl'alc I"

confine error within Ihe limit. From Figure u.8 (e) 11can be Ill\lI1d Ihat the fe~dlalc

slightly excee<J5 tllc spcciJicd valu~ al some s~glllents \vhieh is due to thc 1:1'"tthai

from a ~egmel1t of higher CllI'vatme when tile intel'polatol' genelate's the n~x(

parameter for the segment of rclalively lower ~Ur\,,,tllre or apprOXllll,Jlcly slraighl
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scgll1~nL'_ Ih~ chonl,lI disl''''~l' h~mlll~' slighlly ltr~al~r Ih,,,, Ih,,1 wOLlld le"lLll ill

specitied feedrilte, It i~ i111pO'sibk 10 'l1"P 1;-0111Ihc ch""l;ll disl'lllCe 10 Ih~ P""llllL'lcl

increment lhat could be ineoll'orateu illto Ihe llIkrpolatwll algorithm re,ull'"g in

feedm!e stnclly withill Ihe specilieu valu".

Results of simulation tor all the curve, (with gi\'en r,:eurate 200 I1l1n"'SCcalll] cl,urdal

error tolerance 1[ltn,) arc sUlllmarized in Tabk (,,(i. Tl"seu 011Ihe ~1Il1\L1"1IOl~1'",,,1b. iI

Can bc fairly concluded Ibm the pmpo>ed variahle leedrale inierpolaliull l'1l1ploying

tbe ]{ullge-KuIl3 method perl'lrlm ,a(i~I:1durily I'eslilling ill chord~1 ,'1'1'01wilhill

lolerance and Iccdralc pmliiL' \vith kss l1uctll,lIiono 'lhOlLl (he 'pcc;lied value.

Applying the algorithm Oil \'arious types of spline cUl'ves commollly used 10 dclin~

rrcc-[i)rm surface validates the ej]ccllV~ne% 01 thc prop'N'd ll,dl,,,,1 or CNC

m(cIPOI,lliol1,

Table 6,5: Silllulal ion J'es\llh or 1I1icrpo1atioll'IIgoriHlIlls on ui ITcrclll
-

Intcl'polation algorithm COI~(""t fcedralc Val i~blc j(-cdrJte
2'" ordel' 4Lhol'der (4'1lorder Runge-

Curves 'I 'aylor's R\lnge-Kullil ]("It'l mdlwdl-- ll,clIHlU"I;prox
Chordal Mm;:, 9.991h 94105 0.99 II

3-D crror (f-lm) RMS" 3,604~ 3 1256 0.4275

Cubic Adual Max, 200.4505 199.9995 I 1999995

splille feedw(e Mill. 199,7492 199,7047 21.ISRJ
(mm/,cc) RMSFF' O.14~7 O.O~IO 136.6245
Chord,,1 Max. 21.5~1l7 lJ.3980 0,9920

CJIll profile error (ILm) RMS ').65~5 4.8497 0,2668
(2-D Adual Max. 233,lJ522 21'1,0104 207,0273

B-splinc) feedrate 1\1111, 7R.1\41\7 173.11\42 16,Si)lJl
(mm/s"c) RMSI'E 12.R428 10.0'176 158.78~6 I
Cbordal I Max. .3.0579 2.0447 09')99 I

I'an pl'Ofile erwr (,LIll) RMS 0.8280 0.7568 0.5682
(3-0 Actuul 1\h,. 231.4522 232.3512 223,8730

B-spline) Iccdralc Mm. J58.340.'i 157.1\427 97,2110
(Illm/sc~) RMSFE 11.2670 11,0587 .14.,%9~
Chordal ,\'lax 99.1841 6,5224 0.'1926

Cl"l'Or(11m) Rr>..lS 4,3782 0,7885 0,1933
2.D

Aetnal MaA. 12174 89lJ3,7 208.7.125
NIJRllS feeura(e Min, 76,937G 134.4962 'i(; "2m

(mm/bee) RMSH' ',91, 13~7 449.3853 3G,OI22

"IU,IS, Roolmean '<i""r" 01"churdal errOl'
I,RMSFIJ:Root meRn 'qUale of feedrale en or



CIMPIIIIl
CONCLUSIONS

ImllL~lri~, like aircraft, shipbuilding and an1()lllohilc use, freT-limlL .\1I11;1CCSfol'

various applications. Alltomohile hody. llllpclkr:<.. nirnan WillgS arc typical ('x<ltllilics

which lequires the die, ami lfi"lcb "ilh cavitic, offl'cc-l<.'rm eontOllr. The ,,,,,chining

or (hc~L'Jics and molds i, quite cOlllplex as lhlTl' is usually vet'y tight toklancc on

ermr, Ohviously. CNC ll1achilJ~ Inol, are lL~cd10 nmchinc stich pJ11s, 'I r"d'il(lIlillly_

1;-~e-10nncurve is designed 011lh~ CAD/CAM 'y'\l~1l1ancill1e curve is di\'ldcd inlo ~

large tllunhcr of linear ,md cir~Hlar ~eglllcnts as the controllels of CNC tnachines do

not hu,e the capahility of interpolating ~lIr\'cs. The post-processor (ilell generates the

M-codes, G-codes de which arc downloaded into the CNC systl'm. This method he"

some inhncnl problcms of crror during d;lt,1Lommunic"l1 01'- mcmory conslmill1s Gte,

To dimimle tho~c prohlcms and make Ihe CNC ImJehllll' more vcr<,ntilc rcsearcher,

h<lve developed pmal11l'tric lIlterpol;llill'l> Ii,,- Cl"C maehin~.s conlroller. ThiS

interpolalors only ncetl~ thc parametric c\ll've infol'lllalioll, based (Jil whith sllcc~ssive

lool position commands iII~ g~n~r;tkd "lid lIetessary signals are scnt 1(1th~ :;~rvo-

conlrol loops of respedi v,-,axes of Ihe mach inc' too I.

J'arill1letrie interpolalLon ulilize~ !lLCT"ylor's series approximation t," gl'llerating

sueeeS~IVCvalucs of the parameler to he 'lLh"lllult"d mto Ihc curvc cqunljon for

finding the coordinates of the ~U~l"~S,IV~l"ol p",ilions. Taylor"s approximntion

melhod involvc~ thc calculation of derivnti\,cs of the pilr;lll1e1riecurvc wi til re.<,pccttp

Ih" parametel". To achieve greatcr acc\II'acy high~r order d~rivnti\'es are I'cqlllred,

which is con.,,,lt'mbly coO\rlcx ir thc pamlll~tl"ic ~HrV~is a l1-&piille or ~ NlJRBS
~urve. Tm,llli"nal mclh"d ealculales tilc chordal elror Oil a giH.ll 'q;lllCIl! by

appro"i mali ng thc e\ll'vatlll"Cof thai s~glll"nl whl~h ovnlpoks a porlioll "I' Ilw CI'I'(1I'.

Th~ chordal error is greatcr where the C\ll'\'ChilS J smitlier n"litL~PI' eur\'atmc. Usually

an optimum valuc of fe~dral~ I~ ~peeilicd I'or nny machining operation. Tl<l(litional

interpolators lise thi~ specified fccdrate for c(lnota]]t Je~tlrak machilling. in cODslnm

fcedrate in1crpolalion Ihe maglli lude of chordal error i, grcater when Ihe 1001Inl"<.:r,e,



a segmcnl 0 I-bigh CUI"iliure, Thi,; error usual Iy (';,.cecJ, Ih~ ll)lcmllc~ Iypicull} "",(I ill

thosc indllstrics where accuracy 1, of prime COlJcern.

In Ihis rc~~arch a variable JCedrall' illlerpolmiull algorithm i~ .,ugg~stcd which "ould

reduce Ihe tCedralc Jepcnding "" chordal crrOI, In thi~ lnelh"d el'Wr i~ cakulall:d al

the averag~ value 01"Ihc paralllclcr~ of the end points or ih~ given cur\'e ~CgllltllL

'I hus Ihe ealculalioll of eur"alUlC m ea~h segmelll- i~ iJ\'oided, The inlel'llrllalor

~mploy~ lht' IOlllth-ol'dn Rllnge-l(ut1a melllQd 10 gcnerate sutcc"i\,(, valllc~ ,,1-Ih~

paralrlder. The RK llldhod only r"'Iuires the fi~1 Je"vative~ orr"r;lm~tl'il' cll]'\'e hut

achieves the accuracy of Taylor", "pproxinw(i'lil \\,iIh higher order de]'inLli\ c", Thlls

the proro~~d method _,illlpIifies lbe inl~rpolation process. The algorithm w{\rks as

foll"w,,: the RK llIc1hod gCllerales the n~xt ,al",;' of parUlllcler which i, L"cd 10

ealculale Ihe coordi,,,,le~ of the n~,,' 1(\01position oilly if till' ~bordall'lT(lI is wililin

tolerance. If the error ~xeeeds Ihl' lolcnlllee Ihc mlerpolalor caiclll,ltes th~ "dlllC of

reedrate that would resull in a Ile.~t pal'Ullldc, ror whil'h t',rol' will hc '\'lIhill Iile

tokl'ancc.

The proposed interpolalion IS compared "Jlh the tmdilionJI mcthod by p~rrorlllillg

simulallon~ on a Pl'~lll1ill compuler ;md using diller~nt typl'S or ~m\'cs likc ~llbic

splin", B-splinc and NURGS. The results sllow Ihat the prol)(\sed llldl",d "I'

inlcrpolation L"ing the RK melhod gencnlles the paramclel' \'alues Ii" which (he

fecdrale prolile is sllIoolher Ihan thai li-olll using Ihe T~ylor-, appro~irll:l1ioll III

cOllsL111lJ",~dtale modc_ The val'iahle Jcedmle irlicrpolation res"lts in cliord,,1 enol'

wilhinlhe tolerancc and lhe feedralt' remains COII~lmllat the ~pecllied valuc a:; long as

elTor is within limit. rhc rt'~drate is dcne,lsed whcll Tlece~s~ry (0 l11"i11l<lin(hc ~rr()1

wilhin tolerance_

I-Icnee the proposcd \'ari;lblc I't~dralc inlerpolallon 1','5ull, in 11l1lch """{llhel'

llllctuatioll 01 feedrate while maintaining lh~ ciJol'Jal ~rrur with ill [OIer<IllCc'.
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