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ARSTRACT

The parametric interpolators of modern CNC machines  use  Taylor's  scrics
approximation (o generale -successive parameter values which in lurn pives the s.y.2
coordinates of the wol positions afler subsibating inta the curve equation, In order 1o
achieve greater accuracy higher order derivatives are required which complicates the
calculation when the curve is represenied by NURDS curve. This method also utilizes
the curvature Lo estimale the chordal eror on a given scmment which neplects a fraction
ot the error, In order 1o avoeid calculating higher derivatives and make the calculations
caster the classical fourth-order Runge-Kutta method 15 proposed in this research which
only requires the first derivative to be caleulated bul achieves the acewacy ol Taylor's
approximation with higher order terms. This thesis also proposes the estimation of
chordal error on he average value of the parametees at the cnd paints of a piven cunve

sezment, which does not require calculation of corvature at every segment.

Finally o variable Teedrate tnlerpolator 15 proposed which adjusts the Jeedrate depending
an the curve propertics to maintain the chordal crror within the specified tolerance. To
evaluate the feasithility and performance of the proposed method computer simulations

are perflomed on dillerent lypes ol spline curves starlimg from cobie sphoe w NURBS

Simulation results show the superiority of variable fecdrate interpolation in lerms of

feedrate and chordal error compared 10 those resulted (rom nsing constant feedrate

interpolation employving Taylor’s approximalion.
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GHAPTER 1
TRODUCTION

1.1 Background

Free-form or scuiptured surfaces are used in a vaneny of appheations i aulomotive,
acrospace. ship building industrics. Dics and molds o astomotive body. propelter and
impeller blades, and aircraft wings ete, are Lypical examples that involve free-form
surface design and machining. Modem CADICAM systems provide a designer wath
tools for delining such frec-form surfaces represented by 3-1J parametric curves and
surlaces. Multi-axis Compuler Numerical Control {CNC) machining is muostly used
for machining such complex [ec-furm surfaces. When a free-loom surface is
machined using a CNC machine, the path uf the cutting ool can be considered as a 3-
D spline curve Therelore surface machinmg nvelves Jour main phasess 1)
Optimization of machining process parameters, 1i) Tool path planming. i) Teol path
inferpolation and iv) Serve control Phase 1) and 1i) deals with  automatic feature
recognition, the selection of cutter and its speed, leedrale and depth of cut ete. and the
optimization ol ool path. Phase i) is concerned with the conversion of ol paths
obtained from a tool path planning system inle Ume-dependent commands for dnving
the serve contro] system of a CNC machine maintaining the parameters 1esuling [rom
phase i}. Phase iv) mainly deals with closed loop control jssues such as adaptive
control strategics, feedback. stability ete. The traditional approach of machining parts
having geometric features represented by parametric curves is shown o Fipure 1.1,
The deswmers first develop the model of the part in the CAD system. Lhe part
geometry is transferred to the CNC system by micans of a part program ((G-codes. M-
codes) consisting mainly of motion commands, These motion commands  are

translated in real time by the CNC inlerpolator into a special form. conlaiming the

courdinates of successive ool positions. before being seul o the contrel loops of

machine tool drives. As mosi CNC interpolators can proeess only strajght line and
gircular are motion commands, the parametric curve representing the ool path s
discretized into a set of hne segmens which approxunate the orginal curve to a
desired accuracy. This scpmentation is accomplished in the CATVCANM system and

the segments arc fed inte the post-processor for the generation of (-codes. These G-

¥



codes are then downloaded into the CNC sysiem for real time command generation of

tool positions.

CAD/CAM CNC System
Linew! Cireular
Post-Processor (r-code . Interpolator
{Parl Program) il
KoY.
Line/Arc coordinates
Segments
) CNC Controtler
Curve
scomentation
F 3
b .
! Signal und
Parametric Foedhack
Curve L
Curve Machine Tool
Represcntation Drives
of the too] path
F 3

AT Model

Fipure 1.1: Traditional melhod ol machiming paramelnc curves,

To better approximate the original curve and to keep the crror within wolerance, the
curve has to be divided into a large number of limear and circular arc segments. Such
lincarized-segmented contours are undesirable 1 real applications lor the lollowing

i RN o

. The transmussion ercor belween CAYCAM and CNC machine ocears due to

huge number of dala.

. A large memory is required for the CNC machine.
. Surface accuracy s deteriorated because of the discontimunly of segmentation
. The speed of tool movement beeomes unsmooth because of the lnearization

ol the curve in cach scgment

[}



. If the number of segments is reduecd. the ook path wall apprexaimate the curve

less accurately and chord error will be increased.

in order to elinlinate the problems of traditional appioach, moderin CHC machines arc

being developed having inlerpalalors capable of recetving only the parametne curse

cocfficients and the control points. In recent method, shown in Fipare 1.2, the ool

path represented by parametric curve 1% not discretized in the CAIDMCAM systen

inslead the G-codes of the curve containing curve information are transferred to the

CNC machine's interpolaior which then gencrates the position commands {or the

mas:hine tool drives.,

CADICAM

Ppsl-Proccssor
{Part Program)

Mation
Commands
{G-codes)

CNC System

| anear!
Circulat/Cunrve
. Inlerpo]alor

F 3

LinctArc /
Curve
sogments

Curve
Represenlation
of the ol path

F

CaD Model

Position Comimand
(x,v.2 coordinates)

CHNC Controller

Stgnal und
[eedback

Machine Tool
Lirives

Figure 1.2: Reeent method of machining parametric curves

The parametric spline interpolator of modern CNC maching™s controller reecives only

the curve information and genetales suceessive ool positions on the desired curve by

increasing the parameler value in an iterative imethod as follows:

Ly =t Al



Where », is the current vatue of parameler, #:; is the parameter value alter sampling
period T of the controller and A (#,) is the incremicnial value. The imerpolated points
(i.e. X, y, z coondinates) on the desired curve are calculaled by substiluting #,'s into
the corresponding mathematical model of the originally designed curve which may be
a Dezier curve, B-splinc curve, a cubic spline curve or Non-uniform Rationat D-
Sphine (NURDS) curve. The parameter value 15 updated using cither the fimst-order or
the second-order Taylor’s serics approximation method. When constant {ecdrate
interpolation is used, this approximalion results in (runcation errors which in turn
cause the inaceuracy in the actual feedrate and its fluctuation, The chordal deviation.
resulting from the straight line motion of the cutting toe! between two adjacent ponts,
dircetly affects the surface accuracy of ihe machined part. In machining of frec-torm
surfaces in automolive and acrospace industries, accuracy of the machined part is of
outmost imporlance. The current practice is to estimate the chordal crror by
approximating the curvature of the corresponding curve segment This results in eror

value less than the aclual valae,

1.2 Objcctives

The main objective of this rescarch is to develop a variable {eedrate inicrpolator
which changes the feedrate smoothly in order to keep the chordal crror withm

predelermined tolerance Specilically the objectives can be stated as lollows:

» To improve the accuracy of feedrate and its [luctuation with respect to the
given feedratc by cmploying the lounth-order Runge-Kutta method to
generate the suceessive values of the parameter.

» To compare hetween chordal error resulting (rom using the presenl method
and from Lhe proposed method in which chordal emor will be calcufated at a
point on ihe curve corresponding to the average ol the parameter values al the

cnd points of a curve scpment.



1.3 Methodology
The methodology followed in this research can be outlined as follows:

* Analysis of the present methed of interpolation algorilhm empioyed 1n CNC
contmller {or gencrating successive tool positions and dentification of s
shoncomings. ‘

s Development of mathematical model of the proposed interpolation algorithm
by using the Runge-Kutla method..

*  Derivation of the mathematical expressmions for calculating the chordal crror
according to the proposed method.

» Development of variable feedrate interpolation algorithm o maintain a
predelined allowable chordal deviation.

*  Perlormance cvaluation of the proposed interpolation technique by computer
simulation based on the proposed mathemalical meodel [or 3-1 spline curves
like a cubwe spline curve, a B-spline curve and a Non-unilorm Rational B-

Spline (NURDBS) curve,

1.4 Overview of the Thesis

This thesis consists ol eight chapters, The first chapter bnefly introduces the suhject
of computer-aided design and manufacturing, cspecially the integraton ol CAD/CAM
system and the CNC machine wol. The chapter ends with the overview of

interpolation used in modem CNC machines to generale successive tool positions on

the parametric curve.

Chapicr 2 discusses the state of the art in the field of parametric interpelation for CNC

machine tanl.

Chapler 3 explains the traditiona! appmach of CNC interpolation using the Taylor’s
series approximation for machining of parts having free-form curves. The
shoricomings of this approach are also pointed out that need to be overcome in order

to minimize machining errar and maximize surface quality of the machined part.



Chapter 4 explains the proposed method of interpolation employing the classical
fourth-order Runge-Kutla method. It also explains a new method for cstimating
chordal error., Finally the variable feedralc interpolation algorithm is. developed in
which the feedrate will he adjusicd in order o keep the error within speificd

lolerance.

Chapter 5 presents the theory of B-spline and NURDS curve. The Cox-deDBoor
algorilhms for evaluating points on the curve and the derivatives al a given value al

paramcter are also explained.

Chapier 6 shows (he results of compuler simulations. The algorithms for computer
program and the cueves on which simulation was performed are also presented. Lhe

chapter ends with the discussion on the results.

Chapter 7 is the conclusion of tus thesis where the wholc work v sumimarized, and

the recommendations lor further research are mentioned.



CHAFTER 2
LITERATURE REVIEW

Regcarchers have developed various lechniques of parametric interpolation for the
CNC machine tool’s controtler. 1'Te main objective of all these research works was 1o
reduce the chordal ervor and feedrate luctuation. To machioe parts having sculptured
surlaces the cutting ool has to traverse along a 3-D spline curve of varying curvature
at different segments. Scgments of the curve having small radius of curvature are the
sources ol higher chordal error if the tool traverses with a constant feedrate. Again,
the surfuce quality and machining time depend on the oplimum foedrate. Hence.

rescarchers tried to find out ways 1o resolve this conflict.

Chou and Yang [1] developed a formulation for the command peneration of
parametric curve machining taking into consideration the dynamics of the J-axis CNC
machine tool and the machining process. ' he data stored in the CAD syslem for a part
mode! is usually static in nature and represented by unitless parameters. For the
motions and control of machine 1ool, the data needs 10 be transformed into a tine
dependent domain. Tn their research the geometrical propertics of a cutler path,
including position. tangent, curvature and torsion are amalytically related to the
motion dynamics of a machine tool including teedrate, acceleration. jerk and driving
force which arc needed for command gencration and machined surfuee quality
analysis. Based on their work, Huang and Yang |2] developed a gencralized variable
feedrate pamnmetric inicrpolator by using the Euler approximation method for
gemerating successive patameler values. Their method yielded sulisfactory results
compared W those from using linear, circular and cubic sphne interpolators us long as

the curvature of the curve for machining was small.

Bedi ct al. [3] implemented a cubic B-spline interpolation by applying the forward
difference algonthm. ‘They implemented the interpolating B-spline curve through Lhe
data points lying on the product rather than approximating those points. Dedief al 4]
extended the B-spline curve interpolator to a surface interpolater by utilizing the

grealer computational capacity of a nctwork of computers called transputers. These



fransputers when interfaced with the controller of the machme tool- can avoid

prohlems such as communication crrors. jerky motion, and gouging.

Wang and Yang [5] developed a method of inlerpolating a set of discrete data points
to form a composite guintic spline for application in precision machining. A cubic
- sphine fitted between two consecutive data points by approximatiyg the arc-lenpth
with the chordal lengih is a chordal-length parameterized cubic spline. Thewr
algorithm starts with [itting a set of given data with a cubic spline and then on the
basis of this curve a composite quintic spline 1s genecrated with ncarly arc-length

aramelerization. 2™ order continuity and no high-order oscillations.
P : Y E

Karen et al. }6] developed a real-time constant feedrate interpolation algonthm for
parametric curves based on the first- and second-order Taylor’s series approximilion
method. Shpitalni ei al. [7] developed the same interpolator for 2-1 implicit curves
and 2-D parametric curves. The results in terms of position accuracy and feedrate
deviations show significani improvements. Yang and Kong [8] proposed a paramclric
interpolator {uor variable feedratc based on the first- and second-order Taylor's
expansion. This research isa c-ambarative study of linear and parametiic interpolatois

on several aspects such as memory sive. foedrate Nuctuation and CPU tme.

Kiritsis [9] presented an incremental step algorithm for general 31 and 2D parameiric
curve interpolation. which, for a given position of the tip of the cuthing tool, ealeulates
the nex| position as closely as possible to the curve by lulfilting two criteria: first, the
next step must follow a given direction along the curve; second, its normal distance
from the curve must be the minitnuwm one among the corresponding distances of the
steps that conform to the first criterion. This algorithm requircs many complex

calculations which restrict its use for real-time application,

Lo [10] proposed feedback interpolators for both 2-I) implicit curves and parametric
curves which utilize fcedback action o correct feedrate crror. Zhang and Greenway
[11] implemented a real-lime non-uniform rational B-sphne (NURBS) interpolator for

an articulated robot.

Lo et al. [12] presented a CNC interpolator with a path compensation for the contour

crror applicable for repeated contour machining processes. Their method generates a



compensaled path, fur which the contour error is opposile to the contouwr error Tur the
actual path which 15 monilored and saved by the controller using the feedback
devices. and then to utilize the compensated path as the new reference ool path {or
the subsequent repeated conlour machining. The cxperimental results proved the
cifectivencss of the aigorithm in improving the accuracy of the suhsequent repeated
miachining. A new approach o CNC ool path generation was suggesicd by Lo [13].
Traditionally the CNC controller generales command with a specificd cutler-tocation
{CL) vclocity known as the feedrate. But if 15 the cultler-contact {CC) velocily wluch
is related i the machiming efficiency and quality. In this new approach, three
different methods of linear, curve and surface inlerpolator is developed where the CL
velocity 1s derived thal resulls in the motion of the culling edye wilh the specified

leedrale.

Yeh and Hsu [14] developed a speed-conirolled interpolation algorithny by deriving a
compensalory parameter which improved the curve speed accuracy. Rong-Shine [15]
proposed a real-time surface interpolator for 3-D parametnic surlace machining on a
3-axis machine tool. This interpolator can read surface g-codes, containing geometric
information such as the coefficients of the parametric surface, as well as cuiting

conditions.

A variable feedrale inlerpolation schemc for planar implicit curves is presented by Xu
[16] et al. which relales the geomelric properties like tangent, curvature cte to the
kinematies of the tonl along the curve. They presented the interpolation schemes lor
the cases of constant lesdrale, paih-geometry-varying feedrate and time varying
feedrate considering initial acceleration and [nal deceleration. The experiimenial
resufls proved that machining efficiency can be increased while sabsiying a

predefined tolerance of the contour crror of the curve.

Ileisig et al. [17] presented a new algorithun for the off-line interpelation of data
puinls and real-time axis command generation which resulls i constant [eedrate and
reduced angular acceleration. The splines produced by the algorithm are C?
continuous and independent of machine toel kincmatics. Lartigue ct al. [18] presented
an accuratc method to yenerate a CNC too] path [or 4 smooth free-form surface in
terms of planar cubic B-spline curves which can be fed inlo the curve interpoiator.

Their method tirst interpolates the break points generaled by computing the offset



surface-driving plane intersection curve reflecting the curvature, Then the maximum
scallop heighl along the scallop curve and the maximum pick feed arc cvaluated so
that maximum scallop hetght coincides with the tolerance. Results verify the method

for better machining accuracy and fower memery requircments.

[arouki and Tsai [19] proposed a systematic derivation of the proper Taylor senes
coefficients for vanable feedrale inlerpolalors, using simple notations and recursive
formulae suited to real-time computations. Dahr et al. [20] presenis a method of CNC
interpolation in which the finite forward differencing algorithm for fast evalvation of
points on a cubie parametric curve is modificd so that the inherent accmmnulative crror
in the calculation of one picee of curve will not propagate to the whole composite
curve. The results prove thal the method is accurale, adaptive lo curvalure of the curve

and reduces jerk.

Zhiming et al. [21] presented a real-time interpelation algorithm for NURDBS curves
based on the second-order Taylor’s approximation which resulted in smaller contour
crrors and feedrate [uctuations. Dut their calculation of contour error was based on
circular approsimation (or estimating curvature of a scgment which ean not give the

real value of the ermor

An approach for linear and angular feedrate inlerpotabon for planar implicil curves i3
presented by Xu [22]. In multi-axis CNC machining, the cutting tool combines
transiabion and motational movements with respect to & workpicee. This approach
relates the angular {eedrale 1o, the hnear l[eedrale and lhen the angular leedrate

interpolation is developed from the linear feedrate interpotation.

The exacl value ol arc {ength (or a B-spline or NURBS curve is very dillwcult to
calculate. As a result a feedrate profile with desired accelerations in real-time is also
difficult to achieve. Nam et al. [23] proposed a meihod thal results 10 exact feedrate
irgjectory through jJerk-Hmited acccleration profiles for parametric curves. lhe
recursive trajectory generation method esiimales an admissible path inerement and
dctermines the initiation of the final deceleration stage according to the distunce left
to travel at every sampling time. The simulation resulis illustrate the gengration of

smooth feedrate profile.
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Tsai el al. {24] developed the NURBS interpolator eonsidering accclerationd
deceleration planming belore the mnterpolation. The experimental resulls suggest that
mierpolaior with bell shape aceclerationfdeceleration planning is satisfactory for
reabization of the acccleration/deccleration. before feedrate interpolution. 5. Y. Jeong
ct al. [25] proposed sampled-data parameiric inlerpelation technique which estimates
the parameter using a quintic polynomial obtained from the tabukated parameter und
length data. As the arc-length of each segment of the curve is estimated from

curvature and chord length, this approaclt is also not that accurate.

In all the research works the interpolation for parametric curves or surlaces 1s hased
on the Taylor's series approximation for generating successive values ol dhe
paramcter. Considering the accuracy of resulis first three terms of the senes are used.
requiring the second derivative ol the paramctric curve to be calculated at every
sampling lime. Nerivatives of curves like B-spline and NURBS are quile complex and
tequires scveral iterations. This research proposes the fourth-order Runge-Kuita (IRK)
method to [ind the parameter values requiring only the first denvalives of parametric
curve. The RK method is computationally easicr to impicment duc to s recursive
naturc. '| his research also proposes a different method of caleulating the chordal enor
avoiding the caleulation of curvature al every sampling time. Based on the calculated
errer the algorithm utilizes a corrective action o Jind the new parameter vatue for

which the chordal errer will be willin tolerance.
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EHAPTER 3
PRESENT METHOD OF CNC INTERPOLATION

3.1 Taylor’s Serics Approximation

The gencral form of a three dimensional parametric curve of sth order can be

expressed as

E{u) = x{u) + vlu)}] + z{H]E . and

x{w) = a, Iu” + ”.«a—l.xi‘{”_ LURTRWIG F/ Tt s g
-l
Muy=a, v+, H ta oty e {3.1)
H w-l .
zZ{w) =@, ¥ +a,, 0+ dedd) Uy

W:'IET'C.. {J E M E inay.

The coordinates {x.v,z) ol points on the curve is obtained by substituting the values of
the parameier, u, in the above equations. In Computer Numerically Controlled {(CNC)
machine tool, the lip of the cutting tool mowves from one such point to the next and
from there to next, and so on. To find the suceessive values of the parameler. w the

followang 1leration is used:
they = th+ &)

Where, ¥, i the paramcler at time 1, w4 18 the parameter at time e and A} 1s Lhe
incremental vaiue. The simplest approach would be to increment # uniformly, Le. in
equal small increments Ax, and calculate the corresponding Xin= X{Uw ), Y= ¥t}
and z,,= Z(uy} at time te. The sampling period, T= {i4- (, 18 constant for a

machine’s controller. This approach has the {ollowing problems:

»  Depending on the curvature the chordal length,

;
Ly = [( =% ) (-2 ) + - )2}'2~ between polnts (Xi.¥w1.Z+1)

and {x.vi,zi) 15 nol equal. But the tool traverses this distunce in equal time

12



intervals T. So the leedraie is not consiani, rather it varies from one scgment to

another along the curve,

»  The optimal size of the increment Awx is not known. If A 15 too small, the
resultant Tis are too small as well and machining slows down. Il A is Lo hig,

the resuitant ;s arc too bip and machining accuracy is nol maimtained.

That 1s why rcal-time paramelric inlerpolator can not be based on unijorm
segmenlation of the curve according (o equal increments of the parnmeter. .
Segmenlalion of the curve should be such that the chordal lengths. L;, of cach segment
are equal so that the feedrale does not vary along the curve. Researchers have
devetoped the method for detenmining successive values of 4 so that the chordal
Jenglhs 1., {machined at each sampling period 1) arc constants, resulting 10 a constant

feedrute. The mcthod is outlined below:

The feedrate, V() along the curve is defined by

{ i -
]LE| - J ............................ (3.2)

& 4 : K
iI::r, = == S R Y

de V=T g B ]" F@] T{tiy{uw T_,f[ﬂ'ﬂ'@
i Py H=n, it th, dh

Viu) = ds [ ds

T Ndw

¥

du

‘The solution of the above cquation for a constanl 'V results in the required value ol the
parameter, &, at any time t. As analytical selutwn of the above cquation is difficalt
and infcasible to implement, a numcrical method 15 used to find the solution. The

function # is expanded al the neighborhood in time £, by using the Taylor's Series

Approximation.

13



[IH'l B ;a )2 dz”

“{f r+]) ”(‘rr)" (t -

i 1=, + Higher OrderTerms

a'f = 2
of T g’
= U, =k +T ”l = +——f|r=f + HigherOyderTermy
oY 2 gt

(34
Now.
(] ) g e
dup _d| V| di\dult ) duldnlen ) dr
JII =ty ot fTi [dﬁ 2 [CJTS JE
efee 1 ¥=Y E rr=u..-} E =y
2. 2
-V d 14 —V? d
fﬂ.{ e a"!; MTH;
- - LS (3.5)
S =ity ¢ [ r=v; ey o=
And,
. 2 2 1
5| d ) [0 [t
du’ v=up  gfy du v o u=uy i =i
{ d(x)

][d x{u}l J [d}»_@| )ff u(u;] J [d’z[u}[ ][ﬂrz:{ujl ]
e e dy 1" de 1 dp? T

2 d 2
J[a’x(uj - } _{ dylu) - ] +{M|,,=.. }
el ' w1 i f

s
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dlz(:rj ‘
H=Fr1' a’” £ rr=uI-

dxla)
_ o

J . [a’:{n}
b= efu

2
u=ﬂ:' ]

Sxw) ), (D] Y
st=iry .:1’:.{2 u=n; ol sty ‘ful

dxfar) ’ . [ dy(1e) : RED
ot i r=ry it

efi

It=ut;
i

........ - {30)

Putting equation (3.6) into cquation (3.5) we pet

]

Id’le[u}i } [:{].J(H} ][ d*3{1) ] [dz{n} J[n":z{u]
W= a IreEn + (1L 1 2 iy + | e a -
"Aodut ! ol A du ' cfu A dut

[dﬂc(u}| i|1 +[ffy(u}| ]2 . |:dz(u}| T i
du |i=3l'r du r|=f|_|' du M=y

7
ai

[ dx(u)
. d

ey,

(3T

Finally, putting equations (3.3) and (3.7) inlo equation (3.4} and neglecting the [ligher

order terms we find,

FT

[fn [ {2 ]
VL e 1™ 1T o o

o =¥ +

Y @yt
2

dxlw) o x(20) L[ v W { d?z(u) ﬂ
(W}I e =y LJIII wu; it i Ety g el weuy Jrr nsi; &IHE “=”.l/u),

- ]

2 2 2 ?
axlat) N v} N elz{ir)
U: du w=it :| ]> g H=y :| [ efi =it :|

The above cquation is the sceond order ‘laylor's Scries Approximation to find the

vatue of parameter, &g, at time f.p, calculated from the current value. #,, and the
denivalives of the current tool position (%, ¥, 7) with respect 10 i Lhis new valug,

4,11, 1 subsiituted 1 equation (3.1) lo hnd the next relerence (ool posilion (X1, ¥,
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.41} Although this interpolation alporithm iy suppased to provide constant leedrate
machining. there arc variations in actual cullin-g speed due to the approximaton of
Taylor’s Scrics. Neglecting the higher order terms {HOT) of the serics results in a
valuc of u,—; dilferent from that which would be obtained if the O were used. As a
result, the chordal distance, L, between {x, y. 2} and (x4, Yul, Ziei ) traveled by the
culting tool in ‘1" sceonds, i such that the actual leedrate of the lool between this two
posithons is not cxactly V, lhe specified fecdrate The actual speed, V, at the ith

segment is calculated from ihe following cquation:

, L1 2 2 114
}J =F,=(?][(xr+l —.I'l.) +(.-vrll _'-J’:r] +(zr+! _;.] ]h (39]

3.2 Determination of Chordal Ereor

As the cutter moves siraight between contiguous interpolated points, two position
errors may occur as: (a) Radial crror; and (b) Chord error, during motion for a
parametine curve as shown in Figure 3.1, The radial crror is the perpendicular distance
between the interpolated points and the paramelric curve. Basically, the radial crror is
caused by the rounding crror of computer systems. With ihe rapid development o
microprocessors with higher accuracy in compauting, the radial crror is no longer a
mgjor concern in present applications. [he chord error is the maximum distance

between the inlerpolated trajectory £ and the arc 48 on the desired curve.,

Iarameltic clrye ——,

-

LD

Cutter path et
Pt
! )
. L
Radial error s,
“x"\ Choand ceroy
\,I .“
1
K tnlerpolated s
.
1
i
Ly

Figure 3.1: The radial and chordal errors.
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As the sampling thine, T, for a CNC machine’s controlier 18 constant, the chordal crror
depends on the machining leedrate and the radius of curvature of the parametric curve.
It can be understoed from Ligure 3.1 that chordal errer is higher if' the radius of
curvature ol arc AB is smaller. So if the tool traverses along the curve with a constant
feedrate, V. there will be high machining error on the segments of the curve where the
radii of curvalure are small. Again for a piven curvature if the feedrate is high then the
chardal distance between two adjacent lool positions is also high, whicli in tun results

in high chordal error.

To estimate the chordal etror, it is assomed that the curve segment belween  Plu,)

and Plw  }is a circular are with radius p, at paramieter ,, as shown in Figure 3.2,

C

Frgure 3.2: Esimation of chordal error,

The radius p, at parameter &, s lound from the curvature, x,, al paramcter &, which is

calculated by the {bltowing cquation:

"

P (ul)xﬁ (u!)

=
i t S

J_F; (u:_)
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(42K 215 v v )
{J)L[” i H dj,ﬁ+ dj dez[n ﬁ|m] I,'f (djw} *{m *J {dj,m;}

............... (3.10)

Plu;,, ) — J'”(H,-]‘. So the chordal

The chordal distance. 1., is approximated hy

ETTT,

—OB—OA=0B- oDt — 40

_________________ (3113

‘T his approach of calculating chordal crror neglects BC. Hence the actual error will be

greater than that calculated from equation {3.11).



CHAFTER 4
THE PROPOSED METHOD OF CNC

INTERPOLATION

The present method of finding successive tool positions utilizes the Taylor™s Series
Approximation to obtain the next parameter value, #; q, [rom the current value, w, and
substituting this value in the mathematical expression of the parametric curve
designed in the CAD/CAM system. 1t was explained in the previous section Lhal due
the omission of higher awder terms of the Taylor’'s Series the actual feedrate between
successive tool positions varies from the predetermined teedrate. Henee for constant
feedrate interpolation, the feedrate variation is unaceeptable. To reduce (his variation
the fourth-order Runge-Kutta {IRK) method is proposed for linding the parameter

values.
4.1 Runge-Kutta Method

The Fourh-order RK method is cxplained here. If we have an ordinary differential

cquation of the tollowing form
dy _
= {xy)

The solution |27} of the above according to RK method is:
Yo =¥ @y B (4.1}

where, A = x;; + X and tb(xf, 5, #1) is called the morement function, which can be

interpreted as a representative stope over the interval, The inerement function can be

written in general form as

¢=H|KE+H2K2+ ......... + et K

Wwhere the @'s are constants and the £'s arc



Kl :f(x”l},-‘)
K, = Jr“'(xJ + Lyt q”th)
K= .f[-’;, + Py, +€?1;K1h+fhzx2h]
K.lf = f{xj +pn—lh*yr +qn—l IKIh+qrr-|,2X?_h+"”"'”+ gir—[,n’—| Kn—lh}

where, the p’s and ¢°s are constants For fourth arder the value of 15 equal 1o 4,

According 1o the Fourth-order RK method equation (12) is writicn as

Yol = ¥ +%{x, +2K, + 2K, + K b,

where,

KI :f[xj?y:)
] |
K, = +-h,y +- Kk
2 f{‘xa 3 Y 5 1]

I 1
Ky=flx, +-hy +-K,h
k| -‘{[};: 3 ¥ 22 j

K, = flx, + by, + K k)
Now from equation (3.3) we can write.
du VO ¥ L f{h’)
df els 2 i o
i [ () dn) d={1)
dn * +
YL au cfut ad

The right side of the above dillerential equation is a function of ¥ only. So secording

o the Fourth-order RXK method, the solution of the above is

W =u +~I—(K +2K +2K +XK )7‘ ,,,,,,,,,,,,,,,,,,,,, {4.2)
6 L i 3 4

i+l i

where.
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Vv

| i dx 2 J 2 g 2
@ Y, [(dw] Y (dw
eiT, b=, e u=t, el vty
KT
¥
_ L
k=t “r 2 2 2
(i) dy() dz(1}
du K it & f dt & f
W=N,+—— N=l.+— — w=n,+——
z
v
K =
1 2 2 2
) | do(u)
du | Kyt di | Ky du | Ky
W=y +— W= . +— fi=y +t——
2
And,
v
K =
4 2 2 2
dx(u) N ay{u) N dz(u)
gt rJ:wF-I-KqT ai u:rfr-l-K1'T g n:u;.J—KET

The RK method achicves the accuracy of a Taylor Series approach without requiring
to calculate the higher denvatives. To achieve high accuracy from the Taylor's Scrics
the higher derivauves arc required. Current methods utilize the series up to the 2™
derivative, Computation of the derivatives makes the interpolator slower, which
beeomes significant in case of curves represented by B-Spline and NURDBS. The RK
mcthod 15 also efficient for compuler implementation because of the recurrence

relationships of the K's. That is why the proposed mcthod of interpolation is faster
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and generatcs more accurate parameter values compared to ihat gencrated  [rom
Taylor’'s Series Approximation. As a resull, the actusl fcedrate between successive
tool positions remains very closc to the predetermined feedrate with negitgible

variations.

4.2 Determination of Chordal Frror

The proposed inlerpolation utilizes a different method for finding the chordal error.
The exact value of chordal error is the maximum distance beiween the straight line
conneeting {wo adjacent toel positions and the arc belween them as shown in Figure

4.1.

Fipure 4.1: Estimalion of chordal error on the paint of average parameter.

The curve segment between points ﬁ[?ff] and ﬁ{um) can be approximated by a

vircular arc. The point on the curve sepment corresponding to the average value of the

parameters ¥, and #.; can be assumed to be the most distant point from the straight

line Dfu, o Y- P(u)). Therefore, the chordal error, E,, is the perpenddicular distance

(i .= . :
troin point P[u'—nz——'} to the line Pu,,, Y- P{u,). Mathematically,

o L R

e A

f
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n -

i i k
='E Yo =X Ymi = ¥i  Zmgyy T %

I - —_—
Xitl =X Pial ¥ Zip =,

_ 1 omskzn—z)-{amr a2 =)o)
L B TRV R (TR, (R

[()’ma' - }’JX"’:H - z;}— [Z,-m - E X.VHI - .Ve'}]?
]
=" N1t [(J”m; = J’:lsz‘—l - zl,-)— (zam' - ‘TJK"HI - .VI)]2
+ [{J”m.!' =¥ Xzf-r-i - ZE}_ (me - XVH—] =X )F

4.3 Variable Feedratc Interpolation

The objective of this rescarch i3 o develop a variable [eedrate intcrpolation scheme
for CNC machine tool’s controller. As was pointed gut earlier that constant feedrate
interpolation does not guarantee that the chordal error wiil be within the specilied
tolerznee. Chordal error may exceed the specified tolerance 1f the radius of curvature
of a curve scgment is smaller. So an inlerpolation algorithm is necessary which
generales variuble leedrate to keep the chordal error within predetermined tolerance.
The algonthm sheuld check the magnitnde of chordal error first. then depending on
whelher it ts within tolerance the ncxt 100l position will be generated maintaining

some relationship which 1s explained helow.

Figure 4.2 shows how the chond length of a circle varies with the disiance between the

midpoint of that chord and thai of the coresponding arc.
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1B A
C

Figure 4.2: Variation of chordal erron with chord length

Let the radius of the circle s r, then
QR = OR - 0Q = OR - ¥ (OAT - AQ") = OR - V(DA% — (AP/21)
=r A = (AP o (4 D)
Similarly, it can be shown that,
ST=rd (P2 (AC2E oo (4.5)

Now, if we consider the arc segment of the spline curve belween sucecssive ool
position as a circular arc then in Figure 4.2, A s the current ool position, P or C is the
next ol position. AP or AC 1s the tool trajectory and QR or 8T is the chordal ervor,

I'rom cquations (4.4) and (4.5), the gencral form can be expressed as:

E=p- v { ;;,2 — (E;’FE}E), wherce g, is the radiug ol curvature of the ith segment,
£ is the chordal error, and
£,7 15 the chord length.

o, L= B E o =4 B o (4.6}

If the current lool posilion is A and the next position, generated from the interpolation
algorithm using the RK method, is such that the caleulated chordal crror is greater
than (he tolerance then the next tool pesition will nol be that gencrated from RK
method. To maintain the chordal error wathin tolerance the nex| position will be
derived by using the relation of equation (4.7, where £, will be replaced by tolerance.

The resulting £’ is the chord length between the corrected next tool pesition and the
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current position. Te find the parmeier &, that will.give the comeeied next 1oo)

position, the slgorithm uses = L, /.

it e o = e o mpp b tn 45 1 FI ) .

B |1 g o 7R o T TR
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Figure 4.3: Refation bﬂurm chord dengih and chord error for different values of
radius of curvature,
The equation (3.11) needs the mdius of curvature for the comespomding curve
segment end requires several computation steps. 1n order to lind a simple relationship
between £4; and |, L, is plotied for difTerent values of p, where the ronge of £, is
U= £ <p + )

The chord crror resulting from using the Taylor’s Series Approximation or Runge-
Kut{ﬂ meihod hardly exceeds 0.1 mm., bui the ermor tolerance can be much smalier
than 0.1 mm. Now Figurc 4.3 shows that for a given volue of p,. the rclationship
between L, and £, can be faifdy approximated by a linear rplatiunship for0 <&, <0.1

mm. Thercfore, in this mnge of £, . we can wrilc

L1 E = L' Tolerance .
or, L)=(LfEY Talemnce ... (D)

And the feedrate to be used by the RK method Lo Iind the next parameter uy. 4 is
Vim (L E)* Tolemnee} T ooeeeniiiieveenrvennnnns (4.8)
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CHAFTHA b
THE B-SPLINE AND THE NURBS CURVLE

5.1 B-splinc Curve Evaluation

NURDS stands for Non-uniform Rational B-spline. Although B-spline curve is a
special form of NURDBS curve, the mathematical definition of NURBS curve is based

on that of 3-splinc. So the mathematical definition of B-spline is prosented first,

A DB-spline curve of order & and having »+/{ conlrol points is expressed [26] as

P)=) ANy (5.1)

i=fl

Where. N ifu)'s are the 4-th order basis functions derived from the {following

recursive formula

H—"r Lig —#
Nig@y=——"—N, ) +——N ) (5.2)
Lkl — 4 ik~ i
= ol Wiy, -
N:',] {ﬂ_) - {G,flvfsewhl're ............................ et b et a e - (SJ}

And f's are the knol values. (rHc+1 ) knet values Imm {p Lo £+ need 10 be specilied 1o

define {n+1) basis functions from Ny 1o Ny

If the B-spline curve has non-periodic knots. the curve passes through the first '{;md the

last control points. The non-periedic knols are deternmined from

0 Oick
=1 i—-k+1 k=i<n
................ (5.4)
n—k+2.m<i<n+k

One ol the most imporiant propertes of B-spline curve 1s thal 11 has {ocal modification

property. A poriien of the curve of a B-splinc is affccted by a [inile number of ihe

26



control points. Alternatively, a contol paint affeets only a (imile number ol curve
segimenlts. Let the curve segment correspoiding W the pavameter values in the closed
interval [f,, f+;] be considercd. The control points that affect the shape of this segment
would be those whose counterpant blending functions of order & are nonzero over the
inlerval |£, {1 ;). Among the blending Tunctions of order 1, only &, ;{14 is nonzero over
that interval. We obtain N or) by substituting &, ;) in the first term and N 2% by
substituting it in the sccond term of equation (5.2). {o this way propagating Lhe elTects
of ¥, zt1) and N.; x(1, respectively, nlo (he blending lunclions of order 3, and s¢ on
the blending functions of order & can be found. Finally, it can be shown that the
blending functions N wf®), Nz o N have nonzero values over the

mterval [¢;, &+;]. Therefore the contral points affecting the shape of this curve segment

would be P ekt P it 12 erervomerrrens o Thaal s, ondy & conirol points afTeet the shape

of this segment.

Cox-dc Boor developed the algorithm lor linding the coordinates on a B-spline curve

for the parameler u in the range ff S ¥ = f741]  based on the property of B-spline

curve explained above. Fquation (5.1 can be expressed as {ollows:

# {
Py=Y PN ()= ) RN, (5.5)
=t

i=f—k+1

Substiluting &, () 10 equalion (3.5} and arranging the summation the following

gxpression can be derved:

/
— - — w—1r, -
Flwy= — T P4l -—1— P N, _
(7} § [ J ] 1Y

imirga| brk-l 0 k=1 4

{ —l
— Ifjf.ﬁr'lsqk_]
i={—k+2

—1
where P, is defined as
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— H—t . et _
Pizm—— Pyt = ——— P\ (5.7)
'rf+k_] —f:- If+;|_'—| ._'!'i .......... R

By repeating this procedure an arbirary » tines. we get

N [,
Pu) = ZPI’N:',k—r(”) ............... (5.8)

==k +r +1

where,

- y=f el u =1 -1
S +[1_—!TH e (59)
rf"'l‘l—r_'f! rf+k_lr'_rf 11111111111

Substituting (k-13} for r in equation (5.8) gives

— — k- — k-]
Pluy=P: N, (w)=PF

Thercfore the coordinates of a point corresponding to a parameter value & i the range

—k-1 , . . . . .
2w st are those ol 7, which is oblained by sectioning the line segments

between the associated points recursively, starting from those between the original
. e . . ==l . . - \ f
contral points. '|'he process of cvaluating 74  using equation {3.9) iteratively can be

tlustrated schematically., us in Figure 3.4,
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Figure 5.1: Cox-dcBoor algorithm for evaluation of D-spline curve.

5.2 Derivatives of B-spline Curve

T he first-order derivative of a B-spline curve s cxpressed in the form of a D-spline
curve equation of 1 degree less than the original curve. The derivative of a B-spline

curve, when & is in the interval {7 = # = {41 s

dPQ) _

ZP. Nl o (5.10
et Pirarst]
" _P.
where, P, = (k- I) l
"m': 1=

Substituting ¥, z.;{¥) in equation {3.1(¢) and artanging the summation the following
expression can be derived:

dP{u} ! H—*I.. [F]+[] M-t ]['J—p' ]N

' - —afu}
fl'—z—?[ faguz — 1 fonoy =46 | Hh
L
_ [ﬂ]m&ﬂﬂ ....................................... (5.11)

=-k3

el ™y r
— - — .y -
where, [I: ] -tk [F, J-I-[l- i W[P H]
'rrl.i'—Z _'r. fnk—z -'r.' 2
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By repeating this pmcedure an arbiracy # tines, we pet

4

- i
a’jiu}= E LEJ R 175 S, (5.1

1=i—k+2+r

] Pl ] I
=1y -t |4 u—{ -
where, (P’ ] = _(F: ] ‘{I——"-'—"-IPHJ
I frpra —1,

Substituling {k-2) for r in cquation (5.12) gives

-

di:‘:ﬂ = ( _*:IJR_IMJ(NII = [f“’:}k

o2 X
The process of cvaluating (P.' ] using equaiion (5,13} iteratively can be tustrated
Y

schematically, as in Figure 5.2

(o)
o]

RN

RN ()

(E;']A(ﬁ,'j;[ﬁ-'f o (*'*"‘L{;;'J“z

i J
Figure 5.2: Cox-deRoor algorithm lor evalualing 1% derivative of B-spline curve,
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The second-order derivative of a B-spline curve. when # is in the interval
I!’ E:H‘:_:I;_i_: is

2--.' E — ff
P S PN () e (5.14)

z
o 1=i—k+3

o _.:r__‘_‘ ~ Wk =1 ?J --F}r— E;;_ _FJ_E-
where, P, =(k—2)‘n ' _ (k X ) . L P
frkat _Ir £ _'Fr—]

IV R frvia — 1,

Substiiuting N, g.of1) in equation (5.14) and arranging the sumimainion the following

expression can be derivea:

d? Pl 4 w—t, (=" gt vy
ar“l = Z —! .||rr + 1 —ﬁ (P.’—I ] hr_.l'{—ﬁ (H)
! (RS !

] (LA

- [","jlw,j_j{n} ..................... R (5.15)

By repealing this procedure an arbitrary 7 times, we get

a* Plu) Loy
= =,4§,«+,[ﬁ ] Npgoan () coeeeencin e er et e eaeaes (5.16)
-
— . - —-" ! i—f — " 1=k
1|';|".'I‘],:_\-Fr':.’:l (.P! ) = H—f[ﬁ ] +[l_—r][lp!—1 ] A
LA S, R § r:+k—r—2 - El.l'
........................ (5.17)

Substituiing {k-3) for » in cquation (3.10) gives

LI AN o yhd
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kel
The process of evalualing (P, ] using equation {5.17} iteratively can be iflustrated

schematically, as in Fipure 3.5

()
N )
QHRN

-

_ s b — W2
(.P.’—.HS ) Firas ]

oy | . ) N

Pfu ] FH j . (PH ] ,
_. W - rr \ PN — ey R TR
l NEY )

_—

Figure 5.3: Cox-de Boor algorithm lor evaluating 2™ derivative of B-spline curve,

5.3 NURRBS Curve Evaluation

A Non-uniform Rational B-spline (NURBS) curve of order £ and having n+/ contral

poinis 1s expressed [26] as

S PN @)
Pluy=0 (5.18)
3N
e=0F
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Where. Nuful's are the 4-th order basis functions derived Irom equations (5.1 and

(2.2} and the A,'s are the weights of cach contro! poinl.

The coordinates of points on NURBS curve can be evaluaicd by Cox-dc Boor

algorilhm similarly as for.a B-spline curve. When the numerator of equation (5.18) |s
evalualed (he h‘}_;', have the role of the control points #; in the Cos-dc Boor

algorithm of finding points on the B-spline curve and ior the denonmuinalor the A, play

the role an; )

5.4 Derivatives of NURBS Curnve

The [lirst-order derivative of a NURBS curve can be oblained by differentiating

cquation (5.18) with respect to # as follows:

gl = -
t”,(u) [Zh N,kiu}]du [Zh‘j’,ﬁ“k(u)} (Zk P, N‘;[u)] |‘Zh n\r”m)]

1=t =0

du " z
[Z h N,JMJ

=0

_______________________________________ 15.19)

The sccond-order derivative of a NURBS curve can be found by dilffcrentiating

cqualion (5.19) with respect to v as follows:

¢ * i 1
[Zh,h’u (u}] [Zh Py v,k{n}J [ h,ﬁ-’,é{m] [Zh P vf,,(u}] z( BN, fu}]
=0 .

=1l | 1=(}

=z ) n K v
d i —
- 2(; BN, {H]] :};[; AN (”}Ji: [g BN L }]
" 2
it 0o g
fofgrn]fie
=n

d Fuy _

=i
du ‘o
t hl \'Ilrj' {Hj
=[]
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N o “ =
In equations (519} and (5.20), di|:zh’ ﬁ.-’r&{u}] and _f |:Z PN, {H)] are
M ) _ Ciif | _p

1=t
Tound from the Cox-deBoor algorithm ol evalualing 1% derivative of B-spline curve

substituting A, and A&7, for F, respectively.

s d2 ; -
Similarly, Iz Zhrh’,k{u} and F Zh;.-”;ﬁv;‘k{u) arc found from the Cox-
=01 1 t

i =0
deRoor algorithm of cvaluating 2™ derivative of B-splinc curve substituting &, and

AP, [or P respectively.



EHAPTER @
SIMULATION RESULTS

6.1 Algorithms

The proposed variable fecdrate interpolation employs the fourth-order Runge-Kutta
(RE) ﬁlctllod to generile ihe sucecssive values of the parameter. U the chordal error,
calculated at the average valuc of the current and next parameter. £ less than the
specified tolerance, the next wol positicn is found by using the nexl paramcter and the
tool traverses at the specilied feedrate. If the chordal error exceeds the tolerance, the
chord length that would result in error within wolerance is caleutated and the resulting
feedrate 1s utilized by the RK method to gencrate the next correcled parameler value,
This algonthm is tested for feasibility and performance by writing the interpolator in
MATLAB 6.5 and perfonming simulahons on a personal computer with 2 41 GH,
CPU on different types of paramctric spline curves, such as: a 3-D cubic spline, a 2-D
profile of a cam defined by B-spling curve, a 3-D profile of a {fan defined by B-spline
curve and a 2-D NURBS curve

The algorithm ol interpolation. when constant feedrate and 2* order laylor's Scrics
Approximation or 4" order RK methad is used for generaling successive values of the

parareter and coordinates of tool position. 15 shown by the llowchart in Figure 6.1,

To illustrate the supetiority of the proposed interpolator results in terms of chordal
error and actual feedrate are compared with thosc using the present method. The
algorithm for calculating actual fesdrate and chordal crror (by cstimating curvature).
when using 2™ order Tavlor's Serdes Approximation with constant feedraie. is shown

by the lowchart in Figure 6.2,

The algorithm for calculating actual feedrate and chordal crror (by using the average
parameter value), when using RK method with coustant feedrate. is shown by the
flowchan in Figure 6.3, Finally the proposcd vanable {eedrale inlerpolation algorithm

is shown by the [lowchart in Figure 6.4, 1
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Figurc 6.1: Illowchant of the algorithm for generaiing successive lool posibons for
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Figure 6.2: Flowchart of the algorithm {or caleulating aclual leedrate and cherdal

error by using constant feedrate and Taylor's series approximation,

37



START

(1, = ()
V= vam
L
W= .| 4th Crder Runge-Kuba
V= Foen i Mcthod
F 3
L 4
Mg
Yoes
Ui} = My
v
Caleulule
No (tt— g+ u, 12
Caleulate ¢
(trert w2
Caleulate &) at
i U=+ 1,002
Calculate £, a1 | v
u =i+, )2 {lalculate
foand ¥,
r
Calculate 1“ )
. f. and ¥, Calculate
L, and F,

h

( S0P |

Figurc 6.3: Flowchart of the algorithn for caleulating aciual {eedrate and chordal

crror by using constant feedrafe and Runge-Kutla methed.
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order Runge-Kutta method.
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6.2 Results and Discussion

This section discusses the simulation results of different interpolators in terms of the
generated ool positions, chordal crror and feedrate for Ihe parametric curves
mentioncd in the previous section. First, the chordal error and feedrate are compared
hetween the interpolation using the Taylor’s approximation and ithat using the RK
method [or constant fesdrate mode. Then the chordal crror, feedrate and tool positions

generated from the variable feedrale interpolation are shown.

Figure 6.5{z) shows the cubic spline curve, for which the control points are given in

Table 6.1 and the maihematical expression is:

x = 50— 100 +50n
y = 120435550, Dusl,
o= 10w +120° -4y

Tauble 6.1: Control points of the cubic spline curve,

No. i 2 3 4
x ) 50 -10n) 50
y 4] -55 35 12
z 0 -4 12 -1

Simulation resutts for the cubic spline are shown in Figure 6.5(b). (c}, {d}, (¢ and (f).
lior conslani fecdrate interpolation. the Taylor's scries approximation results in larger
chordal crror as compared to that of RK method (or the cubic spline curve as shown in
Figure 6.5(b). Frror increases following the sume paftern for both methods  The
curvature of the curve slarts increasing for parameter values greater than 0.2 and
maximum curvature corresponds to parameter values between 0.5 und {16, The
maximum crror reswl{s from the curve segment where the curvature 1s masimum. As
in Taylor’s approximation the crror 1s caleulated based on the estimation of the
curvature for a piven segment and this neglects a small portion of ervor, the actual
error is greater than those shown in Figure 6.5(b). For a given segment the maximum

chordal error is very difficult o caleulate analylically and would be infeasible for
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Figure 6.5(a): 3-D view of the cubic spline curve.
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Figure 6.5(b): Chordal error from constant feedrate {200mm/sce) interpolation for the

cubic splinc.
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implementing into the real-lime interpolator. That is why 1o belter estimate the crror
RK methed utilizes calculation of error at the averape paramcter value of a given

serment.

The RK method of interpolation also resulis in beller feedrate profile compared to that
fram the Taylor's approx. for conslant feedrate mode as shown in Figure 6.5(c). The
fluctuation of fecdrate is greater [or latler method where the maximum deviation is
about 0.23%. For the RK method the maximum feedrate deviation is 0.13%. The
reason for s variation in actual feedrate can be explained by omembering that both
the methods utilizes an approximation to generate sucecssive parameler values and
the {ool travels the distunce between two adjacent positions in a sampling time, which
is constant Jor @ machine’s controller. So the chordal length between the pencrated
next position and the cwrent pesition varics depending on whether the tool is passing
through a segment of hiph curvature or low curvature. As RK method gives betler
accuracy of generaling successive parameters, the variation in chordal length is tess

than that of the Taylor’s approximation mcthod.
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Fipure 6.5(c); Actual feedrate from constani feedrale (Z200mm/sec) interpolation ton
the cubic spline curve
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Figure 6.5(d): Chordal error fram variable feedmte inlerpolation with specilicd
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Figure 6.5(¢c); Actual feedrate from vanusble feedmic interpolation with specilied
feedroe 200mmfscc, tolerance 1pm, for the cubic spline curve,
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Figure 6.5(I): Too) pasitions genented from variable feedrate interpolation with
specilicd feedrate 200mm/sec, tolerance ipum, for the cubic spline curve.

Figure 6.5(d}. {c) und (f) shows the results of propased variable fecdrate interpolation
for the cubie spline curve. The chordal error is within the tolerance of 1pum. There are
two positions where there is close 1o the tolermnce. the maximum value is 0,991 um.
The reason [or this is the algonthm of vanable feedmic interpolation. The algorithm
pencrales the next posilion command if the cbordal error is less than 1pm, atherwisc it
recatculates the next position. The portion of the curve having low curvature resulls in

crror close to the lolemnee.

The feedmte prohile resulting from the vanable feedmie interpolation is as expecied.
The portion of the curve having low curvature results error less than 1pm and 5o the
too| moves with the specilicd feedmte of 200 inmfsec. For the segments of the curve
restlting error greater than tolerance, the interpolator adjusts the [cedrate so that
chordat lengths arc very small and the ool traverses these small distances at constanl
time (i.c. snmpling time). The variation in feedmte is tlso smooth resulting in smooth

accelernlion and deceleration of the tool.
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Figure 6.6{c): Actual feedrule from constant fecdrmie (200mm/sce) intcrpolation for
the cam (B-spline curve).

Figure 6.6(a) shows the cam profile described by n B-spline curve of order 4 having
the knot veetor: t = [0,0,0,0,1,2,3.4,5,6,7.8.9,10,11,12,13,13,13,13] and contret points
gs shown in Table 6.2.

Table 6.2; Control points of the cam

No.l 11213 a5 |6]7218[9(1w0]a]2]13j14[15716
x 1012131455412 (21<2[-5]-514§-3{-=2]0
vy 144 ]3]0 -1 [3]-5]6f(6t-5[-3]-1]0]3][47]4

z toinjo|lojo|lo|ojo[ofo]ojo]OjO0fO]0D

Figure 6,6 (b) nnd (c) shows thbe simulation resulis of constant feedmte interpolation
for the com profile. As can be seen in Figure 6.6(b). the avemnge value of chordal error
resulling Mfom Taylor's spproximation is greater than that from RK mcthod. The
maximum chordal ermor resulting from the former method and is 23.6 pm and from
the Intter method is 9.4 pm. The deviation of ectusl fecdrate from the specified value

ol 200 mm/scc is greater from T'aylor’s approximation than that from the RK method
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as shown in Figure 6.6(c). The maximum deviation is 61% for the former method and
13% for the luter. As feedmie alfects the machining cfficicncy, surface quality and
the dynamics of the machine wal and RK method penerales less fluciuation in
feedrate, it is better in those respects compared Lo the Taylor's approximation. So this
explains why using the RK method for paremetric intcrpolation not only provides

compulationsl efficiency bul also provides imore accuemte feedrate profile.

The chordal crrors r:sul{ing from e varable feedrate interpolation for the cam
profile arc shown in Figure 6.6(d). The maximum ermror is 0.99 pm which is within the
tolerence. As the cam profile has mainly four sections of high curvature, l‘.f-w figurc
shows four regions of high error although within the ioleronce. In atl other sections of

the curve crror is of much lower value ng those sections have higher radii of curvature,

' gol ( |
1 psh H .
1 £ o7t ” |
| 5
| Eush ]
1 Zgst } -
5ol
] = 04 I‘ N
B
£ 03 / -
0.2t |
Iy
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Paramatsr{u)
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Figure 6.6{d}: Chordal error from variable fvedrate interpolation with specified
feedrate 200mm/sec, tolerance 1um, for the cam (B-spline curve).
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Figure 6.6{); Tool positions generated from the vanable feedrate interpolation for the
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Actual feedrate resulting [rom the vaniable feedrate interpolation for the cam prolile is
shawn in Figure 6.6{c). Depending on the curvature at diffcrent scpmenis of the curve
the nterpolator reduces the feedrate so ihat chordal error remains less than the
tolerance. The maximum and minimum values of ac{ual leedrate arc 207 m/sce and 17
mm/sce respectiveiy. As can be {ound from the Tigure 6.6(a) the curve hay low
curvalurg al the top and bottom of the plot. The actual feedrate increases al Lhewe
segments. The surface quality will be as desired because the feedrate does nol exceed
the specified value by much. The change of feedrate is smooth which would result in

smooth aceeleralion/deceleration of the 1oo),

The 3-D fan prefile, shown in Figure 6.7(a), represented by a B-spline curve of order
4 hay the knot vecior,

L1L2,3,04,5, 6.7, 8.9 10, 11,12, 13, 14,15, 16, 17, 18. 19,20, 21, 22.
,27,28.29.30, 31, 32. 33, 34, 34, 34. 34],

And the control points as shown in Table 6.3,

Table 6.3: Contrel points of the fan

No. | 1 2 3 4 5 6 7 8 9 o1z

X { 40 | 60 | 40 | 20 | 20 | 40 | 60 | 100§ 100 [ 100 | 80

y | 1007100 & | 60 | 40 | 20 0 20 | 20 1 | -40 | -60

7. 0 3 1{ 5 5 {} -5 | -1 | -5 { 3 10

No. [ 13 14 | 15 | 16 | 17 | 18 | 1% | 20 | 2I 22 | 23 | 24

x | 60 | 40 | 20 | 0 | 20 | 20 | © | 40 | 60 | 40 | 20 | 20

y 40| =200 2000 40 | =60 (-100 | -100 [ -100 | -B0 | -60 | -40 | -20

z 5 3 0 -5 -t ] -5 { 3 11) 5 5 {}

No. | 25 {26 | 27 | 28 | 29 | 30 | 31 | 32 | 33 | 34 | 35 | 36

-40 ] -60 |-100 | -100 [ -100 ] -80 | 60 | 40 ¢ 20| O -I’.DI:?.'D

X
¥ ¢ | 201201 0 A | o6 | 40 | 20 | 20 F 40 1 bl 1 1Qn

z 5 1 -10] -5 0 5] 10 3 35 0 5 | -10 ] -5

No, | 37
X 0

100

Z 0
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For constant leedrale inlerpolation, the simulation resulls of chordal error and [eedrate
are shown in Figurc 6.7 (b)Y and (c) for the 3-D fan profile. The chordal crror resulting
from using lhe Taylor's approximation excecds that from the RK mcthod several
times. The maximum errors for the two methods are 3 pm and 2 pm respeetively, The
results for both the methods show that there are twelve peaks of the error plot. This
due to the fact that the fan has four blades and each has three segments where the radu
of curvature are smallcr. When the toel passes through these segments the chordal
crror becomes grealer. So the peaks of the crror plrlcst corresponid to Lhese high
curvature segments of the fan profile. Figure 6.7 (¢) suggests that therc is no
significant difference belween the leedrate profiles resulting from two methods, For
both the methods maximum feedrate deviation is around 21%. The {luctuation of
feedrate in a fraction of # second results in high acceleration/deceleration and jerk,

which in lurm loads the servo control ol the machine.

I'he results of variahle leedrate inleepolation for the fan are shown in Figure 6.7 (d),
(&) and (f). The results are satislactory in that chordal crvor is confiped within the
tolerance. Whenever the tool comes out of a segment of high curvalure the error
increases and i this magnitude is within the himit the algorithin permits the tool to
travel Lo the next position. The results ol aclual [eedrate are also satisfactory, because
feedrate does nol cxceed the specified value (o a grealer extent. 1he maxinum
feedrate obtained i3 around 224 mun/sec. So the machined surlace quality can be
achicved as desired. The variations in feedrate arc significant only at the segments of
high curvature. The Tipure 6.7 (e} shows twelve valleys corresponding to those
segments ol the fan profilc having smaller radii of curvature. As error increases when
the tool travels lhrough thosc scgments. the alporithun decreases the leedrate

according to the relation established in Chapter 4.

The 2-T0 NURBS curve, shown in Fipure 6.8 (a), of order 3 huy the control points
shown in Table 6.4, the weight vector b= [1, 25, 25, 1, 25,25, 1] and 1he knot vector t
=10,0,0.0.250505 0751, 1. 1]

Table 6.4: Contrel points of the 2-D NURBS curve.

No 1 2 3 4 5 b 7
% 0 -150 -150 i} | 50} 150 0
¥ {} -150 150 0 - 1510} 150 0
z i} { { 0 (3 { 0
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For the 2-I NURDS curve. simulation results ol constant fcedrate interpolahon e
shown in Figures 6.8 (b} and {¢). The suitability of RK method s best caplamed by
the plot of crror m Igure 6.8(BY [or the 2-13 NURNBS corve which has four sepments
of high curvature and two scements of almost straicht line. At the scpments ol Bigher
curvature the Taylor's approx, results much greater chordal ervon thon the REK method,
The maximum chordal errors Irom these methods are 99 pun and 6 5 pmoaespectively .
The maximum values correspond 1o those when the teol enters into a segment of

smaller radius of curvature from a segment alimost straiglit.

There arc two peak values (12174 mmfséc for Taylo's approximation, 8991 mim/sec
for RK method) ol Tederate, as shown in Figure 6.8 (¢). Tor both the methuds resulting
when the tonl fecaves the curved portions and enlers the straight portions. The reason
for these high values of feedrate is thal Lhe ool traserses [rom one pont 1o e oeatl in
congiant time period. i.c. the sampling time of the controfler of the CNC machine. In
the straight portion of the corve, o chimge i ihe valoe of parameter esulls o mueh
distant poial on the curve, which the 1oob travels ma sampling e esulling inu
higher feedrale. These two changes would result in treimendous load on the servo
contral of the machine and would cause the machine o vibrale vicolenthy, Although
resulting in lucluation of feedrale the RK aucthod resalts an o smaller value of

[eedrate,

The results of variable (oedrate interpoelation For the 2-12 NURBS curve are shown in
Figures 6.8 (d), (&) and {1). The chordal error remains well below the 1olerance There
arc four regions where the crror incicases and corresponds to those sepments of the
curve having hioh curvature, When the tool ttavels along the two segments which are
almost straight the chordal error remains very close to wern. The actual Teediate
resulting from the stinulation of variable (cedrate interpolation remaing very close to
the specified value of 200 amdsee Tor most of the Gme. hese are the times
corresponding to when the tool travels along the straighler porions of the curve, In
the Jour segments where the curvature is high, the inlerpolator reduecs feedrate o
confing crror within the lanit. From Figure 6.8 {2} it can be {ound that the feediate
shphily exececds the specified valuce al some segments which is due to the fact thai
from a segment of higher curvature when the interpolator penerales the next

parmmcter for the segment of relatively lower curvature or approximalely strazpgli

1N
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scemuents, The chordal distance becomes slightly greater than Ui would resull
specitied feedrate. 1t is impossible (o map from the chordal distance o the mrrametes
increment that could be meomorated into the mierpolatum algontlun resulling m

feedrate stnctly within the specilied value.

Results of simulation for all the curves {with given leedrate 200 ninisee and clwrdal
error lolerance Tpm.) are summarized in Table 6.6, Based on the simulation reaulls. 1L
can be fairly concluded that the proposed variahle leedrale interpolation crupioving
the Runge-Kutla method performs satislaclorly resulting in chardal crrm within
lolerance and leedrate profile with less (uctuations ahout the specihed value
Applying the algorithim on various types of spline curves commonky vsed to delme
frce-form surface validates the ellechiveness ol the proposed method ol CNC

interpelalion,

Table 6.5 Simulatton results of inderpolation algoribing oo dilterent

Interpolation algorithm _ Consiant Il:f:l#ralu Vatiable feedrale
2 arder 47 arder A™ order Runee-
Curves Tavlor's | Runge-Kutta (I’ m, ‘! E
— L methogd )
| _Opprox rcthird

Chordal Max, 00916 O 41{)5 {19911

1-D crror () RME! 36048 33256 {14275
¢*ubic Acluz] M 200 4504 R A 194 GU93
splinc leedrate Min, | 199.7492 | 199.7047 21.1883
(mmisce)  |\RaSFE" | .1427 0.0810) 136.6245

Chordal Mleis 2153807 4 3980 05920

Cam profile crror (un) LS 56585 4 8497 (L2068
B-splinc) feedrate hn. TR RART 1731842 16,8091
(mmfsec) | RMSFE | 12.8428 10.0976 158. 7486

hordal Max. - 3.0579 2.0447 RIS

Fan profile | errer {pum) RMS ().8280 0.7568 (13652
(3-D Actual Mix. 231.4522 2323512 2.3.8730
B-spline) fecdrate Mm, | 1583405 | 137.8427 972110
{mmfsect | RMSFE | 11.2670 11,0587 REmISED:

Chordai aax a0 1841 6.5224 (.0026

creal {pun’ RhiS 4, 3782 {+ 7885 0.1933
Nl’&];ﬁﬁ Actual Man. 12174 §993.7 208.7425
feedrate Mitl, 76,9376 | 1344962 56 22012

(mm/sec)  TRMSEE | 5911387 | 449.3853 36.0122

TRMSE: Root mean square of chordal error
"RMSFIL: Root mean squate of feedrate erior

ek




CHAPTER 7
CONCLUSIONS

Indusdrics like aireraft, shipbuilding and antomobile oses frec-form suifaces For
various applications. Avtomahile body. impetlers. airerall wings are typical examples
which requires the dies and muolds with cavitics of free-form contonr. The machining
of these dics and molds is quite complex as there is usoally very tight toleianee en
error, Obviously, CNC maching lools are used 1o machine such parts, Trachtionally.
lree-lorm curve 5 desipned on the CADYCAN system and the curve is divided mio a
large number of linear and civeular segments as the controlicrs of CNC machines do
not have the capability of interpolating curves, The pusi-processor then pencrates the
M-cades, G-codes eic which are downloaded into the CNC sysiem. This method has

some inherent problems of error during data communication. memory constraints ele,

To eliminate those problems and make the CNC machine more versatile rescarchers
have developed  parametric wnterpolatbny for CNC machine’s  controller. This
interpolalors onty needs the paramictric curse information. based ote which successive
ool position commands are generated and nceessary signals are sent to the servo-

control loops of respective axes of the machine tool.

Parametric interpolalion ulilizes the Taylor's series approximation for generatimg
successive valucs of the parameter to he subsbtoled wio the curve cqualion for
finding the coordinates of the successive lool posilions. Tavler’s approximation
method involves the caleulation of derivatives of the paramelric eurve with respeet to
the parameter. To achicve greater accuracy Ingher order derivatives are rogquired,
which is comsmderably complex af the parametric curve 1s a B-spline or a NURBS
curve. Tradiiunal method calcuiates the chordal error on a given segmicnt by

approainating the curvature of that segment which overlooks a portion ol the ereor,

The chordal crror i greater where the curve has a smaller radius of corvature. Usually
an optimum valuc of feedrale 15 specilicd for any machining operation. Traditional
interpolators use Wiy specilicd feedrate for constant leedrate machining. 1o constant

feedrate interpolation the magnilude of chordal crror is greater when the ol froverses
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a scgment ol high curvalure. This error usually exceeds 1he wolerance tvpteally nsed in

those industrics where accuracy 15 of prime coneern.

I this rescarch a vartable leedrate iterpolation algorithng is suggested which would
reduce the feedrate depending on chordal crron, In this nethod crror is caleulated
the average value of the parameters of the end points of the glven curve scoment
Thus the caleulaiion nflcurwtmc at cuch sepment is avoided. The interpolutor
eniploys the fourth-order Runge-Kutla method 10 generate successive values of 1he
paraineter. The RK method only requires the fimt derivatives of parametuic curve hut
achieves the accuracy of Taylor™s approximation with higher order derivatives, Thus
the proposed method simplifies the interpolation process. The algorithm works as
follows: the RK mcthod gencrides the next value of parameter which is vsed to
catculate the coordinates of the neat 1ool position only if the chordal creon s wilhin
tolerance, If the error exceeds the wleranee the interpolator caleulates the value of
leedrate that would resull in a next paraincler for which error will e within the

lolerance.

The proposed mterpolation 15 compared with the taditional method by performing

simutations on a personal computer and using dillerent types of eorves like cubic

spline, B-spiine and NURBS. The results show ihat the proposed method of

interpolation using the RK method generntes the purameter values e which the
feedrate profile is smoother than that from using the Taylor's approximation n
conslant [eediate mode. The variable {eedrate inferpolation results in chordal eror
within the tolerance and (he feedraie remains consiant at the specified value as long as
error is within limit. I'he leedrate is decreased when necessary w0 maintain the error

wilhin tolerance.

Mence the proposed variable Teedrale interpolalion results in much  smoolher

Nuctuation ol feedrate while maintaining lhe chordat error within tolerance.
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