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ABSTRACT

This research addresses a new analysis of the elastic fidthafated composite structures
under the influence of discrete stiffeners at the boundimtases. In this work, theory of

elasticity, a new potential function, constitutive redais for composite materials, special
lamination theory and finite-difference computationaloaithm are integrated to develop a
new computational scheme for stress analysis of laminatatposite structures. Specific

contribution are follows:

A new mathematical formulation is developed for the analg$istructural components
of laminated composites with mixed and changeable bouncamgitions. In this formu-
lation, the displacement components of plane elasticityexipressed in terms of a single
potential function, which satisfies one of the equilibriuquations automatically. The re-
maining equilibrium equation is transformed into a fourtder partial differential equation
of the unknown potential function. Thus the mixed boundaiy® plane elasticity problem
is reduced to the solution of a single fourth order partiffiedential equation. The finite
difference technique is used to develop an efficient contjoutal algorithm based on the

potential function formulation.

A general computer program is developed based on the firffereiice computational
algorithm, which is capable of dealing with almost all theapl cases of composite ma-
terial, namely orthotropic and anisotropic lamina, anglleand cross-ply symmetric lami-
nates, symmetric balanced laminates, etc., with mixed badgeable physical conditions at

the surfaces of the structural composites.

The application of the computational scheme is invest@j&testress analysis of dis-

XXi



NOMENCLATURE XXl

cretely stiffened panels of laminated composites. A nurobpractical problems of interest
are solved and results are presented in the form of graplespidiblem includes symmetric
and antisymmetric discretely stiffened laminated camsiteinder shear loading, a laminated
panel with periodic axial stiffeners subjected to eccerlrading and a laminated cantilever

panel with discrete variable stiffeners.

Finally, in an attempt to validate the new computationalhndt the potential function
solutions are compared with both analytical and numerichit®ns obtained by standard
computational method. For this purpose, finite elementtswia are obtained using the
commercial FEM software, SAP2000. For all the problemdh blm¢é numerical solutions are
found to be in excellent agreement with each other, whichiin, testablishes the suitability

and appropriateness of the present potential function atetipnal scheme.



NOMENCLATURE

Rectangular co-ordinate
Dimensions of the panel
Stress

Normal stresses im direction
Normal stresses in direction
Normal stresses in direction
Shear stresses iry planes
Shear stresses ix planes

Shear stresses bx planes

Maximum intensity of applied shear loading
Displacement component alorglirection

Displacement component alogglirection

Strain

Normal strains inc direction
Normal strains iny direction
Normal strains ire direction
Shear strains iny plane
Shear strains iz plane

Shear strains inx plane

XXiii



<

Mmoo &

Elastic modulus of material

Elastic modulus of material in directian
Elastic modulus of material in directiah
Poisson ratio

Major Poisson ratio

Minor Poisson ratio

Mesh length along—direction

Mesh length along—direction
Displacement potential function

Airy’s stress function

Effectiveness of stiffener

NOMENCLATURE

XXIV






CHAPTER

1

INTRODUCTION

1.1 Introduction

A composite is a structural material that consists of two orarconstituents that are com-
bined at a microscopic level and are not soluble in each otBere constituent is called
the reinforcing phase and the one in which it is embeddedlisccthe matrix. The rein-

forcing phase material may be in the form of fibers, partidefiakes. The matrix phase
material are generally continuous. Advanced compositesamposite materials that are
traditionally used in the aerospace industries. The coitggbkave high performance rein-
forcements of thin diameter in a matrix material such as g@ond aluminium. Examples

are graphite/epoxy, boron/epoxy, kelver/epoxy, boramahum composites.

The analysis of composite structures has now become a kggcsiubthe field of solid
mechanics. The use of fiber-reinforced composites as thetstal material is found to in-
crease extensively in almost all areas of structural aggptins mainly because of their spe-
cific characteristics of light weight, high strength, ettompared to those of conventional
materials. In order to realize the improved charactessiidiber-reinforced composite lam-
inae in a more effective manner, in most of the practical iappbns they are found to use

as a laminate consisting of more than one lamina bondedheg#trough their thickness
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Figure 1.1: Mechanism of laminate formation.
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Figure 1.3: Different types of stiffener as encountered in practicaldures.

as shown in Figure_1l1. Furthermore, the use of stiffengyeaally in the construction of
aerospace structures is quite extensive. The stiffenerbasically designed to meet the
strength or stiffness requirements of a particular situnasis shown in Figurés 1.2[f0 11.5. In
the analysis of stiffened structures, the physical coodgiof stiffeners are usually mathe-
matically simulated in terms of a mixed mode of boundary aionk, that is, there will be
no strain for the boundary segment at which the stiffeneea)ed, while the same will be
free for normal loading. A comprehensive and accurate stealysis of these structures is
of great interest, since only it can lead a designer to anogiatte selection of the structural

parameter and the stiffener dimensions.

In case of engineering problems, the elementary methodsefgth of materials are
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not adequate to provide sufficient and accurate informaggarding the elastic field of the
corresponding body. So, some more powerful methods areedeedhe study of elastic
field. Structural analysis comprises the set of physicaklawd mathematics required to
study and predict the behavior of structures. It is such ajineering artifact whose in-
tegrity is judged largely based upon the ability to withstdeads on building, bridge, ship,
submarine, aircraft, etc. From theoretical perspecthe primary goal of structural analysis
is the computation of deformations, internal forces anesstes. In practice, structural analy-
sis can be viewed more abstractly as a method to derive theesring design process or to
prove the soundness of a design without dependance onlditesting it. Engineering sub-
jects which deal the matter are namely the mechanics of rmtéalso known as strength of
materials) and the theory of elasticity. Again for the casbsre the the stress distribution
in bodies, with all dimension of same order, has to be ingastd, these methods are inca-
pable of furnishing satisfactory information. For examplee stress in rollers and in balls
of bearings can be found only by using the methods of the yhafoelasticity. So, to obtain
satisfactory and reliable information of elastic fields mg@eering structures of practical

applications, it is mandatory to adopt the theory of elasgtic

The equations of theory of elasticity are basically a systépartial differential equa-
tions. Due to the nature of mathematics involved in solvimghsequations, manual solutions
have been only produced for relatively simple geometries.cbmplex geometries, compu-

tation using a modern computer is considered more suitabledtter solution.

1.2 Literature Review

The foundation of the classical theory of elastic beam wiasdawn in 18th century (1705-
1750) by leonard paul Euler and Daniel Bernoulli. It was ti#aude-Louis Navier, who
gave the details of the relation between the cross-seatidtiee bending stiffness parameter
in 1819. This theory has remained as an exact solution ofghat®ns of three-dimensional

elasticity in the case of homogenous bending, i.e. for a beé&mconstant bending mo-
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ment. Then the elementary methods of strength of materiate the primary tools of the

practicing engineers for handling the engineering prokleinstructural elements for long
time. However these methods are often inadequate to fusaiikfactory information re-

garding local stresses near the load and near the suppdhs sfructures. The elementary
theory give, no means of investigating stresses in regiaghafp variation in cross section
of beams or shafts. Stresses in screw threads, around satayes of holes in structures,
bear contact point on gear teeth, rollers and balls of bgahave all remained beyond the
scope of elementary theories. It is thus obvious that, ferdésigner of modern machines,

recourse to more powerful methods of the theory of elagtisihecessary.

Considerable progress have been made in solving impontactigal problems of stress
analysis using the methods of theory of elasticity. In caBer& the rigorous solution could
not be obtained, approximate methods have been developedthér cases, where even
approximate methods could not be developed, solutionsi@ee obtained by using experi-
mental methods. Photoelastic methods, soap-film methpgBcation of strain gages, moire
fringe etc are some of these experimental methods appligeeistudy of stress concentra-
tion at points of sharp variation of cross-sectional dinn@mand at sharp fillets of re-entrant
corners. These results have considerably influenced thematesign of machine parts
and helped in many cases to improve the construction by mditimg weak spots through
which crack may initiate and thereby propagate. The fieldladteity deals mainly with
deformation parameters and stress parameters for théssobittwo dimensional problems
since most of the three dimensional problems may be resahredgh a two dimensional
one. If it still remains beyond the extent of analytical sésdthe problem has to be handled

experimentally as a particular case.

Although the theories of elasticity had been established loefore, the solutions of
practical problems started mainly after the introductiba stress function by George Bid-
dell Airy [2], a British astrologer and mathematician. Thigys stress function is governed

by a fourth order partial differential equation and stresmponents are related to it through
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its various second order derivatives. The stress functitutions were initially sought tak-
ing polynomial expressions of various degrees and suitathjysting their coefficients. A
number of practically important problems of long rectamgutrips have been solved Tim-
oshenko and Goodier|[3]. But the success of this approachvergsiimited. Using these
polynomial expressions, an elementary derivation of tfecebf the shearing force on the
curvature of the deflection curve of beams were made by Rgrkifengland [4] and by
Grashof|[5] in Germany. The problem of stresses in masonmsda of great practical inter-
est and has been attempted for solution using polynomiakssons for the stress functions
by Levy |6], Scewald|[7]. But the solutions obtained do ndissg the conditions at the
bottom of the dam where it is connected with the foundatiomufmber of works are found
with the stress function Conway, Chow, and Morgan [8], Chapel Smith [9] in this re-
gard. Even though the stress analysis problems are beanmgerable shortcomings to be
addressed yet. The stumbling block of obtaining exact Emiutsing stress function is the in-
ability of managing the physical conditions imposed on theen, management of boundary
conditions of practical problems. Boundary restraint#j@s in terms of the displacement
components cannot be satisfactorily imposed on the stoessién. Since most of the prac-
tical problems in elasticity are of mixed boundary condispthe approach fails to provide
any explicit understanding of the state of stresses at ttieatiregions of supports and load-
ings. Moreover, the famous Saint Venant’s principle i applied and its merit is evaluated
in solving problems of solid mechanics in which full bounglaffects could not be taken
into account in the process of solution Parker [10], Horgaah linowels [11], Horgan and
Simmonds|[12]. Even now, photoelastic studies are beingechout for classical problems
like uniformly loaded beams on two supports mainly becabsdobundary effects could not
be taken into account fully in the analytical method of solus. Successful application of
the stress function formulation in conjunction with findéterence technique has been re-
ported for the solution of plane elastic problems, wherehalconditions on the boundary
are prescribed in terms of stresses only Chow, Conway, amteWil3]. Further, Conway

and Ithacal[14] extended the stress function formulatiothéform of Fourier integrals to
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the case where the material is orthotropic and obtainedy@call solutions for a number
of ideal problems. As most of the practical problems of étégtare of mixed boundary
conditions, the approach fails to provide any explicit ustinding of the state of stresses at
the critical regions of supports. The displacement forriote on the other hand, involves
finding two displacement functions simultaneously fromttkie second-order elliptic partial
differential equations of equilibrium, which is extremelifficult and this problem becomes

more serious when the boundary conditions are mixed [15].

Mixed-boundary-value problems are those in which the bamndonditions are speci-
fied as a mixture of boundary restraints and boundary loadi@dpserving the drawback of
Airy’s stress function and the difficulties of experimentadrks lead to work out for finding
way to solve the engineering problems where boundary congithave been in terms of
displacements. Thus the displacement formulation wasciedidor those problems where
boundary restraints are there Uddin/ [16], Ahmed, Khanmskand Uddinl[17]. This process
involves finding of two displacement functions simultanglgdrom the two second-order el-
liptic partial differential equations of equilibrium. & hoted that the recent research and de-
velopments in using the displacement potential boundamgetmng approach Idris, Ahmed,
and Uddin [18],Ahmed, Idris, and Uddin [19], Ahmed, Kharata, and Uddin/[20] have

generated renewed interest in the field of numerical salatad stress problems.

Composites are relatively new candidates in the field ofrezging and structural ma-
terials. They are nonhomogeneous and anisotropic matefiberefore, elasticity problems
of these materials become more complex in order to obtailytcel solutions. So far, vari-
ous elasticity problems of different composites have bedred. An experimental study of
the nonlinear response and failure characteristics ofriatly pressurized to 16 ply thick
Graphite/Epoxy cylindrical panels is carried out by Richand Eric[[21]. However, Stress
analysis of actual structures of composite materials imitpdnandled by numerical meth-
ods, especially, the finite element method. This methodéasved widespread application

in all aspect of structural analysis especially with theadwof high powered computing
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machines. Han and Hoa [22] have developed a three-dimeaisimutilayered composite
finite element method on a composite variational functi@mgtie analysis of stress in com-
posite laminates. Leoni and Brandford [[23] present a corsparof available numerical
structural analysis formulations for composite beams wdltial shear interaction. Jarmai
and Frkas|[24] have investigated the optimum design of drogadnally stiffened cylindrical
shell member of an offshore fixed platform truss, loaded bglaompression and external
pressure. A comparison of the computed optimum costs otiffered and the un-stiffened
assemblies shows that significant cost savings can be achliigvorthogonal stiffening since
the later allows for considerable reduction of the shelikhess, which results in large ma-
terial and manufacturing cost savings. Armero and Ehrl&5] have proposed new finite
elements for thin Euler-Bernoulli beams that incorporate $oftening hinges observed at
failure. A large number of studies on bending, buckling aiation of composite panels
by finite element method are available in the literature Blaland Upadhyay [26], Zhang
and Yang|[27].? ] has been found the optimum stacking sequence design ofasitapna-
terials for constant stiffness deign and variable stiffr@ssign. The author has not found any
article related to the variable stiffening on the bound&tudies on bending, buckling and
design of the variable stiffness composite panels areablailby the researchers Shahriar,

Zafer, and Layne [28], Grdal and Wu [29], Tatting [30].

The uncertainties associated with the prediction of seréiesses by the standard FEM
have been pointed out by several researches, for examptdgrgs [31], Smart [32], Dow
and Harwood|[33]. On the other hand, the accuracy of finitieidince method (FDM) in
reproducing the state of stresses along the bounding ssrfaas been repeatedly verified to
be much higher than that of FE analysis (Dow and Harwood [R8th and Ahmed [34]).
In the research of Ranzi [35], the FDM has also been identifid an adequate numerical
tool for describing the composite behavior of beams, andéneesponding FD solutions are
shown to be more accurate when compared with the usual eéa@fH#EM solutions, even

with finer discretization for the latter one. Recently, agyahpotential-function formulation
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has been proposed for the analysis of anisotropic compstsitetures by Ahmed, Hossain,
and Uddin[[36]. Further, Nath and Ahmed [34], Nath, Afsad &nmed [37] have extended
the use of the formulation to the problems of orthotropicitzae, and obtained analytical
as well as numerical solutions for a number of compositecttres. Using a layer-wise
shell theory, a modeling approach of discretely stiffereaiihated composite plates and
cylindrical shells has been reported by Kassegne and R&&#]ydr the analysis of stress,
vibration and buckling. The existing layer-wise displaegmtheory of laminated plates
is also applied to analyze laminated beams, and analytidaiigns are obtained for static
bending and free vibration of the beam by Tahani [39]. A skbffened composite flat bar
was first analyzed by Nath, Ahmed, and Afsar [40] under unifaxial tension where the
fibers were oriented perpendicular to the direction of IngdiThe method is then extended
by Nath and Afsar/ [41] to the solution of a stiffened panel dhotropic material under
uniaxial tensile load, in which the fibers were directed gltime longitudinal axis of the

panel .

Accurate and reliable prediction of stresses at and ardundiscrete stiffeners of com-
posite structures is of great concern, as we are constamélseaof the lack of sophistication
and doubtful quality of the finite element solutions, espligifor critical stresses at the sur-
faces as well as regions of singularities. No serious attérap been reported so far in the
literature that can provide a reliable analysis of stregsdéaminated panels with discrete
variable stiffeners. A new investigation of stresses inmaiteated panel under the influence
of discrete stiffeners is the subject matter of the predesgtis. The displacement-potential
formulation is first extended for the problems of symmetaiminated composites, wherein
the potential of a new variable reduction scheme originaityposed by Ahmed et al. [36]
is used to develop the formulation. Therefore, attempt iderta consider a new numeri-
cal study of stresses has been considered here which islgmtifferent from conventional

approaches both in terms of mathematical modeling and ctatipnal algorithm.

A finite-difference based computational scheme is develdpeobtain the numerical
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solution of the corresponding elastic field. Some of the twakissues of interest, like,

ply stresses, stacking sequence, stiffening length, ecalao discussed in context of the
laminated panel. Finally, in order to check the appropness as well as accuracy of the
present displacement-potential method (DPM), results@amgpared with the corresponding

solutions obtained by analytical as well as standard coatjomal methods.

1.3 Obijectives

The present study is an attempt to extend the capability @vadisplacement potential in
order to address stress analysis of laminated compositdgsubjected to different arrange-
ment and effectiveness of discrete stiffeners at the bawgrslirfaces. The specific objectives

of the present research work are as follows:

1. Development of a new mathematical model for the stredsigmues of laminated com-
posite materials with mixed and changeable boundary congiin terms of a single

potential function.

2. Development of an efficient computational scheme for mgaksolution of stress
problems of laminated composites with mixed and variablgspal conditions pre-

scribed along the boundary segments.

3. Analysis of symmetric and anti-symmetric discretelyfetied symmetric laminated

composite panels subjected to uniform shear loading.

4. Application of the computational scheme developed ferdhalysis of a laminated

composite panel under discrete periodic stiffeners stégeto an eccentric loading.

5. Analysis of the resulting stress field of a laminated cositeganel subjected to dis-

crete variable stiffeners.

6. Establishment of credibility of the present computaticscheme for the analysis of

discretely stiffened laminated structures by comparirggghesent results with those
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of standard computational techniques.

1.4 Outline of the Methodology

In the proposed research work, the potential function basathematical formulation of
general anisotropic materials Ahmed et al. [36] is extertdanbtain a suitable mathemati-
cal model for analyzing the stress problems of laminatedpmsite materials in terms of a
single variable. A new variable reduction scheme has beed tasdevelop the formulation.
Based on the mathematical model, an efficient computatiectedme has been developed
for analyzing the stress field of a discretely stiffened laaed composite panel subjected to
axial and shear loading. The finite-difference method islis@liscretize the governing par-
tial differential equation of equilibrium as well as the pialrdifferential equations associated
with the boundary conditions. An imaginary boundary, @rtetio the physical boundary of
the panel, has been realized for the sake of discretizafidmealomain using a central dif-
ferencing scheme of the governing equation. The discrétesaf the function at the mesh
points of the panel are obtained by solving the system ofaiége equations resulting from
the discretization of the domain into mesh-points. All tleegmeters of interest associated
with the composite panel are then obtained from the nodakgadf the potential function as

they are expressed as the summation of different derisatif/the potential function.

1.5 Significance of the Present Study

The present study describes the details of development gplccation of a new compu-

tational approach i.e., displacement potential method{pfér the analysis of stress and
displacement in structural components of laminated coitgmwith mixed and changeable
physical conditions at the bounding surfaces. It is expkttiat the present study would en-
courage academicians and researchers to explore the ¢dadbpr and eliminate the lack

of a suitable method for dealing with mixed boundary valugbpgms of laminated compos-
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ites. In this study, a number of problems of discretely stiid laminated composites are
solved by using the present numerical method and resultgrasented mainly in the form
of graphs. The results may be used as a database, which wehlelfful to the designers
working especially in the industries of aerospace, shiging and automobile, where nu-
merous composite structures are used. This study also sheballenges to Finite Element
Method, especially in context of managing the boundary g¢m$ and singularity points

where the boundary conditions change from one type to ther.oth

1.6 The reason for Finite-Difference Solution

The analysis of stresses and displacements of structurgd@oents can be performed either
theoretically or by experimental means. Experimentalstigation of stresses and displace-
ment could not gain that much popularity in the field of solidahanics because of their
limited flexibility and applications. For every change ofogeetry, loading and support,
it needs separate investigation, involving separate @xe@tal requirement/arrangement,
which, in turn, makes it unattractive, especially, for timee involved as well as economical

point of views.

The theoretical investigation, on the other hand, can beechout either by analytical
approach or by numerical approach. The analytical methbsislation are not of much help
in solving the practical problems, especially of three-gisional bodies. This is mainly due
to the very involvement of a large number of variables, caxfdloundary conditions and
nonuniform boundary shapes. General closed form solutansge obtained only for very
ideal cases and the results obtained for a particular pmghlsually with uniform bound-
ary conditions, are invariably approximate and thus awagnfthe actual solution, as they
include various idealizations. For two-dimensional etagtoblems, existing mathematical
models either involve finding three stress components ordisplacement components si-
multaneously. The shortcoming of the stress formulatiothé, three partial differential

equations are required to be solved simultaneously foetbitess components and also this
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formulation accepts boundary conditions only in terms afrmtary loading. Boundary re-

straints specified in terms of the displacement componemisat be imposed satisfactorily.
The displacement formulation, on the other hand, involvedirig the two displacement
functions simultaneously from the two second order padiifrential equations. But solv-

ing for two functions satisfying two simultaneous ellippartial differential equations and
variously mixed conditions on the bounding surfaces is issgde. Therefore, there are no
alternatives except the numerical methods for the solufdmo-dimensional stress prob-
lems of practical interest. In the field of numerical anaygihe major numerical methods in

use are the method of finite-difference and the method o&fieliément.

Finite difference method is an ideal numerical approactséidving partial differential
equations. The difference equations that model the gavgmguations are simple to code
and the global coefficient matrix possesses a banded gsteutttat is amenable to efficient
solution. Despite these ideal characteristics, the fieliéerent method dominates in most of
the solid mechanics applications as well as composite mieén engineering mainly be-
cause of its flexibility in managing the odd shapes of the bamyn The present research is an
attempt to bring the finite-difference technique again light through a novel formulation
of two-dimensional analysis afomposite structuresAs the new formulation establishes
a priority of finite-difference technique over the finiteeglent method, the philosophy and

approach of the two methods are recapitulated here in brief.

In the application of finite-element method, the body is diéd into a number of ele-
ments. On the other hand, the finite-difference methodgelnethe philosophy that the body
is in one single piece but the parameters are evaluated bslynae selected points within
the body, satisfying the governing differential equatiapproximately. For a comprehensive

evaluation, let us list the relative advantages and disadges of the two methods.
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1.6.1 Finite-Element Method

Advantages

1. It works when all other methods fail.
2. Itis very good in managing complex boundary shapes.

3. There are many commercial packages such as ANSYS foranglgngineering prob-

lems.

Disadvantages

1. The body is not in one piece but it is an assemblage of elencennected only at the

nodes.
2. Values of parameters across element boundary are uslisdiyntinuous.

3. Variations of parameters over individual elements ase@ed to be simple like poly-

nomials of limited order

4. Finite element solution is highly dependent on the eldngpe. Selection of any

arbitrary element type may lead to erroneous or no solutiatl.a

5. FEM cannot handle singularity.

1.6.2 Finite-Difference Method

Advantages

1. The body remains one piece and thus there is no approximaiti this account.

2. It permits reduction of parameters to be evaluated atdld@lpoints to one
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3. Total number of unknowns to be solved is much less thaninhfaite-element and

hence, solution is more accurate and the computationalisirsteort.
4. Itis simple to use and easy to understand.

5. It produces direct solution, unlike to the case of finienednt method.

Disadvantages

1. Derivatives in the governing equations are replaced Iy ttorresponding finite-

differences, resulting in some approximation.

2. Complicated boundary shapes and conditions are vergutffialmost impossible to

handle.

3. Usual finite-difference method cannot handle singwylaviell.

Accurate and reliable prediction of critical stresses igmat importance to meet the
severe demand of greater reliability as well as economitteriges in design. It is noted that
these critical stresses occur most frequently at the sesfatstructural components. But we
are constantly aware of the lack of sophistication and dauqtality of the finite element
solutions, especially for stresses at the surfaces, whagle however been pointed out by
Smart [32]. The investigation of Doe and Harwood [42] vedftbat the accuracy of finite-
difference method in reproducing the state of stressegadlmboundary surfaces was much
higher than that of FEM analysis. However, the computatiefiart in their finite-difference
boundary-modeling scheme was somewhat greater than tfinitefelement method Ranzi
[35].

The present displacement potential function formulatrooanjunction with the finite-
difference technique permits the reduction of variabldsetevaluated at each nodal point of
the domain, from three components of stress to scalar fumclihis reduction of unknowns

at each nodal point ultimately reduces the total numbergdlaiaic equations to be solved.
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Hence, the present approach not only provides more accrgsi#ts than those obtained
by the usual computational methods, but also the computtiwork is reduced drastically
Ahmed et al.|[36]. That is why the present thesis emphastresise of finite-difference

technique to solve the plane problems using the displacepoential function.
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2

Mathematical Background

2.1 Introduction

Structural analysis necessitates the requirements tetigage the state of stresses, strain and
displacements at any point due to given body forces and gorditions at the boundary of
the body. Most of the cases the requirement is to find thessthisribution of the body. In
some cases, it is also required to find the strain distributicthe body. The state of stress,
strains and displacement are termed as the elastic fieldmplede description of the elastic

fields requires specification of forces acting on the eleargriiody.

2.2 Stress at a Point

Let us take an infinitesimal cubic element as shown in Figulie\ghich is cut off from an
elastic body with sides parallel to the coordinate axes. Sikéorces acting on a face may
be resolved into two components - one perpendicular to tweepbf the face and the other
parallel to the face. The stress component acting perpeladito the plane of the face is
called the normal stress and usually denoted loyith a subscript (Exampleo,,, 0,,,0.)

to indicate its direction of action. According to generahgention, these normal are taken

18
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positive when producing tension and negative when producompression. In the same
way, the two stress components acting parallel to the faekm@own as shearing stresses
and indicated by the same notation with double subscripe fitet indicating the direction
of the normal to the face and indicating of the normal of theefand the second indicating
the direction of the components of the stress. On any sidd]itiection of positive shearing
stress coincides with the positive direction of the axish# putward normal on this side
has the positive direction of the corresponding axis. Ifdbévard normal has a direction
positive to positive axis, the positive shearing stressaislo have the opposite direction of

the corresponding axis.

Y

dz

Figure 2.1: Conventions of stress components of the elementary culoig bo

Though the cubic element has six different faces, basicalhas three mutually per-
pendicular faces and the rest of the faces are parallel setimitually perpendicular faces
respectively. Thus, corresponding a cubic element witlreeggrallel to the three axis of a
cartesian co-ordinate system, the state of stress of thredes of the element are described

by three symbols,,, o,,, 0., for normal stress and six symbals,, 0., 0.., 0ys, 02y, 022
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for shearing stress.

A consideration of the equilibrium of the cubic element shdhat, for two perpen-
dicular sides of the cubic element, the components of shgatress perpendicular to the
line of intersection of these sides are equal. Mathemétisshted, from consideration of

equilibrium of moments about three mutually perpendicabas, it can be shown that

Ouy = Oyz
Uyz = O'Zy
Oz = Ogz

Thus the nine components of the stress are reduced to sige$ e quantities,,, oy,
T.2r Ouys Oyz, 05, are therefore sufficient to describe the stresses actingend-ordinate

planes through a point and these will be called the compgsrargtresses at the point.

2.3 Stress-Strain Relations

When a body is subjected to external forces, not only areriatstresses generated, but also
the body itself is deformed. These deformations of the badylwe uniquely specified by
assigning three elongations in three perpendicular dimestand three shear strains related
to the same direction. These directions are taken as thetidimeof the coordinate axis and
the symbok is used to denote the strain components with the same sptssiarithis symbol
as for the stress components. If the components of dispkesnof particle in the body are
specified byu,, u, andu, parallel to the co-ordinate axes y and z respectively, then the
relations between the components of strain and the compooédisplacement are given

by Timoshenko and Goodier [3]
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Crw = %Q;x (2.1a)
€y = %y (2.1b)
e = a;; (2.1c)
Eay = 6;;%% (2.1d)
e, = %*%ZZ (2.1e)
e = %2%%1;2 (2.1f)

It is also observed that,, = ¢,,,c,. = €,y ande,, = ¢,

The equationd (211) are called the strain-displacemeatioek, since they define the

strain components in terms of the displacement components.

By the application of Hooke’s Law, that is, the linear redatibetween the stress and
strain components and the principle of superposition, Wwhie both based on experimental
observation, the relation between the components of stresshe components of strain are

given by Timoshenko and Goodier [3]

oo = 10— V(o + 0] (2.2a)
fw = low v (0 ) (2.2b)
€z = %[ozz—u(axﬁayy)] (2.2¢)
fy = 2<1Ef”)aw (2.2d)
e = 2(1;”)% (2.2¢)
Eow = 2(1E+V)azz 2.2f)

where , E is the modulus of elasticity or young’s modulus, amglPoisson’s ratio.
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2.4 Differential Equations of Equilibrium

In sectiori 2.2, the stress at a point of an elastic body hasdmesidered. Let variation of the
stress as we change the position of the point. Let us corsideonditions of equilibrium of
a small rectangular parallelepiped with the si@esoy, 0z, (Figure [2.1)). The components
of the stresses acting on the sides of this small element teid ositive directions are
indicated in the Figure 2.1. It has taken into account thdlsthanges of the components of
the stress due to small increase 0y, 0z of the coordinates. The subscriptotienotes the

value of stress component at the pointiny, z directions.

If F,, F,, I, denote the components of body force per unit volume of thee,
then the three equations of equilibrium are obtained by singial the forces acting on the

element inz, y, z direction. So, the three equilibrium equations are

00z N 0oy 00y,

doy, 0oy, 0oy,

Fo— 2.3b
Ay * ox * 0z =0 ( )
80’22 4 80'2:2 i 8Uzy + FZ -0 (23(:)

0z ox oy
Equation [[2.B) must be satisfied at all points throughoutvillame of the body and
when arrive surface that they must be such as to be in equitibwith the external forces

on the surfaces of the body.

2.5 Conditions of Compatibility

It should be noted that the six components of strain at eattt ace completely determined

by the three functions,, u,, u, representing the components of displacement. Hence the
components of strain cannot be taken arbitrary as a funcfian y andz. Now Equations
(2.1) are differentiated twice and after simple manipuolatihe following set of differential

equations are obtained.
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DPepe  O%eyy  Peyy 0%, O Oy, Oey  Ocyy

2 ox?2  Oxdy’ oydz  Ox <_ ox * oy * 0z ) (2.42)
825yy 0%c,. _ 325y2’ 82€yy _ ﬁ Oey. _ 0. n Oy (2.4b)
0z dy? Y0z 0z0x Oy \ Ox dy 0z

De., n 0%c _ 82gzx; D, g Oey. n 0€ 10 B Oy (2.40)
Ox? 0z 0z0x Oxdy 0z \ Ox dy 0z

These differential relations are called tBenditions of Compatibility If there are no

body forces or if the body forces are constant, another fdrthedscompatibility conditions

can be rewritten as

0?0 0?0
2 —_ 0. 2 _
(14+v)Voo., + 527 0; (14+v)Vio,, + PR 0 (2.5a)
0?0 0?0
2 _ 0 2 _
(14004 + 57 =0 (14 1)V200 45— = 0 (2.5b)
0?0 0?0
1+ v)V?o.. + 22 0 (1+v) Vo, + w0y 0 (2.5¢)
where
0? 0? 0?
2 —_— —_ —_
Vi=oz oz oz

O =04 +0yy +0..

The solution of an elasticity problem must satisfy the aquiilm equations[(2]3) and

the compatibility conditions (214) along with the boundaonditions.

2.6 Governing Equations of Plane Elasticity

Although the elastic analysis in general form is of threeetisional can be analyzed using
two dimensions on the consideration of symmetry of planes.skch simplification there

two options.
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(a) Plane stress condition and

(b) Plane strain condition

2.6.1 Plane Stress Problems

The plane stress condition is considered to be a state gkstravhich the normal stress.

and the shear stresses ando, . directed perpendicular to the plane are assumed to be zero.
Generally, members that are thin (those with a smélmension compared to in-planeand

y directions) and whose loads act only in the y plane can be considered to be under plane
stress. Thus a state of plane stress exists in a thin objadetbin the plane of its largest
dimensions. The non-zero stressgs, o, ando,, have been shown in Figure 2.2 lie in the

x — y plane and are independentoénd hence the functions afandy only. A thin beam
loaded in its plane and a spur gear tooth are good exampldarté ptress problem. Thus,

for plane stress conditions,

0., =0 0, =0 oy =0 (2.7)

The stress-strain relations in case of plane stress condite

1
Epp = z [Opw — VO] (2.8a)
1
fw =% [0y — VO] (2.8b)
2(1 +v
oy ( Z ) oy (2.8¢)

2.6.2 Plane Strain Problems

Plain strain condition is said to be a state of strain in whidh strain normal to the — y
plane,., and the shear strains, ande,, are assumed to be zero. The assumptions of the

plane strain condition are realistic for long bodies (sgyimthe > direction) with constant
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Figure 2.2: Stress components under plane stress on a plane.

cross-sectional area subjected to loads that act only in #ed/ory directions and do not
vary in thez direction. Also the other component of displacemenis zero all over the

body. These condition can be stated mathematically, framaons [(2.1) as

ou,
£, = 5 = (2.9a)
_ Ouy  Ou,
Eay = % oy 0 (2.9b)
Oug,  Ou,
Epp = Ep + Ee =0 (2.9¢)

The above equation§ (2.9), in combinations with_(2.ZcRdp and [(2.2f), show that
the stress components, = 0., = 0 and stress components can be determined from the

knowledge ofr,,, ando,, by the relation

Ooy =V (04 + 0yy) (2.10)

Therefore, for both the circumstances, the problem ul@tyateduces to the determi-

nation ofo,,, o,, ando,, as a function of x and y only.
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The relations are in case of plane strain condition

% (1= 17) 0pe — v(1 +v)oy,) (2.11a)
w= 5 (1= ) oy~ (1 + )0 (2.11b)
e ; Y g (2.11c)

2.6.3 Conditions of Compatibility for Plane Stress and Plae Strain

Problems

For the case of plane stress problems, the equilibrium egqu@.3) reduces to

004, O0gy

F, = 2.12
oz Oy =0 (2.122)
doyy | 00uy _
By 9 T F,=0 (2.12b)

In these equations of equilibriurin (2]12) of plane stresblgm, the body force are as-

sumed, as they will be throughout this work, to be absenh the equation$ (2.12) becomes

004y 00y

o 3y =0 (2.13a)
doyy  Ooyy
Dy o 0 (2.13b)

These equilibrium equationis (2]12) are required to be dolvhe case of a two dimen-
sional problem. These two equations containing threestres\ponents,;, o,,, ando,,
are not sufficient for the determination of these componerfitais, to evaluate these three
dependent variables a third equation is necessary. Tinisg¢fuation comes from the consid-

eration of the elastic deformation of the body. This add#ilcequation ensures continuity of
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deformation in the body which is known as compatibility eipra In fact, it ensures com-
patibility of displacement:,, andu,. The mathematical formulation of this condition can be
obtained from the strain displacement relation. For twoetisional cases, these relations

are

ou,,

Epw = o (2.14a)

Cyy = %—Zy (2.14Db)
_ Ou, | Ouy

Exy = ay + % (2 . 14C)

Differentiating the equatior (2.14a) twice with respectjtdhe equation(Z.14b) twice
with respect tor and the equation 2.14c once with respect tand once with respect g

the expression for condition of compatibility in term ofestr as follows

2 2 2
D%, | 0%y 00y

oy? * 0x2  Oxdy (2.15)

This equation is known as the condition of compatibility ahé strain component
have to satisfy this equation to ensure the existence ofragmis displacement functions
u, andu,. To express this compatibility equation in terms of stremsgonents, the strain
components present in equatién (2.15) have to eliminateithdiy relations with the stress
components. This relations can be obtained from the equaflh24a),[(2.2b) and (2.2d) by
consideringr, = 0 in case of plane stress aad = v (o, + 0,) in case of plane strain. For
the general case of body force¥ andY’), we can obtain the compatibility equation in the

following form:

2 2
0 0 1 (8X 0Y) (2.16)

(et o)==t =& T oy
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2.7 Hooke’s Law for Different Types of Materials

The stress-strain relationship for a general materialithatt linearly elastic is more com-
plicated. In the simplest approximation the relation bemvstress and strain is taken to be
linear. The generalized Hooke’s law relating stresseg&inst can be written in concentrated

notation as Jones [43]

3
O3
031 O3
023
Oi3
J\O'z
)\0'12 021
(o] \ 2
1
Figure 2.3: Stresses on cubic element
g; :Cijgj ’L,j = 1,....,6 (217)

whereo; are the stress components shown on a three-dimensionaircubg, 3 co-
ordinates in Figure (213)C;; is the stiffness matrix and; are the strain components. The
concentrated notation for three dimensional stressesteaudsis defined in comparison to

the usual tensor notation in talhle 2.1 and equafion (2. ¥7peaewritten as Kaw [1]
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Table 2.1: Tensor versus concentrated notation for Stresses and Strai

Stresses Strains
Tensor ) Tensor )
Notation Notation
Notation Notation
011 01 €11 €1
022 02 €29 9
033 03 £33 €3
023 04 €23 &4
031 05 €31 €5
012 06 €12 £6
01 Cii Cip Cig Ciy Ci5 Cis €1
09 Ca1 Cp Oy Cy Oy Oy €2
g3 C'31 C32 033 034 C35 C36 €3
= (2.18)
023 Cun Cy 043 Cu C45 C46 €23
031 Cs1 Cse Cs3 Csy Css Csg €31
012 Ce1 Ce2 Coz Coa Cgs Cis €12

Inverting equation(2.18), the general strain-stresdicglahip for a three dimensional

body in al — 2 — 3 orthogonal Cartesian coordinate system is

€1 S11 Si2 Sz S S5 Sie o1
€2 So1 S22 Saz Saa S Sz 02
| _ S31 S32 O3z Sz Sz Sse 03 (2.19)
€93 Suyn Saz Saz Sua Sis Sas 093
€31 Ss1 Ss2 S5z Ssa Sss Sse 031
| €12 i Ser Se2 563 Sea Ses See ]| o2 |




where,[S];; <:

Sll
S21
S31
S41
551
561

1

512
S22
S32
S42
552
562

513
S23
S33
S43
553
563

514
S24
S34
S44
554
564

2.7.1 Anisotropic Material

515
S25
S35
S45
555
565

516
526
536
546
556
566
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@) is called compliance matrix and

(2.20)

The material that has 21 independent elastic constantsahtipcalled an anisotropic ma-

terial. Once these constants are found for a particulartpihie@ stress and strain relationship

can be developed at that point. The stiffness majxhas 36 constants in equation (2.18).

However less than 36 of the constants can be shown to actualigdependent for elastic

material when important characteristics of the strain gynare considered. From the con-

sideration of strain energy density, it can be shown @hat= C;;. Thus 36 constants of the

stiffness matrix come down to independent 21 and the stffmeatrix turns to a symmetric

matrix as follows

C(12
C(13

Cis
Cie

Cl2
C(22
C(23

Cas
Cae

Cis
C(23
C(33

C35
C36

C’14
024
034

Cis
Cag

Cis
Cas
Css

C55
C56

Cie
C(26
C(36

C'56
CG6

(2.21)
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2.7.2 Monoclinic Material

Material having symmetry with respect to one plane is refiéto as monoclinic materials.
For such case of material, transformation of axis can be dadefound that”,, = C5 =
Coy = Oy = O3y = C35 = Cys = C56 = 0 and then the number of independent elastic

constant becomes 13 only. So the stiffness matrix of equ§i@1) reduces to

Cu Ci2 Ciz 0 0 Cie
Cia Cyp Cyz 0 0 Oy
[ c, } _ Ciz Cy Cs3 0 0 Cs (2.22)
0 0 0 Cy Cys 0
0 0 0 Cy Css 0

Cie Cos Csg 0 0 Ces

2.7.3 Orthotropic Material (Orthogonally Anisotropic)/ S pecially Or-

thotropic

If a material has three mutually perpendicular planes oenmtsymmetry, then the stiffness

matrix is given by

Cn Ci2 Cis 0
Cia Cyp Cy O

0
0
0

(2.23)
0

[C }_ Ciz3 Ch Csg 0
Y 0 0 0 Cy

o o o o o

0 0 0 0 Css

0 0 0 0 0 Cegs

The preceding stiffness matrix can be derived by startiomfthe stiffness matriiC;;]

of monoclinic material. With two more planes of symmetryiites
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C16=0,09%=0,C36 =0,Cy5 =0
Three mutually perpendicular planes of material symmesyg anply three mutually
perpendicular planes of elastic symmetry. Again an ortdpatrmaterial has at least two or-
thogonal planes of symmetry, where material propertiegnaependent of directions within
each plane. Example of an orthotropic material include glsilamina of continuous fiber

composite arranged in rectangular array, a wooden bar dledl reteel. The compliance

matrix (inverse of stiffness matrix) of orthotropic masdsi reduces to

(2.24)

2.7.4 lIsotropic Material

If all planes in an orthotropic body are identical, it is aotiepic material, then the stiffness

matrix is given by

Cii Ciz Cho 0 0
Ci2 Cii Cho 0 0
Cip Ci2 Cpy 0 0
[ Cij } - CL-C

0 0 0 GG
0 0 0 0 w9

(2.25)

o o o O

Cn—C
o 0o o 0o 0 Cufn

For a linear isotropic material in the three-dimensione¢ss state, stress-strain rela-

tionships at a pointin am — y — 2z orthogonal system in matrix from are
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€1 % -z 5 0 00 o1

€2 -5 % —g 0 00 72

s | _ |5 % w 00 0|0 (2.26)
€93 0 0 0 é 0 0 023

Est 0 0 004 0] osn

€12 0 0 0 0 0 £ O12

o (1_]52(1,1)_(ﬁu) (1—25)]%1+u) (1—2Zil+u) 0 0 0 1

02 T 2TT) (135{(51@ Ty 0 000 €2

I3 | _ (1—2Z)LEHV) (1—25)%%) (1—E2(Vl)_(f}w) 000 © (2.27)
a3 0 0 0 G 0 0] | e

oo 0 0 00 G 0]]|en

o1 0 0 00 0 G || en

where,v is the poison’s ratio. The shear modulii$s a function of two elastic constant,

FE andv, as

E

T

Relating equation$ (2.25) arld (2127), that gives

_ E(1-v)
Cn = (1 —20)(1+v) (2.28a)
vE
Cp = (1= 20)(1+v) (2.28b)
Cn-Co_ B _g, (2.28c)

2 2(1+v)
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2.8 Hooke’s Law for a Composite Lamina
2.8.1 Unidirectional Composite Lamina

A unidirectional lamina falls under the orthotropic ma&¢icategory. If the lamina is thin
and does not carry any out-of-plane loads, one can assume gleess conditions for the
lamina. Therefore, taking Equation (2119) ahd (2.24) arsligsngos = 0,093 = 0 and
031 = 0, then Hooke’s law for an orthotropic plane stress problerw KH, Jones|[43] can

be written as

. ‘0'22
O3 Flt;er Nl|atrix
| - // \\
O12 / > A \\ o1l
\
et} -
ol f -
v O12
-
O12
022'

Figure 2.4: Stress components on a plane of unidirectional lamina

€1 511 512 0 01
€9 = S12 Soo 0 09 (229)
€12 0 0 Ses 012

Inverting Eq. [2.2B), gives stress-strain relationshias [1], Jones|[43]
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o1 Qu Q2 0 €1
oy | = | Q2 Q2 0 €9 (2.30)
012 0 0 Qes €12

Where,[();;] are called reduced stiffness coefficients, which are réfat¢he engineer-

ing constants as follows:

. Ey . V2B
Qu=—"— Qo= —"—
1 — vy 1 — viav
Ey
Q= — Qos = G2
1 — vy

Again for elastic constartp;; of equation[(2.31) the reciprocal relations can be reduced

as:
a2 _ bz (2.32)
E, B '
where,

E; =longitudinal Young’s modulus (in direction 1)

E5 =longitudinal Young’s modulus (in direction 2)

112 = major Poisson’s ratio, where, the general Poisson’s,ratias defined as the ratio of
the negative of the normal strain in directipto the normal strain in indirectio) when the
only normal load is applied in directian

G12 = in-plane shear modulus (in plathe- 2)

The unidirectional lamina is a specially orthotropic lamimecause normal stress ap-
plied in thel — 2 direction do not result in an shearing strains in the 1-2 @l@causé) s

= Q26 = S16 = S26 = 0.
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2.8.2 Composite Angle Lamina

The coordinate system used for showing an angle lamina @givFigure[(2.5). The axes
inthel — 2 coordinate system are called the local axes or the matewsl & he direction

is parallel to the fibers and the directi@ms perpendicular to the fibers.

Y 1
A
Oyy
A
o. Fiber
Xy )
2 \‘ /
Oxy
— >> (jxx
X
YO
-
Oxy
Matrix v
Oyy

1-2 : Local coordinate system
x-y : Global coordinate system

Figure 2.5: Stress components on a plane of angle ply lamina

In some literature, direction 1 is also called the longihaddirection L and the direction
2 is called the transverse direction T. The axes imthey coordinate system are called the
global axes or the off-axes. The angle between the two ax@snisted by an angleé The

stress-strain relationship for two dimensional angle rams given by Kaw![1], Jones [43]
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Uxx @1 1 @12 Q 16 6:(::(:
Oyy | — Qrz Qg Qg Eyy (2.33)
Oy @16 @26 @66 Eay

Where,@ij are called the elements of the transformed reduced stsfimegrix [Q} are

given by
Q = Qiicos*0+2(Q1z + 2Qss) sin? 0 cos® O + Qay sin* 0 (2.34)
Qr = (Qu+ Qn —4Qs) sin®fcos® 0 + Qo (Sin4 0 + cos® 9) (2.35)
Qy = Quisin® 0+ 2(Q1z + 2Qss) sin® 0 cos® @ + Qay cos™ 0 (2.36)

Qlﬁ = (Qll — ng — 2@66) COS3 9 sin 9 — (QQQ — ng — 2@66) sin3 9 C089 (237)
Q% = (Qll — ng — 2@66) sin3 9 COS 9 — (QQQ — ng — 2@66) COS3 9 SiIl 9 (238)
Qe = (Qu1+ Q2 — 2Q12 — 2Qes) sin® 0 cos® 6 + Qe (sin 6 + cos™ ) (2.39)

(2.40)

Note that there are six elements are in {l‘j}} matrix and it can be seen that they are
just function of the four stiffness element3;,, @12, 22, Qs and the angle of the fiber in
lamina, . Therefore, equation (2.B3) are stress-strain equatimna general orthotropic

lamina

2.9 Laminated Composite Material

Laminated composite materials consists of a number of $afyeore than one lamina/ ply) of
at least two different materials that are bonded togeth@mibation is used to combine the
best aspects of the constituent layers and bonding maitecadler to achieve a more useful

material. The properties that can be emphasized by laromatie strength, stiffness, low
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weight, corrosion resistance, wear resistance, beautjytractiveness, thermal insulation,

acoustical insulation, etc.

2.9.1 Strain-Displacement Relations

Knowledge of the variation of stress and strain through @éingihate thickness is essential to
the definition of the extensional and bending stiffness efaihate. The classical lamination
theory is used to develop these relationships. The follgvassumptions are made in the

classical lamination theory Kaw/[1].

(a) Each lamina is orthotropic.
(b) Each lamina is homogenous.

(c) Aline straight and perpendicular to the middle surfaaeains straight and perpendicu-

lar to the middle surface during deformation.
(d) The laminate is thin and is loaded only in its plane.
(e) Each laminais elastic.

() No slip occurs between the lamina interfaces.

According to the classical lamination theory, the straspthcement relations are

Exz ] €2z K
ey | = | &5y | T7 | Fuy (2.41)
Exy | Ezy Ry
| Erz Kz
where, €2, and Ky, | are the mid-plane strain and the mid-plane curvature
i agy Ky

andz is distance from the midplane to different layers in laménadrough thickness i -
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(@) | ©) Y Z
(())'6)() CQ)) [@D) h/2
el \ plyn
ply 1 z
(a) A five ply laminate. (b) Cross-section and midplane of laminate.

Figure 2.6: Relationship between displacements through the thickokasplate to mid-

plane displacements and curvatures.

direction.

2.9.2 Resultant Laminate Forces and Moments

The midplane strains and plate curvature in equation (& )he unknowns for finding the
lamina strains and stresses. The stresses of individuatdacan be integrated through the
laminate thickness to give resultant forces and moments.fdites and moment applied to
a laminate will be known, so the midplane strain and plateatures can then be found. The

relationship between applied loads and strain and platetunes can be written as [1,/43]

| Nyg A A Asg Era By Bz Big KRax

Nyy =1 A Ap A é‘Zy t+ | Bia By DB Ryy (2.42a)
| Ny A Az Ass Ezy Bis By DBes Kay
| M, B Biz Big €z Dy D1y Dig KRz

Myy = | Biz2 B Bag €Zy t | Dia Dy Do Ryy (2.42b)
| My Bis Bas Bes Egy Dig Dy Des Kay
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A 1 A
2
h h/2
0 I 3
hy
Y >
X
h Vi k-1 A
k
z
n Y
Figure 2.7: Coordinates location of plies in a laminate.
Ay =Y [(@i)],, (h = hia) i,j=1,2,6 (2.43a)
k=1
IR -
By =5 D [(@y)], (hi = 1) i.j=1206 (2.43b)
k=1
1/~ -
D;; = 3 [(Q”)}k (hi - hz—1) i,j=1,2,6 (2.43c)
k=1

where,

N,, N, = normal force per unit length.

N,, = shear force per unit length.

M,, M, = bending moments per unit length.

M,,, = twisting moments per unit length.

hi, andh;,_; is coordinate location of plies as shown in figlirgl 2.7 and heégétal num-
ber of ply. The [A], [B] and [D] matrices are called the exteEmal, coupling, and bending
stiffness matrices respectively. The extensional sten@matrix [A] relates the resultant in-

plane forces to the in-plane strains and the bending stéfmeatrix [D] relates the resultant
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bending moments to the plate curvatures. The couplinghe8f matrix [B] couples the force

and moment terms to the midplane strains and midplane eus:at

2.10 Special Cases of Laminates

Based on angle, material and thickness of plies, the synyraeaintisymmetry of a laminate
may zero out some elements of the three stiffness matricg$BR [D]. There are impor-
tant to study because they may result in reducing or zerainghe coupling of forces and

bending moments, normal and shear forces, or bending astiriggimoments.

2.10.1 Symmetric Laminates

A laminate is called symmetric if the material, angle an@khiess of plies are same above
and below the midplane. For symmetric laminates from thendiefin of [B] matrix, it can

be proved that [B] = 0. Thus equatidn (2.42) can be rewriten a

_ Nao A A Ase Eon

Nyy | = | Az Az A Egy (2.44a)
| Ny A Ass Asg Yy
| M, D11 Dia Dag Rax

My, | = | D12 Dy Dy Kyy (2.44b)
| Mxy D¢ Dy Deg Ray

This shows that the force and moment terms are uncoupleds, Tha laminate is
subjected only to force, it will have zero midplane curvatur Similarly, if it is subjected

only to moments, it will have zero midplane strains.

For symmetric laminated composite, the effect of curvatfrthe laminate under in
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plane loading is usually neglected. So

Exx 8:(::(:
— o

Eyy Eyy

Exy €

2.10.2 Antisymmetric Laminates
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= 0 and Eq[ 2.4 can be rewritten as

(2.45)

A laminate is called antisymmetric if the material and timeks of the plies are the same

above and below the midplane, but the ply orientations asdinee distance above and below

the midplane are negative of each other. The coupling tefrtfsecstiffness matrixA,; =

Az = 0 and terms of the bending stiffness mattiX,; = Dy = 0.

| Ny A A 0 Erx
Ny | =] A4 A4n 0| | e,
| N, 0 0 Ag || e
| My, Bi1 Bz Big Erx
My, | = | Bia By B Eoy
Mg, Bis Bas Bes €2

2.10.3 Cross-ply Laminates

By Bz Big Rz
+ | Bis By By Ky (2.46a)
Bis Bays DBes Ray
Dy Do 0 Rz
+ | Dy Dy 0 Kyy (2.46Db)
0 0 Degs Ky

A laminate is called a cross-ply laminate (also called laates withspecially orthotropic

layers) if only0° and90° plies are used to make a laminate. For cross-ply lamindtgs+

Agg = 0, Big = Bog = 0, D1g = Doyg = 0; Equation[(2.4R2) can be written as
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| Nyg A A 0 E3x By B 0 Rz

Ny | = | A1z A O gy | T | Biz B 0 Kyy (2.47a)
i Ngy 0 0 Ags Ezy 0 0 DBes Ky
| M, B Bz 0 €2z D11 Dy 0 Rz

My, | = | Bi2 DBa 0 g | T | Dz D2 0 Kyy (2.47b)
i M, 0 0 Beg Ey 0 0 Degg Ky

In this case, uncoupling occurs between the normal and $breass, as well as between

the bending and twisting moments.

If a cross-ply laminate is symmetric, then in addition to pineceding uncoupling, the
coupling matrix [B] = 0 and no coupling takes place betweenftiice and moment terms.

Thus, equatior(2.47) can be expressedgmmetric Cross-Ply Laminaes

| New Ay A 0 Eop

Ny | =] Az Az 0 €, (2.482)
| Nay 0 0 Ags Yoy
1, Du Dix 0 || fu

My, | =| Dia Dy 0 Kyy (2.48b)
i M, 0 0 Degs Kay

Equation [[2.48a) and (2.48b) is called the force and momgumateons forSymmetric
Cross-ply LaminateSubstituting the value of equatidn (2145), equation (RPb&omes

Nmm All A12 0

Exx
Nyy = A12 A22 0 Eyy (249)
N, Ty 0 0 A66 Exy

Eq.[2.49 is called the Force equation®fmmetric Cross-Ply Laminatsder in plane
loading.
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2.10.4 Angle Ply Laminates

A laminate is called an angle ply laminate if it has the pliethe same material and thickness
and only oriented at-6 and—¢ directions. If a laminate has an even number of plies, then
Aig = Ayg = 0. However, if the number of plies is odd and it consists ofrakiing +¢
and—4 plies, then it is symmetric, given [B] = 0 amdl g, Azg, D15 and Dog are also become
small as the number of layers increases for same laminatenss. This behavior is similar
to the symmetric cross-ply laminates. If an angle ply cass$ even number of ply, force

equation[(Z.4R) of the angle ply laminates can be written as

[ N, An An o 0| ] e, Bi B Bis | | ke

Ny | = | 42 An 0 || e, |+ | Bu Bwn Bux || ky | (2.509)
| N, 0 0 Ag | | 2, Big By Bes | | Fay
[ M., B Bw B || Du Dis Dig | | ko

M,, | = | By By Bag o, | + | Diz Do Dag Ky | (2.50D)
| M,y Bis Bas DBes €2y Dis Das Deg Ky

If an angle ply laminate is symmetric, the coupling matriy BBO and no coupling
takes place between the force and moment terms. Thus, eq2i50) can be expressed for

Symmetric Angle Ply Laminates

Nyg A A 0 .

Ny | = | Az Az 0 Eqy (2.51a)
i Nyy 0 0 Ags oy
| My, D11 Dia Dag KRax

My, | = | D12 Dy Dy Kyy (2.51b)
| Mxy D¢ Dys Deg Ray
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Since laminate is symmetric, equation (2.45) is also valicsymmetric angle ply lam-

inates. Equatior (2.5lla) can be rewritten as

Ny Ay A 0 Erx
Ny | =] A1z An 0 Eyy (2.52)
Nyy 0 0 Ags Exy

Above (2.52) is called force equation of the angle ply lartésainder in plane loading.
It is not only applicable for even number angle plies but &sdarge number odd plies of

symmetric laminates. Above force equatibn (2.52) of angldgminate is exactly the same

as that of symmetric cross-ply laminate.

2.10.5 Balanced Laminates

A laminate is balanced if layers at angles other thfaand90° occur only as plus and minus
pairs of+0 and—6. The plus and minus pairs do not need to be adjacent to eaeh btht
the thickness and material of the plus and minus pairs nebd tbhe same. Here, the terms
A = Aig = 0. An example of a balanced laminate[$9/40/ — 30/30/ — 30/ — 40].
Equation[(2.4R) can be written as

Ny A A 0 €2z By Bz Big Raz

Ny | = | Az A O €y | T | Biz B B Kyy (2.53a)
| Ny 0 0 A Ezy Bis Bas Bes Kay
[ M, Bii Bz Big Eoe Dy Dia Dig Kz

My, | = | Bia By B Ew | T | D12 D2 Das Kyy (2.53b)
| M,y Bis By DBes Eay Dis Das Deg Ky

If a balanced laminate is symmetric, the coupling matrix$8] and no coupling takes

place between the force and moment terms. Thus, equatibB)(2an be expressed for



Symmetric Balanced Laminatas

Nyg A A 0 Era
Ny | =] A A 0 e
i Ngy 0 0 Agg Ezy
[ M, Dy Din 0| | ke
My, | =| D Du 0]k,
| M., 0 0 Deg Kay
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(2.544a)

(2.54b)

Since the laminate is symmetric, equatibn (2.45) is alsmfat symmetric balanced

laminate. Equatiori (2.54a) can then be rewritten as

Nmm All A12 0 Exx
Nyy = A12 A22 0 Eyy
ny 0 0 A66 Exy

(2.55)

Above force equation (2.55) of balanced laminate is exatttysame as symmetric

cross-ply laminate.



CHAPTER

3

Displacement Potential Formulation
for Laminated Composites

3.1 Introduction

In the existing mathematical models of elasticity, the tmensional problems are formu-
lated either in terms of three stress components or in teftwgadisplacement components.
However, neither of the approaches is suitable for solviregpractical problems of elastic-
ity. This is mainly because of the inability to deal with agamumber of variables in their
numerical computation and also of the involvement of mixedrzary conditions. In fact,
serious attempts have been started towards the solutiomoedlimensional practical prob-
lems of elasticity after the introduction of the finite-elemt method of solution. It is noted
that in the finite element method of solution, at least twoaldes are used at each node of
an element for solving two dimensional problems. The cpoading computational work
remains similar to that of the displacement formulationhe problems. In this thesis, a
new approach to solution of boundary-value plane problehtenoinated composites is in-
troduced by which the problems can be formulated in termsghgle potential function,
defined by the two displacement components. The compugdtimrk required to obtain the

solution of a problem is thus reduced drastically throughttbe of the present displacement

47
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potential function.

3.2 Available Mathematical Models for Solution of Lami-

nated Structures
3.2.1 Stress Function Formulation

The usual solution procedure of the two-dimensional elgstiblems is to introduce a func-
tion ¢(z, y), known as the stress function or Airy’s stress function Tsimenko and Goodier

[3], defined by
02

0?¢
Uyy = @ (Slb)
0%¢
Opy = _3x8y (3.1¢)
The compatibility condition from equatioh (2]15) is
DPepe  O%eyy  Peyy
= 3.2
Oy? * Ox? 0xdy (3.2)
By inverse operation, equatidn (2149) can be written as
Exa Ly Liz O Ozz
Eyy = 112 ]22 0 Oyy h (33)
Exy 0 0 I66 Oy

The inverse operation of the compliance matfixand the stiffness matrix A have a

relation of[/] = [A]~!.
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The functioné(z, y) is defined by the equatioris (8.1) satisfy the equilibriumatipums
(2.13) and must satisfy the compatibility equatibn¥(3.2).nBaking use of equations (2]13),

(3.7) and[(3.B), one can obtain

o 1 1
¢ I66 0 ¢ 0 ¢

Combining the equations (2]13), (B.1) ahd{3.3), expressidche strain components in

terms of stress functiop can be written as

ou 826 P

Exr = % = <]11—8 3 + ]12—8y2) h (35a)
ov 0? 0?

gyy ay (Igga (f + Ilga (f) h (35b)
ou v 0?¢

Eqy = 8_y + — 8.7} 1668 8 h (35C)

The solution of elasticity problems following the Airy ssefunction approach requires
the solution of equatiorn_(3.4). However, this approach appto be efficient only for stress
boundary conditions as one can readily apply the stressdasyrconditions by using equa-
tion (3.1). When boundary conditions are prescribed in seaindisplacement/constrains,
it is quite difficult to directly apply the boundary conditi® as one requires integration of
equation[(3.b) before applying the boundary conditionsusTtihis approach seems to be

inconvenient for displacement and mixed boundary conuitio

3.2.2 Displacement Parameter Approach

Making use of equilibrium equations_(2]12) (neglecting ypéakces), strain—displacement
relations[(2.14) and(2.44a), the differential equatioedfilibrium for laminated composites

in terms of displacement parameters,andu, are
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2 2 2 2 2

An 88;; + 2456 gxgz + Ass 88;; + Ase 88;2 + (A2 + A66)gxgz

+ Agg O uy =0 (3.6a)

0y?

2 2 2 2 2

Asg aa;; + (A12 + Ass) gxg“; + Ao 88:; + A%ﬁauzy + 2 A9 gxgz

L AT (3.6b)
275, :

Putting the strain values from equatidn (2.14), the threesstdisplacement relations

for the plane stress problems, obtained from equalion & .44d [(2.45) are as follows:

1. Ou, 0 ou,, 0

Ope = 7 A11 au + Asg auy + Ajg—— y + A 81:;_ (3.73)
1 Oy 0 O, 0

Ty = 3 _A12 o =+ Ay au + Agg—— dy + Ay 81:;1_ (3.7b)
1. Ou, ou Oy, ou

Opy = E -A16 or +A66 e Y +A66 ay —|—A26 8yy (37C)

Equation[(3.6) represents two coupled second order ellyatitial differential equations
of equilibrium. It is quite difficult to obtain the solutiormssfying these two partial differen-
tial equations simultaneously especially with mixed ctinds on the boundaries. Although
this is suitable for applying displacement boundary caoodg. Further, equations (3.7) is
the corresponding stress equation for displacement paeaaggproach. This stress equation

is directly related with displacement parameters.

3.2.3 Displacement Potential Approach

As discussed above, both the airy stress function appraathhe displacement parameter
approach are not adequate to obtain numerical solutionagtieity problems, particularly
the mixed boundary value problems. Thus, the present ssLadynied at developing a method

for the solution of elasticity problems of structural elersof composite materials under any
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boundary conditions prescribed in terms of either stresBsmpiacement or any combination
of these, i.e., mixed boundary conditions. To realize higgew function, called displacement
potential function)(z, y), has been introduced for different materials like isotedfir, 18],

orthotropic [40, 41] and anisotropic [36].
Isotropic Materials

For the case of isotropic material, the two displacemerdrpateru, andu, are ex-

pressed in terms of the displacement potential function y) as

Uy = &

‘T Ozdy
1[0
2070 |Far TG

(3.8a)

(3.8b)

Uy = —

With the definition of potential function(z,y), governing differential equation for

isotropic materials is

oMY oMY oM
or? + 28x28y2 + oyt

0 (3.9)

and stress and displacement components in term’s of patémtictions for isotropic

materials can be expressed as

"y = aa;gy (3.10a)
W= =5 1+ 5 {22?5 . V)g%ﬂ (3.10b)
Ter =10 f )2 {aigy - ”gzﬁ} (3.100)
Oyy = — a fu>2 l(2 +v) aizgy + %} (3.10d)
T +E E {_ ng " ”ai;iz} (3.10e)
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Orthotropic Materials

Again, for the general unidirectional Lamina, the two dis@ment parametet, and

u,, are expressed in terms of the displacement potential fom¢ftiz, y) as

0?1
= A1
Uy 900y (3.11a)
0%

oy?

- ! 282¢+G (B, —v2,E,)
Vey BBy + Goy(Ey — V2, Ey) | 022 AT v

zy

(3.11b)

Uy:

With the definition of potential function)(x,y), governing differential equation of

equilibrium for general unidirectional lamina is

Exnyg%) + B, (E, — 2uxnyy)%gy2 + Enyyg%} (3.12)
and stress and displacement components in term/saan be expressed as
Uy = a@;;by (3.13a)
=T Gmly(Ex —2 ) [ ig:f + Goy (B, — v2,E,) %} (3.13b)

3 3

3 3

3 3

o v s P 2 g (8:13¢)

Another explicit expression of the general governing ddfeial equation for the case

of orthotropic materials is

0 (Qn  Qu Q)| 9% | Qy0%
L (C Q2 4+ & —0 3.14
Ot <Q66 QuQes  Qu ) 020y*  Qy; 9y! (344
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General unidirectional lamina can be replaced by the ca$g tber angle (with x-
axis) lamina or90° fiber angle (with x-axis) lamina shown in Fig._(R2.5). For trese of
0° fiber angle (with x-axis) laminal’,, £, andv,, can be replaced by, E; andvy, in
equation[(3.12) where they are used to denote the young'sim®éh fiber direction in the
perpendicular to fiber direction respectively or substigithe value ofQ’s (from equation
(2.34)) into equation (3.14) and puttidg= 0 the expression of the governing differential

equation for the case of orthotropic materials witHiber angle

9
E1G120—@f + Ey(Ey — 2v15G12) 557

oMY
0z20y?

o'

+ ExGra—— ot

(3.15)

Explicit expressions for the body parameters in terms offtimetion ) are obtained
from the general equatioris (3113) when the respective tiondiof orthotropic material are

substituted on them. Wheh= 0°, the conditions are,

0?1
Us = g (3.16a)
1 82 >y
E1G12 331P 83¢
Opzr = Dn |iE1 8x28y - V12E28—y3 (316C)
EFE Y Y
Oyy = 117n2 [(V12G12 - El)i@ﬁay - G”—ay?’} (3.16d)
E\G 03 0?
Ouy = — bnm [Ela f _ Vl?EQaTgby?} (3.16€)

where,D,, = vi9 By By + G1a( By — v, E»)

For the case d§0° fiber angle (with x-axis) laminay,, £, andv,, can be replaced by
E,, E; andwy; where they are used to denote the young’s modulus in fibectdirein the
perpendicular to fiber direction respectively or substiyithe value ofQ’s (from equation
(2.34)) into equation (3.14) and puttidg= 90 the expression of the governing differential

equation for the case of orthotropic materials vt fiber angle
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ot ot ot
o7 f + Ey(Ey — 2v15G19) ——— s E\Gia—— L4 (3.17)

ExGha dx20y? oyt

Similar way, Orthotropic material wittd = 90°) fiber angle with the x-axis, the explicit

expression of body parameters are

Uy = ;;gy (3.18a)
U, = —Din [E@% + G2 (BE1 — v}, E») g?ﬂ (3.18b)
o — El%fm {ai?apy o ng] (3.18¢)
Oyy = g; {E2(V12G12 )8832 — ElGlggi;é] (3.18d)
Oay = —El%f” {— ggf + 1 8‘9?2} (3.18e)

Where,Dn = vioE1 FEy + Glg(El — V%2E2)
FurtherG,, is replaced byG,, for both two cases to denote the shear modulus for

on-axis orientation.
Anisotropic Materials

The governing equation @hisotropic materiatan be written as

e aw

0x0y?

4 4 4
518¢+528¢ Al

030y a0y =0 (3:19)

‘l'ﬂs

+ B4

where
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= (1@ + auQy)

= (a1 (Qz + Qgg) + @2Q 16 + 204Qy6 + 5Qgg)

= (a1Qq6 + 2 (Qz + Qgg) + 3Q 16 + Qoy + 205Q 96 + 6 Q)
= (2Qqs + 3 (Qz + Qgg) + A5Qsy + 205 + Qyg)

= (

043@26 + 046@22)

The general expressions for the body parameters in terrhe @dimctiony of anisotropic

material
Y 0%y 0%
Uy = Oélw + Qo 8:58 + o3 a 3 (3208.)
y¢ W¢ Ww
1 _ — O = = ol o)
Ogz = o (1@ + O‘4Q16)$ + (1Q15 + 2@y + Qs + a5Q56)
83 - o _ _ 83 _
8x;§y + (@16 + @3Q1; + 5015 + %Qw)&xiawgﬂ + (O‘3Q16
0
+asQ12) w} (3-20c)
1 _ — O = = ol o)
Oyy = oh (1@ + O‘4Q26)$ + (a1Qq6 + 2@y + sQyy + 5Qg)
o ~ ~ - 5\ 0 ol
Wgy + (02Q96 + a3Qy5 + 509y + a6Q26)&T5§2 + (0‘36226
0
+a6Qa) w} (3.20d)
1 . . a3¢ o _ _ —
Oy = 37 [(01Q16 + 01Qes) 55 + (01Q6 + A2Q16 + Qg + A5Qg6)
& ~ ~ - = 0 ol
m + (2Qg + @3Q 15 + a5Qo5 + O‘GQ66)T522 + (O‘3Q66
0
) %} (3.20¢)

where
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Qi

= _PC.@H (Qu + Qip-5) (3.21a)
ay =1 (3.21b)
a5 — _Qg.%% (Gug + Ogects) (3.21¢)
o = o (@ + Trges) (3.21d)
20y + 220, + 550,
a5 = — <_ o pel ec 61) (3.21e)
<§—gQ16 + %Q% + Qp + Q66)
1 _ _
Qg = @ (Qﬁ() + Q26.045) (321f)
s _
PC = @_@12_@66 QC:2M—@12—@6G
Q@ 66
Q16-Qs6 |, ~ Q1-Qx | =
o + Qg Ou + Q16

The above governing equations and boundary conditionsrigedefor isotropic ma-
terials as well as single composite lamina. The general rgovg equations and boundary
conditions of the symmetric laminated composites has bisensked in sectidn 3.3. The de-
tails application of the potential functian of a composite material has been also discussed

in sectior 3.8.

It is interesting to note that all components of stress asgldcement have been ex-
pressed in terms of the displacement potential functign, y). Thus, this approach is
suitable for any boundary conditions wheatear they prieedrin terms of either stress or

displacement or any combination of them.
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3.3 Development of Governing Equation For General Sym-

metric Laminates

This section describes the development of the displacepwential formulation for the
solution of stress problems of laminated composite maseriehe formulation derived ear-
lier for the case of general anisotropic material [36] hasnbextended here for laminated
composites by incorporating necessary modifications. Fegomtion [(2.113), for general
anisotropic material in absence of body forces, the gougreguations of equilibrium for
the plane problems of elastic bodies of Hookean materialsgrms of stress components,

are as follows|[3]

004, 00y

e o =0 (3.22a)
0oy, 0oy B
o o 0 (3.22h)

for symmetric laminates subjected to in-plane loadingy,arie can neglect the effect

of curvature, i.e[x] = 0. Thus equation 2.41 can be reduced as

o

Exa ga:a:

— o
» &, (3.23)
gffy ggy

If curvature effect is not present, then variation of stiaiaqual to the variation of mid-
plane strain. The stress—strain relations fordjx@metric laminated composite materiate

expressed through the transformed material stiffnessxfedm equation 2.44a as follows

O A A Agg €z
1
0. = E A12 A22 A26 Ey (324)

vy

Ogy Aig Ags  Ass Exy
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Where
k=1
FE vio
Qu = 1 Q12 = SELAS s
1 — vyovy; 1 —vipv9
Es
Qa2 = 1= vitos Qos = G2
— V1221

0 is the fiber orientation of individual ply with respect to xisy, (hy — hx_1) is the
thickness of each ply; is the ply numbefk = 1,2, 3, ...... ,n), h is the total thickness of the
laminated panel F; and E; are the young's modulus in lateral and axial direction ofheac
ply, respectivelyy;, andwy; are the major and minor Poison’s ratio respectivély; is the

in-plane shear modulus.

For the Potential function formulation, the stresses ageired to be express in terms
of displacement components. Putting the strain values &quation[(2.14) the three stress-
displacement relations for the plane problems of anisatnoyaterials, obtained from equa-

tion (3.24) are as follows:

1. Ou, ou Oy, ou

Opyr = E AH O + Alﬁ e Y + A16 ay Alg 8yy_ (326&)
1 Ou, Ou,, Ou, ou

Oyy = % _Alg 8.7} Agﬁa— + AQG 8y AQQ ayy- (326b)
1], Ou, ou ou, ou

Opy = E _A16 oz + A66 O Y + A66 ay —|— A26 8yy (326C)

Combining equation (3.22) and_(3126) and equilibrium eiquist can be expressed in

terms of displacement components as follows
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0%y, 0*uy 0%, 0*uy J%uy,
An—— 922 + A5 922 +2A16a By + (A1 + Ago) 9xy A66W
0?u
Agg——2 = .
+Asgg ayz 0 (3 278.)
9%u, 0?uy, 0%u, 0*uy %,
Ase Op2 + Ass—— Dp2 + (A12 + Aeo) D20y 2A26a ay + Az 02
0*u,
+Ag =0 (3.27b)
0y?

In the present approach, the two-dimensional problem atielty is reduced to the de-
termination of a single function by introducing a schemeeofuction of unknowns. In order
to attain that, the displacement components are expresseths of a potential function

of space variables as follows:

o 0? 0
uz(x,y) = ala—f + a281’g} +az 3y f (3.28a)

_ 2¢ P 0%
uy<x7y) - 8 2 5ax8y _'_ 073 8y2

(3.28b)

where, «; are unknown material constants. Combining (B8.27), andBjj3.&e obtain the
equilibrium equations in terms of the functign which are

A

ox*

+ {201 A1 + g A1 + g (Ara + Ass) + a5 A}

(1 An + g Ase)
Y

0x30y

o'
+ {a1des + 200 A16 + azAin + auAos + a5 (A1a + Ags) + acAis} 575 020y
oy

0x0y?

=0 (3.293)

+ {apAgs + 203 A16 + 5 A + s (Ara + Ags) }

o'

-+ (OégAﬁﬁ —+ a6A26) a—y4
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84

(a1 A1 + agAig) 8—;‘6

oMY

+ {an (A2 + Aes) + azAis + 204 Az + s Ags } FIEEN
30y

oMY

+ {a1 A + ag (A12 + Ags) + s Aig + aAag + 2a5 Ao + s Ags } W

oMY

+ {ap Ao + a3 (A1a + Ags) + a5 Az + 206 + Aoe ) W

oMY
+ (a3 Agg + agAao) Ty =0

(3.29b)
Let us now choose in such a way that Eq[(3.2Bb) is automatically satisfied uatle
the circumstances. This will happen when coefficients ofredlderivatives present in Eq.

(3.294) are individually zero. That is, when

a1 A +asAis =0 (3.30a)
201 A1g + anAqr + ay (Arg + Ags) + asAis =0 (3.30b)
oy Ags + 202416 + azAny + agAas + a5 (A1 + Aes) + A =0 (3.30c)
anAgs + 2a3A16 + a5 Asg + g (Arn + Agg) = 0 (3.30d)
azAgs + agAh =0 (3.30e)

Thus, fory to be a solution of the stress problem, it has to satisfy [ E@B only. However,

the value ofa; must be known in advance. Here, there are five equations in(E80)
for obtaining six unknowrnx. One can thus assign an arbitrary value to one of these six
unknowns and solve for the remaining unknowns from Eq. {8).28et us assume, = 1

and, writing Eq. [(3.30) in matrix form, we get

| A 0 Asg 0 0 oy 0 \
Age  Ann Ao (A12 + Ags) Asg Qs —2A45
2416 0 (A2 + Ags) Asg 0 oy —An
0 24 0 Asg (A1 + Aeo) as —Ass
0 Age 0 0 Ao Qg 0
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After solving the matrix equation (3.B1),values are

A
Q] = _Zl le (An + Ags. 045) (332&)
ap =1 3.32b)
(
Ages
o3 = ~ 72 An, (Ag + Agg.r5) (3.32¢)
1
== (A1 + Agg.as) (3.32d)
2.A A A
as = — (2:A1s + 71 Au + 75 Ass) (3.32€)
( 3 A6 + Z2A26 + A12 + A66)
o = Z2 (Ag + Agg.crs) (3.32f)
where,
2
21:2%—/112—1466 Z2:2M—A12—A66
11 66
73— _ Ase-Ago 4 Ay g4 _ Ay Agg 4 A
An Age

It is noted that, any other values af could have been chosen leaving aside the ho-
mogeneous solutions. Different valuesof will make the coefficients of the unknowns
1 different. o, = 1 leads to most simplified differential equations and henceemeell-
conditioned algebraic equations.

The problem has now been reduced to the solution of a singletian v» from a single
equation Eq.[(3.29b) . Let the equation be written as

a4_¢ R R R a*y

50, Digator =0 (3.33)
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a1 A + agAsg)

ay (Ajg + Ags) + aaAis + 204 Ass + a5 Agg)

Dy = (
Dy = (
D3 = (a1 Ags + aa (A1 + Ags) + azAis + g Aoy + 25 Ao + s Age)
Dy = (agAzs + a3 (A1z + Aes) + a5 Azz + 206 + Asgg)

D5 = (

= (a3Ags + gAzn)

Now combining equation$ (3.26) arid (3.28), the expressdsfress components can

be expressed in terms ¢fas

1 93
Opq = % (OélAn + O(4A16)a—;§
Y
+(OK1A16 + 0521411 + O{4A12 + O‘5A16>878y
9%
+(aaAis + azAi + as A + aﬁAlﬁ)W
03
+(043A16 —+ 046A12)a—;§ (334&)
1 93
Tyy = 7, (1A + 044A26)a—;§
Bt
+(0n Aog + asArs + s Aoy + QSA%)M
Y
+(OK2A26 + 0531412 + O{5A22 + aﬁA?G)W
83
+(az3 Az + a6A22)8—;§ (3.34b)
1 93
Ogy = % (O{lAlG + a4A66)a—;§
Y
+(OK1A66 + OCQA16 + O{4A26 + O‘5A66>878y
Y

+(pAgs + az A + a5 Agg + OéﬁAe‘ﬁ)W
Y

s (3.34c)

+(a3A66 —+ a6A26)



CHAPTER 3. DISPLACEMENT POTENTIAL FORMULATION 63

3.4 Boundary Conditions

When a body, under external loads, is in equilibrium, it is\Wn that the stress components
must satisfy the differential equations of equilibrium kpaints throughout the body. These
stress component vary over the volume of the body and at ttee surface, or the boundary
of the body, they must be in equilibrium with the given extdriorces there. The external

forces may therefore be considered as a continuation ohteeial stress distribution.

3.4.1 General Consideration of the Boundary Conditions

The practical situations which may exist along the edge andary of a laminated compos-

ite body are visualized in two different ways, namely,

« displacement or strain

* loading, that is, stresses

Both the displacements/strain and stresses are definecinydbpective components.

These components are

1. normal displacement/ normal strain
2. tangential displacement / tangential strain
3. normal stress

4. tangential stress
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3.4.2 Displacement, Stress and Strain Components in Termg the Po-

tential Function, ¢

In order to solve the problem by solving the functigrof the governing equation (3.27),

defined by the relations (3.28). The boundary parameterspladtement components are

821/) 821/) %Y
8% 8% 8%
uy(,y) = augg + as oy o (3.35h)

So, boundary parameters of stress components should kesegrgrin terms af. These

conditions are given by
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1 o?
Ou(T,y) = A (A + 0441416)8—;5
Y
+(041A16 + OéQAH + Oé4A12 + Oéy‘lw)m
PP
+(agAis + azAn + asAin + a6A16)8 BIE
9
—I—(Oé3A16 —|— a6A12)a—;§ (3363.)
1 03
oyy(z,y) = 7 (a1Aip + Q4A26)a—;§
PP
+(a1Ags + agAia + auAag + a5 Ass) 55 0220y
Y
+(OégA26 + 043A12 + 0451422 + a6A26>W
9
+(a3Ags + s Az) o7 f (3.36b)
1 9?
Ouy(x,y) = A (0q A1 + 0441466)8—;5
0
+(a1A66 + 042A16 + 0441426 + OK5A66)878y
Y
+(gAgs + azAig + a5 Agg + OéﬁA66)8Tay2
9
—I—(OégAGG —|— a6A26)—¢ (336C)

ox3

The corresponding expressions for the components of dtvafBymmetric Laminates

are

~ Ouy 0% 831/) PP

€aa(2,y) = 5= = 15 + da 20y T “3 010, (3.37a)
_Ouy, P P Y

ey, y) = oy~ M0y T om0y T %o (3.37b)
_ Ouy 8uy B 03¢ Y Y Y

Exy(T,y) = Jy tog, Ty T (a1 + aS)@ 50, + (ag + aﬁ)axay2 + a3 o7

(3.37¢)
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Where, the values af has shown in equatioh (3.132)

From these expression it is found that, as far as the bourdagitions are concerned,
there is no technical difficulty in this approach. No knowgedf the displacement, strain
and stress components away from the boundary is neededlt@&v¢he function) at the
boundary. Moreover, this approach has the additional adgarover the method of solving
the problem in terms of displacement components, that thkiaiion of a single function at

atime is performed.

3.5 Special Cases of the General Governing Equations and
Boundary Conditions

3.5.1 Symmetric Cross-ply Laminates

3.5.1.1 Governing Equation

In this section, the differential equation governing thégpdial functiony is deduced for the
symmetric cross-ply laminates, where the fiber axes of tieeradte plies aré’ and90° with
respect tar—axis. i.e., the value of of plies is0° or 90° in figure[2.5. All the relations are
obtained here as a special case of the general formulatieghda@ase of symmetric laminate
by substituting the value af = 0° and90°. From the definition of the cross—ply laminate,
A = Asg = 0. From the equation (3.24) the stress-strain relationsyormetric cross-ply

laminatesare expressed through the stiffness matrix as follows:

Oz Ay A 0 Ex

1
O (=7 | Az An 0 &y (3.38)
Ozy 0 0 A66 Exy

The two equilibrium equations, for the problems of symneetrioss-ply laminates in

terms of the displacement componentsandu,, obtained from equatio (3.27), are
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9%u, 0%u 9%,

A 92 + (Ai2 + Ass) 8x8§/ + Ass 3y =0 (3.393)
0*u, u, 52

Ao + (A1 + Aso) ng + Ay a;;/ —0 (3.39b)

The corresponding two equilibrium equations in terms offtirection ), as obtained

directly from equation(3.29), are

4 4
alAll% + (a2 A1y + oy (Arg + Ass)) aiTgy
oM
0x20y?
oMY
oy

-+ (a1A66 + agAi + as (A12 + A66))

o'

0z0y + azAes

+ (pAss + a6 (A1 + Ass)) 75— =0 (3.40a)

84 4
OllAlla—qf + (a1 (A2 + Aes) + s Aes) o7 ;é
+ (a2 (Arz + Agg) + asApagA )ﬂ

Q2 (412 66 44122064166 9120y?

+ (a3 (A12 + Age) + Q5A22) + %AzzT =0 (3.40b)

Likewise the case of general symmetric laminates, assuming 1, the solutions for
the remaininga’s are obtained from equatioh (3132) by interesting respectonditions.

The values ofy's thus obtained, are as follows:

ap=a3=a5=0 (3418.)

ay =1 (3.41b)
Aqy

oy = ———— 3.41c

! (A12 + Asg) ( )

ag = — Ass (3.41d)

(A2 + Ags)
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Knowing the values of’s for the cross-ply laminated composites, the coefficieits

different derivatives of equatioh (3.40b), i.&;s (used in equatior (3.33)) are obtained as

follows:
Aq1Ags
Dy — —
! Aqg + Ags
D2 - D4 - O
A1 Asy A,
Dys=A A —
° 127 Ass A+ Ags Ao + Ags
AgoAgs
Ds — —
° Ao + Ags

Substituting the value aP’s in equation((3.33) the explicit expression of the govegni

differential equation for the case of symmetric cross-plyinate becomes

v <A22 4% _2A12) oM And'

907 T\ Ay " Ande  An ) 570 T A Oy (3.42)

3.5.1.2 Boundary Conditions for Symmetric Cross-Ply Lamimates

The general expressions for the body parameters in terntediihctiony after substitut-

ing the respective conditions of the symmetric cross-piyifates into equation (3.85) and

(3.36), are given by

Displacement components

02
Uy (z,y) = ag:gy (3.43a)
1 0?1 0?1
uy(z,y) = — 1ot A Ang 3 +/1668—y2 (3.43b)

Stress components
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Agé i Y 03P
Oz (2, Y) P+ Aw) | Angag, ~Aegs (3.44a)
1 0 03P
Uyy(x y) = m (Alz + A1p A1 — 14111422)a 20y A22A66a—y3
(3.44b)
_ Ago [ Y P
Oay(,y) = h(Ars + Agg) _—An 923 + A128T8y2 (3.44c)

The corresponding expressions for the components of diwaisymmetric cross-ply

Laminates are obtained from (3137), which are

83
Ere(T,y) = 8x;§y (3.45a)
1 DY 03P
eyy(T,y) = — Ay + Ao [A118x28 A668—y3} (3.45b)
1 D3 93P
Ery(T,y) = — Aps + Ace {All 73 —AHW} (3.45¢)

3.5.1.3 Applicability of Formulation

The above governing equation and boundary conditions afithrenetric cross-ply laminates

can readily be applied to the following cases of laminatedpaosites:

Cross-ply laminates

The above governing equatidn (3.42) and boundary congif@43), [(3.44) and (3.45)

are derived for the case of symmetric cross-ply laminatéss applicable for symmetric

cross-ply laminates with any even or odd number of piles.
Angle ply laminates

If a laminate has an even number of plies, then the elementseo$tiffness matrix

A = Agg = 0 Again, when the laminate is symmetric, it is know that giy8h = 0. This
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behavior is similar to the symmetric cross-ply laminates, tGe above governing equation
(3.42) and boundary conditioris (3143), (3.44) dnd (3.48)ads0 applicable for symmetric
angle ply laminates with even number of piles. Further, wtennumber of plies is odd
and the laminate consists of alternating and —6 plies, then it is symmetric, for which
[B] = 0. In addition, elementsl;s and Ay are also become very small as the number
of layers increases for the same laminate thickness. Thiaviber is very similar to the
symmetric cross-ply laminates. So, the governing equd8cf2) and boundary conditions
B.43), [3.44) and (3.45) are also applicable for symmetrigle ply laminates when the
number of plies are odd. If the laminate consists of a few remab piles, which is also
odd, the governing equation and boundary conditions derigethe symmetric cross-ply
laminates will not be applicable for that particular typeaafjle ply laminates. For this case,

the equations derived for general symmetric laminatesheikuitable.
Balanced ply laminates

A laminate is balanced if layers at angles other thaand90° occur only as plus and
minus pairs of+6 and —6. The plus and minus pairs do not need to be adjacent to each
other, but the thickness and material of the plus and minirs paed to be the same. Here,
the termsA;s = A = 0 and if it is symmetric, givenB] = 0. The governing equation
(3.42), boundary conditions (343), (3144) ahd (8.45) amiaable for symmetric Balanced

ply laminates

3.5.2 Evaluation of Stress Components for Individual Lamira

In previous section, stress components have been evalizatederall laminate by solving
stiffness matrix. Stress and displacement for lamina ofcthraposite has been solved by
the help of strain distribution. Strain distributions farepall laminate or global strain dis-
tribution has evaluated from the values of the mesh point by using equation in tabulated

form.
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Since the laminated panel are symmetric, the distributadnstrain components are
similar for all plies of the laminated panel. Similarly, tegpressions for the components of

stresses for points of the each entire plies are

Oxx . @11 @12 @16 Exx
Oyy 1 Q1 Qg Qug Eyy (3.46)
Oy " Qs Qs Qe Eay

where,k; represents the number of ply of the laminate.
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Numerical Solution

4.1 Introduction

The method of finite difference is approximate numerical techniquehich yields a sim-
plified solution form in which the differential equations efuilibrium and the boundary
conditions are replaced by a set of algebraic equations.géheral approach of finite dif-
ference solution assumes that the function can be repezsémta prescribed range with
a sufficient degree of accuracy either by Taylor's series wiigin at the successive piv-
otal points of the range or the polynomial which passes tinaicertain number of pivotal
points. The values of functions at the nodal points are redquo satisfy difference equations
obtained by replacing the partial derivatives by theiratiéince formulae. All finite differ-
ence formulae are approximations to infinite series of thffiees. Therefore, it is necessary
that the series should coverage, or that error should cduyseedncation after a certain no. of
terms should be sufficiently small. In this problem the p@ioints are taken as the regular
net points of the domains of dependence of the functionsradeby dividing the domain

by lines parallel to the co-ordinate axes.

In finite difference method, the region occupied by strustumder consideration is di-

vided into meshes to give nodal points as shown in figure €).1The solid line represents

72
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the physical boundary of the cantilever. The discretizethfof governing differential equa-
tion is applied at each of the nodal poiriisj) inside the physical boundary. This gives a
set of algebraic equations for the determination of nodkehowns. However, the number of
unknowns is greater than the number of equation, which nfakeroblem intractable. This
is because the application of the governing equation tortteior points also involves the
points on and outside the boundary. The line formed by camethe nodal points outside
the physical boundary is called imaginary boundary, as shovigure [4.1(d)). The number
of unknowns is equal to the number of nodal points includiogrzlary and exterior points.
To make the problem tractable, it is necessary to generate eguations. The requirement
is met up by applying the descretized boundary conditiotiseahodal points on the bound-
ary and this gives the complete set of simultaneous algebrpiations which is solved by a

suitable numerical technique.

4.2 Solution Procedure

4.2.1 Finite Difference Discretization of the Governing Egation of Sym-
metric Cross-ply Laminate

The governing differential equation_(3142) for the crogsipminates used to evaluate the

function at the interior mesh points, can be expressed in its cornespg difference form

when all the derivatives are replaced by corresponding&kedifference expressions. The

central difference expressions of the individual fourttesrderivatives of) are as follows:

Ot

(6‘4¢) - %{W +2,5) — (i + 1,5) + 63, §) — 4p(i — 1,)}

+ (i —2,5)  +O(Rh?) (4.1)
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(a) Stencil for symmetric cross ply (b) Stencil for general symmetric lam-
laminates. inates.

- ) Physical boundary Imaginary boundary

A A

Vi
/
I
/
/
/
Cif / D
/. o e /
Stencil for general k Stencil f .
symmetric laminate tencil for symmetrlc
cross-ply laminate

(c) Application of governing equation stencils.

Figure 4.1: Governing equation stencils for (a) symmetric cross plyitetes (b) general

symmetric laminates and their application.
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4
(5‘ w) _ %{W,j +2) = (i, j + 1) + 601, ) — 4(i, j — 1)
@] Yy

e
+49(i,5—2)}  +O(h3) (4.2)
oM 1 . 4 . 4 . .
(W)M:%[¢(2+1,]+1)+¢(2+1,]—1)+1/)(l—1,]+1)
+ (i — 1,5 = 1)+ 4, j) — 2{¢(i + 1,7) + (i, 5 + 1)
+ (i, — 1)+ (i —1,5)}  +O(h2) (4.3)

at a general mesh poirit, j) can be obtained by replacing the derivatives with their
difference formulae as given by equation (4.1),1(4.2) and)(4Assumingy) to be the con-

tinuous function at different mesh points, the equatiorngrinite difference form becomes

PRI+ 2,5) + (i — 2, )] — (4pk1 + 2pk2){ (i + 1, )
+ (i —1,7)} — (2pk2 + 4pk3)[¢(i,j + 1) + (i, j — 1)] + (6pkl

+ 4pk2 + 6pk3) (i, j) + pk2[(i+ 1, + 1) +¢¥(i+ 1,5 — 1)

where
1
Ago Agy? 2412 1
PR2 = { = — - 272
Ags A1 Aes Ay hmky
N A22 1

where, h,, k, is the nodal distance between two nodal points iandy direction re-

spectively as shown in Figure 4.1. Therefore equatfion (4.4)e difference approximation
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to the governing equation (342) of the symmetric crosdaptyinates and valid for all inter-
nal mesh points except for that on boundaries. Figure ().1i@strates the corresponding
FD stencil of equation[(414) for an arbitrary interior nogwlint (i, j) on the body. The

FD stencil of the governing differential equatidn (3.33) éogeneral symmetric laminated

composite is illustrated in Figufe 4.1{b).

4.2.2 Finite Difference Expressions for Boundary Conditios

The boundary conditions are given by equatidns (3.43) lad#}3n chaptef 3. When the
boundary conditions are given either in terms of displacgfretrain or stress components
expressed as a function of independent variables on thedaoyrthe values of these com-
ponents at any point on the boundary can be determined asemsmbith this assumption

the four possible conditions at any point on the boundaréealjel toy—axis become

1. ()
0%
Uy (,y) = 020y
or
Y
Em(% y) = 8783/
(b)

B 1 0% 0%
uy(z,y) = T A+ Ao [An o2 +A66a—y2:|
or

1 Y D3P
eyy(T,y) = —A12 T Ag {All 0220y + A668—y3}
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2. (a)
01
or
D31
€2a(T,Y) = 8783/
(b)
- Ass PP O
Oy, y) = (A1 + Agg) [ Allﬁ +A12W
3. (a)
1 0% 0%
uy(z,y) T AL+ Ag |:A11 92 +A66a—y2]
or
1 Py D3P
Eyy(T,Y) Ay + Age [Allang +A668—y3}
(b)
Ass 0y Y
— A ALY
%a(Y) = 5 + 7gg) [ "or2ay T oye
4. (a)
R Fo
zx\ L, Y) = h(A12+A66) 118x28y 12 8y3
(b)

B Age PP 1)
Oy, ) = m [ All% + A12W

The two displacement, two strain and the three stress coempehave to be expressed

in finite difference form. Out of these four conditions ones lha be satisfied by a single
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boundary mesh point at a time and thus two difference equatall be written for a single
point on the boundary.

From the equation$ (3.43) arid (3.44), the finite differeng@essions for the displace-
ment and stress components at any point closer to A (inajuéjrcan be obtained by substi-
tuting the appropriate difference formulae of the derxedipresent in the differential equa-
tions. Therefore the general difference expressions #dibplacement, strain and stress

components at points on boundaries AB, closer to point Al{egiple at AE region), are

given by
_
e = 0x0y
=C19(1,7) = 12{Y(i,j+ 1) + i+ 1,5)} + 16¢(i + 1,7 + 1)
+3{0(, i +2)+v(i+2,5) -+ 1,7 +2) + (i +2,5+ 1)}
+ (i 42,5+ 2)] (4.5)
B 1 0% 0%
=T Aqg + Ags Au Ox? +A66a—yz
=Co{v(i+1,)) + (i = 1,7)} + Ca{v(i, i + 1) + ¢(2, 5 — 1)}
—2(Cy + C3)¥(i, 7) (4.6)
_ 0%
For = 0x20y

= Li[=3{(i = L) + i+ 1) + Ho(i - 1,5 +1)
F i+ 1,5+ 1)} +60(i, 5) — 83,5+ 1) + 241, 5 + 2)

—{Y@iE—-1,j+2)+¢v(i+1,5+2)} (4.7)
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Eyy = — ! A by + 83_1D
W Aqo + Ags Haxzay % 8y3

= (6L + 10L3)h(, §) — (8Ly + 12L3) + (4, j + 1) + (2Ly + 6L3)

(i, J+2) = Lsp(1, 5 +3) = 3Lst0(i, 5 — 1) + La[=30(i — 1, )

=3+ 1,7)+4v(i—1,j+ 1) +49(i+ 1,5+ 1)

B Ags 1) P
758 = B Az + Agg) A118m28y B A128—y3
= (6Cs + 10C5)1(i, j) — (8Cs + 12C5)¢ (i, 5 + 1) + (2C4 + 6C5)
Y(i,j +2) — Csip(i, j + 3) — 3Cs1h(i, j — 1) + Cy[=3¢(i — 1, 5)
=3+ 1L, )+ 4G -1+ 1) +40(+1,7+1) — (i — 1,
Jj+2)—vi+1,j+2)] (4.9)
B Ags 1) I’
T = h(A12 + A66) A Oxdy? B All%

= (6C5 + 10Cy)1 (i, j) — (8Cs + 12Cy)ab(i + 1, §) + (2Cs + 6Cy)
V(i +2,7)+ Ce[—30(i,j — 1) = 3¢(i,5 + 1) +4(i+ 1,5 — 1)
+4p(i+1,54+1) =i +2,7—1) =@ +2,5+1)]

— Co[3¢(i = 1,7) + ¢(i + 3, 7)) (4.10)

Corresponding stencils of above equatidns|(4.5) to {4.48)een shown in Figures 4.2
{4.8. The above difference equations have been obtaineddptiag:-forward, j-forward
central-difference schemes for individual derivativegtod functions. In order to apply

the above boundary conditions for points closer to B on tineesboundary AB , it requires
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separate versions of difference equations for most of thdiions. The difference equations

on AB closer to B (including point B, applicable at region Big given by

Uy = C1[=90(i, j) +12{0(i,j — 1) +¢(i + 1, j)} — 16¢(i + 1,

+(E+2,7—-1)}—v(E+2,j—2)] (4.11)

—2(Cy + C3)3(4, 5) (4.12)

oo = L1[3{ep(i = 1,5) + ¥(i+ Lj)} =Ko = 1,7 = 1) +¥(i + 1,
J=}+6¢0,5) + 80,5 —1) = 2¢(6,5 —2) = {¢(i — 1,5 — 2)

+ i+ 1,7 —2)} (4.13)

€yy = — (6La + 10L3)20(4,7) + (8Ly 4+ 12L3)9 (i, j — 1) — (2L + 6Ls)
(i, J —2) + Lap(i, j — 3) + 3L3(i, j + 1) + La[39(i — 1, 4)
+30(i+1,5)—4p(i—1,7—1) —4(i+1,5— 1)

+ o —1,7-2)+¢(i+1,j—2)] (4.14)

Ope = — (6C4 4+ 10C5)1 (i, 7) + (8Cy + 12C5 ) (3,57 — 1) — (2C4 + 6C5)
(i, j —2) + Csp(i, j — 3) + 3Cs(i, j + 1) + Cu[3¢(i — 1, )
P3G+ 1,5) — (i —1,5—1) — (i + 1,5 — 1) + (i — 1

J—2)—(i+1,5—-2)] (4.15)
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Ozy = (6Cs + 10Cy) (7, j) — (8Cs + 12Cq)¢(i + 1, 7) + (2Cs + 6Cy)
+4(i+1,54+1) —(i+2,j—1) - +2,j+1)]

— Co39(i = 1,j) + ¢(i + 3, /)] (4.16)

Corresponding stencils of above equatidns (4.11) to [4hB8) been shown in Fig-
ures[4.2[-4.8. The above difference equations have beemebthy adopting-forward,
j-backward-difference schemes for individual derivatiwéthe functiom). The discretiza-
tion scheme for shear stress,, of equation[(4.10) closer to A and equati¢n (4.16) closer
to B are exactly same as shown in Figlrel 4.8. Similar diszagtin of shear stress has
been used for both corner points A and B, and It is applicabhEB region. because it is

symmetric with respect to— direction.

If it is assumed that the plate is divided into m number of nyeghts in the x-direction
and n number of mesh points in the y-direction, then the imdgi the mesh points on the
edge AB and CD will be as shown in figure 4.1(c). With this indexand preceding as
before, the difference equations of the on CD closer to Ayding point C, applicable at

region CF), are given by

Uy = C1[=90(4, j) + 12{sp(i,j + 1) + ¥(i — 1,j)} — 16¢(i — 1,

+(i—2,54+1) — (i — 2,5 + 2)] (4.17)

uy =Co{Y(i+1,7) + ¥ —1,5)} + C3{(i,j + 1) + (i, j — 1)}
—2(Ca + C3)¥(i, ) (4.18)
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€ao = La[=3{(i = L)) + (i + L)} + Ho(i — 1,5+ 1) + (i + 1,

+Y(i+1,7+2)}] (4.19)

eyy = (6La + 10L3)0(i, j) — (8La + 12L3)p(i, j + 1) + (2La + 6L3)
(i, j +2) = Lso(i, j + 3) = 3Lgtp(i,j — 1) + Lo[=3¢(i — 1, )
—3Y(i+ 1) +4v(i — 1,5+ 1) +4p(i+ 1,5 + 1)

—Yi—1,74+2)—¢@+1,7+2) (4.20)

Oz = (60, + 10C5)¥ (i, 7) — (8Cy + 12C5)v (i, 7 + 1) + (2C4 + 6C5)
Y(i,j +2) — Csp(i, j + 3) — 3Cs1(i, j — 1) + Cy[=3(i — 1, 5)
=3+ 1,7) +40i—1,j+ 1) +40(i+ 1,5+ 1) — (i — 1,

Jj+2)—yi+1,j+2)] (4.21)

Opy = — (6C5 4+ 10Cy)1(i, j) + (8Cs + 12Cq)1p(i — 1, j) — (2Cs + 6Cy)
+ Co[3v(i +1,7) + (i — 3, )] (4.22)
Corresponding stencils of above equatidns (4.17]) to (4a8)been shown in Figures

4.2 {4.8. The above difference equations have been obtaynedioptingi-backward, ;-

forward-difference schemes for individual derivativesto# functiony). Another version of
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descritization of equations (3143) and (3.44) on the boon@®, closer to point D (including

point D, applicable at region DF), can be written as

Uy = Ch[90 (i, j) = 12{e(2,j — 1) + (i = 1,7)} + 169(i — 1,
+(E—2,7— 1} +¢@—2,7—2)] (4.23)

—2(Cy + C3)3(4, 5) (4.24)

oo = Li[3{e(i = 1,5) + ¥(i+ Lj)} =Ko = 1,7 = 1) +¥(i + 1,
J=}+600,5) + 80,5 —1) = 2¢(6,5 —2) = {¢(i - 1,5 — 2)

+ i+ 1,7 —2)} (4.25)

€yy = — (6La + 10L3)20(4,7) + (8L + 12L3)9 (i, j — 1) — (2L + 6Ls)
(i, —2) + Lap(i, j — 3) + 3L3(i, j + 1) + La[39(i — 1, 4)
+30(i+1,5)—4p(i—1,7—1) —4y(i+1,5— 1)

+Y(i—1,j—-2)+ Y +1,5—2)] (4.26)

Ope = — (6C4 4+ 10C5)1 (i, 7) + (8Cy + 12C5) (i, 5 — 1) — (2C4 + 6C5)
(i, j —2) + Csp(i, j — 3) + 305 (i, j + 1) + Cu[3¢(i — 1, )
+3(i+1,5) —4p(i— 1,7 —1) —4p(i+ 1,5 — 1)

+YiE—1,7—-2)—v(i+1,j —2)] (4.27)
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Opy = — (6Cs + 10Co)0 (i, 7) + (8Cs 4+ 12C5)1p(i — 1, 7) — (2Cs + 6C%)
—Api— 1,7+ 1)+ —2,5+1) + (i — 2,5 —1)]

Corresponding stencils of above equatidns (4.23)) to (42a8)been shown in Figures
4.2 14.8. The above difference equations have been obtéinedioptingi-backward, ;-
backward central-difference schemes for individual deies of the function).The dis-
cretization scheme for shear stress, of equation[(4.21) closer to C and equatibn (#.27)
closer to D are exactly same as shown in Figuré 4.8. Simikarefization of shear stress

has been used for both corner points C and D and applicabl&h r€gion, because it is

symmetric with respect to— direction.



(a) Closer to point A.

(c) Closer to point C.

y Physical boundary
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h

(b) Closer to point B.

(d) Closer to point D.

= Stencil for u,
A B
E
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'a - .
| ; sy el
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i
c v T D

Imaginary boundary

(e) Application ofu,, stencils on the boundaries.

Figure 4.2: Different stencils for, at (a) top left (b) top right (c) bottom left and (d) bottom

right corner and (e) their application on the boundaries.
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l
(a) Stencils ofu, on the entire

boundaries.

» V  Physical boundary Stencil for u,
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i
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(b) Application ofu, stencils on the boundaries.

Figure 4.3: Displacementu,) stencils and its application on the boundaries.
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7 Y
I hx I hx
i I
(a) Closer to point A and C. (b) Closer to point B and D.
= )} Physical boundary Stencil for &,
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Imaginary boundary

(c) Application of normal component of strair,, stencils on the boundaries.

Figure 4.4: Different stencils for,, at (a) top left and bottom left corner (b) top right and

bottom right corner and (c) their application on the bouretar
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J J
h‘c I h" I
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(a) Closer to point A and C. (b) Closer to point B and D.
= ) Physical boundary Stencil for &,
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Imaginary boundary

(c) Application of normal component of straity,, stencils on the boundaries.

Figure 4.5: Different stencils for,, at (a) top left and bottom left corner (b) top right and

bottom right corner and (c) their application on the bouredar
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(a) Closer to point Aand C. (b) Closer to point B and D.
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Imaginary boundary

(c) Application of normal component of stress,. stencils on the boundaries.

Figure 4.6: Different stencils fowr,, at (a) top left and bottom left corner (b) top right and

bottom right corner and (e) their application on the bouresar
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(a) Closer to point A and C. (b) Closer to point B and D.
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Imaginary boundary

(c) Application of normal component of stress,, stencils on the boundaries.

Figure 4.7: Different stencils fow,,, at (a) top left and bottom left corner (b) top right and

bottom right corner and (e) their application on the bouresar
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(a) Closer to point A (b) Closer to point C
and B. and D.

= )V Physical boundary Stencil for oy,
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Imaginary boundary

(c) Application of tangential component of stressg, stencils on boundaries.

Figure 4.8: Different stencils fow,, at (a) top left and top right corner (b) bottom left and

bottom right corner and (e) their application on the bouresar
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Considering the edges AC and BD on the boundaries parallgttxis, the boundary

conditions at any point on these edges are given in the forampbne of the following four

groups:
1. ()
0%
or
Y
E22(T,y) = 9220y
(b)

1 0% 0%
uy(7,y) Ay + Ao |:A11 02 +A66a—y2:|
or

1 Y Y
Eyy(T,Y) Ay + Age {Allang +A668—y3}

2. (a)
0%
or
Y
Eaa(T,Y) = 8783/
(b)

1

) P — 7Y ik
Uyy x?g - h(A12+A66)

(A%Z + A1p A — Alﬁbﬁm — A22A668—y3
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3. (a)
1 0% 0%
uy(z,y) = T A + Agg |:A11 02 +A66a—y2:|
or
1 Y D3P
eyy(T,y) = T A+ Ag {A“a:ﬁ&y + A668—y3:|
(b)
Ouy(T )——A66 —A 83_1D+A 783%
W\t Y) = h(A12 + Aﬁﬁ) " 81’3 12 8.7583;2
4. (a)
1 D3P 93
oyy(T,y) = m [(Afz + A1 A1 — AHA%)@?@?J - A22A668—y3
(b)
_ Age Y Y
o) = T Sy |G e

For the case of these boundary conditions, it may be assuméethese quantities are
given in numerical figures. Preceding as before and follgwive same arguments as for the
edge AB, the difference expressions for the stress andatispient components on AC as

shown Figures 4]12- 4.8, at points closer to A and applicatiegaon AG, are given by

uy = C1[9(i,5) — 12{0(i, j + 1) + (i + 1,7) } + 16¢(i + 1,
g+ +3{w(i, 7 +2)+v(+2,5) —4{L(i+ 1,7+ 2)

+(E+2,7+ D)} +v(E+2,5+2)] (4.29)

—2(Ca + C3)¥(i, 5) (4.30)
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+(i+ 1,7+ 1)}+60(i,5) — 8D(i, 5+ 1) + 2(4,j + 2)

—{v(-1,7+2)+¢(+1,j+2)}] (4.31)

eyy = (6Ly + 10Ls)(i, j) — (8La + 12L3) + (i, j + 1) + (2La + 6L3)
(i, j +2) = Lsp(i, j + 3) = 3Lgtp(i,j — 1) + Lo[=3¢(i — 1, )
=3¢+ 1,) +4v(i — 1,5+ 1) + (i + 1,5 + 1)

—Y(i—1,74+2)—¢@+1,7+2) (4.32)

VY(i,j +2) — Crab(i, j + 3) — 3C7(i, j — 1) + Ce[=3¢(i — 1, 5)
=3P+ 1,7)+4v(i—1,j+ 1) +4¢9(i+ 1,5+ 1)

—Y(i—1,74+2) =Y+ 1,5+ 2)] (4.33)

Oay = (6Cs + 10Co)1(i, j) — (8Cs + 12Co)y(i + 1, 5) + (2Cs + 6Cy)
(i +2,7) + Cs[=30(1, 5 = 1) =3¢, 5 + 1) +4p(i + 1,5 — 1)
F AP+ 1,5+ 1) — (i +2,5 — 1) —¢(i + 2,5 + 1)]

— Co39(i = 1,j) + ¢(i + 3, /)] (4.34)

The above difference equatioris (4.29) o (4.34), have bé¢aireed by adopting-
forward, j-forward central-difference schemes for individual datives of the function).

In order to apply the above boundary conditions for pointset to B (including B) on the
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same boundary AC (see figutes|4.21}4.8), it requires sepagetions of difference equations
for most of the conditions. Similarly the correspondingtérdifference expressions for the

points on AC, closer to C and applicable at region CG, can littenras

wy = Ch =903, §) + 12{0b(i, j + 1) + (i — 1, )} — 160 — 1,

+Y(i—2,7+1)} —¢(i—2,j+2)] (4.35)

—2(Cy + C3)3(4, 5) (4.36)

oo = L[=3{0(i = 1)) + (i + 1))} + Ho(i = Lj+1) + (i + 1,
JH+D}+60(0,) = 80,5 + 1) + 206, 5 +2) = {(i = 1,7 + 2)

+Y(i+1,7+2)}] (4.37)

gy = (6Ly + 10L3)1 (4, j) — (8La + 12L3)9 (4,5 + 1) + (2L2 + 6L3)
V(i,J +2) — Lap(i, j +3) — 3L3(i, j — 1) + Lo[—3¢(i — 1, 7)
=3+ 1,7) +4v(i—1,j+ 1) +49(i+ 1,5+ 1)

—Y(i—1,74+2) =@ +1,7+2) (4.38)
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Vi, +2) = Crp(i, j +3) = 3C7(i, 5 — 1) + Ce[=39 (1 — 1, )
=3P+ 1,7)+4v(i—1,j+ 1) +49(i+ 1,5+ 1)

—Y(i—1,74+2) =Y+ 1,5+ 2)] (4.39)

Opy = — (6Cs + 10Co)0 (i, 7) + (8Cs 4+ 12C5)1p(i — 1, 7) — (2Cs + 6C%)
(i —2,7) + Cs[3¢(i, 5 — 1)3¢(i, 5 + 1) —4p(i — 1,5 — 1)
— -1+ 1)+9@—2,7+1)+¢@i—2,j—1)]

+ Co[3v(i+1,j) + (i — 3, )] (4.40)

The above difference equatioris (4.35) [fo (4#.40), have bétaireed by adopting-
backward,;j-forward difference schemes for individual derivativestod functiony. The
discretization scheme for normal stresg, of equation[(4.33) closer to A and (4139) closer
to C are exactly same as shown in Figure 4.7. Similar disa#tne ., ¢, ando,, has been
used for both corner points A and C and applicable at AGC regd@cause it is symmetric

with respect tgy — direction.

Ifitis assumed that the plate is divided into m number of nysihts in ther—direction
and n number of mesh points in the-direction, then the indexing in the mesh points on the
edge AC and BD will be as shown in figure 4.1(c). With this indexand preceding as
before, the difference equations on BD closer to B (inclgdioint B, applicable at BH

region), are given by

Uy = C1[=90(i, j) +12{0(i,j — 1) + ¢(i + 1,j)} — 16¢(i + 1,

+(E+2,7—-1)}—v(E+2,5—2)] (4.41)
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= 2(Cy+ C3)v(i, 4) (4.42)

€or = La[3{p(i = 1,5) + (i + L)} =M - 1,7 = 1) + 9 + 1,
J=}+600,5) + 80,5 —1) = 2¢(6,5 —2) = {¢(i - 1,5 — 2)

+Y(i+1,5—2)}] (4.43)

(i, j = 2) + Lap(i, j — 3) + 3Lstp(i, j + 1) + L2 [39(i — 1, )
+30(i+1,5) =i —1,5—1)—4p(i+1,57—1)

+Y(i—1,j—-2)+ Y@ +1,5—2)] (4.44)

oyy = — (6Cy +10C5)¢(i, j) + (8Cy + 12C5)1p(i, j — 1) — (2C4 + 6C5)
Vi, j—2) + Cstp(i, j — 3) +3Cstp(i,j + 1) + Cu[3v(i — 1, 7)
+3(i+1,5) —Ap(i— 1,5 — 1) —dp(i+ 1,5 — 1)

+Y(i—1,7—-2)—¢(@i+1,j —2) (4.45)

Ozy = (6Cs + 10Cy) (7, j) — (8Cs + 12Cq)¢(i + 1, 7) + (2Cs + 6Cy)
V(i +2,7) + Cs[=3(i, 5 — 1) = 3(i, 5+ 1) + 4(i + 1,5 — 1)
+4p(i+1,54+1) —(i+2,j—1) =i +2,j+1)]

— Co39(i = 1,j) + ¢(i + 3, /)] (4.46)
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The above difference equatioris (4.41) [fo (4#.46), have bétared by adopting-
forward, j-backward difference schemes for individual derivativeshe function:). The
another version of descritization of equations (B.43) &4d4) on the boundary BD, closer
to point D (including point D, applicable at region DH), a®am Figures 42F 418, can be

written as

up = G990, §) — 1209 (1, 5 — 1) +9(i = 1,j)} + 169(i — 1,
J=1)+3{0, ) —2) + 9 —2,5)} =4 - 1,5 - 2)

+ (i —2,j—1)}+¢(i—2,5—2)] (4.47)

uy = Cof (i +1,7) + (i = 1,7)} + Ca{o(i, 5 + 1) + ¢, 5 — 1)}
—2(Cy + C3)9(i, )

(4.48)
oo = La[3{0(i = 1) + ¥+ 1,5)} =i - 1Lj — 1)+ v+ 1,
+ i+ 1,7 —2)} (4.49)

ey = — (6Ly + 10Ls)0(i, ) + (8La + 12L3)0(i, j — 1) — (2Ly + 6L3)
(i, j —2) + Lap(i, 5 — 3) + 3L3(i, j + 1) + La[3¢(i — 1, j)
F 3+ 1,5) —dp(i—1,5—1) —dp(i+ 1,5 — 1)

+Y(i—1,7—-2)+¢(E+1,5 —2)] (4.50)
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Oy = — (604 + 10C5)0 (4, j) + (8Cy + 12C5)(i, 5 — 1) — (2C4 + 6Cs)
(i, 5 —2) + Csp(i, 7 — 3) +3C59(i, 5 + 1) + Cu[3¢9(i — 1, 5)
+30(i41,5) —Api— 1,5 — 1) —dp(i + 1,5 — 1)

+Yi—1,7—-2)—¢@i+1,j —2) (4.51)

Ogy = — (608 + 1009)’(/1(@,]) -+ (808 + 1209)’(/1(@ — 1,]) - (208 + 609)
(i —2,7) + G340, = 1)3¢(i,j + 1) —4p(i — 1,5 — 1)
— (i —1,j+ 1)+ —2,7+ 1)+ —2,5—1)]

+ Co[3v(i+ 1, j) + (i — 3, )] (4.52)

The difference equationk (4]47) fo (4.52), have been obddry adopting-backward,
j-backward-difference schemes for individual derivatiwéthe functiory). The discretiza-
tion scheme for normal stress,, of equation((4.39) closer to C anld (4.51) closer to D are
exactly same as shown in Figurel4.8. Similar discretizatigne,,, ando,, has been used
for both corner points A and C and applicable at BHD regiorcdese it is symmetric with
respect tg —direction. It is noted that the discretization schemeifpof equation((3.43) are
similar for all boundaries and corner points as shown in FEgL3, because it is symmetric

with respect both: andy axes.

The definition of the coefficients used in the above expressiwe given below:
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1 An
=D, R
Cy=— Ass Oy = A1 A

(A2 + Ag)k2 h(Aps + Agy) 202k,
O = — Az Age Co = A2, + A Age — A1 Aoy

h(A1 + Aes)2K} h(Ay2 + Ags)2h2k,
C. = — Agp A Oy = A9 A6

h(A1g + Ags)2K} h( Az + Age) 2N, k2
Oy = — A1 Age

h(A1z + Agg)2h3

1 Ay 1
b= 5pog, Lbe = ~TA0 5 A 2028,
Ly = — Ass L, = Aip

(Arg + Ape)2k3 (Arz + Ags)2h. k2
Ls— — An

(A12 + A66)2h§

4.2.3 Management of Corner Boundary Conditions

Equations[(4.29) td (4.40) and (4141) (4.52) can be usechtdntesh points on the bound-
ary AC and BD respectively for discretizing the boundaryans. These equations are
not valid for the corner points of these edges as they aréetieseparately. Following the
arguments stated previously, the author decided to satisingle boundary condition out
of two, for each corner points of the edges AC and BD. The @ofahis single boundary
conditions, which has to be satisfied, has come from the rdethtvial and error and listed

following:
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Boundary conditions Proposed choice
u, and wuy,/ey, Uy
u, and oy, Oyy
oy and wu,/ey, Uy
oy and oy, Tyy

Thus we need other difference equationsdgrando,, which will be applied for the
corner mesh points of the boundaries AC and BD. But diffeeeaxpressions af,, of (4.33)
or (4.39) and[(4.45) oi (4.51) are applicable for corner fman AC and BD respectively.
So, we need only difference equation foy for the corner mesh points of the boundaries
AC and BD. The stencils oi,, of the corner points has been shown in Figjres 4.9(a) and
application of the stencils on corner points has been showigure 4.9(d).

The difference expression for corner point A on AC can betemiais

uy = Cstp(i, j — 1) + C39(i, j + 1) + 2000 + 1, j) + Cotp(i + 2, 5)

+ (C2 — 2C5)v (4, j) (4.53)

For corner point C on AC

+ (C2 — 2C3) (i, 4) (4.54)

For corner point B on BD

ty = Cstp(i, j — 1) + C39(i, j + 1) + 2000 + 1, j) + Cotp(i + 2, 5)

+ (Cy — 2C5)1(4, j) (4.55)



(a) At corner point A and B.

= ) Physical boundary

N
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(b) At corner point C and D.

Stencil for u,

A i &

.

3|

\

Imaginary boundary

(c) Application of the displacement componemnj,on the corner points.

Figure 4.9: Different stencils foru, at different corner points and their application on the

corner points.
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For corner point D on BD

Uy = C3¢(7'7.] - 1) + C3¢(7'7.] + 1) + 202¢(Z - 17.]) + 0210(1 - 27.])
+ (Cy — 2C5)9(1, 4) (4.56)

4.2.4 Tagging of Boundary Conditions to Mesh Points, Solubn and

Evaluation of ¢ at the Internal and Boundary Mesh Points

Since there are two conditions to be satisfied at an arbipanyt on the physical boundary
of the panel, the finite difference expressions of the diffidial equations associated with the
boundary conditions are applied to the same point on thedrsyn It should be noted that
two linear algebraic equations are assigned to a single paithe boundary. Out of these
two equations, one is used to evaluate the functiat point on the physical boundary and

the other one for the corresponding point on the false baynda

Therefore, every mesh point of the domain has a single lialgabraic equation tagged
to it. The discrete values of the potential functi@riz, y), at mesh points are solved from
the system of linear algebraic equations resulting fromdiseretization of the governing
equation and the associated boundary conditions. Thenmeuanerous existing methods of
solving a system of algebraic equatiogigi, ;) the discrete values of the displacement func-
tion at mesh points is to be solved by direct method of elitndmefrom a system of linear
algebraic equations resulting from the discretizationhef équation[(3.42) and differential
equations associated with the boundary conditions. Attesnmade to organize the differ-
ence expressions in such a fashion that the concerned faoimthich the equation is to be
written, must be included in addition to other surroundingsimpoints. Therefore, the co-
efficient matrix which is, of course, a square matrix, getegtdrom the system of algebraic
equations, will have all non-zero diagonal elements. Thisrta must be satisfied by the co-

efficient matrix, otherwise the solution will be impossilitethe present problem, the number
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of unknowns in the system of equations is extremely largehlyt a few in each individual
equation. Under this condition, the iterative method maytederable. But the problem of
solving the difference equations by the iterative methald®atain shortcomings. Although
this method works very well for certain boundary conditiabfails to produce any solution
for other complex boundary conditions. In certain casesrdte of convergence of iteration
is extremely slow, which makes it impractical. As the iterimethod has the limitation of
not always converging to a solution and sometimes convergin very slowly, the present
problem is solved by the use of the triangular decompositiethod which ensures better

reliability as well as better accuracy of solution in a seogeriod of time.

It is felt necessary to comment here on the corner pointssobldite which are generally
points os transition in the boundary condition. One way aofdlimg the transition point is
that each corner point is taken as a smooth point on the boyadd has only two boundary
conditions. But, unfortunately this approach becomestractive as it places limitation to
the style of discretization which in turn leads to the diseedion error of order,,. And
finally this assumption leads to the result which is unsatisfry as far as accuracy is con-
cerned. As the corner mesh points processes four boundadjtioms coming from both
sides, It has been decided to take three conditions out of #rel remaining condition was
treated as redundant. The presence of excess conditianatethat the point concerned is
a point of singularity finite -difference technique does not permit any spacedtment of

this point without the aid of mathematical analysis.

Once the differential equation along with the associatendaty conditions are trans-
formed into finite-difference equations, the main probleomf the computational standpoint
is that of actually computing the solution of the system €fledence equations. For the prob-
lem at hand we are concerned with solving a system of linggbahic equations, expressed

in matrix equation as

[K{v} ={C} (4.57)
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Expressing explicitly, equation (4557) becomes

Kll K12 K13 .................. Kln wl Cl
K21 K22 K23 .................. Kgn @DQ CQ
Kgl K32 Kgg .................. Kgn @Dg Cg
.................. = . (4.58)
Ko Ko Kpgoceeeeeee K, Wy C,
where,

K - is a known square matrix-called the co-efficient matrix.
C - is a given column matrix whose elements are zero excepettunich correspond to
on or outside the boundary.

1 - is an unknown column matrix which we seek to determine tteesm

It is obvious that the matrix [K] is non-singular and hencen&gue solution exists, but
the problem is how to get the solution. The iterative metrsddvocated for this kind of
large sparse system of linear algebraic equation, but tlet ambortunate part in this method
is that the technique is successful to very few cases of fodezft matrix. Considering this
difficulties, the author decided to solve the system of dqudiy Cholesky’s method which
is a LU decomposition method. The requirement of the stospgee in the computer and
also the computer time is less in this method. Up to a largebaumof equations, this method

can produce promising results with the minimum truncatioaore
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Figure 4.10: Four regions of the stressed laminated panel.

4.2.5 Evaluation of Displacement, Stress and Strain Compamts for

Overall Laminate From the ) Values at Mesh Points

To evaluate the stress and displacement components frovaliees ofi’'s which are known

beforehand at each grid field is divided into four region segt¥l, segment-2, segment-3,
segment-4 corresponding to the top-left, top-right, boteft and bottom-right quadrants,
respectively, as shown in figure 4110. For each of the quésirdifferent forms of discretized

expressions for the components of displacement, stressta@id are used. To evaluate
displacement, stress and strain for segment-1 (top-leftech equations (41.5) t6 (4.10) and
(4.29) to [4.3%) are used. Shear strain component is notarséide boundary. To evaluate

shear strain for segment-1, the expression of shear stagigikien below:
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Eay = (6Ls + 10Ls)p(i, j) — (8Ly + 12L5) + (i + 1, 5) + (2L + 6L5)
(i+2,j) = Ls(i+3,j) = 3Ls(i — 1, j) + La[=3¢ (4,5 — 1)
=3, j+ D +4i+ 1,7 - 1) +4(i+1,7+1)

—Y(i+2,7—1)—Y(i+2,5+1)] (4.59)

Similarly, to evaluate displacement, stress and strairségment-2 (top-right corner),
equations[(4.71) td (4.16) and (4141) o (4.46) are usedarS$teain component is not used
on the boundary. To evaluate shear strain for segment-2Zxpiession of shear strain has

been given below:

€oy = (6L4 + 10L5) (i, j) — (8Ly + 12L5) +1p(i + 1, ) + (2L + 6Ls)
(i +2,7) = Lso(i + 3,5) = 3Lstp(i — 1,j) + La[=34(i,5 — 1)
=30+ D)+ 4+ 1, =) + 4+ 1,5 + 1)

—Y(i+2,7—1)—=(i+2,5+1)] (4.60)

Similarly, to evaluate displacement, stress and straisdgment-3 (bottom-left corner),
equations[(4.17) td (4.22) and (4135) fio (4.40) are usedarteain component is not used
on the boundary. To evaluate shear strain for segment-&xpiession of shear strain has

been given below:

(i = 2,7) + Lso(i = 3,5) + 3Lsp(i + 1, ) + La[3¢(i,j — 1)
+3¢0(i,j+1) —4yp(i—1,5—1) =4yt — 1,5+ 1)

+Y(E—2,j—1)+v(i—2,j+1)] (4.61)
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Similarly, to evaluate displacement, stress and straiségment-4 (bottom-right cor-
ner), equations (4.23) tb (4.28) and (4.47)fo (4.52) arel.uShear strain component is not
used on the boundary. To evaluate shear strain for segméme-éxpression of shear strain

has given below:

(i =2,7) + Lsp(i = 3,7) + 3Lsvo(i + 1, j) + Lu[3¢(i, j — 1)
+3Y(,5+1) —4v(i—1,7—1)—4(i— 1,5+ 1)

+ (=2, -1)+ ¢ —-2,j+1)] (4.62)

4.2.6 Evaluation of Stress Components for Individual Lamira

In previous section, displacement, sterss and strain coerge have been evaluated for over-
all laminate. Stress and displacement for lamina of the amitgphas been solved by the help
of strain distribution. Strain distributions for overahhinate or global strain distribution has
evaluated directly from thée values in equatior (4.58) of the mesh point. The distrimgio
of strain components are same for all plies of whole domalv@s€ strain components are di-
rectly multiplied with the stiffness matrix of the each iadiual plies to evaluate the different

stress components of individual plies by using equafiofg)3.
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5

Laminated Panel Subjected to Symmetric
and Antisymmetric Discrete Stiffeners

5.1 Introduction

The stress field of a laminated composite cantilever is aealyinder the influence of local
stiffeners at the opposing longitudinal surfaces. The sgtnimand anti-symmetric arrange-
ments of local stiffeners are considered for the case of arstmc cross-ply laminated
cantilever subjected to a uniform shear loading. An efficemputational algorithm is
developed, in which a new displacement-potential is intoedl to model the problem of
laminated composite materials with mixed and changealladery conditions. Solutions
of stresses at different layers of the laminated compos##@htained, some of which, espe-
cially those around the critical regions of stiffeners aresgnted in a comparative fashion
mainly in the form of graphs. Results are found to be accumadkereasonable when analyzed

in light of comparison made with those of standard compaoiai method (see chaptér 8).

109
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5.2 Geometry and physical conditions of the cantilever

A uniform rectangular cantilever ¢6°/90°/0°| cross-ply laminated composite is considered
for the present analysis. The length, width and thicknegb®fcantilever are represented
by a, b and h, respectively. The laminate is assumed to bestedof n number of plies,
in which the ply thickness of individual lamina is kept cargt The left-hand lateral end
of the cantilever is assumed to be rigidly fixed and the riggmtd lateral end is subjected
to a uniform shear loading. The two opposing longitudinafaes are considered to be
locally stiffened by attaching rigid axial stiffeners faanp of the boundary surfaces (stiffener
length d). Two symmetric and two anti-symmetric arrangeisei the local stiffeners are
considered, which eventually lead to four different cadeb® stiffened cantilever, and are
identified here as Case-Al and Case-A2, and Case-B1 andB2asespectively. The geom-
etry and loading of the four cases of the stiffened cantiewath respect to the coordinate
system are schematically illustrated in Figlrel 5.1. Thespa}l conditions to be satisfied
along the different boundary segments of the cantileveteaexpressed mathematically as

follows:

1. The supporting lateral end (boundary AB) is rigidly fixegbth the lateral and axial

components of displacement are assumed to be zero heres, that
uz(x,0) =0 and uy(z,0) =0 0 <z <D
2. The right-hand lateral end (boundary CD) of the cantileésehe loaded boundary.

Here, the loading is realized through a uniform distribntod shear stress, while the

associated normal stress component is assumed to be zris, th
oyy(z,a) =0 and oy, 0) = 0g 0 <z <D
3. The two opposing longitudinal surfaces, AD and BC, areiassl to be stiffened lo-

cally, that is, part of the boundaries is subjected to axiffesers and part of them

are free. In order to model the physical condition of the lestiéfeners, the tangential
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strain along the stiffener is restrained, while the sedsdtept free from any external
loading. Again along the stiffener connected with fixed esxal strains as well as
axial displacements are zero. Referring to Fig] 5.1, thénemattical modeling of the
physical conditions associated with the free and stiffesettions of the boundaries
AD and BC, is realized as follows:
Free region: 0.2[(0,0),y] =0 and o,,[(0,b),y] =0
Stiffened region (near fixed boundary): ¢,,[(0,b0),y] =0 and w,[(0,b),y] =0
Stiffened region (near loaded boundary)t,,[(0,b),y] =0 and ¢,,[(0,b),y] =0

Choice of boundary conditions at the singularity pointsiarportant. With change of
combination of boundary conditions at the point of singityalaccuracy may deteriorate.
Table[5.1 illustrates the scheme for treating the boundamgitions of the singularity points

of the cantilever, which are, in general, the points of siagty.

5.3 Results and Discussions

The results of the analysis of stresses for the laminatetil@aar subjected to four different
arrangements of symmetric and anti-symmetric local stéfs along the two opposing lon-
gitudinal surfaces, as shown in Figlrel5.1, are presentéddrsection. The results are pre-
sented mainly in the form of deformed shape as well as digtab of stress components of
interest 0f{0°/90°/0°] cross-ply laminate. In all cases for distribution of stressiponents,
stresses are normalized with respect to the maximum inyeofsapplied shear loadings,
(see Figuré 5]1), the magnitude of which is arbitrarily assd to be3 MPa. The details
of the boundary conditions as used to obtain the present kiicas are already listed in
sectior 5.2 and Table 5.1. Three laminae (n = 3) of unidioeeti composite material with
stacking sequences {°/90°/0°] and[90°/0°/90°] are assumed to form symmetric cross-
ply laminates to find the effect of stacking sequence onsulesributions. For most of the
results, the boron/epoxy composite is considered as theatgrial, the effective mechan-

ical properties of which together with those of glass/epamg graphite/epoxy are listed in
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Table 5.1: Numerical modeling of the boundary conditions for corned dne interface

boundary points of the panels for different cases (Figuti® 5.

Correspondence between

Corner Given Used mesh points and given
Point boundary boundary boundary conditions
(Cases) Parameters Parameters . .

Mesh point on the Mesh points on the
physical boundary  imaginary boundary
Ogzy Uy um(oao) =
A (Case-Al, B1) [O0as U, Uy] 022(0,0) =0
uz’uy uy(0,0)—O
Ozx; Oy Uy (0, O) =0
A (Case-AZ, BZ) [Umma Oxy, uy] Oxx (07 O) =0
Ug, Uy uy(0,0) =0
Oy Uy O2y(0,0) =0
B (Case-Al, B2) [Owzs Oay, Uy] 022(0,0) =0
Ugy Uy ’U/U(b,O) =
Ozxx, Umy Uwy (b7 0) - 0
B (Case-AZ, Bl) [Umma Oxy, uu] Oxx (b7 0) =0
Uz, Uy Uy(b, O) =0
Oups O Oyy(bya) =0
C (Case-Al, BZ) Y [Umma Oyy Umy] Oxx (ba a) =0 "
Oyy> Tzy Ozy(b,a) = 0,
Oz, Ey e (b7a)—0
C (Case—A2, Bl) v [Uzza Oy, ayy] Oxx (ba a) =0 "
Oyy> Ty Ozy(b,a) = 0,
Ozz,Ox g (O,a)—()
D (Case-Al, Bl) Y [Umma Oyy Umy] Ozxx (07 a) =0 "
Oyy; Ty 0zy(0,a) = 0,
Oggy € E (0, a) = O
D (Case-AZ, BZ) " [Uzza Oy, ayy] Oxx (07 a) =0 "
Oyy> Tzy 05y (0,a) = 0,
Interface point (for all cases)
E (Case-Al,Bl)  0uu, 00y, Uy (O Uy] 022(0,d) =0 uy(0,d) =0
E (Case-A2,B2) 0.4, 0qy, Eyy [02z,Eyy] 022(0,d) =0 €yy(0,d) =0
F (Case-Al,B2) 0.4, 0uy, Uy (O Uy] 022(b,d) =0 uy(b,d) =0
F (Case-A2,Bl) 044,04y, cyy [02z,Eyy] Ozz(b,d) =0 eyy(b,d) =0
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Table[5.2. The thickness of individual plies is kept constahich is0.5 mm. All the results
presented here correspond to a cantilever of geometripakcasatio,a/b = 2.5. For most
of the results, the length of the discrete stiffener is kepistant, that is, the ratid,/a is set
equal to 0.5, although the effect of stiffening length isastigated by varying the ratio. The
FD mesh-network used to model the present cantilévg = 2.5) contains nodal points

(51 x 51) in the direction ofr andy, respectively.

Table 5.2: Typical mechanical properties of a unidirectional lami&h §ystem of units)

Kaw [1]
. Glass/ Boron/ Graphite
Property Symbol  Units epoxy  epoxy epoxy
Fiber volume fraction vy 0.45 0.50 0.70
Longitudinal elastic modulus  E; GPa 386 204 181

Transverse elastic modulus Es GPa 8.27 18.50 10.30
Major poisson’s ratio Vi 0.26 0.23 0.28
Shear modulus G2 GPa 4.14 5.59 7.17

5.3.1 Distributions of Axial Displacements

Figure[5.2 shows the distributions of normalized axial Bispment of the laminated can-
tilever obtained with four different arrangements of lostiffeners; Case-Al, Case-A2,
Case-B1 and Case-B2. It is noted that displacements areatimet with the maximum
lateral displacement at the right lateral end of the sanffeiséir free cantilever subjected to
uniform distributed loadingd, = 3 MPa). At stiffening region which is attached with the
fixed end, no displacement and strain has been found at tapadtai boundary that exactly
matches the concept of axial stiffener. At stiffening regaway from the fixed end, axial
displacements are constant, i.e, laminate gives the rigly Inotion at the stiffening region

which satisfy the theoretical concept of the stiffener adl a®& boundary conditions (axial
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strain is zero ). Overall distributions of displacement@ase from left to right lateral end.
Magnitude of maximum displacement has been found at thertdpa bottom boundary at
right lateral end. For symmetric cases, distributions aéladisplacements are symmetric

with respect to lateral sectiaryb = 0.5.

5.3.2 Deformed State of the Panel

Figure[5.38 illustrates the deformed shapes of the laminesadilever obtained with four
different arrangements of local stiffeners (namely, Ca%eCase-A2, Case-B1 and Case-
B2). The overall deformation pattern of the cantilever iarfd to be in good agreement
with the physical model of the problem, which, in turn, vessfithe appropriateness of the
boundary modeling approach. As appears from the solutaisplacements in the lateral
direction are much higher than those in the axial directibareby signifying the presence
of axial stiffeners at the longitudinal surfaces of the dewer. The presence of discrete
stiffeners on the longitudinal surfaces is also reflectethieychange in slopes of deflection
of the top and bottom boundaries in the deformed shapes simovigure[5.8. As expected,
maximum deflection is found to occur at the right lateral ehthe cantilever. Although
the displacements in all the symmetric and anti-symmetsges are not in the same order
of magnitude, differences in the magnitude caused by @iffearrangements of stiffeners
are realized, which is even evident from Figlrel 5.3. A quatitie analysis of the overall
deformation shows the symmetric arrangements of the ladrers causes the laminated
cantilever to assume maximum and minimum deformation antfe&épur cases considered.
More specifically, the symmetric arrangement of stifferetsated near the free lateral end
(Case-A2) causes the maximum deflection for the cantileler. the two anti-symmetric

arrangements (Case-B1 and B2) the overall deflection isalesge to each other.
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5.3.3 Stresses at Different Plies

5.3.3.1 Distributions of the Lateral Stress Component

The stress distributions at different plies of the lamiraageobtained here from thesolution

of the overall strains at the laminate mid-plane and theespwnding ply stiffness. The top
and bottom stiffened surfaces of the laminated cantileverf@und to be completely free
from lateral stresses, which is in agreement with the rasgephysical condition of the
surfaces. However, for sections immediate to the top antbimobounding surfaces the
lateral stress is found to assume its maximum value. Althaihg distribution of global
strain components for different plies is same, the distians of stresses at different plies are
found to be different because of different stiffness of widlial plies. Figuré 5l4 shows the
distribution of normalized lateral stress component ded#nt lateral sections of the outer
ply of the stiffened laminated cantilever for the four difat symmetric and anti-symmetric
arrangements of the discrete stiffeners. Here the boromyelaminated composite with a
stacking sequence ¢6° — 90° — 0°) has been chosen for the demonstration of the results.
The results show that the discrete stiffeners have significdluence on the distribution of
lateral stresses in the individual plies, especially fa thid-span region of the cantilever,
0.4 < y/a < 0.6. More specifically, the overall distribution of the latestitess is found to
affect by the arrangements of discrete stiffeners bothrmgeof magnitude as well as nature
of variation. The symmetric arrangement of discrete stéfs, Case-Al and antisymmetric
arrangement, Case-B1 has been identified to be the mosgtiititerms of lateral stresses,
where the maximum intensity of stress is found to be more tbantimes the magnitude
of applied loading. A comparison of the state of stressesffarent plies of the laminate
shows that the outer plies of the present stiffened camtilare more critically stressed than

the inner ply.
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5.3.3.2 Distributions of the Axial Stress Component

Figure[5.5 shows the distributions of axial stress compbatdifferent lateral sections of
the inner ply of the same laminated cantilever as describe#ifure[5.4, for different ar-
rangements of discrete stiffeners. Likewise the case efdastress, the symmetric Case-Al
and antisymmetric Case-B1 has been identified to be the mitisatin terms of the axial
stress, among the four cases considered. Another impatesetrvation is, for the present
locally stiffened cantilever under uniform shear, the bgigess component is identified to be
the most dominating one compared to those of lateral and stregs. The top and bottom
longitudinal surfaces of the laminate as well as the indigiglies are found to be the most
critical sections in terms of this axial stress. Unlike tlase of lateral stress component,
the inner layer of the laminate is found to be more criticaliyessed in the axial direction,
compared to the outer layers. Maximum stresses are founddar @around the mid-span
region of the cantilever, that i8,4 < y/a < 0.6. As far as the axial stress is concerned, the
left supporting end is not free from the stress, except thédteosymmetric Case-Al. Among
the four cases considered, the left supporting end of therstnic Case-A2, in which the

discrete stiffeners are not connected with the end, is faarassume highest level of axial

stress, see Figufe 5.5(b).

5.3.3.3 Distributions of the Shear Stress Component

The distributions of shear stress at different transvessgans of the laminated cantilever are
shown in figuré 5J6 for all four cases of interest. For all thsas of stiffener arrangements,
maximum shearing stress is found to occur along the stiffenafaces of the cantilever.
More specifically, when the stiffener are attached with tkediend, the distributions of shear
stress over the local stiffeners are found to assume sonmieivhigar to that of a quadratic
variation having its peak value gfa = 0.5. As expected the stiffener-free regions of the
top and bottom surfaces of the cantilever are found to be tmilp free from shearing

stresses. For the symmetric arrangements, the distribatishear stress along the top and
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bottom stiffened surfaces are found to coincide with eabletvhich are however not the
case for the anti-symmetric arrangements. For anti-symcraatangements of the stiffeners,
stiffened sections connected to the left supporting enth@fcantilever are identified to be
more critical in terms of shear stresses compared to thosected with the right lateral end.
Among the four cases considered, the symmetric arrangesnoéwliscrete stiffeners Case-
A2 give the and lowest level of shear stress. Other arrangena# stiffener give nearly

seven times higher magnitude than the applied stress.

5.3.4 Effect of Stacking Sequence
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Figure 5.7: Effect of stacking sequence on the overall state of latdrakses at different
sections of the laminated panel (Case-Al): (8)« 90° — 0°) and (b) 0° —
0° — 90°)

Figured 5.7 518 and 5.9 illustrates the effect of stackemuence on the overall state
of stresses at different sections of the laminated camtilevn order to demonstrate the
effect, two different stacking sequences of cross-ply tetg, namely’ — 90° — 0° and

90°—0°—90° are considered for the symmetric case-Al. The presentdispient-potential
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analysis (DPM) shows that the change in stacking sequensesao change in the overall
nature of variation of stresses in the laminated cantilexan though the stiffness along the
coordinate axes change with the change of stacking sequéribe relevant plies. How-
ever, the magnitude of all the stress components is foundrioquite significantly when the
stacking sequence is changed from one kind to the other. henatteresting observation
is that the major change in the state of stresses due to stps&guence takes place around
the mid-span position of the cantilevgr/a = 0.5), which is basically the junction point of
stiffener and stiffener-free regions on the top and bottonmiling surfaces. A comparative
analysis of stresses shows that the axial stress compongntis influenced most signifi-
cantly by the change of stacking sequence, compared to llee twto components of stress.
The maximum lateral stress developed is found to be highath®laminate in which the
stiffness is higher in lateral directiof— 90° — 0° laminate). Likewise the case of lateral
stress, the maximum axial stress is found to assume highes wdnen the stiffness is higher
in the axial direction §0° — 0° — 90° laminate). The magnitude of shear stress along the
stiffened surfaces is found to take higher value when theesponding stiffness is higher
alongz— axis, i.e.,(0° — 90° — 0°) laminate, compared to that ¢§0° — 0° — 90°) laminate.

A guantitative analysis of the stress components reveatsthie maximum lateral stress in
(0° —90° — 0°) laminate is more thah5% higher than that of90° — 0° — 90°) laminate,
while the maximum axial stress associated with @ — 0° — 90°) laminate assumes a
value nearly24% higher than that of0° — 90° — 0°) laminate. The maximum shear stress at
the stiffened regions of th@° — 90° — 0°) laminate is found to be nearly% higher than

that associated with th®0° — 0° — 90°) laminate.

5.3.5 Effect of stiffening length

This section describes the effect of stiffening length andlstribution of the different stress
components at a particular section of the laminated camtileThe symmetric arrangement

of stiffeners namely, Case-Al has been chosen for the Bepomy laminaté0° — 90° — 0°)
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to investigate the above mentioned effect. Solutions at&mdéd for a number of normalized
length of the stiffenergd/a), which includes the case of continuous full-length stiéen
as well as stiffener-free laminates. Figire 5.10(a) prissire distribution of lateral stress
along the top stiffened surface of the outer layer of the teat@d cantilever for different
stiffening lengths. In general, the lateral stress in@sasith the decrease of stiffening
length. For the stiffened region, the surface is free frarkd stress and for the stiffener-free
regions, distribution of lateral stress coincides withresponding distribution of stiffener-
free cantilever. The increase in stress is mainly observedina the region of terminating
points of the discrete stiffeners on the surfaces. Liketrieease of lateral stress, axial stress
is also found to increase with the decrease of the stiffel@ingth, which is shown in Figure
[5.10(b) for the case of the inner ply of the laminate. Howekerincrease in axial stress due
to decrease of stiffener length is much more prominent imsesf magnitude, in comparison
with that of lateral stress. As appears from Figure b.1®llgstiffened cantilevers are more
critical in terms of axial stress compared to the cases tdéath continuous stiffener and

stiffener-free cantilevers.

The comparison of distributions of shear stress along tolpbattom boundaries of the
cantilever with different!/a ratio is illustrated in Figurg 5.10(c). The shearing sti@ssg
the stiffened surface is also found to increase with theedes® ofd/a ratio. The top and
bottom boundaries of the laminated cantilever are foundetadmpletely free from shear
stresses for the case of no stifferiéfa = 0), but a uniform distribution of the stress, equal
to the magnitude of the applied stress, is encountered éocdke of full-length continuous
stiffener. The increase in shear stress is observed to agrphenomenon over the entire
length of the local stiffeners, however, those associatddthe normal stresses are identified
to be a local phenomenon mainly around the regions of thaneating points of the discrete

stiffeners.

It has seen from the figute 5]10, with the increase of stiffgriéngth, stress concen-

tration gradually decreases. To minimize the material watt the effect of stress concen-



CHAPTERS5. SYMMETRIC AND ANTISYMMETRIC DISCRETE STIFFENERS 128

tration, concentration of stress should not be higher. Teesthe problem, stiffening length
can be increased. Another way, optimized stiffening lerggth be used, such a way that

concentration of stress would not cross the yield strengtihearight end of the stiffener.

5.3.6 Effect of fiber material

Figure[5.11 presents the comparative analysis of the statieesses set up in the cross-ply
laminated cantilever due to the change of fiber materialetdenumber of commonly used
fiber materials, namely, boron, glass, carbon (graphite) ate considered for the same
matrix material epoxy. In order to investigate the effelag kaminated cantilever with sym-
metric local stiffeners (Case-Al) with stacking sequefi€e- 90° — 0°) is considered. It is
noted that to illustrate the effect of fiber materi@l]l x 25) nodes have been considered. In
general, the effect of fiber material on the components esstis found to be quite substan-
tial in terms of magnitude. An analysis of overall distrilouis of stress components shows
that the state of stress in the three laminates differs mainterms of its magnitude, espe-
cially around the region of the terminating point of diserstiffeners(y/a = 0.5), while

no remarkable change in the nature of variation is obser@&udce all the components of
stress are found to assume its maximum value around therntating point of the stiffeners
(y/a = 0.5) on the top and bottom boundary surfaces, the magnitude &¢ théical stresses
are compared in Figute 5J11 for the three laminates whidkrdiinly in terms of their fiber
material. From Figure5.11, it is evident that the lateral ahear stress components assume
their highest and lowest values for Glass/epoxy and Bopmx\ laminates, respectively,
while that of Graphite/epoxy remains in between them. Orother hand, the results of ax-
ial stress component show a different picture, that is, theB/epoxy laminate is identified
to be the most critical in terms of axial stress, while thesSlapoxy laminate assumes lowest
level of axial stress among the three. Moreover, when thdteesf the present comparative
investigation are analyzed in the perspective of mechbhpioperties of the three composite

materials (Tabl€ 5]2), it is observed that, lateral and iskizasses in the present stiffened



CHAPTERS5. SYMMETRIC AND ANTISYMMETRIC DISCRETE STIFFENERS 129

axx/ (o1}

A A
50 | — Boron/epoxy 25k
mmmm Glass/epoxy ‘

20| —— Qraphite/epoxy ol

301 | 1.5 | |

20 f 1.0

10 0.5

0 0.0 >

(a) Axial stress component af/b = 0, (b) Lateral stress component afb =

y/a = 0.5. 0.04,y/a = 0.5.

0/ 00
A

6 R

5_
4
3t
1
O o

(c) Shear stress componentath = 0,

[\
T

y/a=0.5.

Figure 5.11: Effect of fiber material on the overall state of stressesfé&m@int locations of

the laminated cantilever (Case-Al).
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cantilever assume higher value for the case of fiber whiatisléa lower overall stiffness of

the laminate, and lower value for higher laminate stiffnebke corresponding maximum
axial stress is however found to assume higher value forathélate having higher stiffness
and vise versa. A quantitative analysis of the results ofiféi.11 shows that, among the
three components of stress, the axial stress componerécteaf most seriously in the case
of present stiffened cantilever due to the change of fibeenatthat causes a change in

stiffness of the laminate.

5.4 Conclusions

The present chapter has introduced a modification to the appeoach of analyzing boundary-
value stress problems of laminated composites. An invasig of the stress field of a lam-
inated composite cantilever subjected to symmetric andsgnimetric local stiffeners has
been carried out using an efficient computational algorida®ed on a new scalar potential

of displacements.

No appropriate analytical approach is available in theditee that can provide ex-
plicit information about the actual stresses, especidlthea critical regions of supports and
local stiffeners in laminated structures. Even the stahdamputational approaches have
been verified to be inadequate to predict the actual stateedses accurately (see section
[8.4), especially at the bounding surfaces, whether it igestdd to restraints or stiffeners
or even free from external loading. The critical stresses discretely stiffened laminated
cantilever are found to be developed around the regionsftdretrs, which have been an-
alyzed in comparison with the corresponding standard ieolsiin an attempt to verify the
soundness as well as superiority of the present displadepaeential based finite-difference
computational scheme. The potential of the method is aitimad to investigate a number
of practical issues associated with the flexural behavia ofoss-ply laminated cantilever

under shear loading.
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6

Laminated Panel Subjected to
Discrete Periodic Stiffeners

6.1 Introduction

Elastostatic response of a laminated composite panel igzataunder the influence of dis-
crete periodic stiffeners. The discrete axial stiffenees@nsidered at the opposing longi-
tudinal edges of a cross-ply laminated panel subjected tooanniform axial tension and
shear loading. An efficient computational scheme is dewsldpased on a new potential
function to analyze the present mixed-boundary-valuestpeoblem of laminated compos-
ites. Results are claimed to be highly accurate and reatgnahich are however found to

be in significant contrast with those of continuous as wedltdfener-free panels.

6.2 Problem Statement

A uniform rectangular cantilever of cross-ply laminatedngmsite is considered for the
present analysis. The geometry and loading of a laminatetposite panel subjected to
an nonuniform axial loading is shown in Fig._6.1. The lengtigth and thickness of the

panel are represented byb andh, respectively. The laminate is assumed to be consisted

131
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of n number of plies, in which the ply thickness of individlanina is kept constant. The
symmetric cross-ply laminated panel is composed of sewandaf identical thickness, the
stacking sequence of which can be expresse®%)/90/0]s. The left-hand lateral end

of the cantilever is assumed to be rigidly fixed and the riggmtd lateral end is subjected
to a nonuniform loading (see Fig._6.1). Two different loagimonuniform axial loading

and nonuniform shear loading have been considered to an#tgzpresent problem. The
two opposing longitudinal surfaces are considered to balllpstiffened by attaching rigid

discrete periodic axial stiffeners for part of the boundsuyfaces (stiffener length d). The
three-dimensional laminated panel is analyzed here censglit as a plane stress problem.
The thickness of each of k-th number of ply is expresse#,aend thus the total laminate

thickness becomés = nh;..

The left lateral end of the panel is kept rigidly fixed. Thecdéte periodic axial stiffen-
ers are assumed to be situated along the two opposing ldimgadiedges of the panel. The
right lateral end of the panel is subjected to an nonunifoxraldensile loading (parabolic

distribution) of maximum intensity, = 3 MPa.

6.3 Boundary Conditions

The physical conditions to be satisfied along the differemiftalary segments of the can-

tilever can be expressed mathematically as follows:

1. The supporting lateral end (boundary AB) is rigidly fixd8bth the normal and tan-

gential components of displacement are assumed to be zergothat is,

uzy(2,0) =0 and wuy(z,0)=0 [0<z <D

2. Theright-hand lateral end (boundary CD) of the cantilévthe loaded boundary. Two
different parabolic loading conditions have been congidavith maximum intensity

oo = 3 MPa on the right lateral boundary for the same laminated csitg.
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Figure 6.1: Model of a laminated panel with periodic stiffeners sulgedb nonuniform (a)

axial loading and (b) shear loading.
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(a) Forthe case of nonuniform axial loading, the associsibe@r stress component is

assumed to be zero at right lateral end of the panel is sisulitat

oyy(z,a) = ao(z/b)*> and o, (z,a)=0 [0<x <

where, the axial loading varies following a parabolic law.

(b) For the case of nonuniform shear loading, the assocediedistress component is

assumed to be zero at right lateral end of the panel is sieulilat

oy(z,a) =0 and o.,(z,a) = oo(x/b)? [0<a <
where, the transverse shear loading varies following aqudialaw.

3. The two opposing longitudinal surfaces, AD and BC, areiassl to be stiffened lo-
cally, that is, part of the boundaries is subjected to axiffesers and part of them
are free. In order to model the physical condition of the lestiffeners, the tangential
strain along the stiffener is restrained, while the secisdtept free from any external
loading. Referring to Fig._6l1, the mathematical modelihthe physical conditions

associated with the free and stiffened sections of the banieslAD and BC, is realized

as follows:
Free region: 022[(0,1),y] =0 and 0,,[(0,1),y] =0
Stiffened region: 0.2[(0,1),y] =0 and &,,[(0,1),y] =0

Numerical modeling of the boundary conditions has beenudised in Table 611 and
6.2
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Table 6.1: Numerical modeling of the boundary conditions for differboundary sections

of the panels under nonuniform axial loading. (see Eig..6.1)

Correspondence between

Given . .
Boundary Boundary and used mesh points and given
boundary conditions
edges  segments boundary
conditions Mesh point on the Mesh point on the
physical boundary  imaginary boundary
ug(z,0) =
Fixed end Uy (z,0) =0 Uy(x,0) =0
Lateral uy(,0) =
edges
Loaded ouy(z,0) =0 oyy(2,0) =
Ozy(z,0) =0
end  oyy(z,a) = oo(x/b)? oo(w/b)?
stiffening  €yy[(0,0),y] =0
022((0,0),y] =0 eyy[(0,0),y] =0
Axial region 022[(0,0),y] =0
edges
Free 022((0,0),y] =0
GII[(Ov b)v 1/] =0 Ury[(ov b)v 1/] =0
region o2y[(0,0),y] =0

6.4 Results and Discussions

The results of the analysis of stresses for the laminatetl@agr subjected to periodic local
stiffeners along the two opposing longitudinal surfacesteown in Figure 611, are presented
in this section. In this section, results of the numericélon of the laminated panel having
an aspect rati¢a/b) of 2.5 are presented. The results are presented distnitsubithe axial,
displacements, deformed shape as well as distributionre$sicomponents of interest. In
all cases, stresses are normalized with respect to the maximtensity of applied shear
loading,o, (see Fig[ 6.1), the magnitude of which is arbitrarily assdrieebe 3 MPa. The
details of the boundary conditions as used to obtain theeptdsD solutions are already
listed in Tabled 6.1l anl 6.2. Seven laminge= 7) of unidirectional composite material

with stacking sequences @0/0/90/0]s are assumed to form symmetric cross-ply lami-
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Table 6.2: Numerical modeling of the boundary conditions for differboundary sections

of the panels under nonuniform shear loading. (see[Fig. 6.1)

Correspondence between

Given . _
Boundary Boundary and used mesh points and given
boundary conditions
edges  segments boundary
conditions Mesh point on the Mesh point on the
physical boundary  imaginary boundary
ug(z,0) =
Fixed end Uz (z,0) =0 uy(x,0) =0
Lateral uy(,0) =
edges )
Loaded 0uy(w,a) = oo(z/b) ouy(z,0) =
oyy(z,a) =0
end Uyy(xv a) =0 ‘70(17/17)2
Stiffening  €yy[(0,0),y] =0
022((0,0),y] =0 eyy[(0,0),y] =0
Axial region 022[(0,0),y] =0
edges
Free 022((0,0),y] =0
UII[(Ovb)vy] =0 UIy[(Ovb)vy] =0
region o2y[(0,0),y] =0

nates for the cantilever. Although the method can be applieshy composite material, the
boron/epoxy composite is chosen as an example in preseht Sihe effective mechanical
properties of boron/epoxy laminate are listed in Tablé 5% thickness of individual plies
is kept constant, which is 0.5 mm. All the results present@ lcorrespond to a cantilever
of geometrical aspect ratia,/b = 2.5. For most of the results, the length of the discrete
stiffener is kept constant and is equalite- a/10, The FD mesh-network used to model the
present cantilevefa/b = 2.5) contains nodal point&1 x 51) in the direction ofz andy,

respectively.
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(a) Nonuniform axial loading. (b) Nonuniform shear loading.

Figure 6.2: Distributions of normalized axial displacement of lamathpanel subjected to

nonuniform (a) axial loading and (b) shear loading.

6.4.1 Distributions of Axial Displacements

Figure[6.2 illustrates the distributions of normalizedadxdisplacements of the laminated
panel subjected to nonuniform loading. It is noted that ladigplacement is normalized
with the maximum lateral displacement at the right lateral ef [90/0,/90/0J stiffener free
laminated composite subjected to same nonuniform shedinigp#hat have been applied for
the present problem. It has shown from figure that arrangeofgreriodic axial stiffeners
have great influenced on the distributions of axial displeeets. Again, distributions of
axial displacements is also influenced by the change of hggal$ shown in Figuréds 6.2(a)
and6.2(0). Figurg 6.2(ja) shows variation of the distritnsiof axial stress at top boundary
is very small and give negative magnitude. At top boundaggligible fluctuation of dis-
placements has been found by the attaching of periodiesgff At the bottom boundary,
nonuniform load as well as stiffeners have significant infeeeson the distributions. The
distribution of axial displacements increase from leftight lateral end, but at the stiffening

region, axial displacements are constant. Figure §.2(@yshhe almost symmetric distri-
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butions with respect tg/a = 0.5 of the axial displacements though the nonuniform shear
has been applied at the right lateral end. At the stiffenagjan, axial displacements are
constant at top and bottom boundary. Displacements are mmigbler under shear loading

compare to axial loading for same laminate as shown in FEjG2.

6.4.2 Distributions of Axial Stresses for Laminate

To illustrate the distributions of axial stresses, twoelént sections have been considered:
(i) under stiffened sections and (ii) Stiffener free seasialongr— direction. All the graphs
have been presented alomg axis. Figurd 6.3 illustrates the distributions of normediz
axial stress components at different stiffened axial sastof the laminated panel under the
influence of nonuniform (a) axial loading and (b) shear logdilt is observed from Figure
that magnitude of the axial stress is found to in@easwe go from the top to bottom
longitudinal end. Highest magnitude of axial stress dg¥elat the right stiffened region
(y/a = 0.94) of the laminated cantilever under axial loading. Both the typposing lon-
gitudinal stiffened surfaces of the pariel/b = 0, 1) are found to be completely free from
axial stresses. The maximum intensity of the axial stressaériaminated panel is found to
assume a value as high as 0.73 timesgpthe location of which is at the region under stiff-
eners near the right lateral end (loaded end). Figure 6sBays the distributions of the axial
stress components under stiffened sections of the paner uhne influence of nonuniform
shear stress. Though the stiffeners are present, both thegposing longitudinal stiffened
surfaces of the panék/b = 0, 1) are found to be completely free from axial stresses. Max-
imum intensity of the axial stress is found to develop atiseaj/a = 0.14, which is under
the stiffener near fixed end. Magnitude of distributionsrdase with the increase of axial
sectiongy/a.

Figure 6.4 illustrates the distributions of normalizedehstress components at different

stiffener free axial sections of laminated panel under tiiieénce of nonuniform (a) axial

loading and (b) shear loading. It is observed from Figur€ag.that magnitude of the axial
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Figure 6.3: Distributions of axial stress components under stifferesetisns of laminated

panel subjected to nonuniform (a) axial loading and (b) sloealing.
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Figure 6.4: Distributions of axial stress components at stiffener Beetions of laminated

panel subjected to nonuniform (a) axial loading and (b) sloealing.
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Figure 6.5: Distributions of axial stress components under stifferaxtiens of arbitrarily
placed stiffened laminated panel subjected to nonunif@naxial loading and

(b) shear loading.

stress is found to increase with the increase of distance fine top to bottom longitudinal
end. Maximum magnitude of axial stresses develop at tHfers#f free sectiofy/a = 0.04),
near fixed end of the laminated cantilever under axial logditke the stiffened sections,
magnitude of axial stresses of the two opposing longitudnea surfaces of the panel are
not zero. Maximum magnitude of stress has been found at tlterbdoundary. From
the left and right boundary, magnitude of stress distrdngidecrease at bottom boundary.
Figure] 6.4(0) shows the distributions of the axial stregamonents at stiffener free sections
of the panel under the influence of nonuniform shear. Mageitf axial stresses of the two
opposing longitudinal free surfaces of the panel is not.z&ot maximum magnitude of
all distributions have been found at top and bottom bound®tggnitude of distributions
decrease with the increase of axial sectigig. Maximum magnitude has been found at
sectiony/a = 0.04 near fixed end. Though nonuniform load has been applieditiitbns
are antisymmetric with respectigb = 0.5. Magnitude of distributions of the axial stresses

under the nonuniform shear loading are much higher compganeonuniform axial loading.
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Figure[6.5 shows the distributions of axial stress comptmnender stiffened sections
of arbitrarily placed stiffened laminated panel subjedtedonuniform (a) axial loading and
(b) shear loading. In this case, stiffeners are arbitratiigched along the longitudinal edges
of laminated cantilever. It has been seen from figlires 6. %dhdhows similar distributions

have been found though stiffeners have not placed at the gasit#on.

6.4.3 Distributions of Axial Stresses for Different Plies

Figured 6.6 anf 617 illustrate the distributions of the bsieesses under stiffener and stiff-
ener free sections @f = 90° ply respectively. It has seen from Figutes|6.6 6.7, gxact
similar distributions of axial stresses for both underfstiér and stiffener free sections have
been found fof = 90° ply compared to the distributions of laminate (see Figu, &nly
difference is magnitude of the distributions. The similetigbutions represents that distri-
butions of strains components are similar throughout threrate. Magnitude of stresses of
6 = 90° ply is much higher compared to the laminate stress. Becams@ate stress is the
average stress of the individual ply. It is noted that distiions of axial stresses 6f= 0°

ply are similar liked = 90° ply but the magnitudes are lower compared te 90° ply.

6.4.4 Distributions of Lateral Stresses for Laminate

To illustrate the distributions of lateral stresses twdedldént sections have been considered
. (i) under stiffener sections and (ii) stiffener free sent alongr— direction. Figuré 6.8
illustrates the distributions of normalized lateral stresmponents at different axial sections
under stiffener of laminated panel subjected to (a) axiatliog (b) shear loading. It is
observed from Figure 6.8(a) that the highest magnitudetefdhstress develops under the
right axial stiffener(y/a = 0.94) of the panel with axial loading conditions. Both the two
opposing longitudinal stiffened surfaces of the pangb = 0, 1) are found to be completely

free from lateral stresses which is in good agreement wighpttiysical characteristics of
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Figure 6.6: Distributions of axial stress components under stiffereadiens of) = 90° ply
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the panel. The maximum intensity of the lateral stress inldh@nated panel is found to
assume a value as high as 0.027 timesgfthe location of which is at the region of the
last stiffener near the right lateral end (loaded end). Efu8(b) shows the distributions
of the lateral stress component under stiffened sectiorikeofaminated cantilever under
the influence of nonuniform shear. Though the stiffenergaesent, no lateral stresses are
developed into two opposite longitudinal surface (top aottdm boundary), which is in
good agreement with the physical characteristics of théilesar. Maximum intensity of
the lateral stress is found to develop at sectigh = 0.94, which is under the stiffener near
loaded end. Magnitude of lateral stresses are also sigmifatasectiony/a = 0.14. Rather
than the sectio/a = 0.94, distributions are antisymmetric with respect to sectigh =
0.5 . Lateral stresses are found to much higher value under nfmnomshear compared to

nonuniform tension.
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Figure 6.8: Distributions of lateral stress components under stiffiesections of laminated

panel subjected to nonuniform (a) axial loading and (b) sloaling.

Figure[6.9 illustrates the distributions of normalizecttat stress components at differ-
ent stiffener free axial sections of laminated panel subgto nonuniform (a) axial loading

(b) shear loading. It is observed from Figlire 6.9(a) thathighest magnitude of lateral
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Figure 6.9: Distributions of lateral stress components at stiffenee Bections of laminated

panel subjected to nonuniform (a) axial loading and (b) sloaling.

stress develops at sectigpia = 0.84, near bottom boundary of the panel. Again, significant
amount of magnitude has been found at secgion= 0.04 compare to other sections. Both
the two opposing longitudinal surfaces of the pangh = 0, 1) are found to be completely
free from lateral stresses which is in good agreement wighpttiysical characteristics of
the panel. Figurg 6.9(b) shows the distributions of therédtstress component at stiffener
free sections of the laminated cantilever under the inflaericionuniform shear. No lateral
stresses are developed both two opposite longitudinahsairftop and bottom boundary),
which is in good agreement with the physical charactegsticthe cantilever. Maximum
intensity of the lateral stress is found to develop at sadgjicx = 0.04, which is stiffener
free sections near fixed end and the distribution is sinaoiBistributions of the lateral
stresses are antisymmetric with respect to sectjgn= 0.5 at stiffener free sections of the
laminated panel . Lateral stresses has been found muchrhiglue for the laminate under

nonuniform shear compared to nonuniform axial loading.
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6.4.5 Distributions of Lateral Stresses for Different Plies

Figures 6.1D and 6.11 illustrate the distributions of therk stresses under stiffener and
stiffener free sections &f = 0° ply. It has seen from Figufe 6.10(a), exactly similar diztri
tions of lateral stresses under stiffener sections have toemd ford = 0° ply compared to
the distributions of lateral stress of the laminate (seaf€i@.8), only difference is magni-
tude of the distributions. It also represents that distrdms of strains components are similar
throughout the laminate. Again, from Figure .11, similetributions of lateral stresses at
stiffener free sections have been foundéet 0° ply compared to the distributions of lateral
stresses at stiffener free sections of the laminate (segdf®9), only difference at the top
and bottom section$z /b = 0, 1). It should noted that the average ply stress distributisns i
eqgual to the laminate stress distributions. Though, atdpehd bottom sections give much
higher magnitude of stressestb#= 0° ply under shear stress but average stresses of all plies

will be zero.
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(a) Nonuniform axial loading. (b) Nonuniform shear loading.

Figure 6.10: Distributions of lateral stress components under stifflesections of) = (0°

ply subjected to nonuniform (a) axial loading and (b) sheading.
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Figure 6.11: Distributions of lateral stress components at free sestaid = 0° ply sub-

jected to nonuniform (a) axial loading and (b) shear loading

6.4.6 Distributions of Shear Stresses

Figure[6.12 illustrates the distributions of normalize@éahstress components at different
lateral sections of the laminated panel subjected to (&l éo@ding and (b) shear loading.
The distribution of shearing stress at different sectiohthe panel is presented in Figure
for the case of nonuniform axial loading. Sawtodth vave nature distribution
has been found at the sectiang® = 1.0. Magnitude of distributions of other sections are
very small compare to sectioryb = 1.0. Atregion0 < y/a < 0.5, shear stress give
positive magnitude, increase suddenly at certain valutadt af the stiffener and decrease
gradually throughout the stiffener. At regiorb < y/a < 1.0, shear stress give negative
magnitude and increases gradually throughout the stiffgneertain value. At stiffener free
sections, top and bottom boundaries are free from sheassivkich exactly matches our
boundary conditions. Maximum magnitude has been foundaat st stiffener near fixed
end. The distribution of shearing stress at different sestiof the panel under nonuniform

shear is presented in Figyre 6.12(b). At regibr: y/a < 0.5, shear stress give negative
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(&) Nonuniform axial loading. (b) Nonuniform shear loading.

Figure 6.13: Distributions of shear stress components under stiffeaetios of arbitrarily
placed stiffened laminated panel subjected to nonunifajraxial loading and

(b) shear loading.
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magnitude, increase suddenly at certain value at staredtiffiener and decrease gradually
throughout the stiffener with the increase of sectiofa. At region0.5 < y/a < 1.0,
shear stress increase with positive magnitude at thersdiffesection. At the stiffener free
sections, both top and bottom boundary are free from sheassstvhich exactly satisfy
the boundary conditions. Again, at stiffening region, tauibdary gives slightly higher
magnitude compare to the bottom boundary. Both top and tmoktoundary give similar
shear stress distributions. At right lateral end, sheasstapproaches to zero for section
x/b = 0.0, which exactly matches with the boundary conditions andnadized value of
shear stress has been found exattit sectionz/b = 1.0 i.e., equal to applied load at the
right lateral bottom end. Again, it has shown from figure 6 i€riodic stiffened laminate
under nonuniform shear loading give much higher magnitudehear stress distribution

compare with laminate under nonuniform tension.

Figure[6.18 shows the distributions of axial stress comptmnender stiffened sections
of arbitrarily placed stiffened laminated panel subjedtedonuniform (a) axial loading and
(b) shear loading. In this case, stiffeners are arbitraitpached with laminated cantilever
along the longitudinal edges. It has been seen from figuE® &nd 6.18 shows similar
distributions have been found though stiffeners have restqd at the same position. Again
magnitude of distributions are much higher for the arbitygplaced stiffened laminated

panel compared to periodically placed stiffened laminaizakl.

6.4.7 Deformed Shapes

Figure[6.14(d) and 6.14(c) illustrates the deformed shap#se laminated panel obtained

with different cases of stiffener used along the two oppg$amgitudinal surfaces for same
[90/0/90/0]s under nonuniform axial loading. Overall, it is revealedfrthe results that ax-

ial stiffeners have significant influence on the deformapattern of the panel, particularly
for the present nonuniform axial loading. The axial stifehat the surfaces, in general,

cause the overall deformation of the panel to assume muchesmaagnitude, which can
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be easily realized when compared to the case of no stiffaseshown in Figure 6.14(a) and
[6.14(c). Itis interesting to note that, when the longitadiedges of the panel are made free
from stiffeners, the present nonuniform axial loading esuthe deformation of the panel
somewhat similar to the case of subjecting an anti-clockwisment at the right lateral end,
where the lateral component of displacement is found to beeppamminent than the axial
component. The above bending-like deformation patterrisis abserved for the case of
discrete periodic stiffeners. The deformation patterheatonforms to the general charac-
teristic of the model of the panel, as the axial deformatsiound to be highest at the lower
surface and almost zero at the upper surface of the paneldf@li4(d)). A critical analysis
shows that the panel with periodic stiffeners experiendesraing-like deformation, some-
what similar to that of stiffener-free panel. In order to pag the present nonuniform axial
tension, the panel is found to follow a deformation pattesmpletely different from those
of periodic and no stiffeners, when the two opposing lordjital surfaces are subjected to
full-length continuous stiffeners. Deformation of lamied panel with continuous stiffener
is much smaller compare to stiffener free and periodicestéf laminated panel, where the
axial component of displacement is found to be more prontitiean the lateral component

as shown in Figurg 6.14(c). Figure 6.14(b) and 6.14(d)tilates the deformed shapes of

the laminated panel obtained with different cases of stéfeused along the two opposing

longitudinal surfaces under nonuniform shear loading.ak keen, the deformation pattern
rather conforms to the general characteristic of the moftiHleopanel. Contribution of lat-
eral displacement is more prominent compared to the axsglatement. Almost similar
deformation has been found for periodic, continuous arffiesér-free panel under nonuni-
form shear stress. Almost equal magnitude of lateral dedition for stiffener free panel and
periodic stiffener has been found. Continuous stiffenee ghuch smaller magnitude axial
displacement compare to others as shown in Figure 6]14(d. obtained deformed state
of the stiffener free panel is shown in Figlire 6.1#4(d), inethihe right extreme corner of
the bottom surface is found to experience the contributidmoth the lateral and axial dis-

placements. As a result, to satisfy the requirement of tiiegbloading as well as the given
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conditions on the opposing surfaces, the top-right corhiteopanel is found to experience

only the contribution of lateral displacement in the pesitilirection.

6.4.8 Effect of Periodic Stiffener
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(a) Nonuniform axial loading. (b) Nonuniform shear loading.

Figure 6.15: Distributions of shear stresses along bottom edge of lamxhaanel with dif-
ferent conditions of stiffener subjected to nonuniformggigal loading and (b)

shear loading.

Figure[6.15(8) describes the comparison of shear stresdigns along the bottom
edges for the three cases of stiffeners for sgifg0,/90/0|, laminate subjected to nonuni-
form axial tension. For the stiffener free panel, the priticshear stress at the bottom sur-
face is found to be zero, which is again in good agreement thétphysical characteristics
of the panel. For the case of continuous stiffeners, thelbligion assumes a quadratic/cubic
form, which is gradually increasing from left to right witlegative magnitude. Sawtooth like
wave nature distribution is obtained for the case of pregenbdic stiffener, which give pos-
itive magnitude in regio < y/a < 0.5 and negative magnitude in regiorb < y/a < 1.

As expected, the stiffener free regions of the boundary @ued to be free from shearing
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stresses. The maximum shear stress developed at the battfamesof the panel with peri-
odic stiffener is found at start of the stiffener near fixed.gfor case of continuous stiffener,
maximum shear stress has been found at the right lateralFégdre[6.15(1) describes the
comparison of shear stress distributions for the threesoafsgtiffeners; no stiffener, contin-
uous stiffener and periodic stiffener at the bottom sedwoisame laminate. For the stiffener
free panel, the predicted shear stress at the bottom susféaend to be zero. For the case
of continuous stiffeners, the distribution is almost canstind which is gradually increasing
from left to right near loaded boundary. For the case of pkeistiffener, distribution of
shear stress is not constant, which is however much higheraignitude compared to the
case of continuous stiffener. Stress fluctuations have bmerd at start of the stiffeners
(region0 < y/a < 0.5) and end of the stiffeners (regidn5 < y/a < 1). Stress distri-
butions are almost linear along the stiffener. As expedteel stiffener free regions of the
boundary are found to be free from shearing stresses. Thamaaxshear stress developed
at the bottom surface of the panel with periodic stiffenarrfexed boundary at start of the

stiffener.

Figurel6.16 illustrates the comparison of distribution ofmalized axial stress compo-
nents for the different stiffening effect at bottom sectadrthe laminated panel. The results
basically compare the state of stresses along the bottotsed periodic stiffened lami-
nated panel with those associated with the correspondisgsaaf continuous stiffener and
stiffener free panels. Figufe 6.16(a) describes the effiedistributions of axial stress under
axial loading for the three cases of stiffeners. For the cdsentinuous stiffener panel, the
predicted shear stress at the bottom surface is found torbe zer the case of stiffener free
laminate, the distribution assumes more or less constaithwé equal too, that applied
at bottom right corner. For the case of periodic stiffenétrdbution of axial stress is not
constant, which is however much higher in magnitude contperéhe case of stiffener free
laminate. Stress fluctuations have been found at start atiffeners (regio) < y/a < 0.5)

and end of the stiffeners (regioms < y/a < 1). As expected, the stiffened regions of the
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Figure 6.16: Distributions of axial stresses along bottom edge of lateti@anel with dif-
ferent conditions of stiffener subjected to nonuniformggigal loading and (b)

shear loading.

boundary are found to be free from axial stresses. The mariftuctuation of stress devel-
oped at the bottom surface of the panel with periodic stédferear fixed boundary at start of
the stiffener. Figuré 6.16(b) describes the effect of itigtions of axial stress of the lami-
nated cantilever under shear loading for the three casa#fehsrs mentioned above. For
the stiffener free panel, the distribution is decreasingdrly from left to right lateral end
approaches to stress zero value at the right lateral endinMiaxx stress has been found at
the left lateral boundary. For the case of continuous stéfgpanel, the predicted shear stress
at the bottom surface is found to be zero. For the case ofgierstiffener, distribution of
stress is not constant, which is however much higher in ntadaicompared to the case of
stiffener free laminate. Stress fluctuations have beend@trstart of the stiffeners (region
0 < y/a < 0.5) and end of the stiffeners (regidrb < y/a < 1). As expected, the stiffened
regions of the boundary are found to be free from axial seesSluctuations of stresses are
decreasing from left to right lateral end. The maximum flatian of axial stress developed

at the bottom surface of the panel with periodic stiffenarrfexed boundary at start of the
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stiffener.

6.4.9 Effect of Periodic Axial Restrain

Figure[6.1V describe the comparisons of shear stresshdistms for different cases of
boundary conditions for sam@0/0/90/0]s laminate subjected to nonuniform loading. This
comparisons are between axial stiffener (constant axsglacement at stiffened boundary,
Fig[6.2) and the axial stiffener is replaced by the axialreest(zero axial displacement).
Figure[6.17(8) shows sawtooth like wave distributions afaststresses at the stiffened re-
gion of the laminate. Positive magnitude has been foundaiose) < y/a < 0.5 and
negative magnitude has been found at sedlién< y/a < 1. For the case of axial restrain,
A somewhat cubic/ quadratic distributions has been fourtieatestrained region which is
increasing from left to right lateral end. As expected shfér free regions are free from shear
stresses for both cases of the boundary restrains. Higlr€§.shows the comparisons of
shear stress distributions of laminated panel subjectednoniform shear loading. Nega-
tive magnitude has been found at sectior y/a < 0.5 and positive magnitude has been
found at section).5 < y/a < 1. Magnitude of fluctuations of distributions decreases from
left to right. Again, almost similar distributions have bef®und for all restraining region.

As expected stiffener free regions are free from shearsassfor both cases.

Figure[6.18(8) describe the comparisons of axial stresshiitons for different cases
of boundary conditions for sam@0/0,/90/0]s laminate subjected to nonuniform axial load-
ing. For the case of periodic stiffener, fluctuation of sérdsstributions are increasing away
form sectiony/a = 0.5. Stress fluctuations have been found at start of the stiféenegion
0 < y/a < 0.5) and end of the stiffeners (regiéns < y/a < 1). For the case of periodic
axial restrained, gradually increasing stresses with posiitive and negative magnitudes are
obtained with an alternative fashion from fixed end to loaded. The stiffened regions of
the boundary are found to be free from axial stresses for ¢mths. Figure 6.18(b) describe

the comparisons of axial stress distributions for différeases of boundary conditions for
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Figure 6.17: Comparison of shear stress distributions of axial stiffemigh axial restrain

of the laminated panel subjected to nonuniform (a) axiadilegand (b) shear

loading.
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Figure 6.18: Comparison of axial stress distributions of axial stiffewéh axial restrain of
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loading.
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samel90/0/90/0]s laminate subjected to nonuniform shear loading. For the o&periodic
stiffener, gradually increasing stresses with positivgnitaides are obtained from fixed end
to loaded end. For the case of periodic axial restraineessulistribution with both positive
and negative magnitudes are obtained with an alternatsteda from fixed end to loaded
end. Fluctuations of periodic stiffener are much higher para to periodic axial restrained.

The stiffened regions of the boundary are found to be frem fagial stresses for both cases.
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Figure 6.19: Comparison of deformed shape of the periodic axial restthend periodic
stiffened laminated panel subjected to nonuniform (a)ld&&ding (b) shear

loading.

Figure[6.19 illustrate the deformed shape of the periodial agstrained and periodic
stiffened laminated panel subjected to nonuniform axial simear loading. In order to sup-
port the present nonuniform axial tension, the panel is dotmcompletely different de-
formation for periodic stiffener from those of periodic alkstrained. Deformation of the
laminated panel with periodic axial restrained is much senalbompare to periodic stiffener

laminated panel, where the lateral component of displanéméound to be more prominent
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than the axial component and the axial deformation is foorethighest at the lower surface
and almost zero at the upper surface of the panel as showgune.19(q) It is interesting
to note that, when the longitudinal edges of the panel areemaith periodic stiffeners, the
present nonuniform axial loading causes the deformaticdh@fpanel somewhat similar to
the case of subjecting an anti-clockwise moment at the tagktal end, where the lateral
component of displacement is found to be more prominenttii@axial component. Figure
[6.19(D) illustrate the deformed shape of the periodic adsatrained and periodic stiffened
laminated panel subjected to nonuniform shear loading.astdeen, the deformation pat-
tern rather conforms to the general characteristic of thdehof the panel. Contribution of
lateral displacement is more prominent compared to thd digplacement. Almost similar
deformation has been found for axial periodic stiffener aril periodic restrained under
nonuniform shear stress. Panel with axial restrained givelnsmaller magnitude of axial
displacement compare to periodic stiffened panel. Oveeftbrmation is much higher for
periodic stiffened panel compare to axial restrained paAgkin deformation under axial

tension is much smaller compare to shear loading.

6.5 Conclusion

A new scalar function based computational scheme has beetoged to analyze the elas-
tostatic response of laminated composite panel subjeotadrtuniform loading, under the
influence of discrete periodic stiffeners. No appropriatalgtical approach is available in
the literature, which can provide explicit information aibthe actual stresses, especially at
the critical regions of supports and stiffeners of the laatexd panel. Both the qualitative and
guantitative results of the present mixed-boundary-vatuess problem of laminated com-
posites establish the soundness as well as appropriatehtss single function approach.
The periodic stiffeners are found to have significant infeeean the deformed shape of the
panel, especially when compared with those of continuodsstifiener-free panels. More-

over, both the axial and shear stresses along the edgespHrikéare found to assume much
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higher magnitudes from stiffener-free panels. The sohstiare claiming to be highly accu-
rate and rational for the entire region of interest, eithe@raway from the bounding edges
of the composite panel. It is thus expected that the pressatwlould be considered as a

valuable design guide for laminated panels with discretallstiffeners.
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7

Laminated Panel Subjected to
Discrete Variable Stiffeners

7.1 Introduction

The elastic field of a laminated composite cantilever witctite variable stiffeners at the
two opposing longitudinal bounding surfaces is analyzedieurthe influence of a uniform
shear loading. The variable stiffener is defined as the axiféner whose stiffening effec-
tiveness is not constant, rather a function of axial locatibthe bounding surface. A new
computational scheme is developed based on the displatg@atemtial method for analyz-
ing laminated panels subjected to discrete variable ssfn First, solutions are obtained
for laminated panels subjected to stiffeners having varieftectiveness. The effectiveness
is identified to be one of the influential factors for deteriminthe state of stresses in the
laminate. Then a laminated cantilever panel is analyzeeéuthe influence of discrete vari-
able stiffeners, the effectiveness of which varies linead a function of location over the
stiffened region. The solutions of overall laminate stessstrains and displacement are pre-
sented mainly in the form of graphs. The results appear taitie gpasonable and establish

the soundness of the numerical scheme developed.

159
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7.2 Effectiveness of Stiffenerg

In order to explain the concept of variable stiffener, a peeter, namely, the effectiveness of
stiffener, denoted by the symbglis introduced here. The effectiveness of the stiffeners is
defined in a quantitative fashion as the reduction of stramfthe corresponding unstiffened

strain in a normalized form. It can be expressed mathentigtas

(e35)i

Where, (¢}); is the nodal axial strain of unstiffened member dng,); is the nodal
axial strain of the corresponding member subjected to bkristiffeners. For the case of
rigid stiffeners,(c,, ); is zero (see chaptef 5) over the stiffened region. The rahggriation
of the parameters is from 0 to 1. When the value &f; is equal to O, it represents the
case of unstiffened condition, that is the stiffener is ratlaeffective, and for the case of
rigid stiffeners it assumes a value of unity, that is, th#ester is100% effective. When the
effectiveness is equal to O or 1, it does not represent théitton of variable stiffener, rather
gives the two limiting cases of the effectiveness which améoum in nature. The value of
¢ = 0.4 at any region or mesh point of the stiffened boundary meaastiffener is40%
effective, that is, it allows onlg0% of the unstiffened strain at the region or mesh point of
the stiffened boundary. Whenvaries along the stiffened region of the panel it will reflect
the case of variable stiffeners, the effectiveness of whantes following a predetermined

functional relationship of axial location.

In this chapter, a laminated panel with discrete variakféesers has been analyzed
under the influence of the uniform shear loading. To solvepttodlem, the condition of
variable stiffeners is mathematically modeled by assigrippropriate values of strain for
the stiffened section. Strain at any position of the stiéiérsection is obtained from the

corresponding stiffening effectivity, by the following relation:
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(Eyy)i = (g4y)i(1 — &) (7.2)

7.3 Computational Scheme for Solving Laminated Panels

under Variable Stiffener

The variable stiffener is defined as the axial stiffeneraifbich stiffness is a function of the
axial location. No software / analytical method has beemdbun the literature which can
give the direct solution of the variable stiffener. Thisgiseis introducing a new computa-
tional algorithm to solve the laminated cantilever withighte stiffener as shown in figure
[7.1. First stage: solve the stiffener free cantilever agdi istiffened cantilever and calculate
axial strains for both problems; 2nd stage: find axial sgahthe stiffened region on top
and bottom boundary. By default, magnitude of axial straieszero at stiffened region for
the case of rigid stiffening. 3rd stage: assume variatioaffefctiveness of stiffeneg, for
variable stiffener. i.e., how effectiveness of stiffenarigs along the length of the stiffener.
In present study, two different variations of stiffener édéeen considered: (a) stiffener with
various effectivenesg (varies with magnitude) (b) stiffener with variable effeetess {
varies linearly along stiffener). 4th stage: calculatedtnains for variable stiffener along the
length of the stiffener with corresponding variations¢dfy using equatioh 712. 5th stage:
use calculated strain compone(is, ); together withr,, = 0 as boundary conditions at the
stiffened sections of the variable stiffened cantileveh €age: Solve the cantilever prob-
lem using strain boundary conditions. 7th stage: Calcudaplacement, stress and strain

components for variable stiffened cantilever.

7.4 Effect of Stiffeners with Various Effectiveness

This section presents the effect of the laminated compasit¢ilever under the influence

of discrete variable stiffener subjected to a uniform sh&aranalyze the problem, discrete
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Figure 7.1: Computational scheme for solving laminated panel withalad effectiveness

of the stiffener.

stiffener with different effectiveness has been consideta this case, effectiveness of the
stiffener, ¢ will not vary along the length of the stiffener but varies lwihe magnitude.

Mathematically, to analysis the rigid stiffened cantilepeoblem, has been solved by re-
straining the strain (see chaptér 5). For the present \arsiffening case, strain should not
be restrained rather it will be allowed that has shown in Bglf.2. Strain expression has
been found from the above equation {7.2) with correspondahge of¢. Five different cases

of £ has been considered & 0.0,0.25,0.5,0.75 and 1.0) to solve the laminated stiffened

cantilever (stiffener with various effectiveness).

7.4.1 Geometry and Physical Conditions of the Cantilever

A uniform cantilever of laminated composites is considdmdhe present analysis. Three

plies of unidirectional boron-epoxy composite with a stagksequence df)/90/0] are used



CHAPTER 7. DISCRETE VARIABLE STIFFENERS 163

10 T T T T

0.8 | .

0.6 | — £=05

04 + Uniform effectiveness i

02} .

Stiffener effectiveness, &

0'0 | | 1 1
00 02 04 06 08 1.0

: . Location along stiffener, y /d
Fiber Stiffener

| < d >
/\

A / \\\ E D Y
/

-

/
4
/
G— G— — — — —

l: a P
X 0.6 T T T T
R azo‘o
04 F T 5703
: — =10
%
£ L
& 02T~ -
0.0 ——=x
0.2 1 1 1 1

00 02 04 06 08 1.0

Location along stiffener,  /d

Figure 7.2: Determination of physical conditions of the stiffened gattunder stiffeners

with uniform effectivenesg( = 0.5).



CHAPTER 7. DISCRETE VARIABLE STIFFENERS 164

to form the symmetric cross-ply laminate for the cantilevEhree-dimensional plates are
considered into two-dimensional plane stress conditidhs.length, width and thickness of
the panel are represented byb andh respectively. Each ply has same thickness and ply
thickness can be expressedias= h;, — h,_; and total thickness = nh,. The geometry
and loading of a laminated composite panels with variabffesing subjected to uniform
shear stress is shown in Figlre]7.2. The left-hand lateihloénhe cantilever is assumed
to be rigidly fixed and the right-hand lateral end is subjédte a uniform shear loading.
The two opposing longitudinal surfaces are considered tlotaly stiffened by attaching
variable axial stiffeners of the boundary surfaces. Thgtlewf the stiffeners is half of the

total length and attached at the right side of the laminasettp

The geometry and loading used for the solution of the camtilproblem is illustrated
in Figure[7.2. The relevant boundary conditions, which hagen satisfied by different
segments of the boundary, are listed in tablé 7.1. The ragétadl end of the panel is subjected
to a uniform shear stress loading of intensity= 3 MPa. Tablé 7.2 illustrates the scheme
for treating the boundary conditions of the corner pointsvali as intermediate boundary

transition point of the boundary section, which are, in gahé¢he points of singularity.

7.4.2 Results and Discussions

In this section, results of the numerical solutions are gméed for boron/epoxy composite
cantilever problem. Here, it is worth mentioning that thenfalations developed in this
study can be used for any composite materials. However, dnenflepoxy composite has
been chosen in this study merely as an example. The maximlua ghthe applied shear
stressyy is taken as3 MPa. Further, all the results presented here corresporftetpanel
aspect ratia,/b = 2.5, laminate stacking sequence[0f90/0] and the number of ply = 3.
The thickness of each ply is consideredias mm. Although any number of plies can be
used for the solution to elastic field, only three plies hagerbconsidered in this study to

generate the numerical results. However, it should be edghat the laminate is symmetric
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Table 7.1: Numerical modeling of the boundary conditions for diffareegment of the

boundary of the laminated panel (see figure 7.2)

Correspondence between

Parameters

Boundary Boundary used mesh points and given
boundary conditions

segments type to the nodal

conditions Mesh point on the Mesh points on the

physical boundary imaginary boundary

AE Free Oz, Oy 022(0,y) =0 0zy(0,4) =0
BF Free Ogx,Oxy Oz (b, 1/) =0 Oy (0, 1/) =0
ED Stiffened Oz Eyy 022(0,y) =0 (eyy)i(0,y) = (1 — 5)(552)1
FC Stiffened Oz, Eyy Uzm(ba 1/) =0 (ayy)l(ba 1/) = (1 - E)(‘S;Z)l
CD Loaded Oyys Oy Oxy(T,0) = 09 oyy(z,0) =0
AB Fixed Ug, Uy Uy (x,0) =0 uy(x,0) =0

for any number of plies as the formulations have been deeelégr a laminate, based on the
formulation of symmetric cross-ply laminate that the begdéxtension coupling stiffness

matrix [B] does not come into the scenario. For most of thaltssthe length of the discrete

stiffener is kept constant, that is, the ratity,a is set equal to 0.5, although the effect of
stiffening length is investigated by varying the ratio. TF@ mesh-network used to model
the present cantilevér /b = 2.5) contains nodal point&51 x 51) in the direction ofr and

y, respectively.

7.4.2.1 Comparison of Axial Displacements and Strains

Figure[ 7.3(d) illustrates the comparison of the state dfibistions of normalized axial dis-
placementsy,, on the top boundary of the laminated cantilever. Distritngi are normal-
ized with the maximum lateral displacement of unstiffenadqd at right lateral end. For
the case of stiffener free panel, the distribution assumggaaratic/cubic form, which is

gradually increasing from left to right. For the case ofdigtiffening, distribution assumes
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Table 7.2: Numerical modeling of the boundary conditions for cornett #re intermediate

points of the laminated panels (see figuré 7.2)

Correspondence between

Parameters Parameters
. mesh points and given
Corner given used
] boundary conditions
Point to the nodal to the nodal
conditions conditions Mesh point on the Mesh points on the
physical boundary imaginary boundary
A (2z, Oay) (Ug, Uy) [O2z, Tay, Uyl 022(0,0) =0 02y4(0,0) = 0,u,(0,0) =0
B (Oza, Owy)s(Ug, Uy) (022, Ony, Uyl 022(0,0) =0 02y (D,0) = 0,uy(b,0) =0
C (022, €yy)(Oyy, Oxy)  [Oazs Ozy, Eyyl ozz(b,a) =0 eyy(b,a) =0,04y(b,a) = 0
D (waa Eyy)’(ayya Umy) [Ummv Oxy, Eyy] Oxx (0, a) =0 Eyy (07 a) =0, Umy(oa a) = 0o

Intermediate points

E (mea Umy)y(ammv Eyy) [waa Eyy] Oxx (Oa ) =

2)=0 2
F (225 Ozy) (Owz, Eyy) [02as Eyy] 0z2(b, %) =0 (eyy)(b, %) =(1- E)(azf/)

a quadratic/cubic form at free region of the boundary andlaksplacements are constant at
the stiffening region which give the rigid body motion affethed sections. With the decrease
of effectiveness of stiffener, magnitude of distributionsreases. Maximum magnitude of
displacement has been found at the stiffener free regiontwhigradually increasing from

left to right.

Figure[ 7.3(0) illustrates the comparison of the state dfitistions of normalized axial
strains on the top boundary of the laminated cantilevertribDigions are normalized with
the maximum value of straig,, max = 0.78747E — 03 at the fixed end of the top boundary
of the unstiffened laminate. For the case of stiffener frapgb, the distribution gradually
decreases from left to right and approaches to zero at tie lateral end. For the case
of rigid stiffening, distribution decreases from left tghit along the unstiffened sections

and magnitude of the distribution is zero at the stiffeniagion which satisfy applied the
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Figure 7.3: Distributions of axial displacements and strains alongttipgeboundary of the

laminated panel with various effectiveness of stiffeners.

boundary conditions. For all the caseg pflistributions decreases from left to right along the
top boundary and maximum has been found at the fixed end. ishysiie applied boundary
conditions, sudden reduction of strain has been found faf @hlues at the junction point.

With the decrease of effectiveness of stiffener, magnitfdéstributions increases.

7.4.2.2 Deformed Shapes with Stiffeners of Various Effeateness

Figure[7.4 illustrates the deformed shapes of the laminpéel obtained with different

conditions of stiffening used along the two opposing londiihal surfaces. It is revealed
from the results that axial stiffeners have significant iefice on the deformation pattern of
the panel. Deformed shapes are completely different formate with stiffeners of various

effectiveness;. Deformed shape of the laminated panel with rigid stiffasenuch smaller,

it can be easily realized when compared to the other casés Afjain deformed shape of

the unstiffened cantilever is higher compared to other itmmg of effectiveness of stiffener.

When the two opposing longitudinal surfaces are attachél stiffeners, the obtained de-

formed state of the panel is shown in Figlrel 7.4, in which tgbtrextreme corner of the
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Figure 7.4: Deformed shape of the stiffened laminated cantilever watfious effectiveness

of the stiffener (magnification factor200).

bottom surface is found to experience the contribution difiltlee lateral and axial displace-
ments. It has noted that, with the increase of stiffeningai¥ity, deformations of the panel

decrease.

7.4.2.3 Distributions of Different Stress Components

Figure[ 7.5(8) illustrates comparisons of distributionaxiil stress components for different
conditions of effectiveness of stiffener on top boundartheflaminated panel. It is interest-
ing to note that distributions of axial stresses are sintitanpared with the distributions of
axial strains. Distributions decreases from left to riglhg stiffener and approach to zero
stress value at the right lateral end for all cases.omall fluctuation on distribution has
been found at the junction point, where stiffener free aifteeed boundary are joined on

top and bottom boundary. This fluctuation is lowering the nmagle of the distribution and
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Figure 7.5: Distributions of axial stresses and shear stresses alengphboundary of the

laminated panel with various effectiveness of stiffeners.

gives linear distributions on the stiffening region. Maxim magnitude has been found at the
fixed end of top boundary for all conditions of stiffness offeter, £. When rigid stiffener
(& = 1) are attached with the laminated cantilever, distributigproduce the axial stresses
are zero at the stiffening region which satisfy the boundarydition. With the decrease of
the magnitude of stiffness of stiffener, magnitude of th&rdiutions of axial stresses are

increases.

Comparisons of distributions of shear stress componentifferent conditions of ef-
fectiveness of stiffener on top boundary of the laminatewepare shown in figurie 7.5(b) A
somewhat parabolic distributions has been found at thiesiifg region of top surfaces for
all magnitude of effectiveness, Distributions are different for different magnitudes&of
and magnitudes of distributions increase with the incredseagnitude off. As expected
the stiffener-free regions on the top surfaces of the cardilare found to be completely free
from shearing stresses for allNormalized value of the distributions at the right latead
arel for all cases o, which exactly satisfy the boundary conditions which haesrbapplied

on the right lateral end. It should be noted that magnituddisifibutions of shear stresses
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are much lower compare to magnitude of axial stress compsiieee Figurg 7.5(a)).

7.5 Effect of Stiffeners with Variable Effectiveness

This section presents the effect of discrete variableestdfs in the elastic filled of the lam-
inated composite cantilever. subjected to a uniform shieaanalyze the problem, discrete
variable stiffener with varying effectiveness has beensatered. i.e. effectiveness of the
stiffener,& will vary along the length of the stiffener. To analysis theldem, linear varia-
tion of £ has been considered as shown in Figuré 7.6. Left side ofiffensd region of the
cantilever is rigid(¢; = 1) and right side of the stiffened region of the cantilever éeffrom
stiffening(¢; = 0). Mathematically rigid stiffening¢; = 1) is defined age}; )i = (e}y,)i = 0
and unstiffened condition is defined @$;); = (c};):- To solve the present case, spatially
varying strain components have been used as boundary iwmwdih the stiffened region
on top and bottom boundary of the cantilever. Spatially wayystrain components have
been found from the above equatidn {7.2) with correspontiivggr variation of¢;, where
the strain component is equal to zero (rigidly stiffened)hat right region of the stiffened
section of the cantilever is equal to unstiffened strairhatright lateral end of the stiffened

section of the cantilever has been shown in figuré 7.6.

Determination of physical conditions of the stiffened smtunder stiffeners with uni-
form effectivenessg(= f(y)) is shown in Figuré716. The geometry of the cantilever heesb

already discussed in section 714.1, only variatiog wfill be linear rather than constant.

7.5.1 Results and Discussions

The results of the analysis of stresses for the laminatetl@aer subjected to local stiffen-
ers along the two opposing longitudinal surfaces, as showkigure[ 7.6, are presented in
this section. In this section, results of the numerical sofuof the laminated panel having

an aspect ratida/b) of 2.5 are presented. The results are presented, distitsutif axial
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displacement and strain distributions of different stressiponents, comparison of stress
components interest as well as comparisons of deformedesHapall cases of stress dis-
tributions, stresses are normalized with respect to themmanx intensity of applied shear
loading, oy (see Figuré 716), the magnitude of which is arbitrarily assd to be 3 MPa.
The details of the boundary conditions as used to obtainrésept FD solutions are already
listed in Tablé 7.1 and 7.2. Three laminae= 3) of unidirectional composite material with
stacking sequences {if/90/0] are assumed to form symmetric cross-ply laminates for the
cantilever. Although the method can be applied to any coitgaosaterial, the boron/epoxy
composite is chosen as an example in present study. Theiegf@eechanical properties
of boron/epoxy laminate are listed in taldle]5.2. The thicsnef individual plies is kept
constant, which is 0.5 mm. The FD mesh-network used to mdaeptesent cantilever

(a/b = 2.5) contains nodal point§51 x 51) in the direction ofr andy, respectively.

7.5.1.1 Distributions of Axial Displacement and Axial Strans

Figure[7.7(d) illustrates the distributions of axial demments for different sections of vari-
able stiffened laminated cantilever. It is noted that @stiions are normalized with the
maximum lateral displacement at the right lateral bounadrthe same unstiffened lami-
nated cantilever. Distributions are symmetric with respethe sectiorr /b = 0.5 and away
from the boundary, magnitude of distributions decreasesxiMum displacement has been
found at top and bottom boundary. At the stiffening regiosfributions are almost linear

and increases from left to right hand lateral end.

Figurd 7.7(D) illustrates the distributions of axial stafor different sections of variable
stiffened laminated cantilever. Itis noted that distribos are normalized with the maximum
axial strain0.78747E — 03 at the fixed boundary of the unstiffened laminated cantileite
is seen from figure, distributions decrease from left totrlgdnd lateral end. At the start of
the stiffener, axial strain is zero on top and bottom bouyedrich exactly satisfy the rigid

conditions of the stiffener. At the end of the stiffener op smd bottom surface, axial strain
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Figure 7.7: Distributions of axial displacements and axial straindeflaminated cantilever

with variable effectiveness of stiffeners.

is exactly same with the unstiffened strain. Distributians parabolic at the stiffened region
on top and bottom surface of the laminated panel. Distrimgtiare symmetric with respect

to sectiongy/a = 0.5. Magnitude of strains is higher at the fixed end for all sexio

7.5.1.2 Distributions of Stress Components

Figure[7.8(d) illustrates the distributions of the axiaéss components for different lateral
sections under the influence of symmetric variable stiffénéth variable effectiveness) of
the stiffened laminated panel subjected to a uniform slueat. IDistributions decreases from
left to right at stiffener free sections and approach to atmess value at the start of the stiff-
ener on top and bottom boundary. Again, parabolic distidimstof axial stresses have been
found at top and bottom surfaces under stiffening sectidmsy from the top and bottom
boundary, distributions are linear under stiffener anifiester free sections. Distributions are
symmetric with respect to sectiarn/b = 0.5. Maximum magnitude has been found at the
fixed end on top and bottom boundary. Away from the top ancbotioundary, magnitude

of distributions are decreasing.
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Figure 7.8: Distributions of different stress components at diffeisadtions of the stiffened

laminated cantilever with variable effectiveness of stiffrs.
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The distributions of shear stress at different transveestians of the laminated can-
tilever are shown in figurg 7.8(b) for different sections. stfibutions of shear stresses
are normalized with the applied loag. A somewhat parabolic distributions assumes a
guadratic/cubic form under the stiffening sections of tad Aottom surfaces. As expected,
the stiffener-free regions of the top and bottom surfacethefcantilever are found to be
completely free from shearing stresses. Distribution @&aslstress are found to coincide
with each other for all symmetric lateral sections. Normetdi value of the distributions
of all sections are equal tb at right hand lateral end, which exactly satisfy the boupdar

conditions that has been applied on the right lateral end.

Figure[7.8(d) illustrates the distributions of the norreedl lateral stress components
for different sections of the stiffened laminated paneis lioted that magnitude of distribu-
tions of lateral stress components are much smaller compamdistributions of other stress
components. Both stiffened and stiffener free sectionssifidutions are symmetric with
respect to sectiom/b = 0.5. Fluctuations of distributions have been found at startemdi
of stiffener. As expected, top and bottom boundary are frem 1ateral stress which exactly

satisfy the boundary conditions.

Figure[7.9(3d) illustrates the distributions of the axiaéss components for different ax-
ial sections under the influence of symmetric variableestiéir (with variable effectiveness)
of the stiffened laminated panel subjected to a uniform isleeal. Distributions are anti-
symmetric with respect to the sectigfia = 0.5. Maximum magnitude has been found at
the fixed end on top and bottom boundary. Magnitude of distidgins decreases from left to
right hand lateral end. Distributions are free from axiaésses at the right lateral boundary

which exactly matches with the boundary conditions.

The distributions of shear stress at different axial sestiof the laminated cantilever
are shown in figurg 7.9(p) for different sections. Distribos of shear stresses are normal-
ized with the applied load.Different parabolic distributions have been found fofefiént

section. Distributions are symmetric with respect to thetiea /b = 0.5. Distribution
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Figure 7.9: Distributions of different stress components at diffeisadtions of the stiffened

laminated cantilever with variable effectiveness of stiffr.

reproduces the exact boundary conditions at the rightdiaéerd.

7.5.2 Comparison of Different Cases of Stiffener Effectiveess

Figure Z.10E 7.72 illustrates the comparison of distributhf normalized axial displacement,
different stress components and deformed shape of thdesaartfor the different stiffening
effectivity on the top boundaryz/b = 0.0) of the panel. The results basically compare the
state of stresses and displacements along the varialiEnsti$ with those associated with

the corresponding cases of rigid stiffener and stiffernee fpanels.

7.5.2.1 Comparison of Axial Displacements and Strains

Figure[7.10(9) illustrates the comparison of the state sfridutions of normalized axial
displacementsy, on the top boundary of the laminated cantilever. Distritnsi are nor-
malized with the maximum lateral displacement of unstiéférpanel at right lateral end.

For the case of stiffener free panel, the distribution agsuenquadratic/cubic form, which
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is gradually increasing from left to right. For the case dgfidistiffening, distribution as-

sumes a quadratic/cubic form at free region of the boundadyaxial displacements are
constant at the stiffening region that give the rigid bodytiotoat stiffened sections. For the
case of present variable stiffening problem, wiges: f(y), distribution has been found as
a quadratic/cubic form at free region of the boundary anddib&ibutions are linear at the
stiffened region and much closer to distributions of rigidfened cantilever. The overall

distributions of axial stresses of the panel have been fooach smaller magnitude when

stiffener attached with the cantilever compare to unstéte cantilever as shown in Figure

7.10(a).
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Figure 7.10: Distributions of axial displacements and strains alongadipeboundary of the

laminated panel with different conditions effectivenekstdfeners.

Figure[7.10(H) illustrates the comparison of the state efritiutions of normalized
axial strains on the top boundary of the laminated cantileizgstributions are normalized
with the maximum value of strair).78747EF — 03 at the fixed end of the top boundary
of the unstiffened laminate. For the case of stiffener frapgb, the distribution gradually

decreases from left to right and approaches to zero at tie lateral end. For the case
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of rigid stiffening, distribution decreases from left tghit along the unstiffened sections
and magnitude of the distribution is zero at the stiffeneglae which satisfy applied the
boundary conditions. At the junction point, to satisfy tipgpked boundary conditions, some
sudden reduction of strain has been found. Again, for the chwariable stiffened( =
f(y)) cantilever, distribution is decreasing from left to rigind very close to the distribution
of rigid stiffened panel at free region of the boundary. Bigttion is free from axial strain at
the start of the stiffener, which is the condition of rigidfehing. Again distribution assumes
a parabolic form with maximum magnitude at the middle of ttifemer, which is exactly
matches with boundary conditions that applied on the sidteboundary. Distribution of
axial strain exactly matches also with unstiffened strathalateral end of the top boundary.
It should be noted that maximum magnitude has been foune &d end for all conditions

of stiffener.

7.5.2.2 Comparison of Stress Components

Figure[7.11(3) illustrates the comparison of the state sfridutions of normalized axial
stresses on the top boundary of the laminated cantilevetriButions are normalized with
the applied loadingg,. For the case of stiffener free panel, the distribution gedlgt de-
creases from left to right along the top sections of the |ateirand approaches to zero at
the right lateral end. For the case of rigid stiffening, disttion decreases from left to right
along the unstiffened sections and magnitude of the digtdb is zero at the stiffened re-
gion. For the case of variable stiffening, £ f(y)), distribution is decreasing from left to
right at free region of the boundary and give zero stressevatistart of the stiffener. The
distributions assumes a quadratic/cubic form and give mam magnitude at the middle of
the stiffener at the stiffening region. It should be noteak tnaximum magnitude has been

found at the fixed end of all conditions of stiffener.

Figure[7.11(H) illustrates the comparison of the state efriutions of normalized

shear stresses, on the top boundary of the laminated aaantil@istributions are normalized
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Figure 7.11: Distributions of axial stresses and shear stresses alertgprboundary of the

laminated panel with different conditions of effectivese$ stiffeners.

with the applied loadinggy. For the case of rigid stiffening, the distribution assuraes
guadratic/cubic form, which is gradually increasing fraeft ko right along the length of the
stiffener. For the case of variable stiffening £ f(y)), a somewhat parabolic like distribution
has been found at the stiffening sections but slope of thebedat is much higher compare
to the distribution of shear stress of rigid stiffened dangr. For the case of stiffener free
panel, distribution are free from the shear stresses, whiahtly matches with the boundary

conditions.

7.5.2.3 Comparison of Deformed Shape

Figure[7.12 illustrates the deformed shapes of the laminpémel obtained with different
conditions of stiffening used along the two opposing londimal surfaces. Overall, it is
revealed from the results that axial stiffeners have sicguifi influence on the deformation
pattern of the panel, particularly for the present unifoimear loading at the right lateral
end. The axial rigid stiffeners at the surfaces, in genealse the overall deformation of

the panel to assume much smaller magnitude, which can by ezaized when compared
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Figure 7.12: Deformed shape of the laminated cantilever with differemtditions of effec-

tiveness of stiffener (magnification factaR00).

to the case of variable stiffener and stiffener free panglshmwn in figuré 7.12 Deformed
shape of the variable stiffened £ f(y)) laminated cantilever, are very similar to deformed
shape of rigid stiffener. When the two opposing longitutiswarfaces are free form stiff-
eners, the obtained deformed state of the panel is showrginmdfiZ. 12, in which the right
extreme corner of the bottom surface is found to experieheecontribution of both the
lateral and axial displacements. It is interesting to nbsg,twith the increase of stiffening
effectivity, deformation of panel decrease and deformegbstbecomes straight gradually at

the stiffening boundary region has shown in figure 17.12.

7.6 Conclusions

A new scalar function based computational scheme has beefoged to analyze of variable
stiffening in a laminated composite cantilever under shkesding. No appropriate analytical

and numerical approach is available in the literature, tvicen provide explicit information
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about the actual stresses, especially at the critical nsgid supports and stiffeners of the
laminated panel. Both the qualitative and quantitativalte®f the present mixed-boundary-
value stress problem of laminated composites establisedhedness as well as appropri-
ateness of the single function approach. The solutionslaimed to be highly accurate and
rational for the entire region of interest, either at or avilayn the bounding edges of the
composite panel. It is thus expected that the present dai&dvbee considered as a valuable
design guide for laminated panels with variable stiffenEtgther, the solutions obtained are
promising and satisfactory for the entire region of inter@herefore, the present displace-
ment potential formulation can be applied to obtain nunaolution to the elastic field in

structural elements of laminated composites under any swodeoundary conditions.



CHAPTER

8

Validation of Displacement Potential Solution

8.1 Introduction

This chapter is intended to verify the soundness and apptepess of the displacement
potential method (DPM) developed in this study for the asialpf elastic field of structural
components of laminated composites with mixed mode of bagndonditions. To achieve
this goal, some of the problems discussed in previous ctsapte solved by the conven-
tional computational methods which mainly include the &retement method (FEM). An
analytical solution to a stiffened laminated cantileves lagso been derived based on dis-
placement potential function in order to verify the accyrafthe finite-difference modeling
of the problem. The commercial finite-element softwares Z¥X® and ANSYS have been

used to obtain the corresponding finite element solutioriseproblem.

8.2 Problem 1: An Unstiffened Laminated Cantilever Un-

der Parabolic Shear

To validate of the present displacement-potential sahsti@ simple unstiffened laminated

cantilever as shown in figufe 8.1, has been first solved usiregtdifferent approaches

182
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which are completely different in terms of the solution @es. First, FEM solution of the
laminated cantilever problem has been obtained using theectional commercial finite-
element software, SAP2008tatic and Dynamics Analysis of Structure, Advanced 14A4..0
three ply unstiffened boron-epoxy laminated cantilevetarparabolic shear has been cho-
sen for the FEM solution. The properties of the Boron-ep@ihated composite which
have been used to generate the corresponding FEM solutehistad in Tablé 5]2; It can be
mentioned that, in practice, FEM is considered to be the playsible approach for analyz-
ing such problems of discretely stiffened laminated protgeA total of10, 000(100 x 100)
four-noded, isoparametric layered-shell elements weed trs construct the corresponding
FEM mesh network for the laminate. The convergence as wedicaaracy of the FEM

solution has also been verified by varying the element messitye

A simplified finite element solution of the laminated cantdeproblem has also been
obtained using the conventional commercial finite-elenseftivare, ANSYS, Release 11.0
SP1. The simplified FEM solutions are obtained by conveitttiregoriginal laminate into an
equivalent lamina. The equivalent representative materaperties of the laminate which
are used to obtain simplified FEM solution are known as emging constants of the lam-
inate The engineering constants of 3-ply the Boron-epomyriated composite which have
been used to generate the corresponding simplified FEMisontuare listed in Table_8.1.
Likewise the case of a total 100 x 100) element were used to construct the corresponding
simplified FEM mesh network for solution. PLANE42 is used D modeling of solid
structures. The element is defined by four nodes having twoegs of freedom at each
node. Again, the detailed analytical model as well as theatlaty management is discussed
in sectior 8.3.8.

8.2.1 Problem Description

A symmetric cross-ply laminated panel consisting of thrikespwith a stacking sequence

[90°/0°/90°] shown in figure[(8/1), has been considered. The thicknedseopanel ish.



CHAPTER 8.  VALIDATION 184

Table 8.1: Engineering constants of Boron/epoxy composite matesabuor simplified

finite element analysis.

Material Property Value
E. (GPa) 80.59
E, (GPa) 142.69
Boron/epoxy
G,y (GPa) 5.59
Vgy 0.3

The left end of the panel is rigidly fixed while the two longitnal edges are free from

stresses. The right lateral end is subjected to a parabwiardoadsg, = 2% (bx — 22).

The length of the panel is and the width ig.

A\

A D i 54
| Parabolic shear
b | 4
| oob =2 ()
i b
v |B Cli
*: a =
X

Figure 8.1: Model of an unstiffened laminated panel under paraboliastwading.

8.2.2 Boundary Conditions

1. For longitudinal surfaces, AD:

0.:(0,y) =0 and o,,(0,y) = 0; 0 <y <d]

2. For longitudinal surfaces, BC:
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0ez(byy) =0 and oy, (b,y) = 0; 0 <y <d
3. For supporting lateral boundary AB:

uy(2,0) =0 and uy(x,0)=0; 0 <z <
4. For right-hand lateral boundary CD:

oyy(z,0) =0 and oyy(z,a) =07,; 0 <z <D

8.2.3 Comparisons of Results

12 | T T T T 1 2 T T T T
6 o .
bO 0 'o.l::::\:‘uv .... \bi
? y/a=0.5 !!33‘:'3‘:;:.,.. Ry
-6 [ FEM _ FEM
—o— DPM 007 ya=08 —e— DPM
— —- Sim FEM | ——- Sim FEM
_12 1 1 1 1 _0.3 1 1 1 1
0.0 0.2 04 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
x/b x/b
(a) Bending stressr,,,. (b) Shear stress,,,.

Figure 8.2: Comparison of three solutions of different stress comptmandifferent sec-

tions of the unstiffened laminated cantileverp = 2.5.

Figure[8.2 shows the comparison of FEM, simplified FEM and DselMition of differ-
ent stress components at different sections of the lamdrgeel. It is noted that the stresses
presented in Figurie 8.2 are the overall laminate stresseeTtifferent sections have been
chosen arbitrarily to compare the results. It has seen fhanfigure that three solutions ob-
tained by three different approaches are in good agreenigneach other for any arbitrary

section of the panel. A critical analysis of the three solireveals that although the three
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solutions are nearly identical in terms of the nature ofatésh as well as magnitude, the
simplified solutions are found to be more close to the DPMtsmiuthan the usual FEM
solution and then it is very difficult to differentiate thedvwgolutions on the graph, rather
they are simply overlapping each other. Analytical solugibave not been included for the
present comparison because of the fact that exact andlgtikdion to the fixed ended can-
tilever panel is not yet available in the literature. Thesgr@ comparison firmly varies the
reliability and accuracy of the present displacement gakemethod for predicting elastic
behavior of laminated structures. Not only that the simgdifFEM method has also been
identified to be a simple but reliable finite element apprdactanalyzing laminated struc-

tures.

8.3 Problem 2: A Stiffened (Continuous) Laminated Can-
tilever Under Parabolic Shear
8.3.1 Problem Description

A symmetric cross-ply laminated panel consisting of 3 pb&$90°/0°/90°) as shown in
figure[8.3 is considered. The thickness of the panal ishe left end of the panel is rigidly
fixed while the two opposing longitudinal edges are stiften€he right lateral end is sub-
jected to a parabolic shear loat, = 4;‘; (bx — x?). The length of the panel is and the
width isb.

8.3.2 Boundary Conditions

1. The longitudinal surfaces, AD and BC are assumed to Herstifl. In order to model
the physical condition of the rigid axial stiffeners, thagential displacement along
the stiffener is restrained, while the boundary sectioneigtKkree from any external

loading. The mathematical modeling of the physical coondgiof the stiffened bound-
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Figure 8.3: Model of a laminated panel with continuous rigid stiffenerder parabolic

shear loading.

aries AD and BC, are realized as follows:
0.:(0,y) =0 and u,(0,y) = 0; 0 <y <qd]
0u(b,y) =0 and wu,(b,y) =0; 0 <y <d]
2. The supporting lateral end (boundary AB) is rigidly fixégbth the normal and tan-
gential components of displacement are assumed to be zexothat is,
uz(2,0) =0 and wuy(z,0)=0 0 <z <D
3. The right-hand lateral end (boundary CD) of the cantileésehe loaded boundary.

Here, the loading is realized through a parallel distrimuidf shear stress, while the

associated normal stress component is assumed to be zris, th

op(r,a) =0 and o,y(z,a) =o0g, 0 <z <

8.3.3 Analytical Solution

Based on the potential-function formulation, a new anealtscheme is developed for the

analysis of the laminated cantilever as shown in Figure &.8hould be mentioned that a
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new co-ordinate system has been chosen to develop theiaabigbdel (see Figuie 8.4). In
the present scheme, a trial solution to the potential fonetiis first assumed as a function of
coordinate paramete(s, y) in the form of an infinite series, which has to satisfy the gove
ing partial differential equation of equilibrium. More spfcally, the solution is expressed
as an infinite series of combinations of two independenttfans ofz andy, which assumes
aformlike,y)(z,y) = >, gm(x)hn(y). A suitable form of the function is determined in a
trial and error fashion so that it can automatically sattbfy prescribed physical conditions
of the two opposing longitudinal stiffened edges of the ibewetr. Substitution of the trial
solution into the governing differential equation resuita fourth-order ordinary differential
equation. A general solution to the ordinary differentiguation is then assumed in terms
of four arbitrary constants. These four constants are ohétexd by satisfying the remaining
four physical conditions associated with the left and rigiéral surfaces of the cantilever.
By knowing the values of the four arbitrary constants thel solution assumed for the beam
problem is explicitly known. Once the appropriate potdritiaction for the beam is explic-
itly determined, all the parameters of interest of the eldigld can readily be obtained, as in
the present potential function formulation, they are egpeel as the summation of different

derivatives of the functiom.

For the present problem, as shown in figuré 8.4, the potentiation is assumed to be

P = Z Xcosay + Ka? (8.1)

m=1
where, X, is a function of x only andxr = =%, K is an arbitrary constant and =

1,2, 3, .....00. Now, substitution of equatiof (8.1) into equatidn (3.4Bigs

d*X A22 A%Z 21412 d?X 9 A12
Cam (L2 - m 2 X0t = 8.2
at <A66 A Agy Au) iz ° *(An) a’ =0 (8.2)

The general solution of equatidn (B.2) is given by
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Figure 8.4: Model of a rectangular laminated panel with continuousdrigfiffener under

parabolic shear loading for analytical model.

X, =A™ + Be™ + C,e™* + D,,e™” (8.3)

where

\/Bj:\/Bz—élC
ny,nNg =« 9

\/B + VBZ—AC
ng,Ng = —« B

andA,,, B,,, C,., D,, are arbitrary constants.

With these expressions of displacement and stress comigtiemboundary conditions
(1) is satisfied automatically. Therefore, only the bougdanditions (2) and (3) are remain-
ing to be satisfied. The parabolic shear load applied at the .ed= b can be expressed in

terms of Fourier series as

Ouy(b,y) = agy = FEy+ Z E,, cosay (8.4)

m=1
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where,
4 o @ —2 o
B =17 / (ay — %) dy = 3“ for m=24,6,....00 (8.5a)
a 0
a, [ —160,
Em — O:; / (ay _ y2) Cosaydy — 270; fOI’ m = 2, 4, 6, ....... o0 (85b)
a’ Jo meT

Now, combining equatioris(3.43) and (3.44) with {8.3) adndlX8the expressions of
displacement and stress components are obtained as

[e.e]

Uy = Z N1 Ame™® + noBye™ 4+ n3Cre™® 4+ nyD,,e"™"] (8.6a)
m=1
1 [o¢]
— A Am nix Bm nox Cm n3x Dm nqxr 2
u, 71412"_1466;[{ 66 (Ame™™ + B,e™* + Cpe™® + D,e™)
—An (n%Ame”” + n%Bme"” + n%Cme”SI + niDme”‘w) } cos ay + 6KxA11}
(8.6b)
1 o0
Oy = — A Amenlx +Bm6n2x _I_Cmengx +Dm6n4x a?’
I( Az + Ag) mzzl {4 )
+Aq (n%Ame”” + N3 Bpe™" 4+ n30,,e"" + niDme”‘w) a} sin ozy] (8.6¢)
1 o
Oy = — ——— Aoy Ags (Ane™® + B,,e™* 4+ C,,e™* 4+ D,,e™%) o
W T h(Ar + Ag) mz::l [ fon )
+ (n{ Ape™ + n3Bie™" + n3Crne™* + niD,,e"") a
—+ (A%Q —+ A12A66 — A11A22) } sin Oéy:| (86d)
A66 - 3
= — A Am nix Bm nox Cm n3x Dm n4x
Oy —h(A12+A66)mZ::1H 12 (N1 Ame™® + no By + n3Che™® + nyDye™®) a
nixT nax n3T n4xT . 6[(A’411A466
—|—A11 (H?Ame 1 —|—n;’Bme 2 —|—7L§Cme 3 —|—niDme 4 )a} smozy} + m
(8.6€)

Using equationg (814), (8.5) arld (8.6€), the values of K @aaliained as
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_ CLh(Alg + A66)
9A11 Ags

Now, by applying the boundary conditions (3) and (4) in eduret (8.64) -[(8.6¢) and
(8.6é) and making the use of relatidn (8.4), the followingrfalgebraic equations can be

K

obtained for four unknown coefficients,,, B,,,, C,, andD,,,.

ni A, + no By, + nsCh, + nyD,, =0 (8.7a)
(Alln% — A66a2) A, + (Allng — A66a2) B, + (A11n§ — A66a2) Chm

+ (Allni — A66a2) D,, =0 (8.7b)
(Ann%oz + A12a3) A, ™ + (Anngoz + AlgOég) B,,e"?

+ (A11n§ + A12a3) C,e™’ + (Anni + A12a3) D,,e™’ =0 (8.7¢)

(Allni’ + A12n1a2) Amemb + (Allng + A12n2a2) Bm€n2b

-+ (Allng + A12n3a2) Cm6n3b + (Allni -+ A12n4a2) Dm6n4b = Em (87d)
= Buh(An+ Ax)
" A66

The solution of the above algebraic equation](8.7) yiel@suhknown constantsy,,,,
B,., C,, andD,,. Once the values of the unknowns are determined, they agetljirsub-
stituted into equationi_ (8.6) to obtain the explicit express for the different parameters of
interest, namely, the two displacement and the three stmmaponents, which are valid for

the entire region of the stiffened edge panel of laminatedpmsite.

8.3.4 Comparisons of Results

Although a new co-ordinate system has been chosen to dettognalytical model but

the four different solutions are presented according tgial coordinate system shown in
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Figure 8.5: Comparison of four different solutions of the shear stressmonent at different

sections of the laminated cantilever/b = 2.5).

Figure[8.8. For the present laminated cantilever suppdstedontinuous rigid stiffeners
at its both the opposing longitudinal edges, only the sohgiof shear stresses at different
sections are compared, as all other components of stresseslaas displacements assume
extremely small values which are found to be almost nedigibmpared to the magnitude
of applied loading. Figure_8.5 shows the comparison of FEMalgtical, simplified FEM
and DPM solutions of the shear stress component for diffexeial and lateral sections of
the laminated panel. It has been seen from the figure thastwutions agree very well with
each other for all the sections considered, but at the rigétdl boundaryy/a = 1.0), some
discrepancy between the four solutions are noticed. Moeeiafy the solutions obtained
by the four different approaches are found to be almost id&hnin terms of shape and
magnitude except that at the right lateral end. At the rigteral end, FEM and simplified
FEM solutions are found to be overlap with each other, wieetha DPM and analytical
solution matches with each other. It is mentioned here tHRMxAnd analytical solutions
reproduce the boundary conditions exactly that have begiredpmt the right boundary. The

slight discrepancy of the solutions at the right lateral engrobably due to the inherent
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inaccuracy of finite element methods in reproducing thessee at the bounding surfaces
of the cantilever. This uncertainty of FEM has already beeticed by several researchers
Richards [[31], Smart [32], Dow and Harwoaod [33] in this fielddaa number of valuable

effects has been made to remove the limitation.

8.4 Problem 3: A Discretely Stiffened Laminated Cantilever

Under Uniform Shear

In this section, attempt is made to compare the solutiongmihsetric discretely stiffened
laminated cantilever (Case-Al) as shown in figure 5| 1(ag griesent displacement potential
based FDM solutions are only compared with the correspansiutions of conventional
computational method, FEM. It would be worth mentioningpractice, FEM is considered
to be the only plausible approach for analyzing such problefrdiscretely stiffened lami-
nated problems. Exact analytical solutions of this probigineyond the scope of existing
approaches in the literature. The convergence as well asaxycof the FEM solution has
also been verified by varying the element mesh density. Thiecpkars of FEM modeling
have been kept the same as described previous sections ah@.2.8. Figuré 816 shows
FEM modeling as well as the deformed state of the cantilel/€ase-Al as obtained by the
SAP2000 FEM software.
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Figure 8.6: (a) Loading and geometry and (b) deformed shape of the @igdsminated
panel (Case-Al).
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Figure 8.7: Comparison of DPM and FEM solutions for the axial stressesfi#rent axial

sections of outer and inner ply of the laminate.
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Figure[8.7 shows the comparison of DPM and FEM solutions @flatresses at dif-
ferent axial sections of the outer and inner plies of the teat@d cantilever (Case-Al). It
can be noted that these two solutions are obtained from tffereint approaches which are
completely different in terms of mathematical formulatias well as numerical modeling.
In general, the distributions of the stress component agoad agreement with each other.
More specifically, the agreement of solutions is found to lmeerclose in case of the inner
ply, which is more critical than the outer ply in terms of dxtresses. Another important
thing is, both the magnitude and nature of variation of thilsolution are found to be very
similar for any sections of interest, whether it is undeffestied region or away from the

stiffened region.

20 T T T T 200 T T T T
FEM
15 F 150
& 10 S$ 100
> &
5 s S 50
0¢ 0
_5 1 1 1 1 _50 1 1 1 1
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
y/a y/a
(a) Atsectionz/b = 0.0 of outer ply(6 = 0°). (b) At sectionz/b = 0.0 of inner ply (6 = 90°).

Figure 8.8: Comparison of DPM and FEM solutions for the axial stresseagthe stiff-

ened surfacéz/b = 0) at different plies of the laminate.

Figure 8.8 presents the comparison of axial stress disimitsialong the upper stiffened
surface of individual plies of the laminated cantilever.eTiwo solutions are, in fact, found
to be in excellent agreement for both the stiffened andestéf-free regions of individual
plies of the laminate, except at the neighborhood of theitetion points of the stiffeners,

y/a = 0.5. These termination points of discrete stiffeners are ladlgithe points of sin-
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Table 8.2: Prediction of normalized axial stresses, /o, ) for different plies of top bound-

ary.
Mesh Inner layer Outer layer

size FDM  FEM FDM  FEM

41 x 25  186.430 91.914 17.756  3.49

21 x 25 89.593  79.201 9.094 3.007

gularity. It is well known that reliable and accurate préidic of stresses at these points of
singularities especially by numerical techniques is véificdlt. Finite-difference prediction
of axial stresses at these points of singularities is foorektsensitive to mesh density used
to model the cantilever, which is however not the case foethgions of the cantilever. The
magnitude of the stress at these points increases with theaise of mesh density. For ex-
ample, in case of the inner ply, the maximum striesg /o) is found to increase from 89.59
to 186.43 (see Table 8.2) when the mesh-network is changed (1 x 25) to (25 x 41)
nodes, respectively. On the other hand, FEM prediction @dlastress at these points of
singularities is found to be relatively less sensitive torR&sh-density. The corresponding
increase of the maximum stress due to the change of mesityjesspredicted by FEM, is
found to be from 79.20 to 91.91 (see Tablel 8.2). In this caniexan be mentioned that
commercial FEM softwares usually apply some averagingmeh® predict these surface
stresses from the stresses at neighboring Gauss pointagitbe present displacement po-
tential solutions are obtained by direct FDM solution whiefree from any kind of refining

or post processing.

The comparison of predicted shear stresses at differetibse®f the laminated can-
tilever is presented in Figufe 8.9. Shear stresses preldigtéhe two numerical approaches
are, in general, found be in good agreement with each othénefsingularity point the state
of shearing stress is found to be slightly under predicteBBy compare to DPM, although

both the distributions follow similar nature of variation.
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(a) At different lateral sections. (b) At different axial sections.

Figure 8.9: Comparison of DPM and FEM solutions for the shear stresseifatent sec-

tions of the laminate.
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Figure 8.10: Comparison of DPM and FEM solutions for the axial and she@sses at

sectiony/a = 1.0 of the laminate.
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Finite-difference prediction of shear stresses at thetpahsingularity is found to be
less sensitive when compared to the corresponding caseabbtoesses at these points. The
corresponding values of shear stress as predicted by FEd&lrévat the overall mesh de-
pendency of the two numerical approaches is very similarédligting shear stresses at the
above point of singularities. It is known in advance from pigsical conditions of the right
lateral end of the present laminated cantilever that theigricke from axial stresses and
is subjected to a uniform shear stress whose normalize@ v&lunity as shown in Figure
[8.10. One can easily verify the accuracy as well as appremeéss of the present compu-
tational scheme by comparing the predicted stresses wogethf the known conditions at
the right lateral end of the laminated cantilever. The $ilitsgt and accuracy of the present
displacement-potential method in predicting stressedearerified in a more clear fashion
if one can compare the stresses at sections for which exatioss are known in advance.
Fortunately, for the right lateral end of the laminated dewer, both the axial and shear

stress distributions are known in advance, i.e., it is fremnfboth the axial stresses.
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CONCLUSIONS

9.1 Conclusions

A suitable and effective numerical method based on potefotigtion has been developed
for the analysis of elastic field in structures of compositenals. It is a comprehensive
method because it can be applied to solve problems of cotepsisiictures with any mode
of boundary conditions whether they are prescribe in terhastber stresses or constraints
or strains or any combination of stress, strain and coméraMoreover, it is a very simple
method because it reduces the two dimensional elastic garabbf composite structures
to finding a single potential function, defined in terms of two displacement components,
satisfying a single differential equation of equilibriurAlthough the existing Airy’s stress
function formulation also seeks for the solution of a sinfgilection, the present method is
superior to the existing stress function formulation du¢hi® fact that the stress function
formulation can deal with the problems when boundary camaltare prescribed in terms

of stress only.

The finite difference scheme based on potential functiorisis @ery promising as it
deals with a single unknown functian- The quality of numerical solution largely depends

on the number of equations i.e. the accuracy of the solusi@ygravated as the number of
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equations increases. In any finite difference scheme, thbauof equations increases with
the increases of unknown functions. Since the potentiadénite difference scheme has a

single unknown function, the solution is improved signifitig.

The method is demonstrated by solving a number of problenssmposite cantilever
numerically. Comparison of DPM results (usimgformulation) with those obtained by
FEM-solution established the soundness and reliabilitig@present single function method.

The main concluding remarks are summarized as follows:

1. A new mathematical formulation has been developed foratieysis of structural
components of laminated composites, which is capable dimdeaith almost all
the special cases of composite material, namely orthatrapd anisotropic lamina,
angle-ply and cross-ply symmetric laminates, symmeti@riazed laminates, etc., with

mixed and changeable physical conditions at the surfacékeaftructural composites.

2. An investigation of the stress field of a laminated comigosantilever subjected to
symmetric and anti-symmetric local stiffeners has beenezhiout based on a new
scalar potential function. No appropriate analytical aggh is available in the liter-
ature that can provide explicit information about the acstiesses, especially at the
critical regions of supports and local stiffeners in lan@thstructures. The effect of
stacking sequence, fiber material, stiffener length, etcthe elastic field have been

investigated for the symmetric and anti-symmetric locatiffened cantilevers.

3. Elastostatic response of laminated composite pane¢sidggj to an eccentric loading
has been analyzed under the influence of discrete perioffensts. Discrete periodic
stiffened panel is revealed that the panel under ecceiteardoading is more critical

compared to eccentric axial loading in terms of stresses.

4. The elastic field of a laminated composite cantilever digitrete variable stiffeners at
the two opposing longitudinal bounding surfaces has bealyaed under the influence

of a uniform shear loading. A new normalized parametercéffeness of stiffener is
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identified to be one of the influential factors for determ@ihe state of stresses in the
laminate. A new computational scheme has been developsdlfong laminated pan-
els under variable stiffener. No appropriate analyticaiomerical solution is available
in the literature, which can provide explicit informatiolbat the actual stresses, espe-
cially at the critical regions of supports and stiffenersta laminated panel. Both the
gualitative and quantitative results of the present mizedndary-value stress prob-
lem of laminated composites establish the soundness asasvefipropriateness of the

single function approach.

5. The comparative also carried out to ascertain the réityabnd credibility of the solu-
tions obtained through displacement potential method (RAV analytical solution
to a continuous stiffened laminated cantilever has alsa deeved based on displace-
ment potential function in order to verify the accuracy @ timite-difference modeling
of the problem. The commercial finite-element softwares 8K® and ANSYS have
been used to obtain the corresponding finite element sakutid the problem. From
comparison of the results of different methods, it is obsérhe solutions are in good
agreement with each other. The uncertainties associatidting prediction of sur-
face stresses by the standard solution (FEM) have beenegomit in this research.
Displacement potential formulation of the laminated cosifgomaterial has been re-
ported that the accuracy of finite-difference method (FDivieproducing the state of

stresses along the bounding surfaces was much higher thiaof tREM analysis.

9.2 Recommendations

This is completely a new numerical method to find out the stresain and displacement
field of the laminated composite structures. For most of thedboundary value problems
of laminated-composites, no appropriate analytical onewanerical solution is available in

the literature.
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1. The present mathematical modeling can be modified todledlne effect of curvature

so that both the symmetric and asymmetric laminates canddgzad.

2. The computational method is suitable for problems ofestédd, unstiffened, guided,
unguided structures with uniform geometry. Like other ntina developments (FEM),
the present method also needs rigorous efforts to bringnt infant stage to matured

stage and make it suitable for the following cases of interes

» Problems having nonuniform geometry.

« Different symmetric laminates like Cross-ply and Anglg faminates, Hybrid

and Balanced laminates, etc.

3. Structures with variable stiffeners need further ingadion. The present computer
code can be applied to more practical problems with diffetgmes of variable stiff-

eners, both at the boundary and internal sections.
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APPENDIX

A

ANSYS Code for Validation of
Displacement Potential Solution

A.1 Problem 1: An Unstiffened Laminated Cantilever Un-

der Parabolic Shear

finish

[clear

/title, Simple 2D Cantilever Problem

aa=10

bb=4

rdiv=100

cdiv=100

ldivsection=cdiv/5

Iprep7

et,1,plane42

keyopt,1,3,3
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keyopt,1,5,2
mp,ey,1,8.059260987e+10
mp,ex,1,1.426255108e+11
mp,Gxy,1,5.59e+9
mp,prxy,1,0.03
Imp,dens,1,2.4e-9
r,1,15e-4 Ithickness=100
k,1,0,0,0

k,2, 0, bb, 0

k,3, aa, bb, 0

k,4,aa, 0,0

a,1,2,3,4
Isel,s,loc,x,aa,aa
Isel,a,loc,x, 0, 0
lesize,all,,,rdiv,,1
Isel,s,loc,y, 0,0
Isel,a,loc,y, bb, bb
lesize,all,,,cdiv,,1
Hsel,all

lllesize,all, 125

allsel,all

type,1

real,1

mat,1

APPENDIXA. ANSYS CobDE
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asel,all

amesh,all

/solu

I Applying Left Boundary Conditions
nsel,s,loc,x, 0, 0
d,all,all,0

I bottom boundary selection
nsel,s,loc,y,0,0
nsel,r,loc,x,0,aa
f,all,fx,0

f,all,fy,0

I top boundary selection
nsel,s,loc,y,bb, bb
nsel,r,loc,x,0,aa
f,all,fx,0

f,all,fy,0
IInsel,s,loc,y,0,0
IInsel,r,loc,x,0,aa
I'd,all,ux,0

I'f,all,fy,0

!

lInsel,s,loc,y, bb, bb
IInsel,r,loc,x,0,aa

Id,all,ux,0

APPENDIXA. ANSYS CobDE
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I'f,all,fy,0

allsel,all

*DO,ix,0, bb,(bb/rdiv)

m= 4*((3.0e+6)*(bb/rdiv)*(15e-4))*( (ix)**2 - bb*(ix) )(bb**2)
F.NODE(aa,ix,0),Fy,m
*ENDDO

Im = -4*sigma0*( (x (j) )**2 - b*(x(j)) )/(b**2)
allsel, all

solve

/POST1

*cfopen,output.txt

I*do,i, 0,aa,(aa/cdiv)

*do,j, 0,bb,(bb/rdiv)
lj=-6*(bb/rdiv)

lj=0

li=-bb+(bb/rdiv)

i=81*(aa/cdiv)

li=0

lizaa-(aa/cdiv)

li=—aa
*get,rx,node,node(i,j,0),s,xy
I*get,rff,node,node(i,j,0),rf,xy
I*get,ry,node,node(xx,0,0),rf,fy

*vwrite,rx
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(f30.15)

I*enddo

*enddo

'doi=2,(m-1)

Fwrite(11,112)(uu(j), j=((i-1)*n+2*i-2),((n+2)*i-3))
' END do

PLDISP,1

A.2 Problem 2: A Stiffened (Continuous) Laminated Can-

tilever Under Parabolic Shear

finish

[clear

/title, Simple 2D Cantilever Problem

aa=10

bb=4

rdiv=100

cdiv=100

ldivsection=cdiv/5

/prep7

et,1,plane42

keyopt,1,3,3

keyopt,1,5,2

mp,ey,1,8.059260987e+10

mp,ex,1,1.426255108e+11
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mp,Gxy,1,5.59e+9
mp,prxy,1,0.03
Imp,dens,1,2.4e-9
r,1,15e-4 lthickness=100
k,1,0,0,0
k,2,0,bb, 0

k,3, aa, bb, 0
k,4,aa, 0,0
a,1,2,3,4
Isel,s,loc,x,aa,aa
Isel,a,loc,x, 0, 0
lesize,all,,,rdiv,,1
Isel,s,loc,y, 0,0
Isel,a,loc,y, bb, bb
lesize,all,,,cdiv,,1

!

Nsel,all
Nlesize,all,125
allsel,all

type,1

real,1

mat,1

asel,all

amesh,all



/solu

I Applying Left Boundary Conditions
nsel,s,loc,x, 0, 0

d,all,all,0

I bottom boundary selection
nsel,s,loc,y,0,0
nsel,r,loc,x,0,aa

d,all,ux,0

f,all,fy,0

I top boundary selection
nsel,s,loc,y, bb, bb
nsel,r,loc,x,0,aa

d,all,ux,0

f,all,fy,0

allsel,all

*DO,ix,0, bb, (bb/rdiv)

APPENDIXA. ANSYS CobDE

m= 4*((3.0e+6)*(bb/rdiv)*(15e-4))*( (ix)**2 - bb*(ix) )(bb**2)

F.NODE(aa,ix,0),Fy,m

*ENDDO

Im = -4*sigma0*( (x (j) )**2 - b*(x(j)) )/(b**2)

allsel, all
solve
/POST1

*cfopen,output.txt
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*do,i, 0,aa,(aa/cdiv)

I*do,j, 0,bb,(bb/rdiv)
lj=-6*(bb/rdiv)

j=0

li=-bb+(bb/rdiv)
li=101*(aa/cdiv)

li=0

li=aa-(aa/cdiv)

li=aa
*get,rx,node,node(i,j,0),s,xy
I*get,rff,node,node(i,j,0),rf,xy
I*get,ry,node,node(xx,0,0),rf,fy
*vwrite,rx

(f30.15)

I*enddo

*enddo

'doi=2,(m-1)
Fwrite(11,112)(uu(j), j=((i-1)*n+2*i-2),((n+2)*i-3))
I'END do

PLDISP,1
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