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Abstract

Dusty plasmas are electrically conducting ionized gases (macroscopically quasi-neutral)
that comprise positively and negatively charged dust particles in addition to ions and
electrons. Dusty plasmas exist in the Earth's magnetosphere, cometary tails, planetary rings,
asteroid rings, rotating stars, and many other astronomical environments. In dusty plasmas,
various types of nonlinear waves, such as solitary waves, shock waves, etc., may be
propagated. The presence of dust particles makes the plasma system more complex.
Besides, the characteristics of nonlinear waves can be substantially affected by different

forces and plasma parameters.

We theoretically investigate the characteristics of dust-ion-acoustic solitary and shock
waves, where the plasma species follow different particle distributions. The higher-order
nonlinear and dispersive (or dissipative) effects on the waves are examined. We also
investigate various kinds of effects, such as magnetic, adiabatic, parametric, etc., while it
is illustrated that how they change the wave characteristics. An inhomogeneous KdV-type
or modified KdV-type equation is obtained for demonstrating the solitary waves, whereas
an inhomogeneous modified Burgers-type equation is obtained for the shock waves. The
reductive perturbation method is extensively used for incorporating the higher-order effects
into the KdV, modified KdV, and modified Burgers equations. The re-normalization
technique, the Abel’s theorem, and the method of variation of parameters are used for

adding higher-order nonlinear and dispersive (or dissipative) effects into the solutions.

We deal with the theoretical investigation of the combined effect of the magnetic field and
plasma rotation on the nonlinear features of obliquely propagated dust-ion-acoustic solitary
waves in a magnetized dusty plasma. From the investigation, it is found that the overall

impact of the magnetic field, oblique rotation, electron temperature, and dust concentration

vi



has a crucial role in changing the amplitude, width, and phase speed of the dust-ion-acoustic
solitary waves. The results are expected to be helpful in describing the rotating flows of
magnetized plasma that are believed to exist in the rotating stars, the pulsar magnetosphere,

and other rotating astronomical objects.

We also explore the dynamic behaviors of multi-solitons as well as multi-shocks that
propagate in a magnetized dusty plasma. The simplified Hirota method and the Cole-Hopf
transformation are applied to construct the multi-soliton or multi-shock solutions. We
observe that the magnetic field has a decreasing effect on the multi-soliton amplitudes and
widths, whereas the dust concentration has an increasing effect on the amplitudes and

widths of both types of waves.

The obtained results might be helpful to describe the solitary and shock waves propagated
in the Earth's mesosphere, Jupiter's magnetosphere, cometary tails, etc., in which dust

particles are commonly seen.
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Notations and Abbreviations

IA = lon-acoustic.

DIA = Dust-ion-acoustic.

DA = Dust-acoustic.

PCD = Positively charged dust.

KdV = Korteweg-de Vries.

mKdV = Modified Korteweg-de Vries.

CHT = Cole-Holf transformation

V, = Phase speed of the waves.

u; = Velocity of the ions.

m; = Mass of the positive ions.

T, = Temperature of the species s.

Ap = Debye length.

nge = Equilibrium number density of species s.
B = Fraction of trapping species s.

Ky = Boltzmann constant.

1) = Normalized electrostatic wave potential.
w,; = Positive ion gyro-frequency.

Z; = Number of electrons residing on the surface of stationary dust.
p; = Positive ion fluid pressure.

y = Adiabatic index.

€ = Strength of the nonlinearity.

6 = Angle between the directions of the wave propagation and the magnetic field.
n = Kinematic viscosity.

Q, = Rotational frequency.

B, = Magnitude of the magnetic field.

e = Magnitude of an electron charge.
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Chapter One

Introduction

1.1 Historical background of plasma

The scientific term ‘plasma’ was first used by Czech physiologist Johannes Evangelist
Purkinje (1787-1869) in the mid-19th century. He introduced the term plasma (which
comes from the Greek word ‘mAacpa’ that means jelly or moldable substance) to describe
the straw-colored and clear liquid portion of blood remaining after the elimination of

numerous corpuscles (red and white cells, as well as other cellular components) from blood.

In 1927, the Nobel laureate American chemist Irving Langmuir and his colleague Lewi
Tonks used this term for the first time to demonstrate the interior of a blazing ionized gas
induced by an electric discharge in a tube. Their observation of electrons, ions, and
impurities in an electrified fluid reminded them of blood plasma which contains red and
white blood cells, and germs. Together with Tonks, Langmuir analyzed the chemistry and
physics of tungsten-filament bulbs to significantly increase the filament's longevity. As a
result of his work, he developed the concept of plasma sheath which refers to the boundary
interface between plasma and electrodes, and discovered Langmuir waves that refer to
periodic variations of the electron density in plasmas. It was the genesis of plasma physics

(Richard, 2008).

1.2 Definition of plasma

In physics, plasma represents an electrically conducting ionized gas (macroscopically
quasi-neutral) with a nearly equal number of positively and negatively charged particles

(basically, electrons and ions). Neutral particles can also be present there depending on the


https://en.wiktionary.org/wiki/%CF%80%CE%BB%CE%AC%CF%83%CE%BC%CE%B1#Ancient_Greek

temperature and density. In contrast to the solid, liquid, and gaseous forms, it is sometimes

known as the fourth state of matter. Different states of matter are shown in Figure 1.1.

Melting Vaporization lonization

Solid —> Liquid —> Gas—> Plasma

Freezing Condensation Deionization

sciencenotes.org

Figure 1.1: Different states of matter (Courtesy: https://sciencenotes.org/states-of-matter/)

Along with the gravitational force, which affects all of the matters, the electromagnetic
forces act on a plasma, and this is the exceptionality of the plasma from other states. As
electromagnetic forces act over a large distance, plasma behaves collectively, much like a

fluid.

A plasma that contains charged dust particles (10°®m to 10°° m sized) in addition to ions
and electrons is known as dusty plasma. About 99% of the matter in the space where
charged dust particles are omnipresent components is in the form of plasma. The dust
particles are not neutral. In response to their surrounding plasma environments, they
become negatively or positively charged. A dusty plasma is also known as a complex
plasma because it is subject to additional complexity due to the existence of charged dust

elements (Shukla and Mamun, 2002).

Figure 1.2 exhibits some examples of plasmas, the majority of which are dusty plasmas.



Solar radiation

Ch ionosphere

Uncharged ionosphere
Comet lonosphere

| :

Solar wind Interstellar clouds Accretion disc

E
‘_i

Sun Lightning Plasma ball

Figure 1.2: Examples of plasmas (Collected from the Internet)

1.3 Characteristics of dusty plasma

Simply speaking, plasma is electrically neutral, i.e., plasma’s overall charge is zero. The
charged particles contained in plasma are unbound but not free. Charges produce magnetic
fields and electrical currents while traveling, and they are influenced by the fields. The

main characteristics of dusty plasma are discussed below.

Similar to an electron-ion plasma, a dusty plasma is macroscopically neutral when there is
no outside disturbance. This indicates that, in equilibrium without the presence of any
external influences, the resultant electric charge is zero. As a result, for a dusty plasma, the
charge neutrality condition at the equilibrium state is expressed as follows (Shukla and

Mamun, 2002; Bittencourt, 2004):
qiNijp = €Neo — qaNgo; (1.1)

where ng, is the number density of the species s at equilibrium state (s = e, i, d refers
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to electrons, ions, and dust grains, respectively), q; = Z;e is the ion charge (the ion charge
state Z; = 1 isused), and q; = Zze (—Z4e) is the charge of dust particles when the grains
are positively (negatively) charged. A dust grain typically accumulates one thousand to
several hundred thousand elementary charges, and Z;n,, could be comparable to n;,, even
for ngzy < n;. However, in many plasma environments, the majority of background
electrons may adhere to the surface of the dust grains at the time of the charging operations
that may lead to a large reduction in the electron number density in the surrounding dusty

plasma. So, for negatively charged dust grains, equation (1.1) becomes
Njo = ZgNgo- (1.2)

To measure the existence of plasma, Debye length is an important physical parameter. It
refers to the distance over which the impact of an individual charged particle’s electric field
is experienced by the other charged particles. Arrangements of charged particles shield
electrostatic fields within the range of the Debye length, and this shielding is a consequence
of the collective effect of the particles. Plasma exists only when the system's physical
dimensions exceed the Debye length. Debye was the first to determine the shielding

distance for an electrolyte. The Debye length (4,) is given by

, KpTe
AD == 4—715—21%' (13)

The following is an explanation of Debye shielding for dusty plasma.

Figure 1.3: Debye shielding (Courtesy: Chen, 2015).
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Consider a plasma that contains electrons, ions, and charged dust species. In the plasma, a
charged ball is placed to apply an electric field. If the charged ball is positive (negative), a
cloud of electrons (ions) and negatively charged dust particles (positively charged dust
particles) will cover it (Figure 1.3). Further, suppose that the plasma particle recombination
does not take place on the ball's surface. For a cold plasma (where charged particles are not
agitated), the number of charges in the cloud and that in the ball are equal. As a result, the
electric field would not exist in the plasma frame outside of the cloud, and this provides a
perfect shielding. However, for finite temperatures, particles at the cloud's boundary may
have sufficient thermal energy to release from the cloud. The cloud's boundary then appears
at the radius where the potential energy is about equal to the particles' thermal energy. It

means an imperfect shielding.

Now, the thickness of such charged cloud (sheath) will be estimated. It is considered that
the potential ¢4(r) at the center (r = 0) of the cloud is ¢4,. Additionally, suppose that
mg /m; is so high for which dust elements' inertia stops them from moving. A huge amount
of dust particles just provides a consistent background of negative charges. Assume that
electrons and ions have the following number densities.

Ne = Neo e(%), (1.4)

and

_ﬂ)

n; = Ny e( ®BTi/, (1.5)

For the considered dusty plasma scenario, the Poisson equation can be expressed as:
Vi, = 4m(en, — en; — qung), (1.6)
where n, indicates the dust particles’ number density. Using the assumption g n,; =

qaNgo = €Ny — en; and (1.4) - (1.5) in equation (1.6), and assuming e, /kgT, < 1 and

eps/kpT; < 1, we get (Shukla and Mamun, 2002)

5



1 1
Vz(ps = (E-FATD') P, (17)

1/2 o N\1/2 )
where Ap, = ( “pTe ) and Ap; = ( <7 ) represent the electron and ion Debye

4TTNgpe? 4N e?

radii, respectively. Assuming ¢, = @5, e7/42), we find from equation (1.7), the dusty

plasma Debye radius is

/1 — /'LDe/’lDi (18)
D

(12,422,
which gives the shielding distance. For a dusty plasma with negatively charged dust
particles, we have n,, < n;, and T,> T;, i.e., Ap. > Ap;. Accordingly, we have 1, = Ap;.
In contrast, if the dust grains become positively charged, and the majority of the ions are

connected to dust surface, i.e., when T,n;y < T;ngq, We have Ap, < Ap;; thatis Ap = Ap,.

The collective effect is another fundamental characteristic that distinguishes the behavior
of plasma from that of common fluids and solids. The interaction among the particles has a
substantial effect on the plasma properties. A plasma's long-range electromagnetic forces
cause each charged particle to interact simultaneously with a large number of other charged
particles, producing significant collective effects that lead to the wealth of physical
phenomena that occur in it. A plasma exhibits collective behavior when it reacts to outside
forces as a single entity. Of course, every particle experiences the force and adjusts its
momentum as a result. However, if all of the particles react similarly, we can treat the
reaction as a whole rather than take into account every single particle. A plasma oscillation
is the most basic collective response. Plasmas can frequently be thought of as being
electrically neutral because of the high mobility of electrons, which makes them ideal
electrical conductors. One example of the collective behavior of plasma is the creation of a
Debye shielding close to the plasma container's wall or the plasma particles encircling a

test particle.



An instantaneous disturbance of plasma’s equilibrium causes an internal electric field that
tends to bring back the charge neutrality. The electric field develops a collective motion of
particles, and it is characterized by the plasma frequency w,, (which is the natural frequency
of oscillations). For an unmagnetized dusty plasma that comprises dust particles with

electrons and ions, the plasma frequency is given by the relation (Shukla and Mamun, 2002)

4mngq?
12) = Zs% =Ys wzzns ) (1.9)

w

where w,s = (4mngoqZ/ms)*/* gives the plasma frequency related to the elements s. The

plasma frequency can be described as follows:

When plasma particles move from their equilibrium state, a space charge field is created in
such a way as to draw the particles back to their original state and restore the plasma
neutrality. However, they will overshoot due to their inertia, and again be drawn back to
their starting places by the opposing polarity's space charge field. Once more, their inertia
will lead them to overshoot, and thus, oscillate repeatedly around their equilibrium
locations. Naturally, the oscillation frequency will vary depending on the particles’ mass
and charge, and will not be the same for all particles. For instance, electron plasma
frequency (where electrons oscillate around ions) wy, = (4neee?/m,)*/?, ion plasma
frequency (where ions oscillate around dust grains) w,; = (4mne?/m;)*/?, and dust

plasma frequency (where dust particles oscillate around their equilibrium positions) w,q =

(4mngg Zie? /my)'/?.

1.4 Magnetized plasma
The plasma where the strong magnetic field dramatically influences the motion of charged
particles is called magnetized plasma. A typical quantitative criterion of a particle is that it

usually performs at least one rotation around the magnetic-field line prior to collision with



other particles, i.e., v../v.o; > 1, Where v, is the gyro-frequency of electrons and v,
is the collision rate of electrons. It frequently happens that the ions are not magnetized,
whereas the electrons are. Particularly, magnetized plasma is anisotropic, which means that
the plasma has different characteristics in the magnetic field's parallel and perpendicular

directions. It is to be noted that if a magnetized plasma moves with velocity ¥, then there

exists an electric field E = — % x B on which the Debye shielding has no effect.

Now, we will discuss the gyro-radius and gyro-frequency of the circular motion of a

charged particle in a magnetic field. Suppose a charged particle is moving with velocity v

under the action of a magnetic field B (Figure 1.4). In a uniform magnetic field, the gyro-
radius (also known as the Larmor radius or cyclotron radius) measures the radius of the
circular motion of a charged particle. In Sl units, the gyro-radius is defined as

T, =k (1.10)

¢ lqlB’

where m is the particle mass, v, is the velocity component perpendicular to the magnetic

field, g is the particle electric charge, and B is the magnetic field strength.

B

<

Figure 1.4: Circular motion of a charged particle (Courtesy: Wiesemann, 2014)
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The angular frequency of a charged particle's circular motion is known as the gyro-

frequency or cyclotron frequency, which can be represented as

W, = % radians /second. (1.11)

The gyro-frequency is dependent on the particle's mass, charge, and magnetic flux density

but independent of the particle's velocity.

We know that an electron carries a negative charge (g) of 1.602 x 10*® coulomb and
electron mass (m) has a value of about 9.109 x 103! kg. Thus, the electron gyro-frequency
IS

w, (electron) = 1.76 x 10 B (rad/s). (1.12)
In the same way, for a proton, m = 1.673 x 10?” kg. Then the proton gyro-frequency is

w, (proton) = 9.58 x 107 B (rad/s). (1.13)

mcv,
lql B

and the corresponding gyro-frequency w. = %.

In CGS-units, the gyro-radius r, =

1.5 Classification of plasmas

Plasmas can be categorized in numerous ways based on their characteristics, including
temperature, collision, degree of ionization, etc. (Banu et al., 2012).

Depending on the thermodynamic equilibrium property, plasmas can be divided into two
types: nonthermal and thermal. In nonthermal plasmas or cold plasmas, the temperature of
an electron is substantially higher than that of a heavy species (ions and neutrals). So, they
are not in thermodynamic equilibrium. Maxwell-Boltzmann velocity distributions of
electrons differ significantly from those of ions because electrons are thermalized only. In
cold plasmas, ion thermal motion can be overlooked. The Earth's ionosphere is an example
of a cold plasma (about 1000K). The mercury vapor gas in a fluorescent lamp is a common

nonthermal plasma, where electron gas reaches 20000 K, and the remaining gases, ions,



and neutral atoms remain barely above room temperature. As a result, the bulb can be
touched while it is functioning. On the other hand, when the plasmas get close to local
thermodynamic equilibrium, they are regarded as thermal. The term thermal plasma can

also refer to hot plasma. Atmospheric arcs, sparks, and flames can produce such plasmas.

Again, the plasmas may be collisional or collisionless. If the collision mean-free-path is
considerably smaller compared to the system length, the plasma system is considered
collisional. The opposite scenario of collisional plasma, where the mean-free-path is bigger
compared to the system length, leads to a collisionless system. In a collisionless plasma,

the collisions between particles have no substantial consequence in the system.

The degree of ionization in fully ionized plasmas approaches 1 (i.e., 100%). Stellar interiors
(the Sun’s core) and fusion plasmas are examples of fully ionized plasmas. Many
astrophysical environments contain partially ionized plasmas, such as the solar atmosphere,
molecular clouds, interstellar medium, planet ionospheres, accretion disks, and cometary

tails. The degree of ionization can change from very low to nearly full.

1.6 Acoustic waves in dusty plasma

Acoustic waves are longitudinal waves (which have the same vibration direction as the
propagation direction) produced by the oscillations of pressure traveling through a solid,

liquid, gas, or plasma. Acoustic waves travel at the same speed as sound.

Plasma physics describes the ion-acoustic wave as a longitudinal oscillation of ions and
electrons. lon-acoustic waves, however, can interact with ions' electromagnetic fields as
well as collide because they move through positively charged ions. Acoustic waves and
ion-acoustic waves are often used interchangeably in plasmas. Magnetized and

unmagnetized plasmas both can produce ion-acoustic waves. In uniform, unmagnetized,
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collision-free dusty plasmas, there are two different kinds of acoustic modes, called dust-

acoustic (DA) and dust-ion-acoustic (DIA).

Rao et al. (1990) made the theoretical prediction of DA waves based on the plasma
constituents, such as electrons, ions, and negatively charged dust particles. The phase
velocity of the DA waves is much lower than the thermal speeds of the electrons and
ions. As a result, ions as well as inertia-less electrons set up equilibrium in the DA wave
potential. The restoring force in the DA waves is caused by the pressures of the inertia-less
electrons and ions, whereas the mass of dust supplies the inertia to maintain the waves. The
dust plasma frequency is markedly higher than that of the DA waves. In many lab
investigations, the DA waves were notably visible (Barkan et al., 1995; Pieper and Goree,
1996). Since the observed frequencies are in the range of 10-20 Hz, we can see them with

the naked eye.

The DIA waves were anticipated by Shukla and Silin (1992). The DIA wave phase velocity
is significantly lower (higher) than the electron thermal speed (ion and dust thermal speeds).

In the long wavelength, the phase velocity is given by

w_ (m)” L (1.14)

k Neo

BTe

1/2
where the ion-acoustic speed ¢, = (km ) . Equation (1.14) shows that the phase velocity

(Vp = %) of the DIA waves is larger than c, because n;, > n, for negatively charged dust

grains. The increasing phase velocity is caused by the depletion of electron density in the
background plasma, resulting in a larger electron Debye radius. Because of this, the electric
field seems to be stronger, and the field enhances the phase velocity. Laboratory
investigations have also shown that DIA waves exist. (Barkan et al., 1996; Nakamura et al.,
1999). Typical frequencies of the DIA waves for laboratory plasma parameters are tens of

kHz.
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1.7 Nonlinear waves in plasma

A number of factors can lead to the development of nonlinear waves in nature or our
everyday lives. Nonlinear Lorentz forces, particle trapping, ponderomotive forces, etc., are
the sources of nonlinearities. Waves can be locally confined due to plasma nonlinearities,
and this leads to a variety of coherent structures (such as solitary waves, shock waves, and
vortices) that are interesting theoretically and experimentally. We will discuss solitary

waves and shock waves here because these are our research interests.

Solitons, or solitary waves, are self-reinforcing wave packets that propagate at a constant
velocity while maintaining their shapes. Waveforms can become permanent or localized as
a result of dispersion and nonlinearity. Here, there is one global peak within the envelope
of the wave, and the envelope decays away from it rapidly. Solitons are such nonlinear
solitary waves with the additional property of retaining their own structure, even when they
interact with other solitons. Due to certain nonlinear phenomena that counteract dispersive
effects, solitons typically travel across long distances without dissipating. For instance, two
propagating solitons that move in different directions can properly cross each other without
breaking.

In accordance with Drazin and Johnson (1989), solitons possess three properties: (i) they
possess a permanent form; (ii) they persist within a region; and (iii) they can interact with
other solitons and remain unchanged, except for phase shifts.

The soliton phenomenon was first described by John Scott Russell (1808-1882) in 1834
while he was observing a solitary wave in the Union Canal in Scotland. Solitons originate
from a broad class of weakly nonlinear dispersive PDEs, such as Korteweg-de Vries (KdV)
and KdV-type equations that describe such physical systems.

A shock wave, often known as a shock, is a kind of disturbance that propagates throughout

a medium faster than local sound speed. The cancellation of nonlinear and dissipative
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effects results in shock waves. Similar to a normal wave, a shock wave carries energy, and
can travel through a plasma medium. An abrupt change in the temperature, pressure, and
density of the medium may be the cause of creating a shock wave. The Burgers or Burgers-

type equations are generally used to describe shock waves.

1.8 Governing equations

DIA waves are generally described by the KdV equation, Burgers equation, KdV, or
Burgers-type equations, and these equations are deduced from some governing equations
by the reductive perturbation technique. For a magnetized plasma system that consists of
adiabatic ions, Maxwellian electrons, and positively charged dust particles, the dynamic of
the DIA wave is designated generally by the continuity, momentum, energy, and Poisson
equations. The equations are discussed below:

The continuity equation describes how a fluid conserves mass by maintaining a constant
rate of mass leaving and entering a fluid system. For the considered plasma system, the

continuity equation is of the form

ani

and describes the conservation of charge. Here, n; indicates the ion number density.

Newton’s second law of motion for a plasma fluid element is reduced to the following

momentum equation:

0u; — — 1 e — A
E + (ui . V)ui = —mVpl — EVI/) + Wi (ul- X X'), (116)
where m; is the ion mass, p; is the pressure, w.; = % is the ion gyro-frequency, and B=

Byx. The pressure gradient force —Vp; pushes plasma from high-pressure area to low-
pressure area. The last two terms of the right side of the equation (1.16) are electric and

magnetic forces, respectively, and are known as the Lorentz force together.
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Equation (1.16) illustrates the theory of conservation of momentum. All external forces

acting on a micro-unit in a flow field result in the same rate of change in its total momentum.

Again, the following is the form of the energy equation.

i | o o
Tt (b Vp +ypi Vi = 0. (1.17)

The equation represents the conservation of energy. According to this equation, a moving
fluid's entry rate of energy depends on how much work it does in its surroundings and how

much energy it accumulates inside the fluid.

And, the mathematical form of the Poisson equation is
V2Y = dme(n, —n; — Zgnao), (1.18)
where v is the potential energy per unit charge, and the right side of (1.18) gives the source

of the field. The equation amounts to finding the electric potential for a charge distribution.

1.9 Stretched coordinates

Stretched coordinates enable one to perceive more clearly what occurs at various time or
distance scales. For instance, even though a boundary layer is typically thin, a lot of events
occur there. Coordinate stretching cannot be accomplished with a single method. It is an
"art" that needs more practice. In 1965, Gardner and Morikawa (1965) proposed the use of
space- and time-stretching coordinates, and transformed the quantum hydrodynamics
equations into a solvable evolution equation. The stretched coordinates reduce the magneto-
hydrodynamic equation to a solvable equation, and its asymptotic solution describes a
weakly nonlinear wave. Physically, it demonstrates that localized excitations can be
produced when weak nonlinearity, dispersion, and dissipation effects are balanced over a

long period and long distances.
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1.10 The reductive perturbation technique

Taniuti and Wei (1968) established the reductive perturbation technique for the evolution
of nonlinear small amplitude waves. This method is very suitable for developing a
simplified model that describe nonlinear wave propagation and interaction. The scheme
allows state variables that are extended around equilibrium states through a smallness
parameter (¢ <« 1), which corresponds to a weak perturbation effect. The method can
produce a variety of nonlinear equations, including KdV, modified Korteweg-de Vries
(mKdV), KdV-Burgers, and Burgers equations, which can admit various types of coherent

excitations.

1.11 Different particle distributions

Particle distribution functions are frequently used in plasma physics for describing wave-
particle interactions. Additionally, distribution functions are employed in nuclear physics,

plasma physics, fluid mechanics as well as statistical mechanics.

T most probable speed

average speed

I'OOT-H]QHH—S(IUHI'E speed

No. of particles

~+

Vavg Vrms speed v

v

Figure 1.5: Maxwell-Boltzmann distribution (Courtesy: www.khanacademy.org)
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The Maxwell-Boltzmann distribution shows how the speeds of particles are distributed. A
velocity distribution is a slightly asymmetrical curve that results from plotting the
proportion of particles whose velocities fall within a set of constrained ranges. The most
probable velocity would fall within the range of the peak of this curve. This velocity
distribution curve is known as the Maxwell-Boltzmann distribution. The Maxwell-

Boltzmann distribution is often represented by the graph depicted in Figure 1.5.

In fluid dynamics, vortices are regions in fluids where the flow revolves around a straight
or curved axis line. For example, tornados and whirlpools are vortices. Figure 1.6 shows a

vortex-like distribution of some particles.

Figure 1.6: Vortex-like distribution of particles
(Courtesy: Shuai and Kasbaoui, 2022).
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Chapter Two

Literature review and thesis outline

2.1 Introduction

Dusty plasmas, which contain charged dust particles in addition to ions and electrons, are
frequently observed in space. Plasma systems get more complex when dust particles are
present. For instance, they can make a modification to the existing low-frequency waves as
well as introduce new kinds of dusty waves (Shukla and Mamun, 2002). In recent decades,
a number of physicists have shown considerable interest in investigating solitary and shock
waves that are produced by the dominating effects of dispersive and dissipative terms,

respectively.

Different types of forces (such as the Lorentz force, the Coriolis force, etc.) and plasma
parameters affect the salient nature of the waves. Nowadays, plasma researchers are much
interested in investigating these effects on the wave characteristics. Numerous theoretical
and experimental works on the DIA solitary and shock waves have been conducted in
magnetized plasma systems (sometimes, the systems are considered rotating) while the

particles are distributed in different manners.

Besides, the consideration of higher-order nonlinear and dispersive (or dissipative) effects
is significant in order to reduce the discrepancy between theoretical predictions and
practical results. On the other hand, the inspections of the dynamic behaviors and

overtaking collisions of multi-solitons and multi-shocks in plasmas are recent hot topics.

The main purpose of addressing this chapter is to discuss the literature review of relevant

works, the research objectives, and the thesis framework.
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2.2 Literature review

Dust particles (negatively or positively charged) are omnipresent species of the dusty
plasmas, and the particles introduce new kinds of low-frequency dust-related waves, such
as DA waves, DIA waves, DA solitary or shock waves, and DIA solitary or shock waves
(Shukla and Mamun, 2002). Tonks and Langmuir (1929) were the first to predict the
occurrence of ion-acoustic (I1A) waves in a plasma, and it was verified experimentally by
Revans (1933). The propagating nature of IA waves were studied by several researchers
both theoretically and experimentally (Ullah et al., 2020-a; Singh et al., 2021). Shukla and
Silin (1992) predicted the DIA waves, and then Barkan et al. (1996) and Nakamura et al.
(1999) observed their existence experimentally. Nonlinearity leads to various types of
waves (namely, solitary waves, shock waves, vortices, etc.). Numerous theoretical studies
on DIA solitary and shock waves were conducted by numerous plasma researchers while
the dust particles were taken as positively or negatively charged (Mamun and Shukla, 2009-
a; Alinejad, 2010; Yasmin et al., 2013; Kaur and Saini, 2018; Islam et al., 2019; Boro et
al., 2021; Kamran et al., 2021; Khan et al., 2022). Solitary waves occur when the dispersive
and nonlinear terms balance each other, whereas shock waves take place due to the

cancellation of the dissipative and nonlinear terms.

Researchers are currently working to improve their research findings, and they seek to
incorporate a variety of effects, such as the magnetic effect, adiabatic effect, etc., into the
plasma model because these effects have a key role in the change of nonlinear wave natures
(Haider et al., 2020; Sultana, 2021; Salam et al., 2021). Atteya et al. (2018) inspected the
effect of the super-thermality of electrons as well as the impacts of ion temperature and
number density on the DIA solitary waves. Pakzad and Javidan (2022) studied the
characteristics of DIA solitary waves under the impact of a non-uniform magnetic field.

Anowar and Mamun (2008) examined the characteristics of DIA solitary waves in hot
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adiabatic magnetized dusty plasma containing negatively charged static dust particles.
Recently, many researchers (Nobaha and Pakzad, 2019; Rahman and Haider, 2019; Islam
etal., 2019; Haider et al., 2020; Abdelsalam, 2021; Younsi et al., 2022; Ghasemloo, 2022;
Halder et al., 2022) have investigated DIA solitary or shock waves theoretically in

magnetized and adiabatic plasma systems.

The KdV or mKdV equation is often used to describe the dynamics of solitary waves,
whereas the Burgers or modified Burgers equation is used to describe shock wave
properties. These equations contain lower-order nonlinear and dispersive (or dissipative)
terms. But, with the help of the above equations, theoretical predictions on the nature of the
waves vary with experimental observations (lkezi, 1973; Watanable, 1978). As a
consequence, a number of plasma researchers examined the higher-order nonlinear and
dispersive or dissipative effects on the solitary as well as shock waves in order to get better
results (Kodama and Taniuti, 1978; Lai, 1979; Esfandyari et al., 2008; Mehdipoor and
Esfandyari, 2012; Hossen et al.,, 2014; El-Labany et al., 2014; Kaur et al., 2021;
Abdelwahed, 2015; Ferdousi et al., 2015; EI-Monier and Atteya, 2019; Ahmed et al., 2020;
Mahmood et al., 2021; Fayad et al., 2021; Paul et al., 2021). The reductive perturbation
technique is used to add the higher-order effects, and this type of inclusion yields the
higher-order KdV-type or mKdV-type inhomogeneous equation (for solitary waves) and
the Burgers-type or modified Burgers-type inhomogeneous equation (for shock waves).
The re-normalization technique of Kodama and Taniuti (1978) is used for finding higher-
order solutions or dressed solutions. Lai (1979) studied the higher-order impact on 1A
waves propagated in a plasma containing warm ions and hot electrons. Paul et al. (2021)
examined the higher-order nonlinear and dispersive effects on IA solitary waves in a
degenerate plasma. El-Labany et al. (2014), Hossen et al. (2014), and EI-Monier et al.

(2019) investigated the salient nature of DIA shock in degenerate dense and quantum
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plasmas. Moreover, Abdelwahed (2015) and Kaur et al. (2021) examined the higher-order
nonlinear and dissipative effects on shocks in the auroral zone and white dwarfs,

respectively.

Like the Lorentz force, the Coriolis force also changes the nature of DIA waves.
Chandrasekhar (1953), for the first time, described the vital role of the Coriolis force in
cosmic phenomena. The finding of Chandrasekhar was supported by Lehnert (1954) who
found that the Coriolis force impacts the sun’s magneto-hydrodynamic waves.
Researchers have recently become interested in the study of magneto-rotating flows as well
as their numerous applications. In space plasmas, such as gas cloud formation, pulsar
radiations, fusion devices, etc., the magneto-rotating effect can be observed. A theoretical
investigation on a strongly magnetized and rotating plasma containing fluid ions, charged
dust species, superthermal electrons, and positrons was studied by Saini et al. (2016). A
four-component magneto-rotating dusty plasma with opposite-polarity dust was
investigated using the concepts of one-fluid and two-fluid models by Farooq and Ahmad
(2017). Kaur and Saini (2018) inspected DIA shocks in a magneto-rotating plasma
containing non-extensive electrons and positrons, and negatively charged dust particles.
Moreover, Singh et al. (2019) studied solitary waves in a magneto-rotating plasma with
Kappa-Cairns distributed electrons, whereas Mehdipoor and Asri (2021) studied the same

types of waves in a degenerate relativistic magneto-rotating quantum plasma.

In various plasma phenomena (chemical reactions, volcanic eruptions, information
technology, etc.), multi-solitons and multi-shocks were observed experimentally (Chan et.
al., 1981; Reed et al., 2003; Harvey et al., 2010; Medici and Waite, 2016; Boruah et al.,
2016; Tang et al., 2021). Only the completely integrable partial differential equations give
multi-soliton or multi-shock solutions, and a variety of physical systems are described by

the solutions (Wazwaz, 2010). In the area of integrable systems and soliton (or shock)
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theory, the research importance of exact solutions and the integrability of non-linear partial
differential equations (NLPDES) has grown in recent years (Biazar and Ghazvini, 2009;
Zhang et al., 2018; Wang and Wang, 2018; Ma et al., 2018; Wang et al., 2019; Ren et al.,
2019; Gharib et al., 2021; Alimirzaluo et al., 2021). Among the existing methods for multi-
soliton or multi-shock solutions (Hirota, 2004; Griffiths, 2012; Kumar and Mohan, 2021;
Kumar and Mohan, 2022; Alsayyed et al., 2016; Chen et al., 2019; Ullah et al., 2020-b;
Ismael et al., 2020), the Hirota bilinear method is the most used, but it requires a bilinear
transformation that may be challenging for some equations. To remove this complexity,
Hereman and Zhuang (1991) introduced a simplified form of the Hirota bilinear method,
namely the simplified Hirota bilinear method which was used by numerous researchers to
examine several higher-order nonlinear equations (Wazwaz, 2016; Wazwaz, 2021-3;

Wazwaz, 2021-b).

2.3 Objectives of the thesis

This section explores the research objectives that we find from the gaps in the previous

works, and it plays a key role in conducting the present research work.

We have examined the combined effect of the magnetic field, obliquity, and higher-order
terms on the characteristics of the DIA subsonic solitary waves propagated in an electron-
ion-PCD plasma. To the best of our knowledge, no such investigation on the three-

dimensional electron-ion-PCD plasma system has been done yet.

Again, taking magnetic and adiabaticity effects into account, we have contemplated a new
three-dimensional plasma system containing adiabatic positive ions (which are mobile),
trapped light ions (negatively charged), arbitrarily charged dust particles, and isothermal
electrons. For this plasma model, the higher-order nonlinear and dispersive effects have

been inspected for the first time.
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Moreover, we have investigated the higher-order nonlinear effect on the shock waves by
deriving the modified Burgers-type inhomogeneous equation while the magnetized dusty
plasma contains trapped electrons along with positive ions and negatively charged dust
particles. As far as we know, the plasma system under consideration has not yet undergone

the same research.

We have considered the Coriolis force into a magnetized plasma system that contains
adiabatic positive mobile ions, negative trapped ions, Maxwellian electrons, and arbitrarily
charged dust particles. This type of consideration has made the system magneto-rotating.
For the first time, the overall impact of an external magnetic field, oblique rotation,

electrons, and dust concentration on such plasma has been examined.

Using multiple regular soliton and shock solutions, the nature of multi-solitons and multi-
shocks in a magnetized dusty plasma (wherein species are positive ions, Maxwellian
electrons and positrons, and stationary negatively charged dust particles) has been
investigated. To the best of our knowledge, we use the simplified Hirota method for the

first time for such a plasma model.

2.4 Outline of the thesis

The dissertation entitled “Intrinsic features of nonlinear waves in dusty plasmas” has
been divided into eight chapters. The first two chapters are devoted to an introductory
discussion, a literature review, and an outline of the thesis work. We have discoursed the
main research work in chapter three to chapter seven, while the results and discussion, and
summary of the results have been included at the end of the corresponding chapter. The

research topics discussed in different chapters are given below:

In chapter one, the historical background of plasma, definitions of important terms, and

some topics relevant to this work have been discussed. In chapter two, the brief literature
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review, objectives of the thesis, and chapter-wise work plan have been included.

In chapter three, we have investigated the higher-order nonlinear and dispersive effects
on the structures of the DIA subsonic solitary waves propagated in an electron-ion-PCD
plasma. Besides, the magnetic, obliquity, and different parametric effects have been
examined. In chapter four, we have examined how the fundamental characteristics of DIA
solitary waves in a magnetized adiabatic dusty plasma are affected by higher-order
nonlinear and dispersive phenomena. In chapter five, the higher-order nonlinear effect on
DIA shock waves has been inspected. The parametric effects on the shock nature have also

been investigated.

In chapter six, we have investigated the combined impact of magnetic field and plasma
rotation on the nonlinear structures of DIA solitary waves in a magneto-rotating dusty
plasma. In chapter seven, we have examined the dynamic behavior of multi-solitons and
multi-shocks in a magnetized dusty plasma. Moreover, the effects of the magnetic field,
electron and positron concentrations on the multi-solitons and multi-shocks have been

examined.

In the last chapter, we have come to the conclusion of the whole thesis with a brief
discussion. Besides, some proposals have been proposed for conducting future research,

and we expect that these will develop the present work.
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Chapter Three

Effects of magnetic field, obliquity, and higher-order nonlinear
and dispersive terms on DIA subsonic solitary waves

3.1 Introduction

The DIA solitary waves are low-frequency waves in which the mass density of the ions
provides the inertia and the thermal pressure of the electrons provides the restoring force.
Here, the dust particles acquire electrical charges by collecting the electrons and ions from
plasmas, and maintain the plasma neutrality. The presence of positively charged dust (PCD)
particles makes the plasma systems more complex and alters the behavior of the plasmas
significantly (Mamun, 2021; Mamun and Mannan, 2021). The various types of wave
phenomena, namely solitary waves (solitons), shocks, double layers, etc., may be
propagated in dusty plasmas. Solitary waves are produced when dispersion and nonlinearity
balance each other. The characteristics of DIA solitary waves were elaborately investigated
both in unmagnetized and magnetized plasma systems by several plasma researchers
(Haider and Nahar, 2017; Atteya et al., 2018; Rahman and Haider, 2019; Khalid et al.,
2021; Abdikian and Eghbali, 2022; Pakzad and Javidan, 2022; Halder et al., 2022). They
discussed the effects of plasma parameters on the wave structures in various dusty plasma
systems where electrons are super-thermal, Kaniadakis distributed, non-extensive, or

trapped.

To describe the features of DIA solitary waves, Maxwellian distributed electrons were
considered in different dusty plasma systems (Kourakis and Shukla, 2003; Ma et al., 2013).

There are numerous environments in space, such as Earth's mesosphere, cometary tails,
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Jupiter's magnetosphere, etc., where PCD species have been identified (Horanyi et al.,
1993; Horanyi, 1996; Tsintikidis et al., 1996; Mendis et al., 2004). The three main ways
that make the dust species positively charged are: (a) photo-emission of electrons from the
dust surface caused by a photon flux (Rosenberg et al., 1996), (b) thermionic emission of
electrons from the dust grain surface by intense radiative heating (Rosenberg and Mendis,
1995), and (c) secondary emission of electrons from the dust surface by the influence of
highly energetic plasma particles (Chow et al., 1993). Besides, positively charged dust
particle contributions to the form of 1A subsonic solitary waves (in which wave velocities
are smaller than sound velocity) in a one-dimensional unmagnetized plasma system

containing PCD species have been discussed very recently by Mamun (2021).

The IA solitary waves are typically described by the KdV or mKdV equation. The
equations, which contain lower-order nonlinear and dispersion terms, explain solitary
waves of smaller amplitudes. However, the soliton descriptions for any of the 1A waves
vary with the results of the experimental studies (Ikezi, 1973; Watanable, 1978). As a result,
some researchers investigated higher-order nonlinear effects on solitary waves in various
plasmas in order to decrease the discrepancy between theoretical predictions and practical
results (Kodama and Taniuti, 1978; Lai, 1979; Esfandyari et al., 2008; Mehdipoor and
Esfandyari, 2012; Ferdousi et al., 2015; Ahmed et al., 2020; Mahmood et al., 2021; Fayad
et al., 2021; Paul et al., 2021). They added higher-order terms by expanding the usage of
the reductive perturbation method. Higher-order KdV-type or mKdV-type inhomogeneous
differential equations are found in this context. The solutions to these examined equations
(referred to as the dressed solutions) are found by the re-normalization technique of

Kodama and Taniuti (1978).

This chapter focuses on examining the influence of the magnetic field, obliquity, and

stationary PCD species on the characteristics of the DIA subsonic solitary waves of small
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amplitudes. Moreover, the higher-order effect (nonlinear and dispersive terms) on the
subsonic waves propagated in the considered three-dimensional plasma system is
examined. To the best of our knowledge, no such investigation on the considered electron-

ion-PCD plasma system has been done by the KdV-type equation.

3.2 Plasma model

We contemplate a three-dimensional magnetized plasma system that comprises positive
ions (mobile), electrons (Maxwellian distributed), and dust particles (stationary and
positively charged). Thus, in such an electron-ion-PCD plasma system (where B = B,2),

the nonlinear evolution of the DIA solitary waves is guided by the following equations:

6ﬁi — — e — A
T + (U; - Vu; = —EVIIJ + wy (U; X 2), (3.2)
VY = dme(n, — n; — Zgngo), (3.3)

where n, denotes the number density of plasma species s (here s = i and e refer to positive
ions and electrons, respectively), u; is the positive ion fluid speed, w.; = fni_‘; is the positive
v

ion gyro-frequency, m; is the mass of positive ions, i is the wave potential, and Z; is the

electron number inhabiting on the uppermost layer of stationary dust grains.

It is assumed that electrons obey the Maxwellian distribution of the form (Kourakis and

Shukla, 2003; Ma et al., 2013)

ey
N, = N,o eXBTe , (3.4)

The following notational modifications can be used to convert equations (3.1) - (3.4) to a

normalized form.
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D=, By =i (3.5)

BV (1) =0, (3.6)
O [ =\~ ST e e s

6—1; + (ui : V)ul = —VIlJ + w¢i (ul- X Z), (37)
FVVZI’[; = flglle — Ty — Ug, (3.8)

Zgngo

10

where u, = % and py =
i0

Similarly, the normalized form of the distribution of electron number density is (where
P K1)

fi, = e, (3.9)
The variables denoted by tildes in equations (3.6) - (3.9) are all dimensionless, and thus,
the equations also are in dimensionless form. The tildes are omitted below for simplicity,
while all the quantities are considered dimensionless. The charge neutrality condition is

Neo = Nyo + ZgNgo, and hence u, = 1 + py.

3.3 Derivation of the KdV-type equation
The formulation of the KdV-type equation is a crucial task of this section since the various
effects cause the plasma system to be complex. The stretched coordinates are chosen as
follows (Esfandyari et al., 2008, Mamun, 2021):

E=e2 (Lx+ 1,y +1,z—Vyt) and 7 = €3/?¢, (3.10)
where € is the dimensionless parameter (0 < € < 1) that indicates the strength of the
nonlinearity of the system; [, L, [, are the direction cosines of the wave vector k, ie.,
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?:‘|R‘l

l,%+l§+l§=1andlz—

= cosf, where 6 is the angle between the directions of the

wave propagation and the external magnetic field, and V, is the phase speed of the wave.

The extended form of the perturbed quantities n;, w;y, u;y, Uz, and ¥ in terms of € is

(Ferdousi et al., 2015; Atteya et al., 2018):

€Y (2) G 4

—1+en +en +6n e

U, = €3/? ul(;) + €? ul(i) + €5/2 ul(i) +

— (1) @ 5 (3)
Uy = €32 u;)) + €2 u;, + €52y u;, F e

U, = €U (1)+6 u(2)+6 u(3)+

— (€Y 2.1,(2) 3,53 o ...
Y= +e Y+ +

(3.11)
(3.12)
(3.13)

(3.14)

(3.15)

As the magnetic field induces anisotropy, u;, and u;,, appear at higher-order in € than u;,,

which implies that the positive-ion gyro motion is measured as a higher-order effect.

Now, we put (3.9) - (3.15) into (3.6) - (3.8), and collect the terms in analogous powers of

€. Equating the coefficients of €3/2 from the continuity and momentum equations, and the

coefficient of € from the Poisson equation, we obtain

L "’;‘:) —V, a:) =0,

—we U (1) s alg:) ~ 0,

Wei U (1) +1, ag;;) =0,
v, ag—:) +L, 2=,

(1) .uedj(l) = 0.

Hence, the first-order expressions are obtained from (3.16) - (3.20) as

CONNUY oYW (1) _ Iy aypW (1)
lx - we 08 ’ ly _‘UCL
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ly 1
e 1/)(1), n® = @,

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)



And the phase speed is determined as

lz
Vo= e (3.22)

Equating the coefficients of €2 from the x and y-components of the momentum equation,

and the Poisson equation, we get

au®
weu? — V=L =, (3.23)
o¢
6u(1)
—weu — Vo5 =0, (3.24)
92y @™ e 2
e — e ® — S [y + nf® =0, (3.25)

Equations (3.23) - (3.25) yield ul?, u'?, and n'®, respectively, as

ix 1 Uiy

Q= (3.26)

0 = IZ)Vo 6%;” (3.27)

and n® = @ — ‘%“ e [po]?, (3.28)

Similarly, the following equations are obtained by equating the coefficients of €5/ from

the continuity equation and the z-component of the momentum equation.

on® on® o ou® o oul) o ou® (1), @

—— Vo PT: + 1, T +1, T + 1, T +l2ag(" u;,’) =0, (3.29)
ouiy o oouP o aw® o )dupy

== Vo 2% +1, T + lu;, —% ae —Z =0. (3.30)

The equation (3.30) gives

(2) (2 (1) 3 (€))

Yig L0V LoV L Lo

as Vo 0¢ V¢ ot +V03 I3 (3:31)

@ @ @ %

Now, putting the second-order terms u; ,and ulg in (3.29), we obtain

ix Ly’

ay® _ ( Y@ _ 33y (1) 61,[)(1)) @631#(1) 13V, 83y
e ar 0o \He 5z FYE e 9¢ w?, 983 w? 083

cl l
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l_zaw(Z) l_zaw(l) ) aw( ) 2Upl2 ) W _
Lz (Vo 0¢& V¢ ot V03 l/) ) + 4 & 0.

ay® 13 2020, @ zx+z a3y
= 2u, 7L +(V—03—uevo+ 2 )p® Vo (14 ) =

oy 3_12( _l) W L 1—l§> a3y
= P +2”;/2 Ue 3 l/) ¢ +2ug/z 1+ 2 PYE =

ci

ayp@ 31, ( 3) (1) 0 ly ( 1—l§>631,b(1)_
= ot +2(1+ud)1/2 ’ud+3 ¥ 613 +2(1+ud)3/2 1+ w? ) 08 -

aw(l) aw ) GENACY)
+ 8y 25 =0, (3.32)
31, 2 _ Iy 1-1Z
where §; = W (Md + E) and g, = 2ty (1 + 3 ) (333)

Equation (3.32) is the KdV equation, while §; and &, are the nonlinear and dispersive
coefficients, respectively. Here, the middle and last terms of the equation specify the lower-

order nonlinearity and dispersion effects, and provide solitary waves balancing each other.

We will now include the higher-order effect to the KdV equation. Equating the coefficients

of €3/2 from the x and y-components of the momentum equation, we get

@ 3 oul)
ly =5 + Wy u® — v, —&=0, (3.34)
o QETALL 3.35
X ag - wcluly 0 aE - . ( . )

Equating the coefficients of €3 from the x and y-components of the momentum equation,

and the Poisson equation, the following set of equations is obtained.

(4) duly) o 51) 19 ( :
weu, — Vo asy +—2+1,u, BE =0, (3.36)
3) (1) P (1)
_wCluf;) V auéx + Tix au—lx + l ( ) ;S — 0’ (337)
. 3 a2y@
ni(3) - % [lp(l)] - gz He¢(1)¢(z) = 0. (3.38)
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Again, equating the coefficients of €7/2 from the continuity equation and the z-component

of the momentum equation, we found

ou® @ (3 € @ @ (1)
LJ’ (€] aulz ou LZ (2) iz (2) n; Ju Uiy on n; (2)
L, —— PT: + I,n; $+lz PT: + I,n; $+lx ix 3¢ + 1, 6f+6r + Ly, ag
@ @ @
(1) ouy (1) 0% () ony on L on™ _
+1,n; PT: +lyn Ey + Lu,, rTa —— -V 5 + Lu;, rTa =0, (3.39)
ow® owP @y, oowd @ )0 f? LD _
L, o + o5+ L, 'l —Z -V, T + Ly, P + Lu;, + Loug, ' —2 =0. (3.40)
Differentiation of (3.28) w. r. to t, gives
an(Z) a¢(2) ayp® 92y a3y ® aSy® 2 aw(l)
a3¢(1)
HebP ™ (341)
Equation (3.31) implies [using (3.32)]
o L@ (B L&, o) awm 1,5, 0%yW
9 Vo 0¢ (V_o?'_ )l/’ I (3.42)
@ _ L 3 1,6 1,6, 92D
= uiz ¢(2) + - (V3 — 1) [l,lJ(l)] Tzza_fz (343)

u®

My _ LD o (B 16 ()231!’_(”_ P28 0%y
ot Vo Ot 61( 1) [l’b 1] 62( 143 1)1/)(1) &3 +

3818,1, 0 92y 1, 62 95y
V¢ 08 9¢2 Vg 0&5

(After simplification). (3.44)

We get the following third-order perturbed quantities from (3.34), (3.35), and (3.38).

1, V2 33yp@ I, 9w®@ L. au® V2 93y@
ul(x3) — J’30 1!’3 _bHoy , ui(3) — x A x30 1!’3 ’ (345)
wg 0§ wep 0§ Y wei 08 wy 0§

3 1 3 92y@
and nl( )= ‘uel’b(S) + E“e[w(l)] PY? + Ue ¢(1) ¢(2)-

Differentiating n(3) w.r.to &, we get
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3)
N on;

_ a¢(3) 2 aw(l) 3311)(2) F:)
5 = He 5+ ke [W] s+ ez (WP Y@). (3.46)

Similarly, the fourth-order perturbed quantities and their derivatives w.r.to ¢ are

ix wgi 92

2
L@ = Ve 2?p® Oz _ v\ ot ® | Ly (awm) (3 &\
X\ w? 4 &4 (ugi o0& X\w? w2V, 082’

ci ci ci ci

2 2
Wi we; Vo

(4) lx Vo 63'4}(2) ) (62 V03) aslp(l) (351 l% )alp(l) 62.4)(1)
X X

:> lx —_—
af T w?, a3 w? AT 9t ¢z

ci ci ci

5 12 a3y
L (w_; W Vo) p a¢? (3:47)

2
y® = Yo d*y® Sz V§)ow D | L (_aw(l)) S (1) 2
uy =2 (- ) S 2 () ()Y '

cL

0
ou
iy
=
E w2, 983

cl

2 2
Wy we; Vo

zyvoa3¢(2> 1(82 V03)651/)(1) l(361 12 )61/1(1)621/)(1)
y y

w2 wh) 9’ 9¢  og2

ci ci

5 12 33yp@®
by (w_; g Vo> e (3.48)

Dividing (3.39) and (3.40) by [, and V,, respectively, and then adding the two results, we
obtain the following KdV-type inhomogeneous equation.

61/)(2) .
o T 01 af(

VO _ s(p), (3.49)

where the source term (™) is given by

2 a¢(1) 311)(1) 621,0(1) 33y® a5y
S(lp(l)) 83 [¢(1)] 04 0F g2 + 85 p@ TS + 66 TR (3.50)

The coefficients §;(i = 3, 4, 5, 6) occurring in (3.50) are given in section A.1 of the
Appendix. Here, (3.32) is the nonlinear KdV equation in ¥, and (3.49) is the KdV-type
inhomogeneous equation in 3@ with source term S(1 ). The source term may contain
secular (resonant) terms having the same frequency as that of the natural frequency of the

system, for which the second-order potential becomes infinite. Removing the secular

behavior, we can find the desired solution up to the second-order perturbed potential.
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3.4 Dressed solution

The aim of this section is to find the dressed solution to the equation (3.49) while the re-
normalization method of Kodama and Taniuti (1978) is used to exclude secular behavior.
Following the method, (3.32) and (3.49) are modified, respectively, as

ap®

a3y W

(1) 9 aw( ) _
5t o + 8, e + 64— =0, (3.51)
oy ) ay®@ ayp@
and  —- '3 (¢(1)¢(z))+5 653 +5/1 r =5(¢(1))+5,1?, (3.52)

where ™ and 1@ refer to the re-normalization variables.
Now, consider n = & — (4 4+ 61)7. Here, A is related to M = CL (Lai, 1979; Esfandyari et
S

1/2
al., 2008; Gill et al., 2010) by A+ 8A =M — 1 = AM, where Cs = K (:T) . M is the

Mach number and V' is the soliton’s velocity. Under this transformation, (3.51) and (3.52)

become, respectively

d3u@® dy@ dy@
5, 1” + 8, pW ’(fn j—n=o, (3.53)
d
and 6, L%" d —+ 5 —(¢(1>¢<2>) 28" = sy + 522 "’ (3.54)

It is quite possible to integrate (3.53) and (3.54) subject to the boundary conditions

dy@ dy®@ azyp@® azy@
YD =@ = o ar = et = a = 0, as |n| - oo. (3.55)
Thus, we obtain
a?p® 1 (8
g -2y o @so

()
and & w

n dy™
(5 P® — Dy ®@ = f_oo [5(¢(1)) + 62 po ] dn. (3.57)
The one-soliton solution of (3.56) is given by (please, see Appendix A.2)

YD = Yy, sech? (), (3.58)
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where the amplitude (y,4,) and width (W) are, respectively, given by

465,

W =2 and w= |£%2 (3.59)
5 2
@
Thus, the term — [ [S(z/)(l)) + Mﬁ] dn becomes
62 By dT)
4 (0 6 (M Yar 16 8¢ 2
M; sech (w) + M, sech (W) s, [6& + ]sech (W) , (3.60)
where M, = %(264%11/1/2 + 285 Y W2 — 1208,),
2
My = AL (265 3 W* — 26, haa W2 — 4 85 W + 1205 )
2 52W433 Al 4 VA1 5 YAl 6 )
(1) _ 16 66 _ 1266 - .
In order to cancel the secular term from S(y*"’), we put 61 = — ety (Lai, 1979;
2

Mehdipoor and Esfandyari, 2012; Kodama and Taniuti, 1978; Ahmed et al., 2020;

Mahmood et al., 2021; Fayad et al., 2021; Paul et al., 2021). Hence, we define another new
variable z = tanh (%) to reduce (3.57) in the following form:

d dyp®@ 4

- [(1 - ZZ)%] + (12 - 1_—) W@ = M(1—22)+ N(1 - 222 =T(2),say (3.61)
where M = M;W? and N = M,W?2.

i ion 2[c1 = 52 @ ~ 4 Y@ = 0 wi
Comparing the homogeneous equation ” [(1 z%) ” +(12 1_22)1/) = 0 with

the associated Legendre differential equation L [(1 —z?) d—y] + [n(n +1)— m” ] =0
dz dz 1-z2 y !

wegetm = 2andn = 3.

The homogenous equation has two independent solutions in terms of associated Legendre

polynomials PZ(z) and Q%(z) (Esfandyari et al., 2008; Gill et al., 2010), and these two

polynomials can be determined by the following generalized formulae (Haggard, 1988):

R'(z) = (D" - ZZ)m/zjz_"; (P and QF(2) = (~D™(1 — z2)™* 20 (Qu),

dzm

n
where P, = L (22— 1)"and Q, = (1+Z) z Pis@ Pn-i() P" @ _1<z<1.

2" n! dzn
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Thus, P?(z) and QZ%(z) are obtained as follows:

1+z

P2(z) = 15z(1 — z%) and Q2(z) = —2(1 —2z%)In (—) —15(1 -z

(1-z2)

The complementary function (C. F.) z/)(z) = ¢, P2(z) + c,Q3(z) vanishes because the first
term is a secular one, which can be eliminated by renormalizing the amplitude, (Lai, 1979),

and also ¢, = 0 as a result of vanishing boundary conditions for 1),

The particular integral (P. I.) of (3.61) is obtained by the method of variation of parameters

as

b = 0(@DP(D) + (D03 (@) = 3, (4M +3N)(1 - 2) + 722 (1= 2%),  (362)

Q3(2) T(2) P2(2) T(2) 120
where 0, = — [ o wezen ¥ 2= I anwerap @ AW Q) =

Thus, the dressed solution (= ™ + @) up to the second-order of AM is given by

(Esfandyari et. al., 2008; Gill et al., 2010)
(%) + 4M213N sech? (%) + %sech2 (%) tanh? (%) (3.63)

where the modified amplitude (y4,,) and width (W) are defined as

3AM
V=

3 AM 1 46 1)
Y1z =5+, (4M +3N)and W = / - A;I —2;2 AM (3.64)

Here, the second-order potential 19, i.e., the sum of the last two terms of (3.63), gives the
higher-order effect on the DIA solitary wave solution. Moreover, ¥4, and ¥4, represent
the amplitudes of the waves before and after the inclusion of the contribution of the higher-
order effect, respectively. The dressed solution reveals that the magnetic field (w;),
obliquity (8), and dust concentrations (u,) affect the wave nature significantly (since from
(3.60), (3.63), and Appendix A.1, it is clear that M and N are the functions of these

parameters).
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3.5 Results and discussion

In this segment, the effects of magnetic field, obliquity, dust concentration as well as the
influence of higher-order terms (nonlinear and dispersion) have been examined.

In order to investigate the aforementioned parametric impacts, the corresponding
parametric values n;p =5x%x108cm™3, T;=0.05eV, T, =2-—3eV,ny = 10* —
105 cm™3,Z; = 103 — 3 x 103 are taken from the investigation of Rosenberg et al.
(2008), and w.; = 0.2 — 0.4 rad/s is taken from theoretical work of Rahman and Haider

(2019). As per the reductive perturbation method, the prerequisite condition for adding the

@
LA 1. Here, Figure 3.1 confirms that the condition holds for the

higher-order effect is o] =

considered plasma system.
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Figure 3.1: The ratio [p@|/|®| vs. &, when
Uy =03, wy = 0.4, AM = 0.01,0 = 80°, 7 = 1.

The consequence of higher-order terms (i.e., second-order potential 1)) in dressed
solution (¥) is depicted in Figures 3.2 and 3.3 that display the wave profiles in 3D and 2D,
respectively. Moreover, Figure 3.4 shows the time evolution of the solitary waves at time

T =0,50,100 forwarding in the positive direction of £. The dressed solution yields
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compressive solitary waves only. The figures illustrate that (where u; = 0.3, w,; = 0.4,
AM = 0.01, 8 = 80° are taken particularly) the addition of higher-order nonlinearity and
dispersive terms causes a rise in the amplitudes, but has no contribution in the change of
the widths. Thus, @ and ¢ = P + @ provide different amplitudes and the same

widths.

B - ey @

0.15 -1#"(1)

M
0.1
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Figure 3.2: 3D plots of ¥, @ and 1, when
g =03, w,; = 0.4, AM = 0.01, 6 = 80°.
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Figure 3.3: 2D plots of y, @, and @ att = 1,
when uy = 0.3, wy; = 0.4, AM = 0.01, 6 = 80°.
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Figure 3.4: Time evolutions of ¥ and y at T = 0.0, 50, 100.

As §;(i = 3, 4, 5, 6) are functions of gyro-frequency (w.;) and different parameters, we
perceive from the dressed solution (3.63) that the magnetic field has a substantial impact
on the amplitude and width. Figures 3.5 -3.8 show the variations in wave structures
(amplitude and width) for different ion gyro-frequencies. The 3D and 2D plots of the wave
profiles are drawn, respectively in Figures 3.5 and 3.6 against w.; = 0.2, w.; = 0.3, and
we = 0.4 (where uz = 0.3, AM = 0.01, 8 = 80°). From Figures 3.7 and 3.8, it is seen
that the magnetic field decreases the amplitudes (when 1® is taken into consideration)
and widths. Besides, the slightly decreasing effect on the amplitude ¥4, is observed only
owing to the inclusion of higher-order terms. On the other hand, if we do not consider the
higher-order effect, it is seen that the amplitude will not be affected by the magnetic field,

i.e., Y, Is independent of the magnetic field.
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Figure 3.5: 3D plots of yMand y for w,; = 0.2, w,; = 0.3, w,; = 0.4.
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Figure 3.6: 2D plots of ™ and y for w,; = 0.2,
we; =03, w,;=04att=1.
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Figure 3.7: Shows different amplitudes for 1 and 1 in the interval
w,; € [0.2,0.4], when p, = 0.3, AM = 0.01, § = 80°.
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Figure 3.8: Shows the same width for 1* and v in the interval
w,; € [0.2, 0.4], when 1y = 0.3, AM = 0.01, 0 = 80°.

Figures 3.9 -3.12 show the changes in the solitary wave profiles, i.e., changes in amplitude
and width for different angles 6 (where u; = 0.3, AM = 0.01, w, = 0.4). Figure 3.11

shows that the amplitude grows gradually when @ is less than about 75°, and it grows
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rapidly in the range (75°, 90°), and ultimately becomes infinite for 8 = 90° which is
invalid for this plasma system. On the other hand, as shown in Figure 3.12, the width
increases (decreases) when 8 < (>)53°. If 8 = 0° (i.e., when the direction of wave
propagation is parallel to the direction of the magnetic field), equation (3.63) shows that

the amplitude and width will not be affected by the magnetic field.
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Figure 3.9: 3D plots of yMand 1 for 8 = 70°, 8 = 75°, 6 = 80°.
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Figure 3.10: 2D plots of yMand y for 6 = 70°, 6 = 75°, 6 = 80°, 7 = 1.

41



-
~

¢A12

—
(V]

—¥a

—_
T

o
e

o
»

Amplitude: ¢A1, ¢A12
o
~

o
(V)

0 15 30 45 0 60 75 87

Figure 3.11: Amplitudes of 1 and 1 in the interval 8 € [0°, 87°].
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Figure 3.12: Shows the same width for ™ and 1 in the interval 6 € [0°,87°],
while the parameters are: p; = 0.3, AM = 0.01, w,; = 0.4.

Figures 3.13 and 3.14 depict the fluctuations of the amplitudes and widths with the growing
Uq, When w,; = 0.4, AM = 0.01, 8 = 80°. The figures show that, in the presence of

positive dust particles, the higher-order terms (nonlinear and dispersive) have an increasing
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effect on the amplitudes but no effect on the widths. However, the changes in amplitudes
and widths are visualized in Figures 3.15 and 3.16, respectively. It is found from these
figures that the increasing number of positive dust particles causes the wave amplitudes

and widths to decrease.
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Figure 3.13: 3D plots of 1™ and ¢ for uy = 0.1, pg = 0.3, ug = 0.5.
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Figure 3.14: 2D plots of y™ and y for uy = 0.1, pg = 0.3, uy = 0.5, 7 = 1.
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Figure 3.15: Amplitudes of 1™ and 1 in the interval u € [0, 0.6].
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Figure 3.16: Shows the same width for ¥ and 1 in the interval g € [0, 0.6],
while the parameters are: w,; = 0.4, AM = 0.01,0 = 80°, 7 = 1.

From the equation (3.22), it is seen that the dust concentration u; and the angle 6 have a
significant impact on the phase speed of the DIA subsonic solitary waves. As shown in
Figures 3.17 and 3.18, both u,; and 8 decrease the phase speed considerably. Since [, lies
between 0and 1,and 0 < u,; < oo is valid for the electron-ion-PCD plasmas, the stationary
PCD particles cause the 1A subsonic solitary waves (Mamun, 2021). Besides, the phase
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speed is unaffected by the magnetic field. Here, the production of DIA subsonic solitary
waves with positive potential in electron-ion-PCD plasmas is caused by the presence of
immobile PCD particles. This is because when the number density and charge of stationary
PCD species increase, the phase speed of the A waves decreases. In addition, the higher-
order nonlinear and dispersive effects, as well as the magnetic field, have no impact on the

phase speed.
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Figure 3.17: Phase speed vs. p, in the interval [0, 0.6], when 8 = 80°.
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Figure 3.18: Phase speed vs. 6 in the interval [0°,90°], when u,; = 0.3.
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3.6 Summary

We explore the combined impact of magnetic field, obliquity, dust concentrations, etc., on
the amplitude and width of DIA solitary waves, and we reveal that the wave features are
significantly influenced by the parameters. Besides, the impact of higher-order terms has

been incorporated for getting a better result. The key findings are given below:

i Magnetic effect: Amplitude and width are decreased by the magnetic field.

ii. Effect of the obliqueness (8): The amplitude increases as the value of 0 increases,
and approaches to e when 8 — 90° which suggests that the angle should be less
than 90°. Besides, the growing values of 8 in the range (0°, 90%) have a reducing
impact on the phase speed. If 8 = 0°, the magnetic field does not affect the
amplitude and width.

iii. Effect of the dust concentration: The IA subsonic solitary waves are formed as a
result of the existence of the static PCD species, while the dust particle
concentration (u,) has a reducing impact on the phase speed and width.

iv. Higher-order effect: Higher-order nonlinear and dispersive terms have a growing

impact on the amplitude, whereas they do not affect the width.
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Chapter Four

Higher-order nonlinear, dispersive, and parametric
effects on DIA solitary waves

4.1 Introduction

As previously mentioned, along with ions and electrons, dust particles are also ever-present
in dusty plasmas. The properties of waves are significantly influenced by negative ions that
obey the Maxwellian or vortex-like distribution. To demonstrate the characteristics of DIA
solitary waves, several physicists predicted the Maxwellian distribution of negative ions
(Franklin and Snell, 2000; Bogdanov and Kudryavtsev, 2001). Many astrophysical objects
contain heavier and lighter substances, such as Hydrogen, Helium, Carbon, Oxygen, Iron,
Rubidium, etc., and they follow different particle distributions in plasmas (Chandrasekhar,
1931; Kosester and Chanmugam, 1990; Chamel et al., 2008). Sometimes, the energy of
negative light ions may not be sufficient to overcome their potential. Consequently, the
ions become vortex-like, and depart from the isothermal distribution to follow a nonthermal
distribution (Schamel, 1972; Schamel, 1975; Mamun, 1998). Rahman and Haider (2016)
theoretically investigated the characteristics of DIA solitary waves in a one-dimensional
plasma system which comprises trapped negative ions in addition to three other elements,
namely positive ions, Maxwellian distributed electrons, and stationary dust particles.
Rahman and Haider (2019), in their other work, explored the dynamics of DIA solitary
waves as well as the stabilization in a magnetized dusty plasma considering the same type
of components. Recently, the investigation of adiabaticity in plasma systems has also
received a lot of attention, and several researchers have noticed the adiabatic influence

on wave propagations. Mamun et al. (2009) explicitly examined the fundamental
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characteristics of DIA and DA solitary waves with regard to the combined impact of the
adiabaticities of electrons and ions, and negatively charged static or mobile dust particles.
Anowar and Mamun (2008) examined the nature of DIA waves of small amplitude as well
as their multi-dimensional instability by investigating the effects of ion and electron
adiabaticities and ion-dust collisions. Besides, Haider et al. (2020) studied the impacts of
Chandrasekhar limits in adiabatic plasmas, where the parameters are valid for white dwarfs

and other compact objects.

In chapters two and three, it has been stated that the behaviors of solitary wave propagations
can be described by using the KdV or mKdV equation, but the theoretical explanations do
not completely match the results of the experimental works. Both in the literature review
and chapter three, a number of references to previous works have been included that address
the higher-order nonlinear and dispersive effects. In their investigations, the researchers
worked to achieve better results by adding the higher-order effects. Moreover, Gill et al.
(2010) investigated the slow and fast modes of IA solitary waves in a multi-species plasma
that includes trapped electrons, and El-Tibany and Moslem (2005) examined electron-
acoustic solitary waves with cold and trapped electrons in which both plasma systems are

considered unmagnetized.

In this chapter, we consider a three-dimensional magnetized and adiabatic plasma system
containing negative trapped ions in addition to positive ions, Maxwellian electrons, and
dust particles, while the DIA solitary waves propagate obliquely. We emphasize the
investigation of the higher-order nonlinear and dispersion effects, and various parametric
impacts on the waves. To examine the higher-order effects, an inhomogeneous mKdV-type

equation is derived here.
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4.2 Plasma model

We contemplate a propagation of DIA solitary waves in a magnetized, collision-free, four-
component plasma made up of adiabatic positive ions (which are mobile), trapped light
ions (negative), arbitrarily charged dust particles, and isothermal electrons to examine the

higher-order effects on the salient features of the waves. Let us assume that the magnetic

field is directed along the x-axis, i.e., B = Byx. Hence, the equations listed below govern

the nonlinear dynamics of the waves.

L4V (i) =0, (4.1)
66_1? + @ -, = —miiVl/J + we (U X X) — — Vp;, (4.2)
et (- VIpg +vpi (V) = O, 43)
V2 = dme(n, + n, — n; — jZgngo). (4.4)

Here, p; is the positive ion fluid pressure, y is the adiabatic index, and the existence of
positively (negatively) charged dust particles is indicated by j = +1(—1). The other

variables used in (4.1) - (4.4) have been defined in section 3.2.

The vortex-like distribution of negative ions and Maxwell's distribution of electrons are

assumed, respectively, to follow (Rahman and Haider, 2016; Sultana et al., 2019-a)

= o [1 4 () 1 (e 2y “5)

(o)
and N, = Ngo e \KBTe/, (4.6)

The following notational modifications can be used to transform equations (4.1) - (4.6) into

normalized form.

~ n t r ~ _ u;

J— S . T — ~

fi.=— (s=1i,ne),t= e = —

= r S ) T ) M
pi 4mesn;, D ame?nyy wp; st m;
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BT (1) =0, 4.7)

Tt @V =9 + @, @ x 2 -2, (4.8)

%Jr (@ Vg +v o (V-11) =0, (4.9)

VY = Tty + fiplty — fi; — i, (4.10)
where g; = % e = Z—‘;‘)’ [y = Z—’:J and py = L‘T‘l—r:"

Similarly, the respective normalized form of the distributions of negative ion and electron

number densities is (where ¢ «< 1)

~ ~ 4(1-Bp 2 -2 1 ~
fi, =1+ ay —g?ﬁaz P2 +Ea21/)2, (4.11)

and fi, = e¥. (4.12)

Here, a = ;—Z (where T, is the negative ion’s temperature), and 3,, specifies the fraction of
trapped negative ions. We are interested in 5,, < 0, that relates to vortex-like distribution.
The equilibrium condition is stated as n,q + 1,9 = njp +j Zgng, and this implies that

fe =1 —pn +jug.
The variables symbolized by tildes in equations (4.7) -(4.12) are all dimensionless, and they

make the equations dimensionless. From now on, the tildes will be removed for simplicity.

4.3 Derivation of the mKdV-type equation

This segment aims to derive the mKdV-type equation for describing different effects (such

as the magnetic, adiabatic, etc.). We use the Schamel's approach (Sultana et al., 2019-b;
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Sultana, 2021) to characterize the DIA solitary waves efficiently, where the stretched

coordinates are assumed as

E=e* (Lx+ Ly + L,z —Vot) and T = e3/4t. (4.13)
Here, 24+ +1Z=1andl, = ’% = cos6, where 6 is the angle between k and B.

The expanded form of the perturbed quantities n;, p;, Wy, u;y, Uz, and Y in terms of € is:

n; = 1+En§1)+63/2 n§2)+--~, (4.14)
p; = 1+epi(1)+e3/2 pi(z)+---, (4.15)
Uiy = € ui(;) + €3/2 ug) + - (4.16)
Uy = €4 ul(;) + €3/2 ul(;) + (4.17)
uy = e/ ul +e3/2u® 4o (4.18)
P =eyp® 4 &3/2p@ 4 ... (4.19)

Now, we use (4.11) - (4.13) and substitute (4.14) - (4.19) into (4.7) - (4.10), and finally
accumulate the terms in similar powers of €. The 1%-order equations are found by collecting

the coefficients of €3/# from (4.7) - (4.9) and the coefficient of e from (4.10) as

Bug) 6n§1)
e = (4.20)
(€] (1) (1)
ap} ou ap
Ol T = Vo + L= = 0, (4.21)
(€] (1)
an" @, W
oily—— 2 Weilliy +1,— o =0, (4.22)
ov;” e ay®
oil, % + +1,— T =0, (4.23)
(1) (1)
—V, ”l +yl, ‘”;? =0, (4.24)
n® = (aa + u)p® = 0. (4.25)
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Thus, the 1% -order expressions are given by
VoG 1 oy 1 ayp®
(1) = l/)(1) z(;) T ou (1+vy0;Gy) o0 u = w_zl 1 +vy0;Gy)——,

pl(l) = yG, D, ngl) = Gy W, (4.26)

And the phase speed is determined as

Vo = L, /(H’;ﬂ ,Where G; = p,a + . (4.27)
1

Equating the coefficients of €3/2 from the y and z-components of (4.8), and (4.10), we get

@ o, 0u
—wei;, — Vo—— 5% = =0, (4.28)
(1)
weu? ~ Voa;‘; ~0, (4.29)
4 a (1)
Gp®@ — —=n az(1 g )[1/)(1)] n® -2y, (4.30)

3

Similarly, equating the coefficients of e% from (4.7), the x-component of (4.8), and (4.9),

the resulting set of equations is obtained as

anlV on® o ou® o oul  9u®
- VS L T = T =, (4.31)
6u§1) auﬁz) ayp@ api(z)
ey B, B o, P =0, (4.32)
619(1) oul? oul) oul? ap®

+yl, af ~+yl, af 2 +yl, Fr Vs 2t =0. (4.33)

The 2nd-order terms are completely removed from (4.28) - (4.33) to obtain the mKdV

equation of the form

) ) 3,7,(1)
aw + 8,y D aw 5 6(;@3 =0, (4.34)
_W ﬂnas/z (1-Bn) _ Vo (1- lx) (1+Y‘7161)
where §; = VG (Liyoice) nd g, = 26 (Lt70:0) [1 + ] (4.35)
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Now, the higher-order effects will be incorporated into the mKdV equation. To the next
order in ¢, the 2"-order perturbed quantities are obtained in terms of ¥ and ¥® as
follows:

VOYUiG1) a2y

VoG 2G4 6
(2) o 1¢(2) 1 1(1+2)/GLG1)[1/J(1)] __(G b + 1+y0,G,) 8&%

LV, (&) 1V, p@®
u® = 22 (1 +70,61) ,;?2 @ =k oy 4 yoi6) 2L o (4.36)

8 1/1(1)

4G5,

Similarly, the following 3"-order perturbed quantities and a system of equations (omitted

in the text) are obtained in terms of u'>, p®, @, u® and u®.

iy
3 1,(1+y0;G1) Y@ 2y0,G11,6 81,[)( )
= I (1) T
1, v GERACY)
+w—a[ E(1+yo0;Gy) + yal] ad;?' , (4.37)

(3) ly(1+y0;Gy) oY@ 2y0iG11,,6 ayp®
> - - la_y (1 +y0;G)Vp® ~or

lZ wei af Vow
l a3y
_wya[ . (1+yo*lGl)+)/0'l] e (4.38)
3
1 2 ik @ 2Un 2 (1- n)
n? = Gp® + 5 (e +pd[pP] - — MR PO @ (439)

Finally, the obtained mKdV-type inhomogeneous equation takes the following form

@
61/) ( [y® l/,(2)) = $(ypW), (4.40)
where the source term S(y™) is given by
ap)°
(1) (1) al/)(l) ( I3 ) (1 93 w ) 1 alp(l) 621/)(1)
)=y tM T MY 08 g2
[w®]2 ey
5,1,(1)
s 5 (4.41)

985
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The coefficients M;(i = 1, 2, 3, 4, 5) occurred in (4.41) are specified in Appendix A.3. In
this case, (4.34) is a nonlinear mKdV equation in ¥, whereas (4.40) is a linear
inhomogeneous equation in ¥ with the term S(y¥®) which may include secular or
resonant terms. We can construct the required solution up to the second-order perturbed

potential by eliminating secular behavior.

4.4 Dressed solution

The purpose of this segment is to acquire the dressed solution of (4.40) while the re-
normalization method of Kodama and Taniuti (1978) will be used for removing secular
behavior from the solution. In accordance with the method, (4.34) and (4.40) are modified,

respectively, as

@ auy@® a3yp@ au@®
4 5@ V’ +6, -+ 51—, (4.42)

2) () () (€]
and 2245, = (w@pD) + 6, aa‘?: +5/131§; =5(zp<1>)+5,1%. (4.43)

Let us now introduce a new variable n = & — (4 + 61)7. Here, A is connected to the Mach

number M = CL (Esfandyari et al., 2008; Gill et al., 2010) by A+ A =M — 1 = AM,
S

1/2
where Cs = K (:l—e) . Thus, (4.42) and (4.43) are transformed, respectively, as

(€9) (1 (1
8, L 4 s fpD B i g (4.44)
an an an
and 5,20 d 8 o (zp(z%/lp(l) S(¢<1))+5,1‘“” (4.45)

We can integrate the ordinary differential equations (4.44) and (4.45) under the boundary
conditions

dy® _ dy®@ _ azy@ _ azy®@
dn dn dn? dn?

P =@ = =0,as |n| - oo. (4.46)

Thus, we obtain
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dzll’(l) (261 [ll}(l)] )l/)(l) —0, (4.47)

dn?

azy® 1 . 1 M dy@®
and -+ g(& WO - /’1) p@ =27 [saw®) + MW] dn. (4.48)
The following one-soliton solution of (4.47) is given by Salam et al. (2021).

YD = Yy sech® (I), (4.49)

where the amplitude (y4,) and width (W) are, respectively, given by

2
l/)A1=(%) and W = /% (4.50)

Again, the right-hand side of (4.48) becomes

—fn [S(zp(l))+6/1 ]dn—Tsech8 (&) +2a [6/1+ 25%s) sech* (),

P
where T = 224 [ My W* — (16M, + 30My + 20M,)\/p, W? + 1680 Ms].  (4.51)

256Ms _ A’M;

The secular term is canceled out from S(yY™) by setting &1 = — =
2

(Mahmood et al., 2021; Fayad et al., 2021; Paul et al., 2021). Hence, z = tanh (%) reduces

(4.48) to

d2y®@ dy@ 16
(1 - ZZ) 7 - ZZ? + (30 - g) l/)(z) = T(l - 22)3 = F(Z) (452)

azy@ dyp®@
2) dz —2z dz +(3

The homogenous part of (4.52), i.e., (1—2z 122)1/;(2) =0
has two independent solutions in terms of associated Legendre polynomials PZ(z) and
Q2 (2) (Gill et al., 2010; El-Labani et al., 2014), where the generalized formulae (given in
section 3.4) of B;*(z) and Q;;*(z) are used to determine the polynomials by setting m = 4
and n = 5. Thus, we obtain

Pd(z) = 945z(1 — z?)?,

and
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945

Q(z) ==2z(1 - z%)?In (“Z) 945(1 — 2z2)% + 315(1 — z2) + 126 +

72(1-22)+48
(1-2z2)2

The C. F. 1/)(2) = ¢, P¢(z) + c,Q2(z) becomes vanished as Pg(z) is the secular one (Lai,

1979) and also ¢, = 0 due to the boundary conditions (4.46).

The P. I. of (4.52) can be found by means of the variation of parameter method as

= 0@DPED + (@20 = (1 -2 [1-3(1-20)| (459
_ Q2(2) F(2) . P2(2) F(2) 4 A4+ _ 328860
where g, = f—(l_zz) werdoh 4% 42 = f—(l_zz) werkoh 4% and W(Ps,Qs) ==

Hence, the dressed solution up to the 2" -order of AM is provided by (Gill et al., 2010; El-

Labani et al., 2014)
— @ 4+ @ = (152M 4 _1 2 4 (1
Y=y +yp = ( 50, ) sech ( ) [1 L sech ( )] sech (W) (4.54)
where A = AM (1 + %AM). As we can see from (4.54), the second term of the right side
2

indicates the higher-order effect on the solution, and the modified amplitude and width are

_ (15AM\? T ’1662 /52 . .
Yp12 = ( 50, ) +35 and W = AM 252 respectlvely. It is observed

that the amplitude changes due to the addition of higher-order terms, but the width remains

unchanged.

4.5 Results and discussion

In this part, we have looked into the characteristics of DIA waves with respect to higher-
order terms and compared the findings of higher-order terms with those of lower-order
terms. To observe the influence of higher-order effects, a numerical analysis of the solution
has been carried out. The solution depends on various parameters, such as negative ion
concentration (u,,), electron concentration (u,), trapping parameter (5,, < 0), temperature

. T . . . . .
ratio o; = -, etc., and it gives compressive solitary waves. The values of different

e
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parameters have been selected from the neutrality condition, plasma assumptions, and

previous works (Anower and Mamun, 2008; Rahman and Haider, 2019). Again, in
accordance with the rule of reductive perturbation theory, the higher-order terms (i.e., 1 ®)

(2)
@] _

must satisfy the criterion ] S

1. With the parametric values taken into consideration,

the resulting solution (4.54) satisfies the requirement for both types of charged dust

particles (Figure 4.1).

0.55

03+

0.25 ' ' '
-100 -50 0g 50 100

vs. € in the presence of positively (j = 1) and negatively

[p®)]
[
(j = —1) charged dust particles, when B, = —0.9,a = 10,0; = 0.2,y =
0.4, u, = 0.7,y = 1.67, w, = 0.9, AM = 0.01,0 = 15°, 7 = 1.

Figure 4.1:

We plot lower-order potential 1, higher-order correction 1®, and dressed solution
in Figures 4.2 and 4.3 to illustrate graphically the influence of higher-order terms in the
cases of positively and negatively charged dust particles, respectively. Both figures show
that (when B8, = =09, @ = 10,0; = 0.2, uy3 = 0.4, u,, = 0.7,y = 1.67, w,; = 0.9, AM =
0.01, & = 15° are chosen for effective explanation) the plasma model under consideration
only allows positive potentials. Besides, the total wave amplitude increases when the
higher-order nonlinearity is present, and the earlier findings support it (Esfandyari et al.,
2008; Gill et al., 2010). It is important to note that PCD particles produce waves with higher

amplitudes than negatively charged dust particles do.
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Figure 4.2: Wave structures of 1, ™, and @ in presence of positively
charged dust particles (j = 1), when 8,, = —0.9, « = 10, g; = 0.2, ug =
0.4, 1, = 0.7,y = 1.67, w,; = 0.9, AM = 0.01, § = 15°,
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Figure 4.3: Wave structures of 1, l/)(l), and l/J(z) in presence of negatively
charged dust particles (j = —1), when B, =—-0.9, a =10, g; = 0.2,
g =04, w, =07,y =167, wy =09, AM = 0.01, 6 = 15°.
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It is clear from (4.54) that the external magnetic field, ion and electron
concentrations, adiabaticity effect, etc., have a considerable impact on the wave
characteristics. The modifications of the solitary wave profiles for various w,; in the
presence of positively and negatively charged dust particles are shown in Figures 4.4 and
4.5, respectively. The wave structures are displayed here against w.; = 0.7, w.; = 0.8, and
wy = 0.9 (WhenB, =—09, a =10, 0; =02, ug =04, u, =0.7, y = 1.67, AM =
0.01, 8 = 15%). Moreover, as shown in Figures 4.6 and 4.7, the magnetic field exhibits a
decreasing effect on the wave’s amplitudes and widths in the presence of higher-order
nonlinear and dispersive effects. We also observe here an issue, which is that the magnetic
field does not influence the amplitude when the lower-order nonlinear effect () is taken
into consideration only, whereas it is seen that the magnetic field has a diminishing effect
on the amplitude when the higher-order effect is considered. Moreover, amplitude and

width are found to be higher for higher-order terms compared to lower-order terms.

%1073

Figure 4.4: Change in wave structures of 1 = ¥ ® + % ® (solid curves)
and @ (dashed curves) for w,; = 0.7 (red), w,; = 0.8 (green), and w,; =
0.9 (blue), whenj = 1, 8, = —0.9, @ = 10, 0; = 0.2, 1y = 0.4, 1, = 0.7,
y = 1.67, AM = 0.01, § = 15°.
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Figure 4.5: Change in wave structures of 1 = @ +y® (solid curves)
and @ (dashed curves) for w,; = 0.7 (red), w,; = 0.8 (green), and w,; =
0.9 (blue), when j = —1, B, = —0.9, @ = 10, 0, = 0.2, g = 0.4, p,, =
0.7,y = 1.67, AM = 0.01, 6 = 15°.
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Figure 4.6: Amplitude (14,) Vs. gyro-frequency (w;).
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Figure 4.7: Width (W) vs. g;rlo—frequency (wei)-
The adiabaticity effect on the DIA solitary wave structures, where g, = —0.9, a = 10,
0, =02, uy =04, u, =07, w;; = 0.4, AM = 0.01, 8 = 15°, is investigated in Figures
4.8 and 4.9. The figures show that, in the presence of dust particles that are positively or
negatively charged, the amplitude and width increase as the value of y rises, i.e., it boosts
the energy of the waves. Like the effect of y, the ratio of temperatures g; also has a growing

effect on the wave’s structures (Figures 4.10 and 4.11).

%1073
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157
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Figure 4.8: Variation in wave structures of 1 (solid curves) and y®
(dashed curves) fory = 1.75 (red), y = 2.25 (green), and y = 2.75 (blue),
whenj=1andB, =—-09,a =10,0; = 0.2, uy = 0.4, u, = 0.7, w,; =
0.9, AM = 0.01, 8 = 15°.
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Figure 4.9: Variation in wave structures of i (solid curves) and ™
(dashed curves) for y = 1.75 (red), y = 2.25 (green),and y = 2.75 (blue),
when j=—-1 and B, =—09, a =10, g; = 0.2, ug = 0.4, u, = 0.7,
wg = 0.9, AM = 0.01, 6 = 15°.

15

Figure 4.10: Variation in wave structures of ¥ (solid curves) and ™
(dashed curves) for g; = 0.2 (red), o; = 0.3 (green), and a; = 0.4 (blue),
when j=1 and B,=-09, a =10, y =1.67, u; =04, u, =0.7,
wy = 0.9, AM = 0.01, 6 = 15°.
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Figure 4.11: Variation in wave structures of 1 (solid curves) and @
(dashed curves) for g; = 0.2 (red), o; = 0.3 (green), and o; = 0.4 (blue),
when j = -1 and B, =—0.9, a =10, y = 1.67, ug = 0.4, w, = 0.7,
we = 0.9, AM = 0.01, 8 = 15°.

The changes of the solitary wave profiles for various u, are shown in Figures 4.12 and 4.13
in the presence of positively and negatively charged dust particles, respectively. These
figures exhibit the wave structures against the dust concentrations pu; = 0.2, uz = 0.5, and
g = 0.8 (Where B, = —0.9, a =10, 6; = 0.2, p,=0.7, y =1.67, w, = 0.9, AM =
0.01, 8 = 15°). From Figures 4.12 and 4.13, it is observed that the positively (negatively)
charged dust concentration has an increasing (decreasing) effect on the amplitudes of the

DIA solitary waves in the presence of higher-order nonlinear and dispersive effects.

63



%1073

2 ‘ 1 ' \ 114702
i =gyl ’{ 1g=0.5
—_— i =0.8
15¢ “
1+
05|
O Il | Il
-15 10 5 0 5 10 15

Figure 4.12: Variation of 1 (solid curves) and ™ (dashed curves) for
Ug = 02,0508 whenj=1and g, =-09, a =10,y =1.67, g; =
0.2,y = 0.7, wy = 0.9, AM = 0.01, 8 = 15°.
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Figure 4.13: Variation of 1 (solid curves) and ) (dashed curves) for
Uqg =0.2,05,0.8,whenj=—-1and B, =—-09,a =10,y = 1.67, g; =
0.2, up = 0.7, w,; = 0.9, AM = 0.01, 6 = 15°.

Effects of o;, a, 0, u,, etc., on the phase speed are drawn in Figures 4.14 - 4.18 while g;
has an increasing effect and «, 6, and u,, have a decreasing effect on the phase speed.

Besides, uy has decreasing (increasing) effect on the phase speed for j = 1(—1).
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Figure 4.14: V; vs. g;, when a = 10, uy = 0.3,

t, = 0.2, w, = 0.9, 0 = 15°.

Figure 4.15: V, vs. 4, when a = 10, uz = 0.3,
0, =02, w,; =09,0 =15°.
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Figure 4.16: V, vs. a, when p; = 0.3, u, = 0.2,

0, =03, wy; = 09,0 =15°,
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Figure 4.17: V; vs. 6, when a = 0.3, uz = 0.3,

Up =0.2,0;, = 0.2, w,; = 0.9.
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Figure 4.18: V, vs. uy, when a = 10, 0; = 0.2,
U, =03, w; = 0.9, 8 = 15°,

4.6 Summary

We have looked into how the characteristics of the DIA solitary waves in dusty plasma are
affected by the higher-order nonlinear and dispersive terms. The result clearly shows that
the parameters and higher-order terms have a significant impact on the wave properties.
Plasma researchers also have observed similar results in past theoretical investigations (El-
Taibany et al., 2005; Ahmed et al., 2020), where they included one or more of the following
effects. These are the main findings (in the presence of positively or negatively charged

dust particles):

I Higher-order effect: The amplitude is increasingly influenced by the higher-

order nonlinear and dispersive terms.

ii. Magnetic effect: The DIA solitary waves propagate with reduced amplitude and

narrower width when the magnetic influence is in play. The magnetic field does

67



not affect the wave amplitude when there are lower-order effects present, but it

does so when there are higher-order effects.

Adiabatic effect: In the presence of higher-order terms, adiabaticity affects the

amplitude and width of the solitary wave increasingly.

Effect of the obliqueness (6): When 6 increases, the solitary wave’s phase speed
decreases. Besides the amplitude becomes infinite at the limit & — 90° which

indicates that the angle should be small.

Dust effect: Positively (negatively) charged dust particles has an increasing
(decreasing) effect on the amplitudes. Besides, dust has decreasing (increasing)
effect on the phase speed in the presence of positively(negatively) charged dust

particles.
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Chapter Five

Higher-order nonlinear and parametric effects on
DIA shock waves

5.1 Introduction

The dissipative and nonlinear terms combine to form the shock waves. In a plasma system,
dissipation can happen in a variety of ways, including particle-particle interfaces, multi-ion
streaming, viscosity, etc. It was proved by several laboratory studies (Nakamura, 2002;
Fortov et al., 2005; Sarma and Nakamura, 2009) that DIA shock waves exist in many
physical phenomena. Moreover, the DIA shock waves in the solar F Corona region were
studied by Boro et al. (2020). In a plasma containing both stationary and charge fluctuation
dust particles, Kamran et al. (2021) studied the DIA shocks and found that the shock
amplitude reduces as the ion-electron temperature ratio rises. In order to better understand
the shock waves in the context of a dusty plasma with two-temperature electrons, Bansal
et al. (2021) examined cylindrical and spherical DIA shock waves. Besides,
numerous researchers discussed the DIA shock and solitary wave natures in various
circumstances (Samanta et al., 2013; Kanti et al., 2017; Ghasemloo, 2022; Khan et al.,

2022; El-Helbawy, 2022).

In the majority of space plasmas, the generation of a phase space vortex causes electrons
to become trapped while electrons follow the nonthermal distribution (vortex-like) rather
than the Maxwellian distribution. Under certain conditions, electrons become trapped
because they lack enough energy to overcome their potential. The confined particles
drastically change the nonlinearity of the system. Many research findings (Ergun et al.,
1998; Goldman et al., 2003; Cattell et al., 2003; Schippers et al., 2008; Zaghbeer, 2022)
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confirmed the trapping of electron particles, and to describe the DIA shock and solitary
waves' nature, trapped electrons were considered components in various plasma

frameworks. (Khater, 2022; Abdikian and Eghbali, 2022).

In general, the Burgers, modified Burgers, and KdV-Burgers equations incorporate
nonlinear and dissipation effects of lower-order, and the equations are used to characterize
the dynamics of DIA shock waves. Although the dispersion term is included in the KdV-
Burgers equation, the dissipative term dominates it and controls the shock’s nature.
Researchers employed the reductive perturbation method (Selim et al., 2022-a; Selim et al.,
2022-b; EI-Monier and Attteya, 2022) to include the higher-order nonlinear and dissipative
terms, that yield an inhomogeneous differential equation. Numerous researchers (El-
Labany et al., 2014; Hossen et al., 2014; Abdelwahed, 2015; EI-Monier and Atteya, 2019;
Kaur et al., 2021) investigated the effect of higher-order terms on shock wave behaviors in
the last decade. In order to better understand the DIA shock structures in dense plasmas,
El-Labany et al. (2014), EI-Monier and Atteya (2019), and Hossen et al. (2014) studied
them theoretically. Moreover, Abdelwahed (2015) examined higher-order corrections to
broadband electrostatic shock noise in the auroral zone, and Kaur et al. (2021)

explored light and heavy nuclei acoustic dressed shocks for white dwarfs.

The focus of this chapter is on the investigation of the consequences of different parameters
and higher-order nonlinear terms on the shock wave structures. We graphically compare
the lower- and higher-order effects. A modified Burgers-type inhomogeneous equation is
derived for this investigation. As far as we know, no analytical study has been done yet to
examine the impact of higher-order nonlinearity using the inhomogeneous equation. The
equation is derived using the reductive perturbation approach, and the higher-order effects
are added to the dressed solution using the Abel's theorem and the method of variation of

parameters.
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5.2 Plasma model

Considering a magnetized plasma with positive ions, electrons (trapped), and dust particles
(stationary and negatively charged), we investigate the higher-order impact and parametric
effects on the DIA shock waves. Hence, for the magnetized adiabatic plasma (where B=

B, X), the equations presented below govern the nonlinear evolution of the shock waves.

ZL4 V- () = 0, (5.1)
(’2—? + (@ - VY, = —miiVl/J +we (U X X) — ﬁvpi +nV%;,  (5.2)
it (- Vp; +ypu(V - 1) =0, (53)
V2 = 4me(n, — n; + Zgng), (5.4)

where n; and n, represent the ion number density and electron number density,
respectively, y = % (N indicates the number of degrees of freedom while N = 1 for the
one-dimensional case and N = 3 for the three-dimensional case), and n is the kinematic
viscosity.

The vortex-like distribution of trapped electrons is assumed to follow (Sultana, 2021;

Zaghbeer, 2022; Khater, 2022; Abdikian and Eghbali, 2022)

3
oo ()2 (2 2y ] e

We can write equations (5.1) - (5.5) in normalized form using the following notations.

~ . ~ t ~ T ~ Uu;
g = (s=1ie), t= , T = , Uy = ———,
50 w-1= ";L Apl = KBzTe _Csi. Csi(= @)
pt amesn;, 4me“n;y Wpj m;

B j=—1_. (5.6)

- _ Y ~ ~ i
KT
v Be e e ameZny, P Pio(=njoKpT})’ wpidD
(L)pi = TL

— 4+ V- (7 %;) =0, (5.7)
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B e e =

it (@ Vg +ypi(V- ) =0, (5.9)

’6212; = flelle — N + Ug, (5.10)
where g; = % e = Z—i‘)’ and pg = Zjl—tl:"

Similarly, equation (5.5) is reduced to the normalized form (where ¢ «< 1)

~ — ~3 ~
fi, =1+ —20B 57 4 12, (5.11)

Here, . specifies the fraction of trapped electrons. We are interested in 8, < 0, that relates
to the vortex-like distribution. The equilibrium condition takes the form n,, = n;o —

Zango, hence p, = 1 — py.

5.3 Derivation of the wave equations

The dissipative effect may dominate the dispersive effect in nonlinear plasma waves, and
this causes shock structures rather than solitary structures. In order to get the nonlinear
wave equations (viz. the modified Burgers and modified Burgers-type inhomogeneous
equations that generate the shock waves), we consider the stretched coordinates (Sumi et
al., 2019)

E=e2(Lx+Ly+lz—Vit)andr = et (5.12)

X
>

where0 < e <1,1z+15+17 =1,and [, = — = cosb.

~|

Substituting (5.11) - (5.12) and (4.14) - (4.19) into (5.7) - (5.10), and accumulating the
terms in similar powers of ¢, the following 1%-order quantities are obtained from the lowest-

order terms of € as

Vote
) ==, pi = yuap®, = peyp®. (5.13)

i =
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And the phase speed is determined as

Ve =L, /%,where e =1— pig. (5.14)

5.3.1 The modified Burgers equation

Equating the coefficients of €3/2 from the y and z-components of (5.8), and (5.10), we get

® 1,[,(1)

op; (2)
0ily o = weufy + 1, S =0, (5.15)
(€] (€))
aizz"”;;, + weul? +1, gf =0, (5.16)
3
\ s
ket =5 (1= BT - =0 617

Likewise, collecting the coefficients of €2 from (5.7), the x-component of (5.8), and (5.9),

the following equations are obtained.

on{® on® @ o oul @
5—— Vo T + 1, PT: +1, T: +1, PT: =0, (5.18)
6u§;) aug) @ apl@) azug)
e~ Vot Foile 5 =55 =0, (5.19)
31’1(1) ou (2) (2) au(Z) pl(2)

+yl, af +yly af 2 +yl, T Vs 2t =0. (5.20)

The 2"-order quantities are eliminated from (5.15)- (5.20) and we obtain the following

equation
FIE! ) F:) ) a ®
1/) AJp@ ‘P - a:fz , (5.21)
W (1-Be) _n
where A = T rvou and B = x (5.22)

Equation (5.21) is referred to as the modified Burgers equation, where the right-hand side

term of the equation gives the dissipative effect, i.e., it characterizes the shock nature.
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5.3.2 The modified Burgers-type inhomogeneous equation
The modified Burgers-type equation will be derived in this section to incorporate the effect

of higher-order nonlinearity. To the next order in €, the following 2"-order quantities are

obtained in terms of ¥ and @,

3
2) _ (1+yoipe)ly 2 Ape 7 e dyp@
u?) = CHroley @) 200 (1 4 2yy,)[p V] — =2

Uix Vo 21, 9& '’
L@ = _LOdromd 09 (@) _ Ltyoute) oy ®
ly Wi 98 ' iz - wg; ag (5.23)

3
2 4 pe (1-B¢) 5 2 2
Tll( ) = ﬂedj(z) _ET[I’D(D]Z’ pl( ) _ )/Tl( )

The 3" -order perturbed quantity n(® is obtained as

3 1 2 _ %W 2p,(-Fe)
= uep @+ [pO] - Som - YD @, (5.24)

Moreover, a set of equations, given in (A.14) - (A.23) of Appendix A.4, is obtained in terms
of ul®, p&, @, ul® u® and their derivatives.

iy ! Uiz

Finally, the modified Burgers-type linear inhomogeneous equation in y® is derived as

@ 3 a @)
2t 4 a_f( fp@y@) - B ¢ = S(ypW), (5.25)
where S(y ™) is defined by
()
9
/¢(1)

The derivation of the equation (5.25) and M;(i =1, 2, 3, 4) in (5.26) are provided in

2.1,(1) 3.,(1)
+ My Jp Dy, 2 (5.26)

@
SW®) =My PO ==+ My 982 LNFTE

Appendices A.4 and A.5, respectively.

5.4 Dressed solution

Introduce Z = A(¢ — U,t) that provides the solution of (5.21) as

@ = ¢, [1 — tanh Z]? = ,, |1 — tanh (f‘%)]2 (5.27)
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where the amplitude (y,,,) and width (W) are respectively, given by

_ (3U0)? — y-1_ 4B
Wy, = (U) and W =271 =12 (5.28)
Again, the transformation Z = A(¢ — U,7) modifies (5.25) to
ayp®@  a
L+ 2 [(1+ 3tanh 2)yp@] = F(2), (5.29)

where F(Z) = Ny[tanh Z — 1] sech? Z + sech* Z [N, + N; tanh Z],

N = 81 UM, n 27 UgMs n 9 UGM, _ 243 UdMm, n 27 UgM, n 135 USM3 | 27 UgM,
1 8 A% 8 A3B = 8 A2B2’ 2 32 A% 16 A3B 32 A3B 16 A2B2 "’
N. = 81USM; 27U3M, 81U3M3 27 UEM,
= —— =z = =z

32 A% 16 A3B 32 A3B 8 A2B?’

d2¢(2)
daz?

The homogeneous equation + ;iz[(l +3tanh Z)y @] = 0 has two independent

solutions. One of them is 1,[11(? = e~ sech?® Z, and another solution can be obtained by the
Abel’s theorem (El-Labany et al., 2014) as 1> = [2 cosh® Z sinh Z + 3 cosh Z sinh Z +

37 + 2 cosh* Z] e™% sech® Z. Here, the C. F. & = ;¥ + c,1{* becomes vanished

by the boundary condition (4.46), and the P.1. of (5.29) is determined as

@ = (PP + ¢, ()P = [le + T, sinh? Z + T sinh Z cosh3 Z +
~TyZ sinh Z sech Z + T, sinh? Z cosh? Z + Ty sinh® Z sech Z +

T, sinh® Z cosh Z + §T6 Z sinh? Z sech? Z + T,(3 sinh? Z sech? Z +

. Tg+3TsZ] _
2 coshZsinh Z) + (:ZZ+13)4] Zsech®Z = T(Z), say (5.30)
_ 1/) F(Z) 1[1(2) F(Z) 2) (2 8e~2Z(cosh Z+sinhZ)
Here, g, =~ J wa;)(z) 5?) Z @=L oy WP we) 42, Wi hae) = cosh®z
1 3N 1 Ny [Ny | N
Ty =5 (Ny—2Ny), T, = ——1+ +— Ty =—-—Q@N,—2Ny), T, = -2+ 2+
3N; , 5N N 1
TS =_1+_3 T6 _1+1_2, T7 24 TS _§(3N1+N3)

The stationary solution that incorporates the higher-order nonlinear effect is
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Y =yYpD + 9@ =, (1 —tanh 2)? + T(2), (5.31)

3U,

2
ﬁ) V2= Z—;(E — U,yt). Here, T(Z) indicates the impact of higher-order

where ,,, = (

terms.

5.5 Results and discussion

This section aims to investigate numerically the influence of the higher-order nonlinear
effect on the waves while the effect of lower-order terms has been analyzed first. The
parametric values (viz. njp = 5x 108 cm™3,n,, =3.3x 108 cm™3, T; = 0.05¢eV, T, =
2.5eV, ngy=10*—-10>cm™3, Z; = 103 -3 x103) are taken from the study
of Rosenberg et al. (2008) and the fundamental assumptions g, < 0, u, + u, = 1 (Ergun et
al., 1998; Goldman et al., 2003; Cattell et al., 2003; Schippers et al., 2008; Zaghbeer, 2022;
Khater, 2022; Abdikian and Eghbali, 2022). The impacts of the trapping parameter, dust
concentration, obliquity, etc., have also been thoroughly addressed here because the
characteristics of the waves change significantly by these parameters. Specifically,
subsection 5.5.1 exemplifies the nature of shock structure when the solution is associated
with only first-order potential, and subsection 5.5.2 demonstrates the role of higher-order

effect when the solution includes both first- and second-order potentials.

5.5.1 Lower-order effect

The nonlinear term (that governs the wave's steepness) and the dissipation term
(that accounts for the loss of energy) balance each other to produce a shock wave. The
solution (5.27) gives various types of shock structures depending on several parameters,
like B., 14, v, 6, etc. The shock wave profiles are depicted in Figure 5.1 for various angles
(@), and it is seen that, in the presence of negatively charged dust particles, & has an
increasing impact on the amplitude. As A and B are found to be positive, the plasma system
under consideration can only have a positive potential. From the aforementioned ranges of
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parametric values, the particular numerical values specified in the figure captions have been

chosen.

T
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Figure 5.1: Wave profile variations for different angles (), when p,; =
0.34, 8, =—-0.9, y =5/3,0; =0.02,U, =0.1,n =08, 7 = 1.

Figure 5.2 depicts the variation in wave amplitude with u,; and B, when y =5/3, g; =
0.02, Uy = 0.1, n = 0.8, 8 = 15°. The figure demonstrates how the wave amplitudes
decrease as y, and |B,| increase. Aside from that, the solution (5.27) provides that the

amplitudes are unaffected by the magnetic field.
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0.005

Shock Amplitude (v

Figure 5.2: Wave-amplitude vs. 8, and 4, when
y =5/3,0, =0.02,U, =0.1,n = 0.8, 0 = 15°.
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Figure 5.3 illustrates how the shock width changes with kinematic viscosity (n) and wave
propagation speed (U,), while it is seen that increasing values of n and U, cause the width

to increase and decrease, respectively. Another finding is that the width is not dependent

on the other parameters at all.

15

-
o

Shock width(w)
(6]

0.1

Figure 5.3: Variation in width with n and U,.

Again, it is clear from (5.14) that L., v, g;, ug significantly affect the phase speed. Figure
5.4 shows the changes in phase speed (increasing effect) caused by u,; and o;. We observe
from the relation (5.14) that the magnetic field and the trapping parameter have no impact
on the phase speed. Supersonic waves with a positive potential may be supported by the
presence of negatively charged dust particles because they speed up the phase speed of the
DIA waves. It occurs as a result of the negative dust species that enlarges the space charge

electric field (Mamun and Shukla, 2009-b).
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Figure 5.4: Effects of iz and g; on the phase speed, when

9 =15y =5/3.

5.5.4 Higher-order effect

This part aims to examine the nature of DIA shock waves under the effect of nonlinear

Iw(”l < 1, and the reductive

terms of higher-order. From Figure 5.5, it is observed that
perturbation technique must meet this requirement in order to include the higher-order
effect. Here, the influence of higher-order nonlinear terms is shown by displaying @,
Y@ and y versus &. According to the figure (where 8, = —0.9, g; = 0.02, u, = 0.34,
¥ =5/3, w4 = 0.8, Uy = 0.1,0 = 15°, 1 = 0.8), the higher nonlinearity leads to a rise in
amplitude, and is consistent with earlier studies (El-Labany et al., 2014; EI-Monier and
Atteya, 2019). Besides, Figure 5.6 illustrates how the trapping parameter affects the shock
structure when negatively charged dust particles are present. We can see from the figure

that the amplitude drops when |, | is increased. Besides this, the addition of second-order

potential, i.e., = Y@ + @ gives greater amplitude than 1.
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Figure 5.5: Structures of y®, @ and 1, when B, = —0.9, g; = 0.02,

g =034,y =5/3, w; =08 U, =016 =15"7=08,7=1.

-100 -80 -60 -40 -20 0 20
3
Figure 5.6: Structures of y™ andwy for B, = —0.3 (green), S,

—0.5(blue), B, = —0.7 (red), when g; = 0.02, uy = 0.34,y =5/3, w, =
08,Uy=0.1,0=15°7%n=0.817=1.
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The DIA shock waves' amplitude decreases with negative dust concentration p,, as shown
in Figure 5.7. But, the impact of the second-order perturbed potential on the amplitude

continues to grow under the plasma model under consideration.

.ud=0_1
s (1 =03
0.025 2l “a

— ,ud=0.5 |

.ud=0_1

0.02F W O e
\ ____Md=0_5
0.015 1

0.005

0 | | | |
-100 -80 -60 -40 -20 0 15

S
Figure 5.7: Variation in shock structures of ¥ andyp™ for p, =

0.1(green), uyz = 0.3(blue), u,; = 0.5(red), when B, = —0.9, g; = 0.02,
y=5/3,w; =08,U,=0.1,0=15°7n=08,7=1.

The variation in shock profiles for various ion gyro-frequencies (w;) is shown in Figure
5.8, while the shock structures are plotted for w.; = 0.2, w, = 0.4, and w,; = 0.6 (when
B, = —0.9, o; = 0.02, ug = 0.34, y =5/3, Uy = 0.1, 8 = 15°, n = 0.8). The figure
illustrates that, under the higher-order nonlinearity effect, amplitude (width) increases
(decreases) due to the magnetic field, and Sultana (2021) found a similar result as well.
Besides, it is clear that the magnetic field has no impact on the amplitudes for lower-order
effects, and this conclusion deviates from the present observation. The consideration of
higher-order nonlinearity provides more accurate results. We can infer that this observation

has implications for understanding the magnetic field in the plasma system.
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Figure 5.8: Variation in shock profiles of ¢ = y® + @ (solid lines)
and Y@ (black solid line) for w,; = 0.2 (green), w,; = 0.4 (blue), and
wg; = 0.6 (red), when B, = —0.9, ; = 0.02, g = 0.34, y = 5/3, Uy =
0.1,6 = 15% 5 = 0.8.

5.6 Summary

The theoretical study focuses on investigating the nonlinear properties of DIA shock waves

in a plasma system, and the study shows that the system can only support positive potential.

Besides, the combined impact of higher-order nonlinear terms, dust particle

concentration, magnetic field, trapping parameter, etc., has been studied. The following is

a summary of this chapter.

I Higher-order effect: With the higher-order effect, the amplitude is generally
increased, i.e., P = Y@ + @ gives a higher amplitude than 1@,

ii. Effect of the trapping parameter: The amplitude reduces as the values of trapping
parameter |g,| increase.

iii. Effect of the dust concentration: The increase in dust particles reduces the wave
amplitude but increases the phase speed, that is, the waves develop supersonic.

iv. Effect of the magnetic field: The field has decreasing and increasing effect on the

shock width and amplitude, respectively, but it does not affect the phase speed.
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Chapter Six

Dynamic behaviors of DIA solitary waves in
magneto-rotating dusty plasmas

6.1 Introduction

Strong magnetic fields cause pulsars, white dwarfs, neutron stars, etc., to rotate in
astrophysical environments. As the stars fall, their moment of inertia is significantly
reduced. The stars rotate due to the conservation of angular momentum. Rather than being
exactly parallel to one another, the rotating axis and magnetic axis are frequently inclined
at an angle to one another. Such dense plasmas revolving in magnetic fields were seen in
astronomy, geophysical surroundings, and laboratory tokamak experiments (Sahu et al.,
2019; Wang et al., 2022; Saini et al., 2022).

Several forces, such as the Lorentz force, Coriolis force, pondermotive force, etc., act on
the plasma waves. Both the Coriolis force (which is caused by the small rotation) and the
Lorentz force (which is caused by the electric and magnetic fields) are responsible for
changing the DIA wave characteristics. Chandrasekhar (1953) provided an explanation of
the Coriolis force, while he stated that the force can play an important role in cosmic
phenomena, and the subsequent study of Lehnert (1954) supported the finding. Lehnert, in
his study, suggested that the Coriolis force affects the magneto-hydrodynamic waves. Rajib
et al. (2015) inspected the propagation of solitary waves in a magneto-rotating plasma, and
they concluded that the waves move with narrower widths under the effect of pulsar
rotation. Very recently, Salam et al. (2021) have investigated theoretically the collective

impact of plasma rotation and magnetic field on solitary wave structures.
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In most of the magneto-rotating plasma systems discussed above, the directions of the
magnetic field and the rotational axis are assumed along the x-axis, and the wave directions
are generally taken in the direction of the coordinate axes. The plasma rotation as well as
wave propagation can be considered oblique. Considering an angle between the magnetic
field and rotational axis, researchers investigated several types of wave propagation in
different plasma systems. Mushtag (2010) discussed the impacts of oblique rotation and
magnetic field on the 1A solitary waves in plasmas with isothermal and non-isothermal
electrons. Hussain et al. (2014) studied a rotating plasma system that contains two
components, such as mobile ions and non-extensive electrons. Saini et al. (2016)
investigated a magneto-rotating four-species plasma system containing Kappa distributed
electrons and positrons, while Das and Nag (2007) examined the waves in the presence of
non-extensive electrons and positrons. Akter and Mamun (2022) investigated nucleus-
acoustic solitary waves in warm, degenerate magneto-rotating quantum plasmas.

This chapter aims to investigate the effects of oblique plasma rotation and magnetic field
on the DIA solitary waves, while the adiabatic positive ions, negative ions, electrons, and
arbitrarily charged dust particles are taken as plasma species. We consider that the
rotational axis and the magnetic axis (along the x-axis) are not aligned, i.e., they make a
small angle 6, and the waves propagate obliquely. In addition to the magneto-rotating
influence, we also discuss the plasma parametric effects on the nonlinear nature of the

solitary waves, and the effects are found to be significant.

6.2 Plasma model

To investigate the features of DIA waves, we contemplate a magneto-rotating and
collisionless plasma system that consists of four species, such as adiabatic inertial ions
(positive and mobile), trapped light ions (negative), stationary dust particles (arbitrarily

charged), and isothermal electrons. We assume the magnetic field as B = Byx, and also
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suppose that the plasma rotates with the rotational frequency €, around an axis in the xy-

plane while the rotational axis makes an angle 6 with the magnetic field, i.e., Q=
Qycosfx+ Qysinfy. The following normalized equations describe the dynamic
behaviors of the DIA solitary waves in a magnetized adiabatic plasma with regard to a

rotating reference frame:

L4V (i) = 0, (6.1)
T (W D = T + 0 (@ x D) + 28 x B) - LVp,  (62)
et (i VIpy+ypi(V 1) = 0, (63)
V21 = Nelle + Nty — Ny — jlig, (6.4)

where ng denotes the number density of plasma species s (here s = i, n, e refer to positive

ions, negative ions, and electrons, respectively) normalized by its equilibrium value ng,, Q

2.
is the rotational frequency normalized by w,,; = /4”;7“0, Wei = fni_‘; is the positive ion
l v
gyro-frequency, temperature ratio o; = % Y is the wave potential, p; is the positive ion
e

fluid pressure normalized by p;o (= njoxgT;), Yy =1+ % (where N indicates the dimension

of the plasma system), and the existence of positively (negatively) charged dust particles is

indicated by j = +1(—1). Moreover, p, = 2y, =22 and p, = 24840,

e
Mo Mo Mo
The term 2(i; x ) in equation (6.2) represents the Coriolis force. Though we have

considered the Coriolis force in our plasma system, the centrifugal force K_io X (ﬁo X 7) is
ignored due to its negligible effect. Besides, the source and sink terms arising from
ionization, dust-plasma interactions, etc., and the collisional terms arising from collisions

are neglected in the plasma system.
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The vortex-like distribution of trapped negative ions and the isothermal distribution of
electrons are assumed, respectively, to follow (Mahmood et al., 2003)
4(1-B) 2,2 1
n, = 1+6‘(l/)—§TC(2 l/)z +ECZ21/J2 ) (65)
and ne = e¥. (6.6)
Here, a = 77:—3 (where T,, and T, specify the temperature of negative ions and electrons,
respectively) and B, is the trapping parameter. The condition of charge neutrality is

Neo + Npo = Nio + J ZaNao- (6.7)

Thus, we can write p, =1 — u, + jugq.

6.3 Derivation of the mKdV equation and its solution

To describe smoothly the DIA solitary waves, which are affected by the magnetic field and
propagated in the xy-plane, we follow the procedure of Schamel (Schamel, 1972; Schamel,
1975). Here, the following stretched coordinates are assumed.

E=e* (Lx+L,y—Vot)and T = €3/* ¢. (6.8)

The expanded form of the perturbed quantities n;, p;, u;y, Uy, u;z, P in terms of € is:

n=1+en® +e¥2n® 4 .. (6.9)
pi=1+ep +e¥2p® + ., (6.10)
Uy = euld + 32 uP 4. (6.11)
Uy = €32 ul(;) + €5/2 ui(;) + oo, (6.12)
u;, = €54 ui(zl) + €7/4 ui(zz) + -, (6.13)
Y =eyp® +e3/29hp@ 4 ..., (6.14)

Substituting (6.5), (6.6), and (6.8) - (6.14) into (6.1) - (6.4), and assembling the terms in

analogous powers of €, the 1st-order equations are found from the lowest-order terms as
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ad ugl) 0 n(l)

Ly T Vo T =0, (6.15)
oy o ug) o) (1) _

L, T Vo T + o;l, —— PT: +2Q4 sinf u;,” =0, (6.16)
—wou® + ol 2P 20 oul + 1,22 — g (6.17)
Weithy,” + oily =5 o COS y o =0 .

6u§316) 6pl(1)
Y5~ Vo757 =0, (6.18)
—(upa + ue) + ngl) = 0. (6.19)

Thus, the first-order expressions are given by

1) _ VoG 1) _ Ly (A+yoi6) ap® (1 1
u( ) _ Y 11/)(1), ( ) _ by Qeffl 1 = pi( ) — yG YD, ni( ) — G @, (6.20)

And the phase speed is

1
ly 2Q sin@)f
lx Qefr

(14yoiG1)

VO = lx G,

(1+ (6.21)

where G; = up,a + e and Qg = w,; + 20, cosh. For an irrotational plasma system (i.e.,

Q, = 0), the phase speed can be written as V, = L, /(H’;ﬂ and for an electron-ion
1

plasma (i.e., uz = 0), the neutrality condition takes the form u,, = 1 — u,.

Equating the coefficients of €3/2 from the z-component of (6.2), and (6.4), we get

F) u(l)

—2Q, sineug) - Vo—%& 3¢ + wau(l) + 20, cosb u(l) =0, (6.22)
2@ 4 3 3
and ;ﬁz = G1p@ — =i (1 = B[O - . (6.23)

Similarly, equating the coefficients of €7/* from (6.1), the x and y-components of (6.2),

and (6.3), the resulting set of equations is:

an® an® au® aufl)

1, aé + 1, a? +1l, 52 =0, (6.24)
F] (1) 9 ) 2) 9 (2)

D 1 20, sinful) — Vool +1x‘9§’;E +oil, =0, (6.25)
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2 [€V)

apl ou;
—a)au(z) + ly af + oily, —— T 20, cosO u(z) Vo agy =0, (6.26)
ou? ouy)  ap™ ap®
Yl vl Sl == Vo—gm = 0. (6.27)
€
Assuming 8 as small and Q, < w,; in (6.22), we get u(l) ~ QVO a;{ Now, to derive the
eff
following mKdV equation, the 2nd-order terms 2, u @ p®, n? and @ are removed
from (6.22) - (6.27).
alp() D 61/} ) 331/)(1)
+ 61y 0255 =0, (6.28)
Vo una3/? (1-By) Vo 12 (14y0;G1)? ( Ly 2Q sin@)]
h r — 0 — S 1 At kT 1 _— . 2
where 6, VI G1(1+Y0;Gy) 02 2G1(1+y0iGy) Q% ly  Qesr (6 9)

The solution to the mKdV equation is determined, by using the single variable

transformation Z = & — Uy, as

Y@ =y, sech* (), (6.30)
where the amplitude (y,,,) and width (A) are respectively, given by

15U, 16 6,

Py = (E)Z and A= |22 (6.31)

The solution (6.30) represents DIA solitary waves of bell-shaped structures and indicates
that the waves propagate with amplitude (185;1" ) and width / 2 in the magneto-rotating
1

plasmas, such as neutron stars, white dwarfs, pulsars, etc. Since §; and §, are the functions
of Qq, w.i, Un, Ue, Oi, @, etc., we can describe the influence of plasma rotation, magnetic
field, electron temperature, and species-concentrations on the wave nature (amplitude,
width, and phase speed). If we ignore the effect of magneto-rotation, our result can refer
back to the form that was found for unmagnetized as well as non-rotating plasmas (Anowar

and Mamun, 2008; Rahman and Haider, 2016).
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6.4 Result and discussion

From the solution (6.30), we observe that the features of the waves, such as the amplitude,
width, and phase speed are affected pointedly by the plasma parameters. In this section,
the consequences of magneto-rotation, electron and dust concentrations, electron
temperature, etc., on the wave structure are discussed. In order to investigate the
aforementioned impacts, the parametric values are taken from various experimental and
theoretical studies of plasmas, such as T; = 60 eV, T, = 100 eV, T, = 150 — 200 eV
(Bennett et al., 2014), B = 0.1 T (Gorshunov et al., 2017), ngy = 101°m=3, n;, =
7x 1013 m™3,n,, =3.5%x1013m™3, Z; = 3 x 103 (Bandyopadhyay et al., 2008), Q, =
0.03 rad/sec (Akter and Mamu, 2022), 8 = 30°, 8, = —0.3 (Haider et al., 2014). As the
motions of ions are considered adiabatic in three dimensions, y = 5/3 (Banerjee and Saha,
2021). Hence, the corresponding parametric values are calculated from the above ranges
as: 0;=03—-04, a=15-2, w, = 0.3rad/sec, I, =0.87, [, =0.50, puy =0.42,

e = 0.5,

As illustrated in Figures 6.1 and 6.2, the solitary waves exist with positive potential only,
and the waves of different speeds move with different structures. The wave patterns are
shown in both figures against the speeds U, = 0.05, U, = 0.1, and U, = 0.15, and they
also provide the changes of the wave structures in the presence as well as the absence of
rotational effects. From the figures, it is observed that the nonlinear solitary waves having
larger wave speeds propagate with higher amplitudes and lower widths. And, the presence
of plasma rotation decreases the amplitude and width. Moreover, if we compare the impacts
of positively and negatively charged dust particles, we observe that the waves of the same
speed move with somewhat taller amplitude and a longer width in the presence of

negatively charged dust particles.
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Figure 6.1: Solitary wave structures at different wave speeds for
positively charged dust particles (i.e. j = 1), while the dashed curves are
plotted in the absence of Coriolis force (Q, = 0) at U, = 0.05 (red),
U, = 0.10 (green), U, = 0.15 (gold) and the solid curves are plotted in
presence of Coriolis force (Q, = 0.03) at U, = 0.05 (blue), U, = 0.1
(black), Uy = 0.15 (cyan). The other parameters as a = 2, puy = 0.42,
te = 05,8, =—03,y =5/3,0; = 03,1, = 0.87,1, = 0.5, 6 = 30°.
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Figure 6.2: Solitary wave structures at different wave speeds for
negatively charged dust particles (i.e. j = —1), while the dashed curves
are plotted in the absence of Coriolis force (0, = 0) at U, = 0.05 (red),
U, = 0.10 (green), U, = 0.15 (gold) and the solid curves are plotted in
presence of Coriolis force (Q, = 0.03) at U, = 0.05 (blue), U, = 0.1
(black), U, = 0.15 (cyan). The other parameters as a = 2, uy; = 0.42,
te = 05,8, = =03,y =5/3,0; = 0.3,1, = 0.87,1, = 0.5, 6 = 30°.
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We now will examine in detail in the following sub-sections how the wave amplitude,

width, and phase speed are affected by the plasma parameters.

6.4.1 Effects on the amplitude

The effects of the positive ion gyro-frequency w.; and rotation frequency Q, on the
amplitude, where « = 2, u; = 042, u, = 0.5, 8, = —-0.3, Uy = 0.1,y = 5/3, g, = 0.3,
l, =087, I, =0.5, 6 =30° are depicted in Figures 6.3 and 6.4 for positively and
negatively charged dust particles, respectively. The investigation is carried out by changing
the values of ion gyro-frequency w,; and rotational frequency Q,. From the figures, it is
observed that the plasma rotation (i.e., Q,) has a declining consequence on the amplitude,
whereas the magnetic field (i.e., w;) has an increasing effect (similar observation was
found by Saini et al., 2016). Besides, an observation pointed out in (6.21) and (6.31) is that
the existence of the magnetic effect on the amplitude depends on the occurrence of plasma
rotation, i.e., the effect of the magnetic field on the amplitude disappears if we ignore the

rotational effect ( Q, = 0) or consider an irrotational plasma system.
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Figure 6.3: Wave-amplitude against w.; and Q,, when j =1 and a =
2, uq =042, u,=05,8,=-03,U,=01,y=5/3,0, =03, , =
0.87, 1, = 0.5, 6 = 30°.
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Figure 6.4: Wave-amplitude against w.; and Q,, whenj = —1land a =
2,uq =042, u,=05,8,=-03,U,=01,y=5/3,0, =03, , =
0.87, 1, = 0.5, 6 = 30°.

Figures 6.5 and 6.6 show the variations of the solitary wave amplitudes with the changes
of electron concentration (u,) and dust concentration (u,.), when other parameters are taken
asa=2 B,=—-03 Uy=0.1,y=5/3, 0,=03, I, =087, w; = 0.3, Q = 0.03,
l, = 0.5, 6 = 30°. It is found from the figures that the wave amplitude is enhanced in the
presence of positively or negatively charged dust species if the fraction of electron species
increases. However, PCD particle density increases the solitary wave amplitudes, while
negatively charged dust particle density shows the opposite behavior. Figure 6.7 depicts
the changes in amplitudes by the temperature ratio o; = T; /T, and inclination angle 6, when
other parameters are consideredas a = 2, uy = 0.42, 4, = 0.5, 38, = —0.3,U, = 0.1,y =
5/3, I, = 0.87, o, = 0.3, Qy =0.03, [, = 0.5. This figure indicates that DIA wave
amplitudes decrease with the increasing temperature of electron species (when o;

decreases), and the amplitudes also decrease with 8 but very slowly. Furthermore, if 8~0°,
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thenV, = [, /% that means the magnetic field and plasma rotation do not affect the
1

amplitude. A similar observation was found by Mushtaq (2010).
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Figure 6.5: Variation of amplitude with u, and u, for positively
charged dust particles, when a = 2, B, = —0.3, U, = 0.1, y = 5/3,
0, =03,1, =087, wy = 03,0, =0.03,1, =0.5, 8 = 30°.

Figure 6.6: Variation of amplitude with p, and 4 for negatively charged
dust particles, when a = 2, 8, = -0.3, U, = 0.1, y =5/3, g; = 0.3,
ly = 0.87, 0, = 03,0, = 0.03, 1, = 0.5, 6 = 30°.
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Figure 6.7: Change of amplitude with 6 and g; for j =1 and j = -1
(lower and upper surfaces, respectively) when other parameters are a =
2, pg =042, u, =05, B, =-03, Uy=0.1, y=5/3, I, =0.87,
we = 0.3,0Qy = 0.03, 1, = 0.5.

6.4.2 Effects on the width

Figures 6.8 -6.12 show the variations of the widths with respect to w.;, Qo, Ug, Ue, 0, 0;,
etc., for dust particles, and a set of parametric values a = 2, u; = 0.42, u, = 0.5, B, =
—0.3,Uy, = 0.1,y =5/3, 6; = 0.3, [, = 0.87, w,; = 0.3,y = 0.03, [, = 0.5, 8 = 30°
is chosen to signify the effects graphically. Each figure is drawn by varying the parameters
within their suitable range of values, and the remaining parametric values are chosen from
the above list. The variations of the width with respect to positive ion gyro-frequency and
rotational frequency of rotating plasmas are plotted in Figure 6.8 for j = 1, and in Figure
6.9 for j = —1. As shown in Figures 6.8 and 6.9, the widths decrease in the presence of a
strong magnetic field and plasma rotation. Again, according to Figures 6.10 and 6.11, the
increase in electron and dust concentrations significantly affects the wave width. The
investigation shows that the width increases as the fraction of electron species (i.e., u.)
increases in the presence of positively or negatively charged dust particles. Moreover, the

positively charged dust concentration has a decreasing effect, but negatively charged dust
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concentration has an increasing effect on the width. Figure 6.12 shows the variation of
width with the angle of obliqueness 6 and temperature ratio o;. It is observed that 8 has a

slightly decreasing effect, whereas o; has an increasing effect on the width in the presence

of dust particles.

Width ( A)

Figure 6.8: Width against w.; and Q,, whenj =1and a = 2, y; = 0.42,
te = 0.5, p, =03, Uy =0.1, y =5/3, 0; = 0.3, I, = 0.87, [, = 0.5,

6 = 30°.

Width ( A)

0.3 ci

0

Figure 6.9: Width against w.; and Q,, when j =—-1and a =2, u,; =
0.42, u, = 0.5, 8, = —0.3,U, = 0.1,y =5/3,0; = 0.3, 1, = 0.87, 1, =

0.5, 8 = 30°.
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Figure 6.10: Solitary wave-width against u, and y;, whenj =1and a =
2, Bp=-03,U,=01,y=5/3,0,=03, 1, =087, w; =03, Qy =
0.03, 1, = 0.5, 6 = 30°.
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Figure 6.11: Solitary wave-width against u, and u,, whenj = —land a =
2,0, =-03,Uy=01,y=5/3,0,=03, 1, =087, w; =03, Qy =
0.03,1, = 0.5, 6 = 30°.
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Figure 6.12: Variation of the width with 8 and ¢; forj = 1andj = —1 (lower
and upper surfaces respectively) when a = 2, u; = 0.42, u, = 0.5, B, =
-03,Uy=0.1,y =5/3,1, =0.87,1, = 0.5, w; = 0.5, 0, = 0.03.

6.4.3 Effects on the phase speed

According to equation (6.21), the magnetic field and Coriolis force noticeably affect the
phase speed. But if the rotation axis is parallel to the magnetic field direction (i.e., 8 = 0°),
the magnetic field and the plasma rotation do not influence the phase speed. As shown in
Figures 6.13 and 6.14, the magnetic field has a slightly decreasing effect on the phase speed,

whereas the rotation has a slightly increasing effect.

Phase speed (Vo )

oo ©
— 0 o
- w S
Vi

0 0.3 ci

Figure 6.13: Effects of w,; and Q, on the phase speed for j = 1,
whena =2, u; = 042, u, = 0.5, 8, = —-0.3,U, = 0.1,y = 5/3,
0; =03,1,=087,1, =05, 6 = 30°
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Figure 6.14: Effects of w.; and Q, on the phase speed for j = —1,
whena = 2, uy = 042, y, = 0.5, 8, =—-03,U, =0.1,y = 5/3,
0; = 03,1, =087,1, =05, 60 = 30°

6.5 Summary

We have examined the combined effect of magnetic field and oblique rotation on the DIA
solitary waves. From the theoretical study, we observe that the magnetic field, Coriolis
force, electron concentration, and different parameters have significant impacts on the wave
structures. The following are the main findings (in the presence of positively or negatively
charged dust particles):

I Magnetic effect: Under the effect of the magnetic field, the solitary wave structures

become spiky, i.e., it increases the wave amplitude but reduces the width.

ii. Rotational effect: The rotation has a falling impact on the wave profiles but an
increasing impact on the phase speed. Besides, the magnetic impact on the
amplitude depends on the existence of rotation, i.e., the effect of the magnetic field

vanishes for non-rotating plasma though the effect exists on the width in this case.
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Vi.

Effect of the propagation angle (8): The angle affects the wave amplitudes and
widths negatively. If 8 = 0° (i.e., Qi B), the magnetic field and rotation do not

influence the amplitude and phase speed at all.

Adiabatic effect: The ion fluid temperature has an increasing effect on the

amplitude, width, and phase speed.

Effect of the electron concentration: Under the increasing influence of electron
concentration, the solitary waves propagate with larger amplitudes and wider

widths.

Effect of the electron temperature: The wave amplitude and width decrease with

the increasing temperature of electron species.
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Chapter Seven

Dynamic behaviors of multi-solitons and multi-shocks
in magnetized dusty plasmas

7.1 Introduction

The existence of multi-solitons and multi-shocks was observed experimentally in various
plasma phenomena (Chan et al., 1981; Reed et al., 2003; Harvey et al., 2010; Boruah et al.,
2016; Medici and Waite, 2016; Tang et al., 2021). Again, the investigations of exact
solutions, integrability of NLPDEs, solitons, and shocks were carried out by numerous
researchers (Biazar and Ghazvini, 2009; Zhang et al., 2018; Wang and Wang, 2018; Ma et

al., 2018; Wang et al., 2019; Ren et al., 2019; Gharib et al., 2021; Alimirzaluo et al., 2021).

As part of an analytical investigation on finding the multi-soliton and multi-shock solutions
to the NLPDEs, investigators employed several approaches, such as the Backlund
transformation method (Wang and Wang, 2001), the inverse scattering method (Yuan and
Shou, 2022; Ma, 2019), the Darboux transformation (Ling et al., 2015), the Lie group
theory (Kumar et al., 2020-a; Dhiman and Kumar, 2022), and the Hirota bilinear method
(Hirota, 2004; Griffiths, 2012; Kumar and Mohan, 2021; Kumar and Mohan, 2022,
Alsayyed et al., 2016; Chen et al., 2019; Ullah et al., 2020-b; Ismael et al., 2020). In order
to find an auxiliary function that is very essential for finding the solutions, the Hirota
bilinear method requires a bilinear transformation of the examined equation. It is important
to note that achieving such a transformation can be challenging for some equations.
Besides, in some cases, introducing some new variables (dependent and independent) may
be required. On the other hand, the simplified Hirota method is the simplest method to
derive auxiliary functions without using the bilinear forms (Hereman and Zhuang, 1991,

100



Hereman and Zhuang, 1992), and this method minimizes the cumbersome work of the
Hirota method. When it comes to finding multi-soliton or multi-shock solutions, the
simplified Hirota method is considered to be the best tool. A completely integrable equation
can be easily integrated, and its integration yields the desired solutions. The simplified
Hirota method has been employed recently (Wazwaz, 2016; Wazwaz, 2021-a; Wazwaz,
2021-b) to examine several higher-order nonlinear equations. The equations derived from
plasma problems are generally of the KdV, mKdV, ZK, and Burgers types. As these well-
known equations are completely integrable, we can use the simplified Hirota method to

examine single as well as multi-soliton (or multi-shock) solutions.

This chapter's key objective is to investigate multiple regular soliton solutions and multiple
regular shock solutions for inspecting the fundamental properties of multi-solitons and
multi-shocks in a dusty plasma. The system contains four elements, such as inertial positive
ions, Maxwellian electrons and positrons, and stationary negatively charged dust particles.
To reach the goal, we derive the KdV and Burgers equations using the reductive
perturbation technique. Furthermore, we elaborately describe how the magnetic field and
various parameters affect the soliton and shock characteristics (such as amplitude, width,
etc.). Here, the Cole-Holf transformation (CHT) and the simplified Hirota method are used
as helping tools to acquire the expected solutions. To the best of our knowledge, we make
use of the simplified Hirota method for the first time for the following contemplated plasma

model.

7.2 Plasma model

Let us assume an oblique propagation of waves through a magnetized plasma where inertial

positive ions, Maxwellian electrons and positrons, and negatively charged dust particles are

the plasma species. Besides, we assume the external magnetic field B = B, Z.
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Hence, the equations presented underneath govern the nonlinear evolution of DIA waves

(Ghosh and Bharuthram, 2008; Sultana, 2021):

2L 4 V- (0l =0, (7.1)
Tt - W =~V + g (8, X K) +1 V2, (7.2)
V3 = uen, — UpNyp — Ny + g, (7.3)

where n;, n,, n, denote the inertial ion, positron, and electron number densities
respectively, and they are normalized by their respective equilibrium values n;g, 1,9, 1.
The normalization of other variables is defined by the equation (5.6). Here, the equations
(7.1) - (7.3) are in dimensionless form. For the description of solitons, the coefficient of

viscosity (#) is considered zero.

The Maxwellian distributions of electrons and positrons are specified by n, = e¥ and

n, = e~ ¥ respectively (Mushtaq and Shah, 2005), where a = ;—"’ denotes the ratio of
P

electron temperature (7;) to positron temperature (7,). The equilibrium condition n., =

Mg + Mo — Zgngo implies g = 1+ p, — pg, Where g, = 222, ) = "2 and , = 24740,

Nio Njo Nio

7.3 Derivation of the wave equations

In this section, we are intended to the derivation of the KdV and Burgers equations for
investigating different effects on the features of multi-solitons and multi-shocks (multi-
fronts), respectively, while two different stretched coordinates will be used for constructing

the equations.

7.3.1 The KdV equation
In the derivation of the KdV equation, the stretched coordinates and expanded form of the

quantities n;, w;y, u;y, Uz, and ¥ that have been defined in (3.10) — (3.15) will be used.
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Now, we put (3.10) - (3.15) into (7.1) - (7.3), and collect the terms in analogous powers of

€. Equating the coefficients of the lowest-order of €, the first-order equations are obtained

as
—v, "’;;) +1, 61;(: =0, (7.4)
xa‘[f;) — g ud =0, (7.5)
L, ""E’)’;) + wgu® =0, (7.6)
L ""E’)’;) v, ;g) —0, 7.7
nlgl) — (te + @ ) p® = 0. (7.8)

From (7.4) — (7.8), the following first-order expressions are acquired.

@® @®
uV b O kW @ lzlpm, nD = (u, +ap)p®.  (7.9)

Yoo = g Tog My Tag og 0 iz

And the phase speed is determined as

l
Vo = ——. 7.10
0= e (7.10)
To the next higher power of €, the second-order quantities ufj), l(;) and n(z)are found as
(2) _ Vole 8%y @) _ Voly 8%yp®
X ey o0gr Yy = wg 0§ (7.1)
and
2 1 2 92yp@
nl( ) = (fe + .up)lp(z) + E(:ue - .upaz)[dj(l)] - ag2 (7-12)

Equating the coefficients of e5/2 from (7.1) and the z-component of (7.2), we obtain

ong? on® @ o oud o oul HOMO

e Vo L L+ +zZa$( 2)=0, (7.13)
and

oy oy g @

S = Vo Luy) S+, =0, (7.14)



Finally, we use (7.9) and (7.10) to remove the second-order quantities from (7.11) - (7.14),

and this gives

61/)( ) l/)(l) oy +B EENACY:

ot f 353 = 0’ (715)

2
where A = % 2z (Me p,a®)and B = (1 + 1le ) (7.16)

cl

Equation (7.15) is known as the KdV equation (Shomen and Pramanik, 2021; Khalid et al.,

631/)(1)
aé3

€
2021), where the middle term 3™ % indicates the nonlinearity and the last term

indicates the dispersion effect.

7.3.2 The Burgers equation
To derive the Burgers equation, the following stretched coordinates (Hafez et al., 2020)
E=€e(Lx+1Ly+1,z—Vt), t=€*t. (7.17)

and the extended form of perturbed variables described in (3.11) - (3.15) are used.

In this case, the same relations found in (7.9) and (7.10) are also obtained for the first-order

m ,a

quantities u;,”, n; ) and the phase speed V/,. Similarly, the second-order quantities are

determined as (obtained by the coefficients of higher powers of €)

@ _ _l_yall)(l) @ _ l_xall)(l)
Ui T Toq e 0 My T ag g
2 2
n{? = (ue + a ptp) PP + = (e — ppa?) [ O], (7.18)
ou® 1, ap@ 1, ap® 28 v, ) @
F Vo 0f _v_gT_[V_g_z_(”e_ )]1/) o -
Again, equating the coefficient of €3 from z-component of (7.2), we get
o o oD o ) oy
9 VO PY: —N—=" 9e2 +lz iz 8_f+lz ot = 0. (719)

The use of first- and second-order quantities in (7.19) yields
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2
oul? B 1/)(1) a¢( ) nlz 02yp® 1, ay® 1, 9y@ _
kS V03 VO2 9¢2 V¢ ot Vo 9&

(€] 3 [€)) 2.1(1)
21, 9y | 13 Vo (Me U az)]lpmaw _ 1 2@

:} — — —
v¢ ot Vg V¢ 9¢&2

aypW 32 v§ 2 ) aw(l) 2621/1(1)
= ot + [zvo 212 (Me Hpa )]l/) 2 9gz
ayp@ 0 @ _ GEATACY
= AY ot = C Y (7.20)

32 _ Vo' (o2 _1
where 4 = AT (te — mpa?) and € = .

2.1,(1)
Equation (7.20) is the Burgers equation, where the term C 2 ;gz represents the dissipative

effect. Unlike the KdV equation, which combines the nonlinear and dispersion effects, the

Burgers equation combines the nonlinear and dissipation effects.

Here, A, B, and C are the nonlinear, dispersive, and dissipative coefficients, respectively.
The coefficients depend on various parameters; hence, we cannot choose their numerical

values randomly.

7.4 Outline of the solution technique

Both the KdV and Burgers equations are completely integrable, and they have single as
well as multi-solitons (or multi-shocks) solutions. To obtain these solutions, we will now
use the simplified Hirota method (Wazwaz, 2016; Wazwaz, 2021-a; Wazwaz, 2021-b)
while the solutions are obtained in terms of exponential functions. For solving the KdV and
Burgers equations, the CHT and auxiliary functions are quite different. Assume a general
integrable NLPDE that may be reduced to the KdV or Burgers equation.

P(U, Up, Uy, Uppy Unpy Ungxes ovv nn )= 0. (7.21)

We just go over the steps that are necessary here, because the method was discussed

elaborately in the last decades by numerous researchers (Hirota, 2004; Griffiths, 2012;
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Kumar and Mohan, 202, 2022; Alsayyed et al., 2016; Chen et al., 2019; Ullah et al., 2020-

b; Ismael et al., 2020).

7.4.1 Solution technique for the KdV equation
We put u(x, t) =e, n; = k;x —w;t, i =1,2,3, ..., Ninto the linear terms of (7.21)

that gives a dispersion relation between k; and w;.

Then the following CHT (Chen et al., 2019) is used to obtain multi-soliton (N-soliton)
solutions to the KdV equation.
32

u(x,t)=R Fyes (Inf). (7.22)

Use of (7.22) in (7.21) yields the value of R, where the auxiliary function f(x, t) is defined
as

(i)  Forsingle-soliton solution: f(x,t) =1+ e,

(i)  For two-soliton solution: f(x,t) = 1+ e 4+ e"2 4 a;, eM*72,

(iii)  For three-soliton solution: f(x,t) =1+ e" + e + e + a;, emtz +

a3 €n1+n3 + a3 en2+773 + A123 e"1+r’2+n3.
If Ai,3 = a4, a,3 ay3, the three-soliton solution can be found, and this proves that N-

soliton solutions exist.

7.4.2 Solution technique for the Burgers equation
Likewise of the solution technique of the KdV equation, we put u(x, t) = el (where n; =
kix —w;t, i =1,2,3,...,N) into the linear terms of the equation (7.21), and this gives a

dispersion relation.

Then the following CHT is used to obtain multi-shock (N-front) solutions to the Burgers

equation.
u(x, ) = R—(In f). (7.23)
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Use of (7.23) in (7.21) yields the value of R, where the auxiliary function f(x, t) is defined

as

Q) For single-front solution: f(x,t) =1+ e,
(i) For two-front solution: f(x,t) = 1+ e + ez,

(iii)  For three-front solution: f(x,t) =1+ e" + e + €73,

(N)  For N-front solution: f(x,t) =1+eh +e2 +eM +-+elw =143 e

Finally, by using the values of R and the above auxiliary functions in (7.23), we can find

the N-front solution in the following form:

Y, g ek
1+Z?’=1€ki x—wit'

u(x,t) =R (7.24)

Practically, there is no need to derive a four-soliton (or shock) solution if the three-soliton
(or three-shock) solution is obtained. It is therefore sufficient to derive the solutions for

N =1, 2, 3 to show that multi-soliton (or multi-shock) solutions exist (Wazwaz, 2010).

7.5 Multi-soliton and multi-shock solutions
In this section, it is expected to find the multi-soliton solutions and multi-shock solutions
to the KdV and Burgers equations, respectively. Substitution of u(¢, 7) = ekié=®i% into
the linear terms of (7.15) gives

w; = Bk}. (7.25)
Equation (7.25) is the dispersion relation that transforms the phase variable inton; = k; & —

Bk} t.

We assume the single-soliton solution as

62

YO 1) = Raz(n ), (7.26)
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where f(&, ) is given by
fE,H=1+e™m, n, =k &-Bkit. (7.27)

The use of (7.26) and (7.27) in (7.15) yields R = %. Thus, the single-soliton solution is

(g oy 128 Kfek1tBGT 3B, o[l o o3
P (D) == pRCTETE k2 sech [2 (k, € — Bk3 r)]. (7.28)
The solution (7.28) provides a bell-shaped soliton whose amplitude is %k% = ?’% and

width is 2/k, = \/4B/U; (where U; = Bk?). These relations indicate that amplitude and

width are dependent on various parameters and forces.
For the two-soliton solution, f(&, ) is defined as

fE1)=1+eM+eM2 4 ay, etz (7.29)

where n; = k; § — Bkt (i =1, 2). Using R =% and (7.29) in (7.26), and then

substituting ™ in (7.15), a,, is obtained as
_ (k1—k)?
R s (7.30)

Thus, the two-soliton solution takes the form

3 3 _ 3,:3
12 B k% ek1 §-Bkj T+k% ekz §—Bk5 ‘L'+(k1_k2)2 e(k1+k2)f B(k1+k2)7—'

Pi(E ) ===

2
14 ek1é-BIG T oko §-Big T (k1=k2)? (ky+kp) §-B(K3+K3)T
(k1+k2)?

2
(klekl §-BK T4, ok §-BIG 1, (a=k2)? (k1 +ip) s—B(k§+k3)r)

_ (ki+kz)
i E—BI3 1. ko E—BK3 7, (k1—k2)? _B(3+:3)e) | (7.31)
(1+e 1§-Bky Ty oka §-Bky T A= X2)  o(kit+kz)§ B(k1+kz)f>
(k1+k2)?

For the three-soliton solution, f (¢, t) is defined as

f, 1) =1+eh +e"+e"+ay,en™™ + a;5eMts + ay; €23 + Agyg €M7
=14 ek §-BK3 T + eke §-Bk3 T + eks §-Bk3t + ay, e(k1+k2)§—3(k§+k§)r

+ays e(kitks)§-B(ki+k T 4 ys e(katk3)§—B(k3+k3) T + Ayps e(k1+k2+k3)§—B(kf+k§+k33.)T, (7.32)
wheren; = k; € — Bkt (i = 1, 2, 3).
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_ (kqi—kp)?

If we use (7.32) and (7.26) in (7.15), the phase factor a,, is obtained as a,, = s rk)? that
1 2
can be generalized to
R ) PP (7.33)
b (ki-l-kj)z’ - ] - '
_ [k =kp)(ka—k3) (k1—k3) 2
Thus, Ay = arp (g3 013 = | Tt I (7.34)

Here, the relation (7.33) shows that the KdV equation (7.15) does not show any resonant
phenomenon because a;; cannot be zero or infinity for k; # k; (Wazwaz, 2016).

Thus, the three-soliton solution is found as
D 7y = 2B[n_ (T2
pPEn =222 - (2)], (7.35)
where Ty, T,, and T; are given by the following expansions:
T, = kfe™ + kZe" + k3e™ + (ky — ky)? eM*z + (ky — k3)? eM*7s +

_ 2 12471 (k1 —k2) (kz—k3) (k1—ks)]? 2 N1+7247
(ke = ks)? emtm [ i) (ka e kYt

T2 = kleﬂl + kzenz + k3eﬂ3 + % eM+nz 4 % eM*ns 4 W e2tns 4
1tk; 1t+k3 2tk3
(k1—k2)(k2—k3)(k1—k3)]2 N1+72+13
[(k1+kz)(k2+k3>(k1+k3> (k1 + ke + kes)e !
kqi—k3)? kqi—k3)? k,—k3)?
T; = 14+ e™ + ez + M3 + ﬁem"‘ﬂz + ﬁeﬂﬁ'ﬂz + Ek;_—kz;ze?hﬂh +

[(kl—kz)(kz—ksxkl—ks) ? oMt
(k1+k)(kp+k3)(ky+ks3)

The derivation of the three-soliton solution approves that N-soliton solutions exist for any
order N > 4, and we can obtain these solutions using the above procedure. In other words,
the KdV equation has N-soliton solutions for finite N > 1.

In a similar procedure, the following multi-shock solutions to the Burgers equation (7.20)

can be obtained by using the relation (7.23) and the corresponding auxiliary functions.
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2C kl ek1€+Ck§r

Single-shock solution: 1V (¢, 1) = -2 ot 211 —tanh (2 (¢ - UiD))].

2 ki E+Ck? 7 2 —ﬂ(f—U-r)
2C2i=1kie i 3 _ 22i=1Uie Cc i
_z° —==
A 1+Z?=1eki E+Ckit A

Two-shock solution: (&, 1) = = .
1432 e~ T (U7
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Three-shock solution: " (¢, 1) =

Ui .
1433 e~ T 7Vi7)

U.
N k; §+C k? N -—L(&-u;T
_2C2i=1kie lé— lT_EZi:luie C(S L )
—_ — =
A 1+Z?’=lekif+CkiT A

In general, N-shock solution: zplf,l)(f, T) = o .
143N e~ T (VD)

7.6 Result and discussion

In this section, we investigate the traveling natures of solitons and shocks. Further, we
analyze the contribution of different parameters on both types of waves numerically. Based
on different assumptions and earlier works (Das et al., 2000; Rahman and Haider, 2016;

Wazwaz, 2016), the plasma parametric values have been selected.

7.6.1 Parametric effects on the multi-solitons

We plot the soliton solution (7.28) to observe the wave profiles of single-soliton (shown in
Figures 7.1 and 7.2) for different parametric values a = 1.1, w,; = 0.6, 8 = 15°, u,; =
0.5, up = 0.4, U; = 0.4, while Figure 7.1 represents the 3D profile of single-soliton and
Figure 7.2 is the corresponding 2D view of the soliton at T =0, 5, 10. The graphs
demonstrate that the single-soliton’s bell-shaped wave profile has a single global peak, and
vanishes at £ — +oo. Asillustrated in Figure 7.2, it is seen that the single-soliton propagates

with the same speed and shape at different times.
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Figure 7.1: Single-soliton of (7.28), when a = 1.1, w,; = 0.6, § = 15°,
ua = 0.5, 4, = 0.4,U; = 0.4 inthe interval ¢ € [-10, 10] and 7 € [0, 10].

Figure 7.2: Single-solitonat 7 =0, 5, 10 in the interval ¢ € [—8, 8], when
a=11w, =06, 6 =15 pu, =05, u, =04, U; =04.

Figure 7.3 depicts the traveling paths of the two-solitons, and Figure 7.4 is the 2D depiction
of solitons’ wave profiles at = 0, 5, 10 while « = 1.1, w,; = 0.6, 8 = 15°, u; = 0.5,
Uy = 0.4, U; = 0.4, U, = 0.6. The figures depict the progressive history of two solitons
traveling from left to right at different points of time t, while they propagate with different

amplitudes and widths. At time 7 = 0, the greater soliton lies behind the smaller soliton.
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Because a soliton of higher amplitude travels more quickly than a soliton of lower
amplitude, a larger soliton eventually approaches a smaller one. Two solitons merge, and
then they separate from each other again. Each soliton gets back to its previous shape, but

the soliton of higher amplitude comes in front.

Figure 7.3: Two-soliton profile of (7.31), when a = 1.1, w,; = 0.6, 6 =
15°% pg = 05,4, =04, U; = 04,U, =0.6in¢ €[-8,12], T €0, 2].

1.2

T=0

0.2 [

Figure 7.4: Two-solitonsat T = 0, 5, 10 in the interval £ € [-8, 12], when
a=11 w0, =06, 6 =15 pu; =05, u,=04,U, =04, U, =0.6.

Figures 7.5 and 7.6 show the 3D and 2D representations of the three-soliton profiles,

respectively, and both are depicted from the solution (7.35) by taking « = 1.1, w,; = 0.6,
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0 = 45° pg = 0.5, u, = 0.4, U; = 0.4, U, = 0.6, U; = 0.8. The figures show how the
wave moves with three humps. Like the propagation of two-solitons, the three-solitons
propagate from left to right, and ultimately the soliton of higher amplitude takes its position

in front at time ¢ = 10.

Figure 7.5: Three-soliton profile of (7.35), when a = 1.1, w.; = 0.6, 6 =
15°, py =05 pu,=04, U; =04, U,=06U;=08and ¢€
[-5,15],7 €]0, 2].

121

0.4

0.2 |

-8 0 8 16

Figure 7.6: Three-solitons at 7 = 0, 5, 10 in the interval ¢ € [-5, 20],
when @ = 1.1, w,; = 0.6, 8 = 45°, ;= 0.5, pu, = 0.4, U; = 0.4, U, =
0.6, U = 0.8.
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Figures 7.7, 7.8, and 7.9 show how the magnetic field affects the fundamental
characteristics (amplitudes and widths) of the single-, two-, and three-soliton profiles,
respectively. For various cyclotron frequencies w.; = 0.4, 0.6, 0.8, we have drawn the
figures when a = 1.1, 6 = 45°, 4 = 0.5, yu, = 0.4, U; = 0.4, U, = 0.6, U3 = 0.8. As
can be seen in the figures, the magnetic field has a reducing effect on the amplitudes and
widths of all forms of solitons (Abdus, et al., 2022). The amplitudes and widths, however,
are independent of the magnetic field if 8 = 0° (i.e., when the wave is directed in the
direction of the magnetic field). Moreover, the relation (7.10) suggests that the magnetic

field does not affect the phase velocity.

Effect of the magnetic field on the single-soliton profile
w . =0.2
C

1
w . =0.4
c

—w . =0.6
ci

-10 -5 0 5 10

£
Figure 7.7: Single-soliton profiles for w.; = 0.2, 0.4, 0.6, when o = 1.1,

0 =15% g = 05,1, = 0.4,U; = 04,7 =1.
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Effect of the magnetic field on the two-soliton profile

o2

Figure 7.8: Two-soliton profiles for w,; = 0.2, 0.4, 0.6, when ¢ = 1.1,

0=1,py =05, 1, =04 U, =04,U,=06,08, 7=1.

Effect of the magnetic field on the three-soliton profile

1.2

Figure 7.9: Three-soliton profiles for w, = 0.2, 0.4, 0.6, when ¢ = 1.1,
6 =15% puy = 05,4, =04,U; =04,U, =0.6,U; = 08,7 = 1.

Figure 7.10 illustrates the change of the single-soliton structure with respect to the
concentration of dust particles while a = 1.1, u,, = 0.4, 6 = 15% w, = 0.6, U; = 0.4,
T = 1. The figure shows that the waves propagate with greater amplitudes and widths with

rising values of . Figures 7.11 and 7.12 show analogous phenomena for two-solitons and
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three-solitons, respectively. In addition, we observe from (7.10) that the phase speed

decreases with increasing values of dust particle concentration.

Effect of the dust concentration on the single-soliton profile
By =0.3

— iy =0.5]|

— iy =07

Figure 7.10: Single-soliton profiles for u; = 0.3, 0.5, 0.7, when a = 1.1,
hy =04, w; =06,0=15°U; =04,7=1.

Effect of the dust concentration on the two-soliton profile

1.2
—_— iy =0.3
i Hy =0.5| |
—_—ty =0.7
0.8 b
ar i
= 0.6
0.4 7
0.2 b
0 i \ . \
8 4 0 4 8 12

Figure 7.11: Two-soliton profiles for u; = 0.3, 0.5, 0.7, when o = 1.1,
Uy =04, 6 =15° w,; =06, U; =04,U, =0.6,7=1.
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Effect of the dust concentration on the three-soliton profile

0.8}

0.4

0.2

Figure 7.12: Three-soliton profiles for u; = 0.3, 0.5, 0.7, when a = 1.1,

p, =04, 6 =15° w,; = 0.6, U =04,U, =06,U; =08, 7=1.
The effects of the propagation angle on the characteristics of the single-, two-, and three-
solitons are shown in Figures 7.13, 7.14, and 7.15, respectively. The figures are drawn by
choosing the parameters as a = 1.1, u, = 0.4, U; = 0.4, w; = 0.5, T = 1. We observe
from the figures that the propagation angle increases the soliton amplitudes and widths. If

6 = 90°, the wave amplitudes become infinite. To obtain solitons with finite amplitude,

the angle should therefore be small.

Effect of the propagation angle on the single-soliton profile

1.2
6 =15°
6 =30°
ir — =45° |
0.8+
‘-_‘a" 0.6
0.4+
0.2+
0
-8 4 0 4 8

Figure 7.13: Single-soliton profiles for different angles (8), when a =
1.1, up = 0.4, pg = 0.5,U; = 04, w; = 0.6,7 = 1.
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14 Effect of the propagation angle on the two-soliton profile

6 =15"
o =30"
121 — 0 =457
1k
0.8+
8-
=
0.6
0.4+
0.2+

Figure 7.14: Two-soliton profiles for different angles (), when a = 1.1,
we =06, ug =05, u,=04,U; =04,U, =06,7=1.

Effect of the propagation angle on the three-soliton profile

14

121

-
T

Figure 7.15: Three-soliton profiles for different angles (6), when o = 1.1,
we; =06, pug =05, u,=04,U;, =04,U, =0.6,U; =08, 7= 1.

Figures 7.16 - 7.18 depict the influence of positron concentration on the nature of single-,
two-, and three-solitons, respectively. We observe from the figures that the positron

concentration decreases the soliton’s amplitudes and widths.
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Effect of the positron concentration on the single-soliton profile

0.8

0.4

0.2

Figure7.16: Single-soliton profiles for u, = 0.2, 0.4, 0.6, when
a=11,u; =05, 6 =15% w, =06, U; =04,7 = 1.

Effect of the positron concentration on the two-soliton profile

s [ =0.2
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1.2 1 =0.4]
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0
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Figure 7.17: Two-soliton profiles for w, = 0.2, 0.4, 0.6, when & = 1.1,
Ug =05, 6 =15° w,; =06, U, =04,U,=06,7 = 1.

119



6 Effect of the positron concentration on the three-soliton profile

Hy =0.2

Figure 7.18: Three-soliton profiles for x4, = 0.2, 0.4, 0.6, when a = 1.1,
ug =05, 6 =15% w,; =06, U; =04,U,=0.6,U; =08, 7= 1.

7.6.2 Parametric effects on the multi-shocks

Figures 7.19 -7.21 depict the multi-shock profiles for different plasma parameters. The
single-front solution represents a kink-type wave that rises or descends from one
asymptotic state to another and approaches a constant at infinity. Similarly, two-fronts and

three-fronts are drawn in Figures 7.20 and 7.21, respectively.

Figure 7.19: Single-front profile when the parameters are:
a=11,u;=05,6=15%7n=05, U =0.4.
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150 .50 '3

Figure 7.20: Two-front profile when the parameters are:
a=11,u; =05, 6=15%7n=05, U =04,U, =0.6.

180 450 £

Figure 7.21: Three-front profile when the parameters are: @ = 1.1,
g =05, 6 =15°n=0.5 U, =04,U, =04, U; = 0.6.

Figures 7.22 -7.24 show how the single-, two-, and three-shock natures are affected by the
dust concentration u; when a = 1.1, u, = 0.4, 6 = 15° n =0.5,U; = 0.4, U, = 0.6,
U; = 0.8, T = 1. Figure 7.22 demonstrates that the single-shock propagates with larger
amplitudes when the value of u, increases. Similar findings for two-fronts and three-fronts

are seen in Figures 7.23 and 7.24, respectively.
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06 Effect of the dust concentration on the single-front

ty =0.3
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Figure 7.22: Single-front profiles for u; = 0.3, 0.5, 0.7, when ¢ = 1.1,
ty=04,0=15°7n=050U; =04,7=1.

0.9 Effect of the dust concentration on the two-front

., =0.3
0.8} d
ty =0.5

0.7 _FLd =0.7 | 4
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Figure 7.23: Two-front profiles for u; = 0.3, 0.5, 0.7, when a = 1.1,
= 04,0 =15%n=05,U; =04,U, =0.6,7=1.
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Effect of the dust concentration on the three-front

By =0.3
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Figure 7.24: Three-front profile for u; = 0.3, 0.5, 0.7, when a = 1.1,
ty =04, 6 =15°n=105U, =04,U, =06, U; =08, 7=1.

7.6.3 Parametric effects on the phase speed

The relation (7.10) shows that the phase speed is the same for both types of waves, and it
depends on temperature ratio a, propagation angle 8, positron concentration u,, etc. Both
the decreasing impact of dust particles and the increasing impact of the temperature ratio

on the phase speed are depicted in Figure 7.25.

Figure 7.25: Phase speed vs. u4 and a, when p,, = 0.4, 6 = 15°.
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7.7 Summary

Based on the results described in section 7.6 of this chapter, we see that the fundamental

characteristics of multi-solitons and multi-shocks are significantly influenced by the plasma

parameters, while the findings fully support the concept and results of the previous
contributions on dusty plasma (Sultana et al., 2019-a; Hafez et al., 2020). The important
findings are stated below:

I Effect of the magnetic field: The field has a declining effect on the amplitudes and
widths of the solitons, whereas the shock nature and phase speed are not influenced
by it.

ii. Effect of the dust particle density: It has an increasing effect on the amplitudes and
widths of both solitons and shocks.

iii. Effect of the propagation angle: It increases the amplitudes and widths of both types
of waves.

v, Effect of the positron concentration: The positron concentration decreases the

soliton’s amplitudes and widths.
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Chapter Eight

Conclusion and future studies

8.1 Conclusion

In this thesis, we have described the characteristics of nonlinear waves propagated in dusty
plasmas. Several theoretical investigations on the DIA solitary and shock waves, such as
the effects of the magnetic field, higher-order nonlinear and dispersive (or dissipative)
terms, plasma rotation, numerous plasma parameters, etc., have been discussed. In each
investigation, the plasma systems are considered collisionless, three-dimensional, and
magnetized. Besides, the reductive perturbation technique is used to illustrate the solitary

and shock waves of small but finite amplitudes.

We have incorporated the higher-order nonlinear and dispersive effects on the DIA
subsonic solitary waves in an electron-ion-PCD plasma. The KdV-type inhomogeneous
equation is obtained by the extended use of the perturbation technique, and the dressed
solution is determined by the re-normalization technique, while we observe the growing
impacts of higher-order nonlinear and dispersive terms on the amplitude. Moreover, the

PCD particles reduce the phase speed, and the solitary waves become subsonic.

We have also derived the inhomogeneous mKdV-type and modified Burgers-type
equations to investigate the higher-order effects on the DIA solitary and shock waves,
respectively, while the higher-order terms have been included to get a better result. The

magnetic, adiabaticity, and other parametric effects on the wave nature are examined.

Then we have examined theoretically the combined effect of the magnetic field and oblique

rotation, in which the investigation shows that the magnetic field, the Coriolis force due to
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small-rotation, and plasma parameters have substantial effects on the solitary waves
propagated in rotating stars, the pulsar magnetosphere, and other rotating astronomical
objects. It is observed that the wave structures become spiky in the presence of the magnetic

field. Besides, the rotation decreases the amplitude and width but increases the phase speed.

In the end, the multi-soliton solutions to the KdV equation and the multi-shock solutions to
the Burgers equation are obtained by the Cole-Holf transformation and the simplified
Hirota method. Based on the results, it is seen that the magnetic field decreases the

amplitudes and widths of multi-solitons, but the multi-shock nature is independent of it.

We expect that the findings of this thesis will be helpful to describe nonlinear waves

(specifically, solitary and shock waves) of small amplitudes propagated in dusty plasmas.

8.2 Future studies

All of the theoretical investigations conducted in this thesis have been accomplished by the
reductive perturbation method, and this method is valid for the waves of small amplitudes.
To overcome this limitation, one should use the pseudopotential approach which is

effective for the waves of arbitrary amplitudes.

We have inspected the higher-order nonlinear effect on DIA solitary and shock waves but
haven't conducted any investigation on the double layer (a structure consisting of two
parallel layers with opposite charges). As the study of double layers is also of recent interest

for space and laboratory dusty plasmas, it may be another scope of upcoming research.

Besides, we have conducted our research only on the planar plasma systems. As the part of
extensive investigation of the nonlinear DIA waves, the researcher can consider nonplanar

(cylindrical and spherical) plasma systems instead of planar systems.

We have examined overtaking collisions of multi-solitons and multi-shocks. So, one can
study the same plasma model assuming head-on collisions.
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Appendix

A.1 The coefficients &;(i = 3, 4, 5, 6) in equation (3.50)
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A.2 The solution of equation (3.56)

The equation (3.56) can be written as

d21p(1)
A Ly B yo] 8
Multiplying (A.1) by and integrating the result under the boundary condition ¥ —
1)
0, dz} — 0 at|n| — oo, we obtain
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The transformationY = |1 — ﬁ¢(1) reduces (A.2) to
32
av _ _1 (2
v = Ty, dn. (A.3)

The integration of (A.3) yields
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A.3 The coefficients M;(i =1, 2, 3, 4, 5) in equation (4.41)
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A.4 Derivation of the modified Burgers-type equation (5.25)

From equations (5.15), (5.16), and (5.17), we have (putting the values of pi(l))
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lz(1+)’0iﬂe) alp(l)

Wei

EYak

3
4 pe (1-Be) 2
n? = p @ — E“er—ne [y @],

Differentiating (A.3) w.r.to ¢ and t, and using (5.31), we get

on® @  2p (1 Be)
0¢ = Ue 8¢ - e - [lp(l)]
anEZ) @ 2Bu. (1- ﬁ’e)[ (1)]
3 Ue P N v

0
US'ng n(l) (2) ul(ZZ)! n

ly’

9’

alp(l)

a¢ '

621/,(1) 2A e (1 Be) .1 (1) alp(l)

and (5.21) in (5.18), we get

3
2) _ (1+yoipe)ly 2 Ape 7 e dYp@
u® = Skl 2) _ 57(1 + 2youu ) [p W] — e =—

lx VO

% _ (tyoue)ly 0%9®

2l, o9&’

(%)
— 22 (1 4 2y0u0,) —e(q 4

Pp@® Lx

&2 Vo &2 2 I
o )\/—a w( ) _1npe 631/)(1)
VOikte 982 21, 0g "’
auL(ch) — (1+yoipellx alp(z) + [Anﬂe
ot Vo Jt 21y Ly

_ABue(1+2yalue)] Mk ; 02y

9z

_ 1Bnue 23ypW

Ly

Using the values of p™, u

o

(2)
Uiy

4

u®

lZ’

Ly

and

ue(1+2wlue)¢(1) oy 1Anue< 2§

[w@)ﬁ T2 1, 983

0@
Zix jp (5.20), and integrating, we get
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p® _ on®

3
4 e (1=P¢) 2 i
pl(Z) _ yuel/)(Z) _ EWT [l/)(l)]z =y ni(Z) aT = y? (A13)

Equating the coefficients of €5/% from (5.7), the x-component of (5.8), and (5.9), we get

@ au® u® ou (3) an (3) on® (1)

L,n maulg‘ +1, ag +1, a‘; L = Vo + =+ L e 5= =0, (A.14)
VoD 2 Py 0y Oy UL o0y 2
L0, a;’? =0, (A.15)
vl aa:) + ylxpl(l) ouy, +yl, a:) +vl, aaé;) -V aai:) + agf) + Lu l(;) agg) =0. (A.16)

Equating the coefficients of 2 from the y and z-components of (5.8), and (5.10), we get

(2) 2)
Y@ ou; op;
—weul + 1, e~ Vot Lo =0, (A.17)
op® o oup on”
weuyy + 1, o= e~ Vo t Lo =0, (A.18)
92yp™ 3) 1 2 2u.(1-Be) 3
ge — e i = S [p O] + e [y = o, (A19)

From (A.19), we get

20e(1-Be) [T 1 2 _ o7yt
nl(3) Z#e¢(3)_ #eﬁ e l/)(l) ¢(2)+5He[¢(1)] — R (A20)

anl@

_, WY ue-Be)  (2) 0y Zueu Be) [ (D) aw“ @ 29® aw“) _ %y

Equations (A.17) and (A.18) yield

a¢(1)>
E;) ly(1+}/0'i#e) 621,0(2) __Yai lyﬂeﬁ‘ﬁe)( 0§ _ 20 lype(1=Be) \/lpTa 11)( )

23 Wi 9¢2 weiVT p@ weVT 92

LVo(1+yoiue) a3y
w?; &3 !
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(A.22)
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aw(l)
ou® 1,(14+y0; 242 . _ (a_> . _ 2 (2)
iy _ !z YOoile) 0% Y0 lzpe(1-Be) § 2yoilzpue(1-Be) | D P~
& Wi ¢2 WiV e S v 9¢2
LyVo(1+yoipe) a3¢(1)
o2 R (A.23)
Multiplying (A.10) by y and adding to (A.16), we get
v _ oD yue-B0) 2y WD 2vre(1-B0) gy 09 (1) Y ® aw”
GERVIEY; ayp@
e (G uzp™® o (A.24)

Multiplying (A.14) by zl and (A.15) by Vi adding the results, we obtain [using (A.9),
X 0

(A.11), (A.12), (A.21) - (A.24)] the required form of (5.25)

alg_iz) +A a%(‘/ll’(l)lp(z)) - 1”( ) _ = S(ypW).

A.5 The coefficients M;(i = 1,2, 3,4) in equation (5.26)

lx Oittely _
Bty )

1[nA A
My = =3[ 3o+ 2 (1 + 2y o) |

2 lav,
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